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C-NODAL SURFACES OF ORDER THREE 

TIBOR BISZTRICZKY 

T h e problem of describing a surface of order three can be said to 
originate in the mid-nineteenth century when A. Cayley discovered t ha t 
a non-ruled cubic (algebraic surface of order three) may contain up to 
twenty-seven lines. Besides a classification of cubics, not much progress 
was made on the problem until A. Marchaud introduced his theory of 
synthet ic surfaces of order three in [9]. While his theory resulted in a 
part ial classification of a now larger class of surfaces, it was too general 
to permit a global description. In [1], we added a differentiability condi­
tion to Marchaud ' s definition. This resulted in a part ial classification and 
description of surfaces of order three with exactly one singular point in 
[2]-[5]. In the present paper, we examine C-nodal surfaces and thus 
complete this survey. 

A surface P o f order three is C-nodal if it is non-ruled, contains exactly 
one non-differentiable point v and the set of tangents of F a t v is a non-
degenerate cone of order two; t ha t is, v is the vertex of the cone and any 
plane, not passing through v, intersects the cone in an oval. 

T h e classification (2.4) is based upon the configuration of lines in a 
surface. In each of the subsequent sections, we describe a class of surfaces 
wTith a fixed number l(v) of lines of F through v. In part icular, we deter­
mine the distr ibution of the three types of different]'able points not lying 
on any line of the surface. In 3.3, 4.6, 5.10 and 6.13, we present a summary 
of the results in t h a t section and an algebraic example. 

1. Surfaces of order three . Let P 3 be the real projective three-space. 
We denote the planes, lines and points of P 3 by the let ters a, P, . . . , 
L, My . . . and p, q, . . . respectively. For a collection of flats a, L, p} . . . , 
(a, L, p, . . .) denote the flat of P 3 spanned by them. For a s e t * ^ in P 3 , 
(<Jt) denotes the flat of P 3 spanned by the points o f^# . 

1.1 A (plane) curve T is the union of a finite collection of sets C\(M) 
where the C\s are continuous maps from a line M = {m, m', . . .} into 
a plane a. 

Let C = C\. T h e line Tm = lim ( C ( w ) , C(m')), a s m ' ?± m tends to w, 
is the tangent of C a t m. Let C be differentiable; t h a t is, Tm exists and 
\Tm H C(M)\ < co for every m G M. We introduce (cf. [1], 1.3.3) the 

Received May 18, 1981 and in revised form April 28, 1982. 

68 

https://doi.org/10.4153/CJM-1983-006-9 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1983-006-9


C-NODAL SURFACES 69 

characteristic of C at m and the multiplicity with which a line L C « 
meets C at m. Then C is of order n if n is the supremum of the number of 
points of M, counting multiplicities, mapped into collinear points by C. 

If C is of order two [three], we denote C(M) by S1^*1] . We note that 
Sl is a Jordan curve. For an exposition on F*1, we refer to [1], 1.4 and [8], 
pp. 1-7. If C(M) is a line [point], we consider C to have order one [two]. 

T is of order k if k is the supremum of the number of points of T, 
counting order on each C\, lying on any line not in T. If k = 1, then T is 
a (straight) line. If k = 2, then T is an S1 or an isolated point or a pair of 
distinct lines. If k = 3, then T is (i) an F\* or (ii) the disjoint union of 
an Fi* and an S' or a point or (iii) the union of a line and a V of order 
two. We denote a T of order three satisfying (i) or (ii) by F1. 

1.2 A surface of order three, F, in P 3 is a compact, connected set such 
that every intersection of F with a plane is a curve of order ^ 3 and some 
plane section is an F1. 

Let F b e a surface of order three, p £ F. Let a be a plane through p. 
Then p is regular in F[Û: P\ F] if there is a line N in P3[a] such that p £ N 
and |iV P\ P| = 3. Otherwise, p is irregular in P[a P\ P]. An F has at most 
one irregular point and such a point is a cusp, double point or isolated 
point of some a C\ F ([1], 1.4). 

A line T is a tangent of F at p if 7" is the tangent of some Cx at w; 
p = Cx(ra) C Cx(M) C P. Let r(p) be the set of tangents of F at p. 
Then p is differentiable if /> is regular (in F) and r(p) is a plane ir(p)', 
otherwise, p is singular. 

We assume that every regular p is differentiate and 7r(£) depends 
continuously on p. 

We denote by l(p)[l(p, «)], the number of lines of F[a C\ F] passing 
through p and by 1(a), the number of lines of a H F. Clearly 1(a) ^ 3. 
I f ^ Ç F is not a point, we put 

l(Jt) = |{L C P 3 | L C ^ } | . 

Let £ be differentiable. Then p G F C TT(£) implies that either T CL F 
or \T r\ F\ ^ 2. Thus /(£) = l(p, ir(p)) and £ is irregular in w(p) C\ F. 
If l(p) = 0, then p is an isolated point, cusp or double point of ir(p) C\ F 
and we call p elliptic, parabolic or hyperbolic respectively. Let E, I and H 
denote the set of elliptic, parabolic and hyperbolic points of F respectively. 

Let v be irregular (singular) in F. If F is non-ruled; that is, 1(F) < co , 
then v 6 T C T(U) if and only if either v G P C F or T P\ F = {v}. 
Moreover, r(v) is a plane or a union of two distinct planes or a cone of 
order two; cf. [10]. 

1.3 Let se be a closed, connected subset of an Sl or an F*1. If the end 
points of s/ are distinct [equal], then s/ is a subarc [subcurve]. 
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Let p be differentiable. Let s/(p) be the set of all subarcs $/ of order 
two such t h a t £ 6 s/ <£ v(p); \stf\,s/2\ C ^ ( £ ) . T h e n j / i a n d s / 2 are 
p-compatible if there is a fi C P3\{^} and an open neighbourhood £/(£) 
of £ in P 3 such that [/(/>) P ( j / i U J^2) is contained in a closed half-
space of P 3 bounded by ir(p) and 0; otherwise, J^ i and s/1 are p-incom-
patible. 

A pair of su bares J^/ and s/' are compatible [incompatible] if there is 
a £ 6 s/ C\s/' such that { J / , J / ' } C^f(p) and J / , J / ' are ^-compatible 
[^-incompatible] ([1], 2.5.3). 

Let s/ be a subarc or a subcurve, either of order two; a = (*a/). 
We define 

e(o/) = {£ G « V / | £ lies on a tangent of j / at r for some r £ ^ } 

and i{o/) = a\eÇ$f). We note that a = i(p/) \J sf \J e(sé) a n d s t = Sl 

implies that i(S1) is the open disk in (S1) bounded by S1. 

1.4 Let L C F and r G F\L such that (L, r) P F consists of L and an 
S\ We denote this Sl by S1 (L, r). 

Let p, q, r and 5 be collinear points; \{p, q, r, s}\ = 4. We say that 
p, q separates r, s if neither segment of (p, q) bounded by p and q contains 
both r and s; otherwise, p, q does not separate r} s. In an obvious manner, 
we extend these definitions to points on a subcurve; concurrent, coplanar 
lines and planes through a given line. 

Let {p, ç, r) Cs/, \{p, q, r}\ = 3 and s/ a subcurve. We denote by 
^/(Pi <Z> r) the subarc of s/ bounded by p and q and containing r. 

LetS^n = (1,2, . . . , » ) , » a positive integer. 
Finally we note that when the meaning of a topological statement is 

clear, we do not indicate the topology (usually relative) involved. 

1.5 By way of preparation for the classification and the descriptions, 
we list the following results. 

1. Let F be non-ruled. Then l(p) ^ 6 for any point p Ç F ([11]). 
2. If px and p2 are irregular in P, then (pu p2) C F ([1], 2.2.6). 
3. Let a P F be of order two. Then a f~\ F = L \J L',L ^ V and 

either U C ir(p) for every regular p £ L or L C TT(C) for every regular 
q e Lf ([1], 2.2.3). 

4. Let s/ C « be a limit of subcurves or subarcs s/\ of order two. Then 
\LC\s/\ ^ 3 for each L O ( [ l ] , 2.4.4). 

5. Let p\[a\] be a sequence of points [planes] converging to p[a]; 
px G a\ for each X. 

a) If a P F is not of order two or a P F does not contain an isolated 
point, then lim (a\ P F) = aC\F ([1], 2.4.3). 

b) If p\ is a cusp [isolated point] of a\ P P for each X, then /(£) = 0 
implies that p is cusp [isolated point or cusp] of a P P and a P P = 
L U S1 implies that L P S1 = {£} ([1], 2.4.6 and 2.4.9). 
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6. If p is regular in F and isolated in a C\ F, then p is elliptic and 
a = ir(p) ([1], 2.3.7). 

7. Let J / ' C F such that s/' G j / ( r ) for each r <E J / ' . Let L be a line 
such that L (£ {s/f) and for each r £ s/', there is a n j / r G j / ( r ) with 
£ C {$&T)- If ^ r depends continuously on r, thenJ^ ' andJ^ r are either 
compatible for all r G s/' or incompatible for all r Ç J / ' ([1], 2.5.8). 

8. Let r be regular and {s/,s/') C ^ O ) such that 

r G int («flO H int ( j / ' ) and r g e( j / ) C\ e(s/'). 

ThenJ^/ andJ^ ' are incompatible and if l(r) = 0, r is hyperbolic ([5], 2.5). 
9. Let p be regular in F, l(p) = 0. Then (i) p £ E if and only if s/ and 

j / ' are compatible for [s/, s/1) C ^ 0 ) and (ii) p £ H il and only if there 
exist incompatible^ a n d j / ' ins/(p) such that £ G int (s/) C\ int ( j / ' ) 
([1], 2.5.5 and 2.5.7). 

10. Every surface of order three contains a line ([7]). 
11. Let G be an open region in F such that a C\ G = 0 for some a, 

bd (F\G) = bd (G), (bd (G) ) is a plane and each r £ G is regular. Then 
GC\E 9*0 ([6], 3.7). 

12. Let F be non-ruled. Then H 9e 0, H and E are open and 

I = {p £ HC\ Ë\l(p) = 0 and£ is regular} 

is nowhere dense in F ([6], 3.8 and 3.9). 
In view of 12: if we wish to describe an open region X C F such that 

l(r) = 0 for each r ^ I , we need only determine if X C\ E 9* 0or X <Z H. 
If X H £ 5* 0 and X <£ £ , then X C\ H 9* 0 usually follows by 1.5.5 b) 
applied to bd (X). 

1.6 Let i7 be a non-ruled surface of order three containing exactly one 
irregular point v. In 1.2, we noted the possibilities for T(V). We have 
already examined the case where T(V) is a plane ([3]) and the case where 
T(V) is a pair of planes ([4] and [5]). In this paper, we assume that T(V) 
is a nondegenerate cone of order two. 

We note that a cone of order two may degenerate into a line. If 
T(V) = N and N H F = {v},we call v a £m& and F a surface with a peak; 
cf. [2]. We claim that these are the only non-ruled surfaces of order three 
containing exactly one irregular point v; that is, if r(v) is a line N, then 
NC\F = {v}. 

Suppose N C F and let N C 0. From 1.2, » G L ^ iV implies that 
\L C\ F\ = 2. Hence either 0 H F = N U N' where v g N' or (3 C\ F 
consists of iV and an S1 such that N C\ S1 = {v}. Let p £ -Af\{*>}- Since 
T(P) exists, N C 7r(£) and p is irregular in ir(p) P\ i7, the preceding 
implies TT(P) H F = N U NP where TV H 7VP = {£}. Then Nv 9* NQ for 
£ 9e q in iV\{ï>} yields that F contains infinitely many lines. Since F is 
non-ruled, this is a contradiction. 
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2. C-nodal surfaces. 

2.0 Let F be a surface of order three. A point v £ F is a C-node if y 
is irregular in F and T(A) is a nondegenerate cone of order two with vertex 
v. F is C-nodal if F is non-ruled and has a C-node as its only irregular 
point. 

Henceforth F is C-nodal with the C-node v. We denote T(V) by K. 
From 1.5.1, 0 ^ /(») ^ 6. 

From the definition of K, K is the common boundary of two disjoint 
open regions of F. It is clear that exactly one of these regions contains a 
line not meeting K. We denote this region by ext (K) and put int (K) 
= P3 \ext (K). Hence 

P 3 = int (K) V J i ^ U e x t (K). 

Since K is of order two, any plane through v meets K in at most two 
lines. We note that K is not necessarily differentiate (n.n.d.) and hence 
via implies that a P K is a (n.n.d.) curve of order two; that is, any line 
L C a meets a P K in at most two points but \L C\ K\ = 1 does not imply 
that L is a tangent of K. 

2.1. LEMMA. Let @be a plane through v. 
1. If fi (~\K consists of a pair of lines N\ and JV2, then 

i) (Ni W N2) C\ F = {v} implies that v is the double point of fi C\ F, 
ii) Ni KJ N2 C F implies that fi C\ F consists of three non-concurrent 

lines and 
iii) Ni C F and Nj P F = {v} implies that 13 C\ F consists of Ni and Sl 

such that \Ntr\Sl\ =2andNjr\S1 = {v];{i,j\ G ^ . 
2. If fi C\ K consists of a line N, then 
i) N P F = {v} implies that v is the cusp of fi P F and 

ii) N C F implies that /3 C\ F = N^JS1 where N P S1 = {v}. 
3. If fi C\K = {v}, then v is the isolated point of fi f~\ F. 

Proof. Since v 6 L (£ K implies that \L C\ F\ = 2, the assertions 
1, 2 i) and 3 are immediate. 

I f ^ n ^ = ^ C ^ then either 0 Pi F = iV U S1, N P S1 = {y}, or 
0 P F = N U i\P, iV g W. In the latter case, /3 = TT(/>) for £ G N\{v} by 
1.5.2 and 1.5.3. Since l(v) ^ 6, there is an N' C X such that N1 C\ F = 
{n}. By 1 iii), 

(N,N')r\ F = NU S1 

and JV P S1 consists of » and say £' ^ v. Then w(pf) = <iV, iV) ^ 0, 
a contradiction. 

2.2 If v is the double point of 0 P F, then ^ H F = i f U J / J U J / 2 

where<if P ( J / I U J / 2 ) = W / i H ^ = {», £}, £ is the inflection point 
of j8 P F, { J / I , J / 2 } C<sf(P) a n d ^ is a subcurve of order two. We called 
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the loop of j8 P F. We note that any tangent of ££\{v) meets J / I U J / 2 

and no tangent of (se\ KJs/2)\{v} meetsJzf. 
If v is the cusp of $ P F, then 0 P F = j / U < j / n j / / = {v, £}, 

p is the inflection point of fi P F and { J / , J / ' } Qs/{p). 

2.3 LEMMA. 1. / / {L\JL')C\K = 0, thenLC\ V * 0. 
2. /(z/) = 0,2, 4 or 6. 

Pm>/. 1. Since (L,v)C\ F = L\J \v\ and y g L \ we have L P V j* 0. 
2. i) Let X P F = M and M C ft From 2.1, $ r\ F = M U Sl such 

that v <E 51. If £ H i£ = M, then M H S1 = {t>} and we put 0 = ft and 
S1 = S,1. I f j S n X ^ M, then M P S1 = {v, £}, v 5* p and we put 
0 = ft, and S1 = S / . 

By 1.5.4 and 1.5.5, lim ft = ft implies that 

lim 5 / = 5c1, lim i(»V) = ^OV) and u m ^GV) = ^GV)-

Then lim ft = ft and M H 5 / = {v} yield that 

lim (MP* 'GV) ) = 0. 

Let g G M\{ZJ}. Then AT H 5c1 = {v, q] and z> and q are the end points 
of the disjoint open segments M P iÇSg1) and AT P eiSq1). By the 
preceding, 

M P i(Sq
l) C AT P i(Sp

l) for each p £ M C\ e(Sq
l). 

Hence as p tends to v in AT P ef^ 1) , 

A f P i i ^ 1 ) CHm ( M P * G V ) ) . 

This is a contradiction and thus l(v) ^ 1. 
ii) Let 2£ P F = Mi U M2 W M3, /(») = 3. By 2.1, there is a line 

Ltj C (M„ AT;) P F such that» g L i i f i yéjinyd. Clearly L12, Lu and 
L23 are mutually disjoint. 

L e t £ Ç M3\{z/}. Then 

ap = (Ll2<p) 5* (ATi, M2), 

av P K is a (n.n.d.) curve of order two and 

(apr\K) r\F = {L12 p M19 L12 P M2, />}. 

As L12 Pi (M3 U Lis U L23) = 0, /(£) = 1 for £ £ M3\{z;} implies that 
apn F = L^J S1 such that i£ Pi S1 = {p}. Put S1 = SPK Since 5 / and 
ap C\ K are both curves of order two, it is clear that either Sp

l C int (K) 
or Sp1 C ext (i^). As Sp1 depends continuously on p Ç M3\{i>}, either 
5 / C int (K) for all p Ç M8\{v} or 5 / C ext (i£) for all p G M3\{z;}. It 
is easy to check that this is impossible and thus l(v) 9e 3. 

iii) Let K P F = U AT,, i Ç 5^5 and Z(v) = 5. Then 

<Mif My> H F = M, U M, U L „ 
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where v Î Ltj1 i ^ j in y 5 . We note that L{j C\ Lki ^ 0 if and only if 
{i,j} H {&,/} = 0 and for & g y , I t n i w = 0. 

Since Lu H (Li2, L34) ^ 0, L i 3 P\ (L i2 U L34) = 0 implies that there 
is a third line L* C (£12, £34) H F. Clearly L* is not an Lt;- and L* P\ 
L<5 = 0, i G 5^4. Finally M5 H (L i2 U L34) = 0 yields that L* H Mb 

?± 0, L* 5̂  M5 and thus (M5, L*) C\ K = M6. This contradicts 2.1.2 ii) 
and hence l(v) 9^ 5. 

2.4 THEOREM. Let F be C-nodal with the C-node v. Then F is one of the 
following types: (1) l(v) = 0 and 1 ^ /(F) ^ 3; (2) l(y) = 2 and 4 ^ 1(F) 
^ 5; (3) l(v) = 4: and 1(F) = 11 arcd (4) Z(v) = 6 and 1(F) = 21. 

Proof. (1) If /(*/) = 0, then 2.3.1 implies that the lines of F are co-
planar and hence 1(F) ^ 3. By 1.5.10, 1(F) ^ 1. 

(2) If l(v) = 2, then 1(F) è 3 from 2.1. Let 

KC\F = MX\J M2 and v $ L12 C (Mu M2) H F. 

From 2.1, any other line of F is disjoint from K and thus meets L i2. By 
2.3.1, such lines are coplanar and thus 1(F) S 5. For the proof that 1(F) 
= 4 or 5, we refer to 4.2. 

(3) Let K H F = \J Mi} i G S^A and l(v) = 4. Then there is a line 
£*i C (Mt, Mj) C\ F such that v & Ltjîori ^ j i n l a n d Fi;- H L ^ ^ 0 
if and only if \i,j) C\ {k, 1} = 0 . We note that these ten lines are the only 
lines of F meeting K. 

As in the proof of 2.3 iii), there is a line L0 C (Lu, Lu) ^ F such that 
Lo H K = 0. Suppose Li d F such that Li ^ L0 and Li P\ i£ = 0. By 
2.3.1, (Lo, Li) is a plane and hence i£ P\ (L0 U Li) = 0 implies there is 
a line L2 C (Lo, Lx) C\ F such that L2 C\ Mt 9^ 0, i G 5^4. Then either 
l((L2, v)) ^ 4 or 2; £ L2 and /(y) ^ 5, a contradiction. 

(4) Let i£ H F = U Mu i 6 5 ^ and /(*/) = 6. Again 

(Mi, M,) C\F = Mfyj Mj \J Ltj, v $ Lij (i ^ j) 

and Lij C\ Lki ^ 0 if and only if {i, j) C\ {k, I) = 0. These twenty-one 
lines are the only lines of F meeting K. 

Let L C F such that L H X = 0. Then L C\ (Mu Mj) ^ 0 and 
Lr\ (MtU Mj) = 0 imply that L n Ltj 9* 0,i ^jinS?*. But L H L12 

F ^ ^ I H L34, L56 C (L12, Lu) r\ F and /((L12, L3 4» = 3 imply that 
L is one of Li2, L34 or L56, a contradiction. 

3. F with /(w) = 0. 

3.0 Let F be C-nodal with the C-node v, l(v) = 0. We recall that 

P 3 = int (K) \J K\J ext (K) 

and every line meets ext (K). Let F\ = int (X) P\ F and F2 = ext (K) 
C\ F. Then K C\ F = {v} implies that F = Fx U F2 U {y}. 
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Let v G N C P such that N\{v} C int (K). Then 0 Pi X is a pair of 
distinct lines iVi and iV2 and from 2.1, 1; is the double point oî p f~\ F = 
££ KJs/i \Js/2. Since N\ and iV2 are the tangents of /3 H F at y, we obtain 
that either i f Ç int (if) a n d j / x U J / 2 C ext (X) or i f C ext (JST) and 
s/x U J / 2 C int (X). It is well known that every line of fi meets s/x \J} si\ 
and hence 

if = 0 H A and J / I U J / 2 = 0 H A. 

3.1 THEOREM. 1. Ez^ry /win* 0/ Pi is elliptic. 
2. Every line of Fis contained in F2. 

Proof. Clearly 1 implies 2. 
Let r 6 Pi. Then r 9^ v, l(v) = 0 and 1.5.2 imply that v $ w(r) and 

7r(r) H I is a curve of order two. As r 6 P] C int (X) and K C\ F = {v}, 
we obtain that 

r € *(»(0 n * 0 . (*00 H if) H F = 0 and /(r) = 0. 

It is immediate that ir(r) P\ Pis disconnected and thus r £ E. 

3.2 Since Fi C p , we need only examine P2 to describe F completely. 
With slight modifications and Pi and v identified, the examination of P2 

is a reiteration of the study of 'surfaces of order three with a peak' in [2]. 

3.3 SUMMARY. Let F be C-nodal with the C-node v, l(v) = 0. Then 

F = P, U {v}V F2 

where Fi = Fi U {v}, every point of F\ is elliptic and one of the following 
holds: 

1. 1{F2) = 1 and every point p £ F2 with l{p) = 0 is hyperbolic. 
2. /(P2) = 2 or 3 and F2 = F2' U P2* wfore 

i) F2 and F2* are disjoint regions with l(q) > Ofor g £ F2 C\ P2*, 
ii) F2 is open, v £ F2 and every point of F2 is hyperbolic, and 

iii) F2* is closed, contains elliptic, parabolic and hyperbolic points and 
/(P2*) = l(F2) = 1(F). 

Let P 3 be suitably coordinatized. The surface in P 3 defined by 

x0
3 — (xi2 + x2

2 — x0
2)x3 = 0 

satisfies 3.3.1 with v = (0, 0, 0, 1), line L = Xo = x3 = 0 and K = 
Xi2 + X2 Xo 2 = 0. The surface defined by 

Xo3 + x0Xi2 — (xi2 + X22 — x0
2)xz = 0 

satisfies 3.3.2 with v = (0, 0, 0, 1), lines L\ = x0 = x3 = 0, L2 = x0 — x3 

= X2 + 21/2x0 = 0, P3 = xo — x3 = x2 — 21/2x0 = 0 and K = Xi2 + x2
2 

— Xo2 = 0. We refer to Figure 1 for a representation of F satisfying 3.3.2. 
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FIGURE 1 

4. F with l(v) = 2. 

4.0 Let F be C-nodal with C-node v,l(v) = 2 and K C\ F = Mi U M2. 
Then (Mi, M2) P\ F contains a line L i2, v d L i 2 and (cf. the proof of 2.4) 
there are at most two other lines in F, neither of which meets K. We note 
that for p £ Li2\K, w(p) P K is a (n.n.d.) curve of order two meeting F 
at exactly Mi P L12 and M2 H L i2. Therefore /(£) = 1 for all p G L i 2 

H i n t (2q. 

4.1 LEMMA. l .Le /£ £ L i 2 P int (X). Thenl(ir(p)) = 1. 
2. Le/ £ Ç Li2\iC swcfc Jfca/ <ir{p) C\ F = Ll2 W 51. rften £ Ç int (i£) 

if and only if S1 C int (X). 
3. jTAere existe a po £ L i 2 P int (X) and a pi £ L i 2 P ext (2£) swc/* /fta/ 

TT(^O) P F = TT(£I) Pi F - L12. 

4. Let v be the double point of 0 H F = S£ \J s/x \J stf2. rfee» i f C 
int (X) if awd only if s/x U J / 2 C ext (K) if and only if 0 Pi L i 2 C 
ext (K). 

Proof. 1. If 1(TT(P)) > 1, then /(£) = 1 and p irregular in F imply that 
l(w(p)) = 2. Let T(P) P F = L12\J L, p £ L. By 1.5.3, L C T ( £ ) yields 
that 

L C TT(L12 P Mi) P F = Mi U M2 U L12, 

a contradiction. 
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2. This is immediate since p 6 Lu C\ Sl and S1 P\ K = 0. 
3. Clearly 1.5.5 and /((Mi, M2)) = 3 imply that there exist p' close 

to say Mi C\ Lu in both L12 C\ int (X) and Lu H ext (X) such that 
*iP') ^ ^consists of L12 and 51. Now 1.5.5 and 2 yield 3. 

4. Apply 2 and 3. 

4.2 THEOREM. There exist lines L\ and L2 in F such that 

(Li U L2) Pi K = 0. 

Proof. Let » be the double point of fl C\ F = S£ \Js/x U J / 2 > 0 H L12 

= {£} C int (K). Thenj/x U J / 2 C int (K) and^ 7 C ext (X) by 4.1.4. 
From 2.2, there exists an f £ if\{fl} such tha t£ 6 7r(f) and thus£ G e( i f ) . 
Let£* G L12such that (p*,f)r\K = 0 .Thenp* G ext (2Ê), a = (v,£*, r) 
is a plane, a C\ K — {v} and fl is the isolated point of a C\ F. 

Let Hi and i/2 be the closed half-planes of f$ determined by (f, u) and 
(f, p). Then <f, w) P i ^ = {f, z;} and (f, p)C\S£ = {?) yield that i f i = 
# i P \ i f a n d i f 2 = H2 C\S£ are subarcs such that 

&i\J <£*=<£ and ^ H ^ H M ) . 

Letp G 2V C 0such that \NC\S£\ = 2.Theny(2 iVand | i V H i f ,| = 1, 
x G «5^2. Since the lines of F not meeting K are coplanar by 2.3.1, we 
obtain that, except for at most one plane, (Lu, N) C\ F consists of Lu 
and a curve SN1 of order two such that SN

l P\ i f t = N C\ S£ u i £ i^2 . 
Let iV H (», f ) = ». Clearly » 6 i ( i f ) and thus £ Ç e(S£) implies that 
p, n separates TV P\ jSf lf JV P\ i f 2. Finally we note that lim N = (£, v) 
implies that lim n = v and in particular lim (/>*, ») = (£*, v). 

Let TV = (£, w) be arbitrarily close to (p, v). Since v is the isolated 
point of a H F, (p*, n) arbitrarily close to (p*, v) implies that 

(p*,n)nF= {p*}. 

Then \(p*, n) C\ SN
l\ ^ 1 and the preceding yield that n G e(SN

l) and 
p G i(SN

l). Asp e e(Sf) and \S£ C\SN
X\ = 2, we obtain that 

e(&) H e(SN) = 0 

and thus i f and 5"̂  are incompatible by 1.5.8. 
If l((Lu, N)) > 1 for some N C. ft through p, then 4.2. Hence we may 

assume that p Ç N C P and \N C\S£| = 2 imply that 

(L12, TV) H F = Lu U 

Then the preceding and 1.5.7 yield that p £ iiS^) for all such iV. Since 
p G 7r(f), we obtain that 

(Lu,r)C\F = Lu\J{f} or 

(Lu,r)r\ F = L 1 2 U S1 
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where p G e(Sl) or 1(f) > 0. Clearly, each of the first two cases contradicts 
the continuity of the plane sections of F through L\2 and thus 1(f) > 0. 
(If 1(f) = 1, then either Li = L2orL1r\L2 ^ {f}.) 

4.3 Let int (K) P F = Fx and ext (K) P F = F2. Then K C\ F = 
Mi U M2 implies that 

Ft = FiU MiV M2} F2 = F2KJ M i U ikf2, 

L i U L 2 C F2, F1r\F2 = Mi U M2 and 

F = FiU F2U MiU M2. 

By 4.1.3, there is a ^o G Fi such that 7r(po) P F = Li2 and thus 
Fi\Li2 consists of two open disjoint regions, say Fn and Fi2. Clearly 

Fx = Fn U F12 U (Fi P Li2) and Fu P F12 = (Fi P L12) U {»}. 

If Li 5̂  Z,2, let ̂ 1 and £P2 be the open half-spaces of P 3 determined by 
<Li, ») and (L2, v). We assume that i £ \ » C ^ 1 and let ̂ n F 2 = F2 i , 
^ 2 H F2 = F22. Then 

bd (F21) = M i U M 2 U L 1 U I 2 and bd (F22) = I i U L2. 

If Li = L2 = L, let F21 = F2 \L and F22 = 0. In either case, 

F2 = F21 U F22 U ^ U L2. 

4.4 THEOREM. Fur\E ^&andv <E Fur\E, i £ y2-

Proof. Let N C K such that N C\ F = {v}. Since i£ is a cone of order 
two, there is a plane 7 through TV such that 7 P i£ = iV and 7 is the 
limit of a sequence of planes 0\ such that i; is the double point of fix P F = 
«i?x U J / I ^ \Js/2t\ for each X. Since 7 P L12 C ext (i£), we may assume 
that 

0x P L12 C ext (K) for each X. 

Then i f x C Fn U F i 2 U {̂ } for each X by 4.1.4. Finally as Fn Pi F12 = 0, 
we may assume that 

i f x C Fn KJ {v} for each X. 

From 2.1, v is the cusp of 7 P F = j / i U J / 2 C ext (K) U {z;}. Hence 
lim /3x = 7, 1.5.5 a) and 1.5.4 imply that 

lim ( j / l t X U J / 2 , X ) = i i W i 2 and lim i f x = {»}. 

We note that Fn is a bounded open region satisfying 1.5.11. Thus for 
each X, i f \ is the boundary of an open region Fn(ifx) C Fn satisfying 
1.5.11. Since lim ifx = \v) implies that lim Fn(ifx) = {v}, we obtain 
that v e Fn P É. 

The preceding argument is symmetric in Fn and Fi2 . 
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4.5 THEOREM. 1. If F2i J* 0, then F22 H E 5* 0. 
2. Every r G F'21 such that I(r) = 0 is hyperbolic. 

Proof. 1. We recall that F22 9* 0 implies that Li 7̂  L2. If Li H L2 H L i 2 

= 0, then F22\Lu clearly consists of two open, disjoint triangular regions 
satisfying 1.5.11. 

If \Li r\ L2 r\ L12I = 1, then bd (F22) = I i U L2 yields that, for 
r G F22, /(r) = 0 and (L12, r) P\ P22 consists of either the isolated point r 
(hence r G E) or an 5 1 disjoint from L i2. In the latter case, 4.1.3 and the 
continuity of the plane section of F22 through Li2 imply that there is an 
rf G F22 such that 

( L 1 2 , / ) n J P = L 1 2 W{r '} . 

2. Let r G F21, l(r) = 0. Since (v, p, r) is a plane for p G L i 2 H int (K), 
we may assume that r G 0 = (v, p, r); cf. the proof of 4.2. Then {r, f ) C 
oèf. Since /(r) = 0 a n d £ G 7r(r), either r = for 

< L i a , r > n F = L 1 2 W 5 ^ 

where N = (£, r>, \N C\<£\ = 2 and r G i f H 5 ^ . 
If F22 = 0, thenLi = L2 = Land (L12, L) C\ F = L12UL.Asp G_ ir(f), 

1.5.3 implies that L Pi i f = {f} and r ^ f. If ^22 ^ 0, then v G Ai \F 2 2 

implies that F2i H i f is the subarc containing v and bounded by Zi P \ i f 
and L2 P \ i f . Clearly 

|(0, r ') n i f I = 2 for f G (Ai Hi f ) \{»} 

and thus p G ir(f) implies that r G P22 H i f and r ^ f. It now readily 
follows from the proof of 4.2 that J^ and SN

X are incompatible and thus 
r £ Hby 1.5.9. 

4t.6 SUMMARY. Let F be C-nodal with I (v) = 2. 77^w 

F = Fn U F12 U F21 U F22 U M i U M j U ^ U L j U L12 

2f H F = Mi U M2, i n C (Mi, M2>, (Li U L2) Pi C = 0 

awd /fee Fi/s are open, disjoint regions described in 4.3 such that 
i) Fn, F12 and a non-empty F22 contain elliptic points, 

ii) every r G F\i such that I (r) — 0 is hyperbolic and 
hi) ^22 = 0 if and only if L\ = L2. 

We refer to Figure 2 for a representation of F. The surface in P 3 

defined by 

x0(xi2 + x2
2) + x3(x0

2 + XiX2) = 0 

satisfies 4.6 with Mi = x0 = X\ = 0, M2 = Xo = x2 = 0, Lu = Xo = #3 
= 0, Li = x3 = — 2x0 = 21/2(xi — x2), L2 = x3 = —2x0 = 21/2(x2 — Xi) 
and K = xo2 + XiX2 = 0. 
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FIGURE 2 

5. F with l(v) = 4 and 1(F) = 11. 

5.0 Let F be C-nodal with the C-node v, 1(F) = l(v) + 7 = 11. Let 
K H F = U Mi}i e y\. Then (cf. the proof of 2.4(3)) the other lines 
of F are L i2, Lu, Lu, L23, £24, £34 and L0. Since Z,0 P\ K = 0, L i y C 
(Mh Mj) implies that L0 C\ Lijis a point g^; z ^ J inj^V 

We assume that the line (Mu Mz) H (M2y MA) C int (X) U {z>}. As 
i£ is a cone of order two, this implies that (Mu Mz) separates K into two 
disjoint regions, one of which contains M2\{v} and the other M^v}. 
More simply, Mi, AT3 separates M2, if4 in X. Then 

{£o} = i i s H Z,24 C int (K) and 

(L12 H L34) U (L14 H L23) C ext (X). 

Let &x and ^ 2 be the closed half-spaces of P 3 determined by (Mu Mz) 
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and (M2, M\). Then 

(Mi, M*) C\ (M2, M4) C int (K) \J {v\ 

implies that say 

L ] 2 P > L 3 4 C ^ i and Lu H L23 C ^ 2 . 

Then 

1. ^ ! H (L14 U L23) = int (X) H (L14 U L23) and 

2. ^ 2 H (Lu U L34) = int (X) H (L i2 U L34). 

Finally L0 C ext (X) yields that 

3. {g», g34} C ^ 1 and {g14f Ç23} C ^ 2 . 

Let «Si and i§2 be the closed half-spaces of P 3 determined by (L0, z>) and 
(L0, L i3, L24). We assume that (L0, L i4, L23) C «Si. Then Mi, M3 sepa­
rates M2, M4 in K and the continuity of the plane sections of P through 
say Mi imply that Mi P\ L i3, {v} separates Mi P L12, Mi P Lu and thus 
(L0, L]2, L34) C S 2 . Clearly (LH, L23) [(L12, L34)] decomposes i2i [j22] 
into two closed "quarter-spaces", say «an and «S12 [i22i and i222]. We 
assume that a n P i222 = (Lo, v) and hence i2i2 Pi «2 21 = (L13, L24). 

Finally let &>iJk = ^ n ^ - , {i,i, *} C ^ 2 . Then 

P 3 = int (K) U ext (X) = U ^ ^ 

implies that 

P = ( P P e x t (if)) U (U ( P P mt~(Z) r\0>ijk)), {i,j,k} Q y*. 

5.1 Let 0 C < \̂-, /(/3) = 0 and i Ç 5^2. Then (y, />0> C 13 and from 2.1, 
v is the double point of 

0 P P = if* U J / M U J / 2 > 

Since 7r(£o) P P = Pi3 W L24 W L0 and P0 C ext (X), 13 P T(PO) meets 
both int (K) P F and ext (if) P P. Thus 

i f0 C int (if) and J / M U J / 2 , ^ C ext (if) 

as in 4.1.4. 
As (Lo, v) C\£é\ = {v} and (Li3, L24) C\^^ = {/>o}, this implies that 

either i ^ C «Si a n d j / M U J / 2 , ^ C <S2 o r i f * C ^ 2 a n d j / M U J / 2 | ^ C 
«SI. Then continuity of fi P P for 0 ÇL & i clearly yields that either 
if* C «Si for all such 0 C <^* or i f ,3 C ^ 2 for all such 0 C P,. 

5.2 LEMMA. I. Let $ C\ F = if^ U i M U J / 2 ( / 3 , (v, p0) C 0. Pfeen 
( 3 C ^ i if awd <w/;y # i f C «Si. 
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2. Let ft = (v, poy Lu H L34) and ft = (v, po, Lu H £23). 77ten t; w 
the double point of Pi (^ Fandptr\ F C ^ ^ ^ , { ^ ' 1 = ^ 2 . 

Proa/. 1. Sinceif^ C int (K), (Lu, L23) C ^ i and (L12, L34> C ^ 2 , 
the result follows from 5.0.1 and 5.0.2. 

2. Clearly v is the double point of ft Pi F = i f W J / I U j / 2 and 
{g} = L12 H L34 C ^ 1 implies that ft C &i,^ C ^ 1 and g 6 J / I U J / 2 

C «S2. Since ir(q) = (Li2, L34, £0), either q G L0 and q = qu = £34 is the 
inflection point of j / i U J / 2 or q d L0 and ft H L0 C TT(<Z)- In either 
case, bd (^22) = (Lo, fl) ^ (L12, £34) and sex W J / 2 a curve of order 
three readily yield that j / i U J / 2 C <222. 

By a similar argument we obtain that ft P\ F C ^ 2 ^ <Sn. 

5.3 LEMMA. Let LQ C a: ^ (L0,v)J(a) = 1. 
l . a H F consists of L0 and a curve Sa1 of order two. 
2. 7/ l ima = (L^, Lkl) [(Lo,v)], then 

lim SJ = Z „ U Z*,[{i;}]; ^ 4 = {*,./, *, /} . 

3. If a C£uV&22, thenar (v,p0) Cife1). 
4. If a C ^12 U ^21, then {q19, g24} C *'GV)-
5. / / a C <Si2 [^21], then ifa1) contains L0 C\ SPX [L0 H ^ 2 ] . 

Proof. 1. This is immediate since Lo C\ K = 0 and a P\ Mi 9^ 0 for 
i G 5^4. We note that a C\ Mt C Sa1, qtJ G Sa1, a H Mi and a H M3 

separate a P\ (y, £0) and {gi3} and a C\ Af2, a P\ M4 separates a P\ 
<v,£o), {g24}. 

2. Since 

(Lij1Lkl)nF= Ltj\J LklVJ Lo, 

(LQlv)r\ F = Lo^J {v},v G Lo 

and v G M{ for i G 5^4, the result follows by 1.5.4 and 1.5.5 a). 
3. Let a C «Si*. Since Î; g Lo, 2 implies that L0 P\ 51 = 0 for a suffi­

ciently close to (Lo, v). Since 5a1 depends continuously on a C <2*i and 
<Zi3 ? Sa1, we obtain that gi3 G L0 C e(Sa

1) for a C £a- From the proof 
of 1, it follows that 

« n <V|̂ o) c^Sa1). 
4. Let a G i2^ , {i, j] = J^2. From 5.2.2, v is the double point of 

ft Pi F C ^ U <S„. Hence a ^ ^ U «g» implies that 

ar\(pjr\F) = ft n L0. 
But 

«n(^nF) = ̂ n(anF) = ftn (L0U5a1) 
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yields that |(0, C\ a) H Sa1] g 1. Thus 

<i>, po)n<*Chr\aC eiSJ) and {g13, g24} C iOS,1)-

5. Since 

bd (â 1 2 ) = (L13, L24) U <L14, L23) and 

b d ( ^ i ) = <L1 3 ,L2 4)U(L1 2 ,L3 4) , 

the result follows by 4, 2 and 5.0.3. 

5.4 Let i + j = 1 (mod 2), j / % = {fc, 7, &, /}. Then L0- is met by Mit 

Mj, Lk i and Lo in ext (K). Let ^? tj and ^ ZJ* be the closed half-spaces 
of P 3 determined by (Mit Mj) and (Lo, Lkl). We assume that 7r(g') C 
^?0- for some q' £ L0- H int (K). 

5.5 LEMMA. L^ L f ; C. y, l(y) = 1, i + j = 1 (mod 2) awd J A = 

{i,j,k,l\. 
1. y C\ F consists of L tj and a curve Sy

l of order two. 
2. I/lim y = <M„ M,> [(L0, Lkl)]t then 

l imS, 1 = ^ U t j L o U L . J . 

3. / / y C&ij,then 

Lti C\ (M{ \J Mj U Lkl \J Lo) C e(Sy
l). 

Proof. 1. This is immediate since y C\ Mk ^ 0 5* y H Mt. 
2. cf. the proof of 5.3.2. 
3. Let 7 = 7r(g), g Ç L 0 H int (i£). From 5.0, /(g) = 1 and thus 

l(y) = 1, y n F = Ltj U Sy\ q e Sy1 and S? H (Mt U Mj) = 0. Since 
5f* H K = y U (Mk U Mi) and Sy1 and y Pi i£ are both curves of order 
two, we obtain that either 

Lfj r\ Sy1 = {g} or | (L„ H int (X)) H S^| = 2. 

It is easy to check that both cases occur and hence we assume that 
Lij^Sy1 = {g},Then 

Ltj C ̂ W). 
Let 7 = (Sy1) range between y and (Mz, Mj). Then Sy1 depending 

continuously on 7, 

^ o - ^ S y 1 = {g} C i n t (K), 

L ^ H e x t (if) C « W ) 

and 2 imply that 

|(L0nint (K)) ns / | = 2 
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(thus y = w(q) for q G Ltj H int (K) H S / ) and 

L 0 H e x t (X) C ^ G V ) . 

Finally TT(Ç') C ^ \ , for some g' G L ^ H i n t (X) and bd (<^0) = (Mi, M,) 
\J (Lo, Lfc pimply that 7 C & u> 

Let 7 = (Sy1) range between 7 and (Lo, £**)• Then the preceding and 
7 C Si a imply that y C & ij, y ^ **(<?) for any g £ Ltj C\ int (i£) and 
thus 

La C\ int (Jf) C\ Sy1 = 0. 

Then Sy1 depending continuously on 7 and 2 readily imply that either 

Lu C\ Sy1 = 0 or Z,„ H 5 / C L,,*, 

the open segment of Ltj C\ ext (2£) bounded by Lo P\ £*;• and Lki P\ L f i , 
and Lij\Li* C eGSy1). Clearly, /(g) = 1 for each q Ç L 0 * and thus 3. 

5.6 We recall that 

F = (F next (K)) U (U ( F H i n t (K) C\gPm)) 

where SPiùk = &\C\ &jk and {i,j, k\ C j^Y In this subsection we analyse 
F H int (K) and in 5.7, F H ext (X). 

Let j8 C ^ i , /(j8) = 0 and y2 = {i, j). From 5.1 and 5.2, v is the 
double point of 0 H 7̂  = if7 U J^ i U J / 2 , 

i f C i n t (X) n ^ H ^ and 

^ WJ/2 C ext (X) n ^ , r\ g j. 

Thus we obtain that 

1. l(r) > 0 for r G F n int (X) H (^1 2 1 U ^ m U ^211 W ^212). 

Let i = 1. T h e n i ^ = 0 H int (X) H ^ H â b 5.0.1 and 5.0.2 imply 
that 

i f H (L12 U L34) = 0 and i f H L14 ^ 0 5* i f H L23. 

As Slx = a n U ^12 and a n H â i 2 = (L14, L28>, v £ ^ n and £0 G ^12 
yield that (cf. 1.4) 

& ~^(v,se r\ Lu, po) yj^(v^ r\ L23, po) 
= ( â n n y ) u (â1 2n^) 

where 

a n H i f = ^{^ Pi L14, v , i f C\ L23) and 

â i 2 H i f = ^(^£ C\ Lu, £o, i f H Z23). 

Since bd (^ \ ) = (Mi, Mz) U (M2, M4> and L14 H L23 C ext (K) C\ 0>2, 
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the preceding readily implies that 

2. FC\ int (K) H 0>nl = Gu U G23 

where Gu and G23 are non-empty, open triangular regions such that 
/(r) = 0 for r Ç Gu U G23, Gu H G23 = {z>} and say 

bd (Gu) C I i W I 4 U L14 and bd (G23) C M 2 U ¥ 3 U L23. 

The preceding argument is symmetric in ^ 1 and &1 and thus, 

3. F H int (X) H ^222 = G12 U G34 

where G12 and G34 are non-empty, open triangular regions such that 
l{r) = 0 for r £ G12 U G34, G12 H G34 = {z>} and say 

bd (G12) C I i ^ I 2 U L12 and bd (G34) C ^ U ¥ 4 U L34. 

We note that there are similar decompositions for both F C\ int (K) 
(^ &WL and F C\ int (K) P\ ^221. Since we do not need them, we simply 
let 

4. F H int (K) r\ (0>112 U ^221) = F. 

5.7 As in 5.0, we obtain that L0, Li2 and L34 [£o, £14 and L23] are either 
concurrent or determine (cf. Figure 3) an open triangular region 
Gi [G2] in ext (K). We note that Gt C&uGt satisfies 1.5.11 and hence 
G<r\E 9*0;i e y 2 . 

Let Gi = 0 [G2 = 0] if Lo, L12 and L34 [L0, Lu and Z,23] are concurrent 
and, in any case, put 

F* = (exF(Z) H F)\(Gi U G2). 

From the proof of 5.2.2, we recall that 

pin&t(K)nF)c&„, H,il=y«. 
Hence 0, H G, C 0* H ext (X) H F and Z(r) = 0 for r G G, imply that 
Gi C ^22 and G2 C ^ n . 

5.8 THEOREM. F H int (X) = & 2 U Gi4 U G23 W G34 W F wfeere 
1. Gt7 H £ 7̂  0 awe/ v € G*, P\ £ /o r each G î ; ana7 

2. every r £ F such that l(r) = 0 is hyperbolic. 

Proof. 1. cf. the proof of 4.4. 
2. Let r0 € £ Z(r0) = 0. By 5.6.4, 

Then ?; is the double point of (v, po, r0) P\ F = ^ U J^i U J2/2 and 

{̂ o,roj c ^ Cint ffln^n^. 
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FIGURE 3 

Let (v, po) C P C ^j, /(/3) = 0. Again v is the double point oî p C\ F 

& a C int (K) C\ g?', H â , . 

Since {vf£0} =eSf Hif^, 

^ n ^ = <io,w>U <L0,po> 

implies that e(oSf) H e(Jifp) = 0 and thus^f and =êf# are incompatible 
by 1.5.8. 

Since {p0, r0} <^S£ C\ 21 ih it is clear that l{r') = 0 for each r' in the 

https://doi.org/10.4153/CJM-1983-006-9 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1983-006-9


C-NODAL SURFACES 87 

interior of the subarcJ^/ Q.^ C\ i2 {j bounded by po and r0. Let 

Since p C\ U C ext (K) and r' G int (K), l{r') = 0 and 2.1 yield that v is 
the double point of 0' Pi F = i f ' U J / / U J / 2

; for each r'. As lim r' = p0 

implies that lim &' = 0, 1.5.4 and 1.5.5 a) yield that lim «if' = if^. Then 
.ifA C int (K),^^ and j / ^-incompatible and 1.5.7 imply that S£' C 
int (K) and «if7 and J ^ are /-incompatible for each r' £ S#\{po). Hence 
rots/ C H by 1.5.9 ii). 

5.9 THEOREM. Let r £ F* such that l(r) = 0. Then r is hyperbolic. 

Proof. Since P 3 = ^ U ^ 2 , we assume that r Ç ^ say. Then 

P = <w,£o,r> C ^ i , 

y is the double point of 0 C\ F = <£ KJ s$x \J s/2 and 

r e s/i U J / 2 C ext (K) C\ g2. 

From 5.7, we note that 

^ H d C ^ i ^ and pr\G2 = 0. 

Let a; = (Lo, r). By 5.3.1, 

a C\ F = Lo U Sa1 

where r G Sa1 and either a C ^22 or a C ^21. 
i) a C â 2 2 . 
Then a H <v, £0) C t^a 1 ) by 5.3.3. Clearly 

a r\ (v, po) C e(séx) \J e(s/2) 

and thus if r G int (s/1) for i G 5^2, then 5a1 and J ^ satisfy 1.5.8 and 
r G H. 

Let r* be the inflection point of s/x U J / 2 . Then 

i i H i , = {v, r*}. 

If 0 = j8i and G\ = 0, then r* = q12 = g34 (cf. the proof of 5.2.2) and 
r* r* r. Let /3 5* ft or Gi 5* 0. Then either 

|<Lo,L12,L34>n ( ^ i U ^ , ) | = 3 

or 

|(Lo,il2,i84> = ( ^ l W j / 2 ) | = 2 

and 

(Lo, L12, La4> = ir(r') for some r' G j / i U J / 2 . 

A S J ^ I and j / 2 are curves of order two, this implies that both ,3/1 and s/2 
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meet (L0, Lu, L34). It is easy to check that r* Ç s/\ C\s/2 yields that 
either r* 6 «g21 or r* G Gi C ^22. Thus r* ^ r. 

ii) a C ^ 2 1 . 
Then 

by 5.0.3 and 5.3.5. Let 71 = (Lu, r) and 72 = (L23, r). Then 

71 C\ F = Lu H 5141 and 72 H F = L23 U S231 

where r Ç S^1 H S231 by 5.5.1. We claim that either 71 C &u or 72 C ^23 
and thus either qu £ e(Sul) or g23 G eOSV) by 5.5.3. Then 1.5.8 yields 
that r £ H. 

Let jS H L0 = {r0} and 0 H L0- = {r^}, i 5̂  j i n JA . Then 

{r14, r23} C ^ C int (Jf) and {r0, r12, r34} C ^ I U J / 2 

by 5.0.1 and 5.0.2. From 5.4, /3 H <^\4 [0 H ^ 2 3 ] is the closed half-plane 
of 0, determined by (ri4, fl) and (ri4, r23, r0) [(r23, z>) and (r23, ru, r0)], 
containing 0 r\ TT(TU) [0 H 7r(r23)]. Since {r1A, r23} C i f , 2.2 yields that 
both 0 n <ir(ru) and /3 H TT(V23) meet J^i U J / 2 and thus ^ \ 4 H («fl̂ i U J / 2 ) 

and ^ 2 3 ^ (j^i \J 3/2) are subarcs of j / i U J / 2 bounded by v and r0. 
Then either 

^14 n (J/I U J / 2 ) = ^24 r\ (s/i uJ/2) or 
r G J / I u ^ 2 = c^14 n (J/X u y 2 ) ) w (^23 r\ (srfx Kjj/i)) 

C ^14^^23. 
Since each point of {stf\ \J3/2)\{v} lies on the tangent of exactly one 

point of J£\{v}, r0 Ç /3 H ir(po) and po £ <^ imply that a subarc ofs/ x KJ 
s/2, bounded by v and r0, is met by the tangents of exactly one subarc of 
££, bounded by v and £0- From 5.6, 

i f = i f (wfr 14,/>o) Wif(z;,r23,^o) 

and hence 

stxK c\ (s/i U J / 2 ) n ^23 = {», r0}. 

The preceding argument is symmetric in ëP \ and ^ 2 . 

5.10 SUMMARY. Let F be a C-nodal surface satisfying 5.0. Then 

F = G12 U G14 U G23 U G 3 4 U G i U 5 2 U ^ U f 

w/zere G0-, Gx, P and F* are described in 5.6 and 5.7, e^r^ r £ F ^J F* 
such that l(r) = 0 is hyperbolic, v £ G 0 H £ a ^ Gx H E 9e 0 if G\ 5* 0. 

The surface in P 3 defined by 

x0(xi2 — *22) + x3(x0
2 + XiX2) = 0 
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satisfies 5.10 with Mi = XQ = X\ — 0, M2 = Xo — X2 = 0, M3 = x0 — Xi 
= Xi + x2 = 0, MA = xo + #i = Xi + x2 = 0, Z12 = x0 = x3 = 0, 
L13 = Xo — Xi = Xi — X2 + x3 = 0, Lu = Xo + xi = Xi — x2 — x3 = 0, 
£23 = xo + X2 = Xi — x2 — x3 = 0, £24 = Xo — x2 == Xi — x2 + x3 = 0, 
L34 = Xi + x2 = x3 = 0, LQ = Xi — x2 = x3 = 0 and K = xo2 + Xix2 = 0. 

6. F with l(v) = 6 and /(F) = 21. Let X = i + j ( m o d 6 ) , i ^ j i n ^ 6 . 
Then X G «5 6̂ and«5^6 = {i, i + 1, . . . , i + 5}. For the sake of generality, 
we also assume that5^6 = {̂ , j , &, h m> n\ • 

6.0 Let F be C-nodal with the C-node v, 1(F) = l(v) + 15 = 21. Let 
KC\ F = yj Mui G ye. The other fifteen lines of F are Lijt i 5* j in y 6, 
with the properties listed in the proof of 2.4 (4). We note that Lti C « 
and/(a) = 3 imply that a is {Mi, Mj)j (Lieu Lmn), (Ljcm, Lin) or \Ljcn, Lim). 

We label the lines of F through v cyclically; that is, Mt, Mi+2 separates 
(cf. 5.0) M1+1 from each of Mi+Z, Mi+i and Mi+5, i G ̂ 6 . Then 

1. no line of F meets int (K) C\ Liti+i, 
2. exactly L i + l f i + 3 , L i+M+4 and L î + i , î + 5 meet int (i£) H Liti+2 and 
3. exactly L î+ifZ+4, L 1+1,1+5, Lz+2( i+4 and L l + 2 f i + 5 meet int (i£) Pi Liti+z. 

6.1 In this subsection, we determine the configuration of the twenty-one 
lines of F. 

Let a: be a plane through Mu i G J^e- From 2.1, either a C\ K = i f * or 
a = ir(p) for some p G Af^fy}. Since ir(p) depends continuously on 
p G M\{v) and the lines of F through v are labelled cyclically, we obtain 
that M\{v) meets Liti+\ in the sequence 

L Lifi+i, Liti+2, L{ti+3, Liti+4, Lij+s'y 

that is, Mt C\ Lit\, Mt C\ L i i \+ 2 separates Mt C\ Z,*,x+i, {v}. 
We can determine (as in 5.0) for any Ltj, the separation of the planes a 

through Lij with 1(a) = 3. For example, (i, j) = (1,4) implies that 
(Mi, Mi), <L25, L36) separates (L23, L56), (L2*, L35). 

Finally we wish to determine the sequence in which L7 ; meets the lines 
of F. Since 

Liti+i = -LÎ-|_4,(Ï+4)+2 a n d Liti+t> = .Lj+5f(i+5)+i, 

we need only consider the intersection points of Liti+i, Liti+2 and Liti+z, 
i G J^Y We note that it is not always possible to determine a precise 
sequence and in such cases we indicate the uncertainty by ( ). From 6.0, 
we obtain that lines of F meet 

2. Liti+i in the sequence 

MitMf+i, Li+2,i+3, -L<+2,<+4» (-ki+3,i+4, Li+2,i+5), £ i + 3 , i+5, £ i+4, i+5; 

3. £<,t+2 in the sequence 

Af*, L<+i,i+5, Lf+i,<+4, Li+i,i+3, Af*+2, Li+3(î-+4, Lt-+3(î+5, Lz--(_4ff_(.5; 
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4. Liti+3 in the sequence 

Mi, Li+iti+5, ( L i + i f < + 4 , L i +2,ï- |-5), L<+2,«+4, ^ î + 3 , ( £ i+1, *+ 2, Lf+4,<+5). 

We observe that as each uncertainty involves only a pair of points, it 
does not affect the configuration; cf. Figure 4. 

FIGURE 4 
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6.2 By 6.0.3 and 6.1.4, Lu, L25 and L36 are either concurrent or deter­
mine an open triangular region Go in int (K) C\ F. It is easy to check that 
a non-empty Go satisfies 1.5.11 and hence contains elliptic points. 

If Go = 0, let A = Lu H L25 C\ Lu = {p0}. If Go * 0, let A = bd (G0) 
and £0 G G0. Let <», £0> C 0, /(0) = 0. Then £0 G int (i£) and 2.1 yield 
that » is the double point of 0 H P = i f U J / I U J / 2 . 

If A = {^o}, then clearly p0 is the inflection point of /3 C\ P, po G se\ 
U J / 2 C int (K) (cf. 3.0) and i f C ext (K). If A = bd (Go), then 

po G Go and A C int (K) C\ (Lu, P25, L8e) 

imply that either |/3 P\ A| = 3 or /3 P\ A = {£, g} where p 9^ q and 
(Lu, 1,25, Z/36) is either w(p) or 7r(g). Since«Sf is of order two, either case 
implies that 

Po f i i U ^ 2 C i n t (K) and i f C ext (K). 

In view of the preceding and for the sake of simplicity, we assume in 
our arguments that A = {po}. 

6.3 LEMMA. Let {v, po) C /3, I (ft) = 0. Then v is the double point of 
0 H F =Sf KJs/i U J / 2 , £O G ^ I U J / 2 C int (K) and^ C ext (X). 

6.4 Let SPi be the closed half-space of P 3 determined by (Mi+h Mi+4) 
and (Af<+2, Mi+5) such that 

(MiMi+z) H ^ \ - = <v, £o>, i G i^V 

ThenP 3 = ^ J
1 U ^ 2 U ^ 3 a n d i n t ( ^ ) H int ( ^ , ) = 0 for i ^ j . 

Let S% t and <^\* be the closed half-spaces of P 3 determined by 

«o = <Li4, i25, Pse) and (M*, M <+3)f i G ^ V 

Let p C &U l(P) = 0 and i G i^Y Then y is the double point of 
0 H F = i f U J / J U J / 2 , £0 is the inflection point of j / i U J / 2 C int (X) 
and i f C ext (X) by 6.3. Since (», po) supports both if7 andJ^i U J / 2 at 
v, (v,p0)cutss/1 \J s/2atpo (cf. [1], 1.3.1) and a0 H i f = 0, we obtain 
that either \)sfx UJ^2 C @J and if7 C âëf or ii) J * \ U J / 2 C ^ , * and 
i f C S%j\ j G 5^3. The continuity of $ C\ F for 0 C < \̂- implies that 
either i) holds for all such /3 or ii) holds for all such /3. Let 

l.s/iKJs/iC&lt and i f Câët*, i G ^ 3 . 

Then by the preceding, 

2 . ^ n i n t ® n F C ^ i and ^ H ext (Jf) H / ? C â?f*, t É ^ . 

We now examine the relationship among ^ , ^ and f%*,j G 5^3\{i}. 
Let L C « o such that L H i£ = 0 and |P Pi P| = 3. Then /((P, w» = 0, 
v is the isolated point of (L, v) C\ F = F1 U {z;} and P1 C ext (K). We 

https://doi.org/10.4153/CJM-1983-006-9 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1983-006-9


92 TIBOR BISZTRICZKY 

note that 

T?I = (&>1 p , F1) \J (&* n F1) vj (^ 3 r> F 1 ) , 

^il^^^F1 C l -
and L cuts f1 at each point of intersection. By 2, &} C\ F1 C ^ / and 

thus 

0>tr\Fi c&i. 

Then by ii), 

3 . ^ , r i int (K) C\FC 8%j* and 

As in 6.1, we note that ao, (Mt, Mt+%) separates (L,+i,<+2, Li+iii+h), 
(Lt+iJ+i, Li+2,i+i). From the definition of &u we observe that 

z_j_l,i+2 \J Z/i+4Fi+5) — i n t (K) C\ (Z^+if*+2 {J L 1+4,1+5)-

Then p C\ Ltj ^ 0 and 2 imply that 

5. ( i î + i , î + 2 , ^ i + 4 , î + 5 / d ^ i a n d 

Y^M-l.M-ô» Li+2,i+4 

Let < ?̂a and «^ i2 [<^n* and <^<2*] be the closed quarter-spaces of 
Stiiffii*} determined by (L<+iil+2, Li+iti+b) [(Li+iti+5l L i + 2 t i+4)], i € ^ 3 -
We assume that 

Janata* = (MuMn-z) and @i2 C\ @i2* = aQ, i £ yt. 

Then 6.1.1 implies that iii) int (& a) C\ Mj is an open line-segment, 
bounded by v and Mj P\ Ljtj+i, and not intersected by any other line of F\ 
j 6 ^ 6 \ { i , î + 3} and i Ç > 8 . 

Finally, let «2y and i2/* be the closed half-spaces of P 3 determined by 
(Mj, Mj+1) and (Mjy Mj+5) such that 

^n^u^u^+^w, î y, 
6.5 LEMMA. I ^ L f i i + 3 C a, /(a) = I audi Ç: yz. 
1. a C\ F consists of Liti+z and a curve Sa

l of order two. 
2. If lim a = (Ljk, Llm) [(Mt, M1+i)], then lim S^ = Ljk U Llm 

[Mt U Mi+z];y, = {*, * + 3, j , £ , / , "*} . 
3. / / a C Ma, thenLUi+zr\\nt(K) C tOS,1)-
4. If a C ^ t 2 , thenLUi+z C\ int (2Q Ç e^V) . 
5. / / a C ̂ 2 * , *ftew L u + 3 n ext (iT) C ^(Sa1) and £0 G e ^ 1 ) . 
6. / / a C @a*, thenLiti+z H ext (X) C e(Sa

l) and po G i ^ 1 ) . 

Proof. 1 and 2 are immediate. It is easy to check that 5«x Pi X = a 
H (Mi+l U M i + 2 W M*+4 W Vkf*+5), 2, and 6.1.4 imply 3 to 6. 
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6.6 LEMMA. Let Mj C y C £j, l(y) = 1 and j 6 5*V Then y P F 
consists of Mj and a curve Sy

l of order two, v £ Mj P Sy
l and 

MjnLjkCe(SS), k^y,\{j). 

Proof. Clearly y P K = Mj or y P K = MjKJ N where N C\ K = {v} 
and thus 7 P F = MjKJ Sy

l from 2.1. We note that y C\K = Mj yields 
that Àf, P S,1 = {»} and Af, C eOV). 

Since i£ is a (n.n.d.) cone, there exist planes 71 and 72 in £tj such that 
the closest subspace i 2 / C «Sy, bounded by 71 and 72, contains all 7 
with 7 Pi K = Af,. If 71 = 72, then , 2 / = 71. 

Let 7 tend to 7^72] in £2j\£/. Then 

lim Sy1 = SySlSyS] and lim (Mj P 57
J) = {v}. 

Thus MA[»| C e O V ) H e ^ V ) implies that Af, P Z,,* C eOV) for 
7 sufficiently close to 7^72] and k £ ^ e M j } . Since Sy1 depends continu­
ously on 7, Mj P L^ (^ Sy1 implies the lemma. 

6.7 Let i e y* a n d ^ \ * = 5^6\{*, * + 3}. From 6.4.2, 

&t P int (K) r\ F C@i = Sft a W ^ < 2 

and thus 

< ^ \ P i n t (i£) P F == F / U Ft 

where 

/?/ = ^ , P ^ n P i n t ( X ) P F and 

Ft = ^ n f f 2 n int (JST) P F. 

Clearly both F / and Ft are non-empty. From 6.1 and 6.4, 

bd (Ft) = ( ^ P ( L î + 1 , î + 2 

U (int (K) r\ (L i+1,1+4 

and 

bd (7?/) = ( ^ r \ (L i+1 , I+2 u i,+4,!+5)) u ( # « n ( u A T , » , 

From 6.0.1 and 6.4. iii), the six line segments in bd (Ft') determine two 
triangles with the common point v such that 

int (F/) = Gtyj G/, 

G( and G( are open triangular regions, say 

bd (Gt) = (&, n Li+l,i+i) \j (&tl n (Mi+l \j Mi+i)), 

bd(G/) = {&iC\ ) U ( ^ M (M i + 4 U MJ+5)) and 
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6.8 THEOREM. For i G y z , 

^ H i n t (K) r\F = G~iVJGj\J F{ 

where 
\.Gtr\E ^ 0 *Gl C\Eandv G (G, H E) C\ (G/ Pi E) and 
2. every r G F\ such that I (r) = Ois hyperbolic. 

Proof. 1. Let r € G, U G/ and (v, r) C <5. Clearly both Gt and G/ 
satisfy 1.5.11 and thus l(r) = /(<$) = 0. We choose ô so that 

ô C\ (Li+i,i+2 U ii+4,i+5) C ext (if). 

Then r G int (if) and 2.1 imply that i> is the double point of ô P\ F 
= if \Js/x Us/2 and bd (Gt) U bd (G/) C int (if) implies that 

ÔH ( b d ( G t ) U b d ( G / ) ) = {v}. 

Since every line of ô meetsJ^i U j / 2 , we obtain that 

r G i ? C G ( U G / U {»}. 

We now argue as in the proof of 4.4. 
2. Let r G is-, /(r) = 0. Then r Ç ^ j 2 and 6.5.4 imply that p0 G e ^ 1 ) , 

a = (Liti+3, r). Let 0 = (v, £0, r) . Then l(r) = 0 and 6.3 yield that i; is 
the double point of 0 H F = jSf U J^ i U J / 2 and r G J / I U J / 2 . Since 

j / x P I J / 2 = {v, £0}, r 6 ^ 1 say. L e t J ^ / C ^ i be a subarc such that 
r G int ( j / / ) , £0 G ^ 1 ' and 5a

x H J / / = {r}. AsJ^i is of order two, 

Po e i&i\{po}) Ci(^if). 

It is immediate that r G e ( ^ i ' ) H «(5a1) and thus r C\ H by 1.5.8. 
We refer to Figure 5 for a representation of 

int (K)nF=u (G^UGJU Ft), i t y z . 

6.9 Henceforth, we assume that i G «5̂ 3 = K i , &},i = i + 1 (mod 3) 
and k = i + 2 (mod 3). As in 6.2, 6.0.3 and 6.1.4 imply that Liti+Z, 
Li+iti+2 and Lt+^t+s are either concurrent or determine an open, tri­
angular region d* C ext (if) Pi F satisfying 1.5.11. In the former case, 
we set d* = 0. 

From 6.4, Z M + 8 C &, H ^ * and thus Gt* C &, U ^ * and Gf* H « ^ 
= 0 since 

<L i + M + 2 , Li+^ffB) C 9t\9t?> Gt* C Stt and G<* C\ St ? = 0. 

Finally 

^ t n e x t (K)r\FC@i* = âeti*Uâeti* and a0 C & i2*\@ a* 

imply that G / U G** C ^ « * . 
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FIGURE 5 

From 6.4, 2 and 3, 

&x c\ ext (K)r\ F c s?i* r\ ffti c\ @k. 

Let 

F* = ^ n (@tl* \JgtiXustkl\j &t\j &w) r\ext (K) r\ F 

and 
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Then 

^ H e x t (K) H F = F** U Ft and 

ext (K) C\F = \J (Ft*V Ft), iey*. 

6.10 THEOREM. For i £ <5 3̂, every r £ Ft* such that l{r) = 0 is hyperbolic 
and ( G / U G**) H F,* = 0. 

Proof. Let r G Fz*, l(r) = 0 and /3 = (A, £0, r). Then v is the double 
point of g H F = i f 7 U j / 1 U j / 2 , ^ o f i i U i 2 C i n t (K),r f ^ C 
ext (i£) and^o € *(«£?). 

If r Ç âta* W ̂ ?yi U ^ , i , then 

£o 6 i (5HLM +3, r)) U ^ ( F ^ + s , 0 ) U ^SHiit.it+s, 0 ) 

by 6.5, 5 and 3. As in the proof of 6.8.2, p0 £ e(J£) implies that r £ H. 
Il ri 31 a* U ^ U ^ t l f then 

From 6.6.5 and 6.6, 

L« i i+8 H (M, U M i+3) C i^Hii. i+B, r)) 

and 

M^ H Lft<+8 C e(Sl(Mh r)) or M,+ 3 C\ L M + 8 C e(51(M î+3, r )) . 

Then 

ri e(S'(LUi+^r))ne(S^Mur)) 

or 

r i e(&{Lit1+i, r)) H ^ S 1 ^ , * , , r)) , 

and r G FT by I.5.8. 
Since G / VJ G,* ^ 0 implies that ( G / VJ G**) H £ ^ 0, 

( G / U G,*) H F,* = 0. 

6.11 Let r G ^ n ext (20 H F, /(r) = 0 and 0 = <v, £0, r). Then v is 
the double point of 3 H F = if/j U J / I U J / 2 and 

re^fi = pr\âli*nâljr\âlk^ ext (FQ n F. 
Let 0 n Lwn be the point rmn, {m, ?*} C ^ V T h e n ^ C ^ ^ H ^ n ^ 
and 6.4 imply that 

^<+l , ï+5 , fi+2,i+h Pf+2,M-3 ( = ^J*+l.;'+2)» ^f,f+5» ^*+3»*+4» ?%\i+l 

are the only rmn in =2% and 

1. \P»\ = <r > H < f M + i , r*+3f<+4>-
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We note that rmn ^ r^ if {m, n) C\ {X, /x} ^ 0 and from the definition of 
SP u there exists a f C ^ t such that l(fi*) = 0 and 

ff+i,<+5 = rt+2,i+4 — r • 

Let rmn T̂  rx,. in J ^ . We denote b y ^ ^ ( w , n\ X, /x) the subarc of J£ p\{v} 
bounded by rmn and r\M. Hence v $_ ££$(m, n\ X, /x). From 1 and r* = r i + i , i + 5 

= ri+2>i+4, we obtain that 

2. r* 6 i^VO', i + 5; i + 2, i + 3) H i ? V ( i , i+l;i + 3,i + 4). 

Let r G -F*. Then 

Since bd (^\-2*) = «o ^ (L<+i,<+5, ^1+2,1+4), r £ ^? i 2* implies that 

3. r 6 i f ^ i + 1, i + 5; * + 2, i + 4). 

Similarly r £ ^ 2 H 3%k2 implies that 

4. r ç i f / , ( i > i + 5 ; i + 2 , i + 3) n&0(i,i+ l;i + 3 , * + 4). 

From the definition of «a** and <^ , we obtain that P C\ K C «ai*, 
«Sf* C\££$ is the subarc o f J ^ , bounded by rit<+i and r<><+5, containing 
v and 

Similarly 

j2t-+3 H i ^ = <£&% + 2, * + 3; i + 3, i + 4). 

Hence 

5. r Z &fi(i, i + 1; i, i + 5) KJ <£t(i + 2, i + 3; i + 3, i + 4). 

Finally, the cyclical labelling in 6.0 implies that 

6. r<+i,H-5 6 ^ 0 ' , i + 1; i, i + 5) and 
ri+2,z+4 G oSf̂ (* + 2, i + 3; i + 3, i + 4). 

The preceding readily yields that 

r G i f ^ i , i + 5; i + 2, i + 3) C ^ ( i + 1, i + 5; i + 2, i + 4) 

C - W , * + l;t' + 3;* + 4) 
or 

r G &fi(i, i+l;i + 3, Î + 4) C&fi(i + 1, i + 5; i + 2, i + 4) 

C - W , * + 5;i + 2 f* + 3). 

More precisely, rmn and r £ Ft are contained in oèf^i/} C ^ < in the 
sequence 

«. P<tM-l> fi+if*_|_5, P i . i+5 , P, ri_|_2,y+3> f*+2,i+4> P<+3,i+4 
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or 

6.12 THEOREM. 0 \ n (G ,»Uf t» ) = K W O = 0 } , ^ , = {i,j , * } . 

Proof. From 6.9 and 6.10, 

&, n (G,* W G**) Ç | r E ^ | / « = 0}. 

Let r' 6 Fj, Z(r') = 0 and /?' = (v, po, r'). Then v is the double point of 
0' H i? = J2" U J / , ' W ^ / 2 ' and the sequence ini?'\{»} is say 6.11.7: 

ll&i^G? = 0, then 

L M + 5 H Li+2,i+3 Ç£ int ( ^ 0 and 
riti+b 9* ri+2,i+2 for all 0 C <^* such that Z(0) = 0. 

Since {rlf<+6, r^a.i+s} C i f ( * + 1, i + 5; i + 2, * + 4), 6.11.2 and the 
continuity of Jfp for (3 (Z & i imply that this is a contradiction. 

Let f G SP % C\ Gj* and 0 = (u, £0, ?). Again, v is the double point of 
pr\F =&f W j / i U J / 2 . Then Z(r) = 0 for 

r G G / , G/* C ^i and 
bd (G/*) C Li+iti+i {J Liti+5 W Lt+2,i+z 

imply that the sequence mJ£p\{v) is 6.11.7: 

b ) rifi+i, ri+iti+5, Titi+5, f, r î - + 2 ) t + 3 , "'z+2, i+4, / ' i+3,z+4. 

By the continuity of ̂  for 0 C ^ z , a) and b) imply that r' £ G/*. 
From 6.12, 

Gi* W G2* U G3* Ç ^ i W f t U /?8. 

It is immediate that ,Ff C Ft* if int (F*) = 0 and thus 

ext (K) r^F=\J (Gt*V Ft*), ^ y 3 . 

6.13 SUMMARY. Let F be a C-nodal surface satisfying 6.0. Then 

F = (U (G, U G/ U G,* U F , U **,*)) U G0, i 6 ^ 3 , 

1. Go, Gz, G/, Gj*, Fi and F* are defined in 6.2, 6.7 and 6.9, 
2. g^gry r £ Fi^J F* such that l(r) = 0 is hyperbolic, 
3. y G GC\EifG 5*0 and G = dor G%', and 
4. G H £ 7*0 if G ^ 0 and G = Go or Gt*. 

We refer to Figure 6 for a representation of a G-nodal surface with 
twenty-one lines. The surface in Pz defined by 

x0(4xi + x2)(xi + x2) + x3(x0
2 + XiX2) = 0 
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FIGURE 6 

satisfies 6.13 with Mi = x0 = Xi = 0, M2 = x0 = x2 = 0, Mz = X\ + x2 

= x0 + xi = 0, Af4 = xi + x2 = XQ + x2 = 0, Mb = 4xi + x2 = x0 

+ 2xi = 0, Af6 = 4xi + x2 = xo — 2xi = 0, Lu = x0 = x3 = 0, Li3 = x0 

+ Xi = 4xi + x2 — x3 = 0, Lu = xo — Xi = 4xi + x2 + x3 = 0, 
L15 = Xo + 2xi = 2xi + 2x2 — x3 = 0, Lu = x0 — 2xx = 2xi + 2x2 
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+ x3 = 0, L23 = xo - %2 = 4xi + x2 + x3 = 0, L24 = x0 + x2 = 4xi 
+ x2 — x3 = 0, L25 = 2x0 — x2 = 2xi + 2x2 + x3 = 0, L26 = 2x0 + x2 
= 2%i + 2x2 — x3 = 0, L34 = xi + x2 = x3 = 0, L35 = x3 + 9x0 = 3x0 
+ 2xi — x2 = 0, L36 = xo + x3 = XQ + 2xi + x2 = 0, L45 = x0 + x3 
= Xo — 2xi — x2 = 0, L46 = x3 + 9x0 = 3xo — 2xi + x2 = 0, Z,56 = 4xi 
+ x2 = x3 = 0 and K = x0

2 + Xix2 = 0. 
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