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Abstract

Let (X,d,u) be a metric measure space satisfying the doubling, reverse doubling and noncollapsing
conditions. Let % be a nonnegative self-adjoint operator on L*(X, du) satisfying a pointwise Gaussian
upper bound estimate and Holder continuity for its heat kernel. In this paper, we introduce the Hardy
spaces Hf’g (X), 0 < p <1, associated to .Z in terms of grand maximal functions and show that these
spaces are equivalently characterised by radial and nontangential maximal functions.
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1. Introduction and main result

The theory of real variable Hardy spaces H”(R") was highly developed in the 1960s
and 1970s (see, especially, the classical papers [11, 18]). Recall that, for 0 < p < oo,
HP(R") is defined as the space of all bounded tempered distributions f such that the
Poisson maximal function

Mpf(x) := suple™ V=2 £(x)]

>0
belongs to LP(R"). Here, A = 2?21 9? /axi is the classical Laplacian and thus e’ V-4 g
the Poisson semigroup.

It is well known that the spaces H”(R") are characterised by some other maximal
functions. To state these characterisations, we need to introduce some notation. For
feS' R and ¢ € S(R"), the radial and nontangential maximal functions of f with
respect to ¢ are defined as

Mf(x) == sup|f + @] and  M,f(x):=sup sup |f* @),

>0 >0 |y—x|<t
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respectively, where ¢,(x) := t"¢(t"' x). For a fixed positive integer N, we set
FNR") :={p € SR") : Nn(p) < 1},

where

Nu(p) := fR xRy Y Pewldx

BISN+1

The grand maximal function of f (with respect to N) is defined as

Myf(x):= sup M,f(x).
peFn@®R")

The following characterisations of H”(R") are given in [11]: if 0 < p < o0, ¢ € S(R")
with [, o(x)dx #0and N € N with N > |n/p] + 1, then, for all f € S'(R"),
fEHRY) &= M)f € '(R") &< M,f € L’(R") < Myf € L’R").

On the other hand, the spaces H”(R") are also characterised by various kinds of
square functions. For example, an L! function f belongs to H'(R") if and only if the
Lusin (area integral) function

5700 = f fr )

belongs to L'(R™); see [11, 17]. In 2004, Auscher et al. [1] introduced a class of
Hardy spaces H‘;(R”) associated to an operator . by means of the square function
1

2 1/2
%e‘tmf(y)‘ fon dydt) (1.1)

in (1.1) with the Poisson semigroup e~V replaced by the semigroup ¢, under

the assumption that . admits a heat kernel satisfying a pointwise Poisson upper
bound. Later, Duong and Yan [5] introduced the BMO space (the space of all
functions of bounded mean oscillation) associated to such an .# and they proved
in [6] that the BMO space associated to the adjoint operator .£* is the dual space
of the space H,,(R"). Recently, Auscher er al. [2] studied the Hardy space H'
associated to the Hodge Laplacian on a Riemannian manifold. Meanwhile, Hofmann
and Mayboroda [14] investigated Hardy spaces associated to a second order divergence
form elliptic operator .£ on R” with complex coefficients. The theory of the Hardy
spaces H;(X), 1 < p < o0, on a metric space X associated to a nonnegative self-adjoint
operator .Z satisfying Davies—Gaffney estimates was developed in [13]. In all of these
developments, the Hardy spaces H"; were introduced by means of the Lusin (area

integral) function associated to the semigroups e~ or e”’ VZ,

In the case that .Z = —A + V is a Schrodinger operator with a locally integrable
nonnegative potential V, the H” and BMO spaces associated to & were earlier
investigated by Dziubanski et al. (see [7, 9, 10] and the references therein). In these
works, the spaces H;(R”) were introduced by means of the radial maximal function
associated to the semigroup e, instead of using square functions. Note that the
operator .Z = —A + V satisfies the Davies—Gaffney estimates and it was proved in
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[13, 15] that for such a special operator .Z the Hardy spaces defined via square
functions are equivalent to those defined via maximal functions. Hence, the general
theory developed in [13] applies to this Schrodinger setting. However, the spaces
HEI;,(]R") associated to .Z = —A + V enjoy some interesting properties which may not
be satisfied by Hardy spaces associated to general operators satisfying Davies—Gaffney
estimates. For instance, if the potential V satisfies certain additional assumptions (for
example, the reverse Holder inequality), the space H"g (R") associated to &£ = -A+V
is characterised by the (generalised) Riesz transform V(A + V)~!/? (see [8] for more
details).

In the present paper, we focus on maximal Hardy spaces associated to operators.
We shall introduce Hardy spaces associated to nonnegative self-adjoint operators in
terms of ‘grand’ maximal functions and show that such Hardy spaces are equivalently
characterised by the radial and nontangential maximal functions.

Now let us describe our result more precisely. We refer to Section 2 for all
unfamiliar notation and definitions. Let (X, d, i) be a metric measure space satisfying
the doubling, reverse doubling and noncollapsing conditions. Let . be a nonnegative
self-adjoint operator on L>(X, du) whose heat kernel satisfies the Gaussian upper bound
and Holder continuity. We introduce the radial, nontangential and grand maximal
functions associated to .Z as follows.

Dernition 1.1, For f € 8, (X), ® € S(R,), N € Ny and x € X, define

My of ()= sup L) (0], Mazof()i=sup sup [BFEL)F0)

and

Mo nf(x):= sup Mygof(x).
DeFn(Ry)

Here, Fy(R,) is defined in (2.11) and ®(>.%)f is defined in (2.15).

We now introduce Hardy spaces associated to .Z by means of grand maximal
functions.

Dermvition 1.2. For p € (0, 1], we define the Hardy space H;(X) associated to .Z as
HY,(X) = {f € S'y(X): Mgy, f € L' (X, dp))
with the quasi-norm given by

||f||Hgf(X) = ||M$,N,,f||Ll’(X,dy),

where
N, :=2n/p] +|3n/2] + 4.

Here, the number 7 is the ‘dimension’ of the metric measure space X; see Section 2
below.

https://doi.org/10.1017/S0004972714001105 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972714001105

[4] Maximal Hardy spaces associated to nonnegative self-adjoint operators 289

The following theorem, which says that the spaces H;(X) are equivalently
characterised by radial and nontangential maximal functions, is the main result of the
present paper.

THeorREM 1.3. Suppose that ® € SR,), ®0) #0 and 0 < p < 1. Then, for any
f €8, (X), the following conditions are equivalent:

@) feHLX)
(i) Mgof € LP(X,dp);
(i) MY o f € LP(X, dp).

Moreover, the following (quasi-)norm equivalence is valid:

M N, fllrxan ~ 1M 2o fllrxde ~ ||Mog,q>f||u(x,dp)-

The rest of this paper is organised as follows. In Section 2, we review the main
properties of doubling and reverse doubling metric measure spaces and the concepts
of Schwartz functions and distributions on them, and review some important estimates
derived from the Gaussian heat kernel bounds. In Section 3, we give the proof of
Theorem 1.3.

Throughout the paper, the symbol Ny will denote the set of nonnegative integers.
For any positive number o, we denote by [o| the largest integer less than or equal
to o. The letter C will denote a positive constant, which is independent of the main
parameters and not necessarily the same at each occurrence. By writing A < B, we
mean A < CB. We also use A ~ B to denote A < B < A. Constants with subscripts will
remain unchanged throughout.

Note. After this paper was submitted for publication, we learned that Dekel ef al. in a
recent preprint [4] also treated maximal Hardy spaces associated to nonnegative self-
adjoint operators. Although they also give a proof of Theorem 1.3, their method is
totally different from ours.

2. Preliminaries

Let X be a locally compact metric space with a distance d and let u be a positive,
locally finite, regular Borel measure on X. Throughout the paper, we assume that
HU(X) = oo.

Denote by B(x, r) the open ball with centre x € X and radius > 0 and by V(x, r) its
measure u(B(x, r)). The metric measure space (X, d, ) satisfies the doubling condition
if there exists a constant C, > 1 such that

V(x,2r) < C.V(x,r)
for all x € X and r € (0, 00). Notice that the doubling condition implies that
V(x,ar) < C,A"V(x,r) 2.1)

forall x € X, r € (0, 0) and A € [1, o0), where n = log, C, > 0 is a constant playing the
role of a dimension, but one should not confuse it with dimension. From (2.1), the
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local finiteness of y and the infiniteness of u(X), it follows that diam X = co. Also,
since B(x, r) C B(y,d(x,y) + r), (2.1) yields

d(x,y)
r

Vixr) < C*(l + )nV(y, " 2.2)

for all x,y € X and r € (0, c0). The metric measure space (X, d, u) is said to satisfy the
reverse doubling condition if there exists a constant C+ > 1 such that

V(x,2r) > C;V(x,r)
for all x € X and r € (0, o). A consequence of the reverse doubling condition is that
V(x, Ar) = C; A5V (x, r) (2.3)

for all x € X, r € (0, 00) and A € [1, c0), where ¢ = log, C; > 0. We say that (X, d, 1)
satisfies the noncollapsing condition if there exists a constant C}, > 0 such that

inf V(x,1) > C,.
xeX

The noncollapsing condition along with the doubling condition yields that, for all
re(0,1],
inf V(x,r) 2 c;lcpr. (2.4)
Xe

Throughout the paper, we assume that (X, d, ) satisfies the doubling, reverse doubling
and noncollapsing conditions.

Consider a nonnegative self-adjoint operator .2 with domain D(.Z) dense in
L*(X,du). Let E(1) be the spectral resolution of .¥. For any bounded Borel
measurable function @ : [0, c0) — C, by the spectral theorem we can define the
operator

(L) = jo‘m D) dE(A).

It is well known that the operator ®(.%) is bounded on L*(X, du). We assume that the
associated semigroup P, = e consists of integral operators with real-valued (heat)
kernel p,(x,y). We say that the heat kernel of .Z satisfies the Gaussian upper bound if
there exist two constants Cy, ¢y > 0 such that
d(x,y)?
CXP(— T )
lp:(x, )| < Cy (2.5)
V(x, VDV(y, Vi)

for all ¢ € (0, ) and x,y € X. We say that the heat kernel of .Z satisfies Hdlder
continuity if there exists a positive constant @ such that

_dGeyy?
d(y,y'))“ e""( u) (2.6)

Vi b v v, v

1P ) = i)l < G
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for all ¢ € (0, ) and x,y,y" € X satisfying d(y,y’) < Vt. Throughout the paper, we
assume that the heat kernel of .Z satisfies the Gaussian upper bound and Holder
continuity.

Examples of settings in which our theory applies include uniformly elliptic
divergence form operators, Riemannian manifolds with nonnegative Ricci curvature
and Lie groups of polynomial growth. For more examples which satisfy all the above
assumptions, we refer the reader to [3, 16].

We use the following notation borrowed from [16]: for z,0 > 0 and x, y € X, set

D,y (x,y) = [V(x, )V (y, t)]—uz(l + d(xt, Y) )“’_

By [16, Lemma 2.1], for any o > n there exists a positive constant C (depending on o)

such that 4 Y
f (1 + @) du(y) < CV(x,1) @.7)
X
for all ¢ € (0, co) and x € X. This together with (2.2) yields that for any o > 3n/2,
1Dso (X, Iz x,qu) < C (2.8)

uniformly for all 7 € (0, c0) and x € X.
The following estimate, proved by Kerkyacharian and Petrushev [16], is important
to us.

Lemma 2.1 [16, Theorem 3.4]. Suppose that me Ng, m>n+ 1, r>m+n+1, ® €
C™(R,) and there exists a constant A > 0 such that

D) < A(L + )"
forall A e R, andv €{0,1,...,m}. Suppose further that
(D2V+1(0) =0

for all v € Ny such that 2v+ 1 <m. Then, for any t >0, Ot VL) is an integral
operator with a kernel ch(t@)(x, y);, moreover, there exists a constant C >0
(depending on m) such that

Ko vz) (% V| < CADy(x, y) (2.9
forall t € (0,00) and x,y € X and such that

’ d ’ /) .
Kz = Ky (631 < CA( 222 Dy ) (2.10)

forallt € (0,00) and x,y,y" € X satisfying d(y,y’) < t.

Remark 2.2. In [16], the heat kernel of the operator is assumed to satisfy the ‘local’
Gaussian upper bound, namely, (2.5) and (2.6) hold only for ¢ € (0, 1], so the estimates
for the kernel K(D(t \/Z)(x, y) in [16] are valid only for ¢ € (0, 1]. However, in the current
paper we assume that (2.5) and (2.6) hold for all ¢ € (0, o), from which the estimates
(2.9) and (2.10) are valid for all r € (0, c0).
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Now we recall from [16] the notions of Schwartz functions and tempered
distributions on X associated to .. The Schwartz class S «(X) is defined to be the
class of all functions ¢ € (e, D(Z k) such that

Prm(@) := esssup(l + p(x, x0))"|-L¥(x)| < oo

xeX
for all k,m € Ny, where xg € X is selected arbitrarily and fixed once and for all.
Clearly, the particular selection of xj in the above definition is not important, since if
Pr.m(¢) < oo for one xg € X, Prm(¢) < oo for any other selection of xy € X. It is often
more convenient to have a directed family of seminorms, so we define, for k,m € Ny
and ¢ € S »(X),
Pen(®) = > Piue).

0<j<k
0<t<m

It was shown in [16] that S »(X) is a Fréchet space. The space S8’ (X) of distributions
on X is defined as the set of all continuous linear functionals on S «(X). The evaluation
of f € 8, (X) on ¢ € S (X) will be denoted by (f, $) := f(¢).

Let R, := [0, o) and define

SR,) := {(D € C*(R,) : for all v € Ny, @ decays rapidly at infinity
and lim (1) exists}.
A—-0*

Then Borel’s theorem concerning the existence of smooth functions with arbitrary
Maclaurin series implies that S(R;) = S(R)|g,. Throughout the paper, we use the
following notation: for any N € Ny and any ® € S(R.), we put

@y == sup  (1+ )Y 0 (),
AeR,, 0<y<N

where @) is the vth-order derivative of ®. Then we set
FvRL) = {P e SRR,) : [|[D|n) < 1}. (2.1D)

Observe that if ® € S(R,), then the function ¥ : R, — C defined by ¥(1) := ®(1?)
also lies in S(R,) and, moreover, ¥>'*!(0) = 0 for all v € Ny. Also note that for any
m € Ny, there exists a constant C > 0, which depends on m but is independent of @,
such that [Pl < Cl|Dl|im. By these facts, we can reformulate Lemma 2.1 as follows.

LemMa 2.3. Forany ® € S(Ry) and t > 0, ®(>.L) is an integral operator with a kernel
Ko2.2)(x,y); moreover, for any m € Ng with m > n + 1, there is a constant C > 0,
which depends on m but is independent of ®, such that

|Ko22y(x, V)| < Cll®|lny D (x, y) (2.12)
forallt € (0,00) and x,y € X and such that
d(y,y')

a
Ko 25, 9) = Ko (53] < Cl@llon( 222 D) 213)

forallt € (0,00) and x,y,y" € X satisfying d(y,y") <t.
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A consequence of Lemma 2.3 is the following result.

CororLary 2.4. Suppose that ® € S(R,). Then, for any t > 0, the kernel Ko2.o)(x,y)
belongs to S »(X) as a function of x and as a function of y.

Proor. Fix t > 0. Let k, m € Ny be such that m > n + 1. From [16, (5.14)], we see that
for any fixed x € X,

LMKaz)(x, )] = K prapz)(x,) = 17K gpa.z) (X, ).
Hence, by (2.12), we have that for all y € X,
1L Ko/, D] = 11K o (% )]

< Cr - O lmyDym(x, y)

< C1 Dl sy Dim(x, ) (2.14)
This implies that Kg2 (%, -) € S &(X) with x fixed. Since Kg2.2)(-,¥) = Ko2.2)(y, ),
we also have Kg2.)(,y) € S»(X) with y fixed. O

Thanks to Corollary 2.4, it is now natural to define, for any f € S, (X) and
® e S(Ry),

(L) f(x) == (f, Kocz)(x,7), x€X. (2.15)
This extends the domain of ®(.%) from L*(X, du) to S, (X).

3. Proof of Theorem 1.3

For the proof of Theorem 1.3, we need a sequence of lemmas.

Lemma 3.1. Suppose that ® € S(R,) and ®0) = 1. Then, for any ¥ € SR,) and
N € Ny, there exist a family {O)lo<s<1 of functions in S(R) and a constant C > 0
such that:

() Y = [ OO ) ds for all 1 € R

(i) fX(l + (d(x, )/ |Key, 12.2)(X D dpa(y) < CsM ¥l an+13n/2)43) for all t > 0 and
xe€X.

Proor. We follow [12, Theorem 4.9]. Fix N € Ny. Let {Q,)}o<s<1 be the unique family
of functions in S(R,) such that

MO )V 2] = D(s2D)Q)(A)  forall s € [0,1], forall 1 € R,. (3.1)
Notice that €, has the expression

Qo= >, Cj 0] LD, (3.2)

.....

J1Hetine 1 =N+1
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where each C;, _; is a nonnegative integer. Choose Z € C*([0, 1]) such that

.....

2(s) = sV/N! forall s €[0,1/2],
0<ZE(s)<sV/N! forall se[l1/2,1],
#E(1)=0 forall je{0,1,...,N+1}.

Then we set
Oy(D) = (~DVMEOQy(DY) - [BVT'E(]IO(s* YW, AeR,.  (3.3)

Clearly, O, € S(R;) for every s € [0, 1]. We claim that (i) and (ii) hold for this choice
of @(S).
First we verify (i). Consider the integral

1
1) = (=N f EOV OSSOV P () ds, A E€R,. (3.4)
0

Integrating by parts N + 1 times and noting that the boundary terms in the first N
integrations by parts vanish,

1
1) = —[0YE()]D(s* )V 2P )L, + f [V E($)]D(s* )PP (D) ds
0

1
=P(1) + f [V 2()] (s> )V P(A) ds,
0

where we used ©(0) = 1. Hence, by (3.4), (3.1) and (3.3),
1 1
YY) = I(A) - f [V E($)]D(s* )PP (D) ds = f O, (DD(s* D) ds.
0 0

Next we verify (ii). Since Z(s) is constant for s € [0, %], we have |8§V+IE(S)| <CsN
for all s € [0, 1]. From this fact, (3.2) and (3.3), it is not difficult to see that for every
m € Ny,

185 llom < CSV I llonsn+1)s (3.5)

where the constant C depends on @ and m, but is independent of s € [0, 1] and V. Take
m=N +|3n/2] +2 (= n+ 1). Then it follows from (2.12), (3.5) and (2.8) that

d(x, N d(x, N
f (1+% y)) Koy, .2 (x| du) < ClI® llom f (1+ S22 Dy ) )
X 1 X 1

= 1O llon f Dy () dii(y)
X
< CMPllunen+1) = CsM Il an+(3n/2)+3)-

This verifies (ii) and completes the proof. O
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Lemma 3.2. Suppose that ® € S(R,) with ®(0) = 1. Then, for any N € Ny, there exists
a constant C > 0 such that for all f € §',(X) and x € X,

M onsi3n2)03f (%) < CTY, o f(x), (3.6)
where J N
Y o f(x) = sup [B(2.L) f(y)l(l L4y )) . 3.7)
yeX,t>0 t

Proor. For any given ¥ € S(R,), write W(-) = fOI ®(s)(-)<l)(s2-)ds as in Lemma 3.1.
Then, for all f € 8, (X), 1€ (0,00)andy € X,

V() f() = fol O LV(s L) f(y)ds
= fo 1 fX O(s*2L) f(D)Ke, 2.2/ 2) dp(2) ds.
It follows that
V(L)) < fo 1 fx D(22.L) FlIKo,, 2.2 2)| dua(z) ds
<TY o f(0) f ] f 1+ d, Z))Nur(@(s)(,z 0,2l duz) ds

d d(y,
<TY ,f(0) f f oy )j o Z)) Ko ./ 2)l dpu(z) ds.

Note that if y € B(x, t), then 1+ (d(x,y) +d(y,2))/t < 2(1 + (d(y,2))/t). Hence, by
Lemma 3.1(ii),

d 2)
Mo wf(x) <2VTY, o f(x) f f (y ) Koy, 2.2)(y, D)l dp(z) ds
< C||‘P||(2N+L3n/2j+3)Tg,@f(x),
which yields the desired inequality (3.6). O

Lemma 3.3. For any ® € S(R,), p € (0,1] and N € Ny with N > n/p, there exists a
constant C > 1 such that for all f € §',(X),

. N
CIMz0flrxan < NT g o fllrxan < ClIM 2.0 flrxaws

where TV

. of s defined by (3.7).

Proor. Obviously, My o f(x) < 2VTY, , f(x) for every x € X, so the first inequality
holds as long as C > 2V, To see the second inequality, set ¢ = n/N, so that g < p.
Observe that

(L) fO) <My of(z) whenever z € B(y, ).
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From this and (2.1),

|O(>.L) f(y)f < Mg of(2)]? du(z)
V(y’ t) B(y,t)

- V(x,t+d(x,y)) 1
V(y,t) Vix,t+d(x,y))

d(x, y)\"
(xt Y )) Meae (M0 f()) ),

f (M0 f()1 du(z)
B(x,t+d(x,y))

s(1+

where My is the Hardy—Littlewood maximal operator. Since N = n/q, this says that
forall x € X,

[T o f1Y $ Mi (M 0 f 1)),

Then, since p/q > 1, the Hardy—Littlewood maximal theorem yields

fx [T% o[ () du(x) < fx IMuL(IM 2.0 fFOIDOY du(x) < fx Mg of(x)]F du(x).

This completes the proof. o

For our purpose we introduce two auxiliary maximal type functions: for f € S, (X),
®eSMR,), KeNy, NeNgand € € (0, 1], we set

t \K _
MK f(x)= sup sup I<I>(t2§f)f(y)l(—) (1 + ed(y, x0))°%,
O<t<1/e yeB(x,1) t+ &

T9af()= sup sup|®(.L)f()l
O<t<l/e yeX

(1 o)) )_N(ﬁ)KU + £d(y, x0)) K.

Lemma 3.4. Forany ® € S(R,), p € (0,1] and N € Ny with N > n/p, there exists C > 0
such that for all f € 8’ (X), € € (0,1] and K € N,

NK K
T o flrxdpy < CIMY o fllLrx.dp-

Proor. The proof is the same as that of Lemma 3.3 and is omitted. O

Lemma 3.5. For any ® € S (X), p € (0,1] and f € 8’ (X), there exists K € Ny such
that M . f € LP(X, du) 0 L*(X, du) for 0 <& < 1.

Proor. By the definition of 8’y (X), there exist ko, mo € Ng such that

O L) f )] = (fs K.y (s )] < CPrmy Kaz) (¥, ))- (3.8)

Let M € Ny be such that M > max{mgy + n/2,n + 1}. Then, by (2.14) and (2.2),
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Promy Koz (v, ) = Z sup(1 +d(z, xo))m|$k[ch(zzz)(y, )@

oskeky 2€X
0<m<mgy
<C > sup(l +d(z, x0))™t 1Dl Dy, 2)
O<kzky X
c 41+ d(z %)™ (144020 )—M+n/2 9
- O<k<ky X Vzn
721 + d(z, x0))™ d(y,z)\ ™™
cc Y sp it de ) (1+ (yz)) .
0<k<ky X V0

Note that if 7 € (0, 1], then by (2.4) and the triangle inequality for the distance d,

172k(1 + d(z, xp))™ (1 . d(y,z) )*’”0

05k, 7X V(z, 1) t

Az x)\"™ [, d.2)\™
< Csup t’(ZkO“‘)(l + —(Z;XO)) (1 +90.9 Z))

zeX t

d mo
< Cf<2’<°+">(1 + w) < Cr@o (1 4 diy, x))™.  (3.10)

Ift € (1, 1/€], then from (2.3) and the triangle inequality for the distance d, it follows
that

1721 + d(z, xp))™ (1 . d(y,z) )""0

OSkSk() zeX V(Z’ t) t

< Cro(l +dz, xo))mO(l

+d(y,z))
t
( d(z,xo))’”°( d(y,z))

<CrmTs

< Cf"O*f(l + 200 %0) ’txO))

< CH"75(1 + d(y, x0))™. (3.11)
Also note that if 7 € (0, 1] and K > 2ky + n + my, then

t K % 1 2ko+n+my ok
( ) ~@h+nmg) S( ) < g Chotnimo) (3.12)
t+e t+e

while if t € (1, 1/¢), then, for any K € Ny,

t K
(E) =5 < gmo=sl < g=lmo=s (3.13)

We now choose K € Ny such that K > max{2kq + n + mg, mg + n/p}. Then from (3.8) to
(3.13) it follows that for any fixed € € (0, 1] and for all 7 € (0, 1/&],
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2 o K -K 2 o Kk -K
OEDSON( =) (1 +2d0,30) ™ < 1OEL O ) &1 +d0,x0)
< C(1 +d(y, xo)) K™,
where the constant C depends on . Hence,

MK, f(x) < C sup  sup (1 +d(y, xp)) K+
’ 0<r<1/e yeB(x,1)

<C sup sup (1+d(x,x0) K1 + d(x,y)km
O<t<1/e yeB(x,t)

< C(1 + d(x, x)) K=,
where the constant C depends on &. Since p(K — myg) > n, it follows by (2.7) that
M f € LP(X, dp) N LY (X, dy). .

We also need the following auxiliary function: if f € &', (X), ® € SR,), K € Ny,
NeNpand 0 < e <1, we set

( P12 L) f(2) - CD(tz.i”)f(y)I)

sup

MK f(x) = sup sup
-0 ) d(z,y)*

0<t<1/e yeB(x,t)

x (ﬁ)K(l + &d(y, x0) %,

where a > 0 is the same constant as in (2.6).

Lemwma 3.6. Suppose that ® € S(R,) with ®(0) = 1. Then, for any N € Ny and K € Ny,
there exists C > 0 such that for all f € §',(X), € € (0, 1] and x € X,

M o f(x) < CTEK f(x).
Proor. Fix K, N € Ny. By Lemma 3.1 and its proof, we can write
1
() = f O (HD(s*)f ds, (3.14)
0

where {O)}o<s<1 1s a family of functions in S(R,) with the following property: for
any m € Ny, there exists a constant C (depending on @, m, N and K) such that

105l < CsN*E for all s € [0, 1]. (3.15)
From (3.14), it follows that for all f € &', (X) and € (0, 00),
1
O(rPL)f = fo O, (P L)D(s* L) f ds, (3.16)
which holds pointwise and also in the sense of distributions in &', (X). We fix m € Ny
such that m > (3/2)n + N + K + 1 and fix arbitrary x € X. Let ¢t € (0, 1/¢), y € B(x, 1)
and z € B(y, ). By (3.15) and (2.13),

d@z y)\*
Koy .2 W) = Ko 2.0 Wl < C5VK(S22) Dy, w).
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By this kernel estimate, (3.16) and (2.8), we can estimate as follows:

1|0 L) f(2) - DEL)f )
d(z,y)*

fx O(s*2.L) f(w)Ke, 2.2z W) dja(w)

d(z,y)*

- fX O($22L) f Ko, .2/ w)du(w)]
L |22 L) fw)| [Koy .2) (2 W) = Koy 2./ (3 W)
Sf f Az du(w)ds

1
< f f O22.2) F0)| 54K Dy, w) dia(w) ds
0 X
1 d(x, N -K
crsi [ [ o+ 4 1)
X (1 + edw, x0))X Dy u(y, w) du(w) ds
eNK o K d(x, w)\N K
st,CDf(x)(tJrs) j;(l + 55 ) (1 + £d(w, %)X Dum(y, w) d(w)
eNK r\K d(x, y)\V d(y,w)\¥
Tf‘bf(x)(H ) j;((1+ t ) (1+ t )
x (1 +ed(w, xo))KD,m(y, w) du(w)

Tf%f(x) f (1 + ed(y, )X (1 + £d(y, W)X Dy pmn(y, w) du(w)

<798 0o ) (1 + £d(y, x0)) f Do (o) dut(w)
+ée X

K
STLSF0(—=]) (1 + 2w, x0)k,

where for the last inequality we used (2.8) and m — N — K > 3n/2. From this, the
desired inequality follows immediately. O

Now we are ready to give the proof of the main theorem.

Proor oF THEorEM 1.3. Clearly, (i) = (ii) = (iii) and |M ®f||U(XdH) <M .o fllzrxdw
SNPNw M2 n, fllrxa forall fe S, (X). Comblmng Lemmas 3.2 and 3.3, we see
that (ii) = (i) and [M 2 N, fllLrxdp S ||M 2.0 flLr(x.aw- Hence, it remains to show that
(iii) = (i1) and |IM # o fllLrx.du) < ”M?([,q)f”LI’(X,dy)-

Suppose now that f € 8, (X) is such that M 0 of € L’(X,dyp). By Lemma 3.5,
we can choose K so large that MEKch € L”(X du) N L¥(X,dw) for 0 <e< 1.
Then, by Lemmas 3.4 and 3.6, we have MFK(Df € LP(X,du) and ||Mf§®f||Lp(X,d,,) <
Ci ||Mf£¢f||U(x,dy), where C; is independent of € € (0, 1]. Given € € (0, 1], we set

Q. ={xeX: ME,f(x) < CME 4 f(0)),
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where C, = 21/PC,. Note that
fx (M o FOOIP dux) < 2 fQ ML ).
Indeed, this follows from
N [MES o (01 du(x) < C,” fQ (M o f(O) du(x) < (C1/C) fx [MES o f ()17 dpa(x)

and (C,/C>)" = 1.
We claim that for 0 < r < p, there exists C3 > 0, independent of &, such that

MK o F(0) < C3IMuL(IMY, o fOIN@}" forall x € Q.

Once this claim is established, the required inequality ||M » o fllrr (x40 < ||M£Z£,(D Fllerx.du
will follow from the Hardy-Littlewood maximal theorem and the monotone
convergence theorem (see, for instance, [17, Ch. 3] and [12, Ch. 4] for details).

Let us now prove the claim. Fix any x € Q.. By the definition of MSK ‘2 of (%), there
exist y € X and ¢ > 0 such that d(y, x) <t < 1 /e and

1
L) ) 1+ 0y, x0) ™™ 2 MK f () (3.17)
We fix such y and ¢. Then, by the definitions of Mg’( ‘2o and Q,

DL f(2) — DALY W) t \K o
Z€B(y,1) d(z,y)* = (t + g) (1 +&d(y, x0))" M o f ()

< Cz(i)%(l + &d(y, x0)) MK o f(x)
< GO L) f ), (3.18)
where C3 = 2C,. Let C4 > max(1, (2C3)"/®). Then we note that
|0 f(2)] = 31DEL)f(y) for all z € B(y, 1/Cy). (3.19)
Indeed, since d(z,y) < t/C4 < t, it follows from (3.18) that

DP-L)f) - OE-L)f )] < €522 (Z’ D102 ) f)] < G0 L) )

%I‘I)(tz-i” AGE
which yields (3.19). Now (3.19) together with (3.17) gives that
O L) @) = MY f(x) forall z € B(y,1/Ca).

Also, since C4 > 1 and d(y, x) < t, we have B(y, t/C4) C B(x, 2t). Therefore,
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1
M ([M% o O ) > Vo fB (MY o f@) du(z)

(x,2t)
1
> — ) Zz rd
= V(x,2t) jl;(x,%)l ) @I du(z)

S V(y,t/Cy) 1
V(20 V(,t/Ca) Jpiyascy
2 M o f (0]

10> L) f I du(z)

This establishes the claim and finishes the proof of Theorem 1.3. O
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