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FIRST ORDER OPERATORS ON MANIFOLDS
WITH A GROUP ACTION

H. D. FEGAN AND B. STEER

ABSTRACT.  We investigate questions of spectral symmetry for certain first order
differential operators acting on sections of bundles over manifolds which have a group
action. We show that if the manifold is in fact a group we have simple spectral symmetry
for all homogeneous operators. Furthermore if the manifold is not necessarily a group
but has a compact Lie group of rank 2 or greater acting on it by isometries with discrete
isotropy groups, and let D be a split invariant elliptic first order differential operator,
then D has equivariant spectral symmetry.

1. Introduction. Let D be a first order differential operator on a complex vector
bundle E over a compact Riemannian manifold M. The purpose of this work is to show
that D has spectral symmetry when certain conditions are satisfied. These conditions
are either M is a Lie group and D is a homogeneous operator; or a Lie group of rank 2
(or greater) acts suitably on M and D is an invariant elliptic operator. A more detailed
description is given later.

For a self adjoint elliptic differential operator D on a compact Riemannian manifold
M the eta function is defined as

(1.1) ne)= 2 signMA”

A€Espec’ (D)

where spec(D) is the spectrum of D and spec’(D) = spec(D) — {0}. This converges
for Re(s) sufficiently large and the resulting function has a memomorphic extension,
with simple poles, to the whole plane. The n-invariant is essentially the value of this
function at s = 0, n(0). The n-function and n-invariant were introduced in [1], where the
n-invariant is the most important boundary contribution in the extension of the Atiyah-
Singer index theorem to manifolds with boundary. Clearly if D has spectral symmetry
then 7(s) = 0 for all s and the n-invariant vanishes. Since its introduction much work
has been done on the n-invariant, see [5] for further comments on this.

Our first result on spectral symmetry occurs in Section 5. Here we use the inversion
map. The idea is similar to that in [2] but the details are somewhat different. The result
is proved as Theorem 5.3.
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THEOREM 1.1. Let D be a first order homogeneous invariant differential operator
on a homogeneous bundle over a compact Lie group. Then D has spectral symmetry.

In order to state and prove this theorem we need some background material. In Sec-
tion 2 we give the construction of homogeneous operators and show that a first order
operator splits into a first order part and a constant part. This is followed by Section 3
where we give a classification of the invariant operators both of first order and higher
order. While the spirit of this is well known, many of the details are particular to this
work; especially the characterization in the first order case in terms of the Hopf algebra
structure on the symmetric algebra $5(g).

The main interest in -invariants is for elliptic operators, see [10] for more information
in this case. The series (1.1) converges for Re(s) sufficiently large and has a meromorphic
continuation for such operators. In general this is not the case for non elliptic operators,
see [4] for an example of such. In Section 4 we give a characterization of first order
elliptic operators over a compact Lie group, see Theorem 4.2, which is interesting in its
own right.

THEOREM 1.2. Let D be an invariant elliptic first order homogeneous differential
operator over a simply connected Lie group. Then D is a twisted Dirac operator plus a
bundle map.

If D is an operator over a compact Lie group, G, there is an associated operator D’
over the homogeneous space G/T". A natural question to ask is under what condition
does spectral symmetry of D transfer to spectral symmetry of D'. In Section 6 we give
an example to show that the conditions of Section 5 are too weak for this transfer. We
then show that a stronger condition, equivariant symmetry where the eigenspaces are
isomorphic as G-spaces, is sufficient. However, an other example of an operator (R) from
[4] shows that there are interesting operators which have symmetry but not equivariant
symmetry. Thus the work of later sections does not make that of Section 5 redundant.

This raises the question which operators have equivariant symmetry. The answer is
given in Sections 7, 8, and 9. In Section 7 we prove:

THEOREM 1.3. Let D be a first order, elliptic, invariant differential operator on a
homogeneous bundle over a compact simply connected Lie group of rank > 2. Then D
has equivariant spectral symmetry.

This is actually proved in the case where D is a twisted Dirac operator. Then the result
of Section 4 is used to show that the class of twisted Dirac operators is essentially the
same as that of elliptic operators over a group.

In Section 8 we treat the more general case of a manifold which has a group action.
Specifically, we consider the case of a compact, simply connected nonabelian Lie group
of rank 2 or greater acting on a manifold by isometries with discrete isotropy groups.
To illustrate the type of group action which is considered here let n > 4. Then regard
SO(2n — 4) as a subgroup of SO(2n). If T is a discrete, and hence finite, subgroup of
SO(2n) then we take I \ SO(2n)/ SO(2n — 4) as the manifold. The group which acts is
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SO(4). This is regarded as a subgroup of SO(2n) complimentary to SO(2n — 4), that is
so that SO(2n — 4) x SO(4) embeds in SO(2r). The main result, Theorem 8.12, can be
summarized as

THEOREM 1.4. Let D be a split, invariant elliptic first order differential operator.
Then D has equivariant spectral symmetry.

The notion of a split operator is given in Definition 8.3. A special case of split opera-
tors is that of twisted Dirac operators defined using a split connection.

In Section 9 we see that the same result holds when the group acting is the £-dimen-
sional torus with £ > 2. The statement of the result is then the same as Theorem 1.4.
However, the proof has some notable differences from that in Section 8.

2. Invariant first order homogeneous operators. We start by describing the gen-
eral construction, following [12]. Let K be a compact Lie group and H a closed subgroup
with Lie algebras f and §) respectively. Let 7: H — Aut(E) be a finite dimensional repre-
sentation of H. Then on K X E we have the equivalence relation (&, v) ~ (kh‘1 , 7r(h)v).
The homogeneous bundle E is constructed by making the following diagram commute:

KxE — Kx;E=KXE/~=E

2.1 l }
K — K/H.

A section of E is represented by a map §: K — E which satisfies (kh~!) = w(h)s(k)
for all A € H and k € K. Then the section s: K/H — E is such that § is its pullback.
The map § is equivariant. Let v: H — Aut F be another representation which defines the
bundle F. Then a homogeneous operator D: C*°(E) — C*°(F) is defined as follows. Let
D be an equivariant operator on K: that is D5 is an equivariant map into F whenever § is
an equivariant map into E. The operator D is homogeneous if D5 is the pullback of Ds.
Symbolically we write Ds = D5/ H.

In this paper we are interested in the case when K /H = G is a compact Lie group. In
particular we require that K = G X G and H = G where H is represented as the diagonal
subgroup of K: H = {(g,8) : g € G}. The group K acts on K /H. In this particular case
when K = G x G the left factor acts as left multiplication G and the right factor as right
multiplication. If we embed G — K by g — (g, 1) we obtain a trivialization. In this
context the homogeneous operators are the bi-invariant operators on E over G.

Now restrict attention to the case when D is a first order bi-invariant operator. Then
D is a linear map on the first jet bundle D:j'(E) — F. Since D is bi-invariant this is
equivalent to giving an invariant map on the fibre over the identity: D:j!(E) — F. Let g
denote the Lie algebra of G and g* the dual of g. Then, as in [3], D is a splitting of the
projected jet bundle sequence (2.2):

0 — E®¢ — j'E — E — 0

2.2) }V K g |

0 — — E — 0.
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The symbol is D o 0: E ® g* — F. The lie algebra g acts on £ ® g* and E while the
action on j!(E) is by g & g1 where gV is the first prolongation of g, see [11]. Thus
the action of g(!) gives rise to an obstruction to find a first order invariant differential
operator. However, since G is a compact we have g("’ = 0. Thus we have proved:

THEOREM2.1. A firstorder homogeneous differential operator D can be constructed
Jfrom any pair of invariant maps

SSEQRg*—FandT:E— F.

REMARK 2.2. These maps are projections which can be found by using Schur's
lemma. The main application of this result is that the top order part of D is a bi-invariant
first order operator in its own right.

3. Classification of first order bi-invariant operators. Since we are interested
in questions relating to the eigenvalues of the operators involved we only consider
D: C*®(E) — C>*°(E). That is we take E =F.

In the first instance let us only consider the case when 7: G — AutE is an irreducible
representation. Then the map T: E — E is a multiple of the identity. The interest is in the
map S:E® g* — E.

Let X}, ...,X, be an orthonormal basis for g relative to the Killing form innerproduct.
Then using this basis we see that if S: E @ g* — E then
(3.1) S=3¢i®X

here ¢: E — E and X;: ¢* — R. Note that the linear maps ¢; are not invariant: invariance
only holds for the whole sum not the individual terms. Let U be the universal enveloping
algebra of g. Then by the Jacobson density lemma, which is a form of a theorem of
Burnside see [8], we have that ¢; = m(p;) for suitable p; € U and 7 has to be lifted to g
and extended to U.

Let £ denote the rank of G and Z the centre of U. Then Z = C[Q,...,Q/]isa
polynomial algebra on { generators, the Casimir operators. Define p;; so ¥, pXi = Q;
and let D; = ¥; m(p;) ® X;.

THEOREM 3.1.  The operators D; span the vector space of invariant first order dif-
ferential operators.

PROOF. By the previous discussion we first need to describe all p; such that 3 p; ® X;
is invariant. Now as vector spaces we can identify U = S(g*), the polynomial algebra
on g. Thus the problem is to identify (S(g*) ® g)G. Now G acts on g by the adjoint
representation so by Schur’s lemma we need only identify subrepresentations of S(g*)
which are equivalent to g. By the results of [7] these representations occur in degrees
m; which are the eigenvalues of a particular operator on a’. Since g7 has dimension £ it

follows that dim(S(g*) ® g)G =0
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Under the identification U = S(g*) we have Z = S(g*)°. Thus we can identify the
Casimirs as elements Q; € $(g*)°. There are £ of these and since they are algebraically
independent they are also linearly independent. Using the Killing form inner product we
can identify X; € g as a degree one polynomial on g, i.e., we can identify X; € S(g*).
This gives a multiplication map m: 5(¢*) ® g — S(g%) with m(3; py ® Xi) = LipiXi.
Thus ¥; p;j ® X; are £ linearly independent elements of (S(Q*) ® g)G and by counting
dimension they form a basis.

While the elements ¥ p; ® X; are a basis for (S(Q*) ® g)G the D; = ¥ m(py) ® X;
need not be linearly independent but they still form a spanning seat for the invariant first

order operators.
We can now write down the symbol oD;: £ ® g* — E. This is
(3.2) o(Sn) ©X4) v @ x) = 3 (py)vx(X).

In more traditional notation
(3.3) o ™oy © %)) = ¥ &y,

where £ = Y- €,X; € g and we identify g with ¢* using the Killing form.

The above results have been given for first order operators. It is routine to generalize
them to operators of any order. We shall describe the results here but leave the proofs
largely to the reader.

THEOREM 3.2. The invariant differential operators on E all have the form D =
Yin(pr) @ X; wherep; € U = S(g*) and X; = X;, --- X;, € S(g), which satisfy the
condition 3°1p1 ® X; € (52" ® 5(@))°.

REMARK 3.3. The operator described here with X; = X;, - --X;, is a k-th order op-
erator. Here the upper case subscript is a multi-index while a lower subscript is a single
index: I = (iy, . .., i)

From [7], we see that S(g) = Z® H where Z = S(g)° and H is the space of harmonic
polynomials. Then we can decompose H = 3~ H*, where H* is the component which is
homogeneous of degree k. If V), is the irreducible representation with highest weight A,
let V§ denote the zero weight space of V. There is an operator on V3 with eigenvalues
m;(\) which are the generalized exponents of V. These give the decomposition

(3.4) HE = 3" Vamj(\) = k for some .
X
It is convenient to use the notation V/\ to denote the copy of V), occurring in H* with

THEOREM 3.4, (S(Q*) ® S(Q))G =ZQ® (L) %), ¥, C), where the sum is over all
eigenvalues m; (\), mj,()\) for each highest weight .

PROOF. Since $(g) = Z® H we have
3.5) (56" ®50)° =20z Ho HF.
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By 3.4)we have H =) 3; V{\ and by Schur’s lemma
G_[C XN=p
(3.6) NHeV)” = {0 otherwise.
Thus we calculate

won’=(Srresy)

AN B2
3.7 =YY e
A Bt J2
=yyrye
DI /)

This completes the proof.
From this we can write down the symbol of these operators.

THEOREM 3.5. o(Zi(pr) ® X;)(€) = Ti&in(pr) where € = T&X; and & =
€i| e €ik-

The algebra S(g) is a Hopf algebra with comultiplication given by

3.8) dfx)=fXR1+1QX),

where d: 5(g) — S5(g) ® S(g). The algebra S(g) ® S(g) has a bigrading and let
3.9 Py 5(9) ® S(g) — S'(8) ® 5 (9)

be the projection. Then the invariant elements 3, p;y ® X are given by

(3.10) ; P ® Xy = PydQy = Qy

for i +j = degree O and |I| = i, |J| = j. Let PdZ be the algebra spanned by {Q;}. In
the case of G = SU(2) it happens that PdZ = (5(g) ® 5(g))G. However, the situation is
more complicated for SU(3).

The group SU(3) has two Casimirs: Q; of degree 2 and Q;, of degree 3. Thus PdZ has
7 generators Q; @ 1, Q;1, 1  Qp, O, ® 1, Oy, Q)2 and 1 ® Q, in the above notation.
A calculation shows that, for G = SU(3), in addition to these there are at least 3 more
generators, one in $%(g) ® S*(g) and two in $*(g) ® S3(g). Furthermore since V3, the
irreducible representation with highest weight 3p, occurs uniquely in H® it follows that
Q3,1 ® D) =03, ® 1) € 553g) ® 5°g) and so PdZ is not a polynomial algebra.

4. Elliptic first order operators. We have that the symbol of a first order operator
is a bilinear map

@.1) 0:g ®E — E.

In the case of a homogeneous operator, E is a complex representation space of G while
the Lie algebra is, of course, a real vector space. The operator is elliptic if and only if o
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is a nondegenerate bilinear map, that is for each nonzero X € g the map v — o(X ® v)
is invertible. Equivalently if o(X ® v) = 0 then either X = 0 or » = 0. Thus we need to
study nonsingular bilinear maps o: R* ® C* — C".

First we need to define the Clifford algebra. Let T(R¥) be the tensor algebra:

4.2) TRY=ROR*OR* QR D - --

Let I be the ideal in T(R¥) generated by elements of the form X ® X + (X, X)1 where (, )
is an innerproduct on R¥. Then the Clifford algebra is defined as

4.3) CLff(RY) = T(R")/ I,

see [6].

The spin group Spin(k) = Spin(R¥) which is a subgroup of the group of units of
Cliff(R¥), is a double cover of SO(k). This group, Spin(k), has a complex representation
space S. Further S is a module for Cliff(R) and the action of spin(n) is given by Clifford
multiplication. If nis eventhen S = S*®S~ anddim §* = dim S. Clifford multiplication
by a single element X € R¥ acts by interchanging S* and S~. The elements of CIiff(R¥)
which generate Spin(k) have the form X ® Y for X and Y € R,

We rewrite the bilinear map o: R¥ ® C* — C" as o: R — End(C"), where End(C")
is the space of n x n complex matrices. The nondegeneracy condition is o(R¥ — 0) C
GL(n, C), the invertible matrices.

LEMMA 4.1.  Ifthe nonsingular bilinear map o: R* — End(C") satisfies the condition
a(S¥"1) C U(n) then o induces an action ¢ of spin(k) on C". Further ¢ is the standard
action so that C" = mS (if k is odd) or C* = m.S* ® m_S~ (if k is even).

PROOF. As we noted earlier the group Spin(k) is generated by elements of the form
X ® Y in the Clifford algebra. Thus we need to define ¢: R* ® R¥ — End(C"). We do this

by

(4.4) PX® Y) = —o(X)a(Y) .
Then

4.5) P(X @ Y) = —||X]| | Yl|o(ex)oter),

where ex = X/||X]| € S*! for x # 0 and is not defined for X = 0. Thus, since o(ex) €
U(n) we have

(4.6) X ®Y) = —|IX| [ Yllo(ex)oter)™".

Now this gives (X ® X) + (X, X)1 = 0 and so ¢ is an action of spin(k) on C".
Furthermore since o is nonsingular and linear this construction gives that C" is just
a number of copies of the basic spin representation. In the case when k is odd there is

only one such representation and C" = mS. If k is even C" splits as copies of S* and
S C"=mS" dm_S".
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THEOREM 4.2. Let ‘D be an invariant, elliptic first order homogeneous differential
operator on E over a simply connected group G. Then D is a twisted Dirac operator plus
a bundle map.

PROOF. Letw: G — AutE be the representation which defines E and leto: gQF — E
be the symbol D.

First we consider the case when dim G is odd. Then the spin representation A:
Spin(g) — Aut(S) is irreducible. Since G is compact we define an invariant innerproduct
on E and scale it so that o(S*~1) C U(E). This is possible since o and m commute by the
invariance of D. By Lemma 4.1 o induces an action Spin(g) on E and £ = mS, that is E
is m copies of S with the action of Spin(g) induced by o being A on each summand.

Since G is simply connected the adjoint representation Ad: G — SO(g) lifts to spin

@7 § Ad: G — Spin(g).

Differentiating this gives a map § Ad:g — spin(g) and then the spin representation
x: ¢ — End(S) by

4.8) X(X) = A(5Ad(X)).

Since o and 7 commute and A is induced from o it follows that x and 7 commute. Thus on
each summand 7 is a multiple of x. This can be restated as E = S® V, with dim V' = m,
and 7 = x ® §« for a representation §m: G — Aut V. Thus E is a twisted spin bundle.

The symbol D is the same as that of a twisted Dirac operator, see Section 7, and the
result follows from Lemma 2.1.

The case when dim G is even is similar. Here the spin bundle splits: S = S* @ S~ and
we have two Dirac operators P* and P~. The resultisnow D = P* Q@ 3§m, + P~ ®3m_+¢
for twistings §7, and §7_ and bundle map .

5. The inversion map. On the Lie group G define the inversion map i: G — G by
i(x) = x~!. For x € g let L, be the Lie derivative in the direction X. Then we have

d
. Lif(@) = —f (exp(tX - @) =0
= lim f(exp(X - g) —f(g)) /1.

If the homogeneous bundle E is trivialized by using left translation we can decompose
the space of sections as

5.2) C*E)=C*(G)QE.
Relative to this decomposition the operator D = ¥°; ¢; ® X;, as given in (3.1), becomes

(5.3) D=3 Ly ®¢:

The Lie derivative and inversion map interact as follows.
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THEOREM 5.1.  Lx(f 0 i)(8) = —(Ladgxf) © i(g)-
PROOF. By the Baker-Campbell-Hausdorff formula

(5.4) exp(X - g)' = exp(—tAd(g)X) - g +0(7).

The lemma now follows by using the definition (5.1).

The representation 7: G — Aut E which gives rise to the homogeneous bundle E, can
be lifted to the Lie algebra g and extended to the universal enveloping algebra U. This
gives an action of g, and hence U, on E. For X € g we have the map 7(X): E — E which,
by the trivialization of E using left translation, induces a map 7(X):E — E. If s: G — E
is a section then s o i is another section. The relationship between 7(x) and i is given by
the next result.

THEOREM 5.2.  m(X)(s 0 i)(g) = (m(Ad gX)s) o i(g).
PROOF. Let £, and r, be left and right translation by y € G, that is
(5.5) 6@ =ys n@=o
Then we have i o £, = ry, o i. Now 7(X) on E is defined by left translation so we have
(5.6) m(X)r,1 = £,1(Ady o X).
The result of the lemma follows from the computation:

T(X)(s 0 i)(g) = Lgm(X)sily1(g)
= (m(AdgX)s)i(g).

We can now prove the main theorem of this section.

5.7

THEOREM 5.3. Let D be a first order invariant differential operator on E of the form
D = %; Lx, @ (p;). Then D has spectral symmetry.

PROOF. By applying Lemma 5.1 and Lemma 5.2 we have
(5.8) D(f o iXg) = —((Adg - DY)i(g).
Since D is invariant Ad gD = D ad so we have
5.9 D(foi)=—(Df)oi
Thus i intertwines the positive and negative eigenspaces.

REMARK 5.4. The same proof gives that any odd order operator D of the form D =
¥ Ly, - -+ Lx, ®7(py) has spectral symmetry. The results of Section 3 using the Jacobson
density lemma show that in the case when w: G — Aut E is irreducible all operators have
the appropriate form. Here the upper case subscript is a multiindex: I = (i, .. ., i).
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6. Spectral symmetry and equivariant symmetry.

Let T be a closed subgroup of G. Then, by integration, if D is an operator on a bundle
E over G we obtain an operator D’ on the induced bundle E’ over G/T. However, it is
possible for D to have spectral symmetry while D’ does not. It follows from [6] that the
Dirac operator on SU(2) has spectral symmetry while it is well known that the Dirac oper-
ator on SO(3) does not have spectral symmetry. Since the adjoint of SO(3) does not lift to
spin, the spin bundle on SO(3) is not homogeneous for SO(3) = SO(3) x SO(3)/ SO(3).
The two spin structures on SO(3) are homogeneous for SO(3) = SO(3)/{1}, the trivial
structure, and SO(3) = SU(2)/{1, —1}, the nontrivial structure. To answer the question
of the descent of spectral symmetry we need the notion of equivariant symmetry.

Let the spectrum of D have eigenvalues {k} with associated eigenspaces { Uy }. Then
since D is invariant we have an action of G on each U,. The spectrum of D has equivariant
symmetry if U & U_; as representations of G for all k.

THEOREM 6.1.  If D has equivariant spectral symmetry on a homogeneous bundle E
over G then D' has spectral symmetry on E' over G/T.

PROOF. By left translation we decompose the space of sections

—

6.1 L*E) =Y ,mV\QE, all \,
A

here the sum is over all highest weights A with #), its multiplicity and the ~ over the sum
denotes completion. From this we get the decomposition

—

6.2 L*(E) =Y ,mVy®E, \suchthat' C Kerm,,
A

where the sum is over those highest weights A such that | is trivial, or equivalently
I' C Kerm),. We then have

/ _ | DI\ V,® E T CKerm

6.3) DimneE= n(lt iie?ined otherwise.A
Since D has equivariant symmetry D|n, V) ® E is symmetric and so D’ is symmetric.

To complete this section we give the following example to show that there are op-
erators on groups other than SU(2) which have spectral symmetry but not equivariant
symmetry.

The simplest first order differential operator to write down is R = ¥; Ly, ® 7(X;)
summed over a basis {X;} of g. Decompose C*(E) as follows:

6.4) [XE) = IXG)RE=S,VA®E=3 Voo

Here V), is irreducible representation with highest weight A (and V) has highest weight
) with each term repeated as often as its multiplicity. Now by invariance Vj is an invari-
ant space for R and indeed for any invariant operator. By completing the square we see
R is constant on Vy:

1
©.5) RVaoy = 5N+l + |+ ll” = 10+ ll* — [lo]%)
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where || ||? is the square of the Killing form norm (with the positive sign), u is highest
weight of m: G — Aut E (now taken to be irreducible) and 8 is a highest weight in 7, ® ..
In fact 0 has the form # = A +o where « is a weight of p (not all such weights necessarily
occur). Then the eigenvalue of R is

—2(o, A) +2(u — a, p) + [|ull® — Nl = =2(a, \)

6.6
( ) +<H_aau+a+2/’>~

Note that (u — o, u + a + 2p) is bounded and nonnegative. It is clear from this that R
does not have equivariant symmetry.

7. Twisted Dirac operators over a lie group. Let G be a compact simply con-
nected nonabelian Lie group and let x: G — Aut.S be the spin representation of G. The
spin bundle over G is denoted by S and has fiber S. Let m: G — Aut V' be another repre-
sentation of G and let V be the homogeneous vector bundle of G associated with = with
fiber V. By left translation we can trivialize both SandVasS= G x Sand V= G x V.
Let g be the Lie algebra of G and then, using left translation, we trivialize the tangent
bundle 7(G) = G x g. Thus we canregard elements X € g as a left invariant vector field,
s € S as a left invariant spinor and v € V as a left invariant section of V.

The bundle V has a connection V which is associated to the Levi-Civita connection
of G. This map

(7.1) V:I(T(G) x V) — I(V),

which restricted to left invariant section to give a map:

(7.2) VigeV—V.

The twisted spin bundle if S®V which has the connection given by
(7.3) Vx(s ®v) = Vx(s) @ v+s5 ® Vx(v),

where Vy(s) is the spin connection and Vx(v) is the connection of (7.1). If X, s and v
are left invariant we can identify them as elements of g, S and V. Thus we have the spin
connection as a map.

(7.4) VigeSeV—Se V.
An easy calculation simliar to one in [5], gives the following resuit.

LEMMA 7.1. a. The associated connection V when restricted to left invariant section
is given by Vx(v) = %W(X)v.

b. The twisted spin connection on S @ V when restricted to left invariant sections is
given by Vx(s ® v) = %(X(X)s) Qv+ %s ® T(X)v.

LetEy, ..., E, be an orthonormal basis of g with respect to the Killing form. Then the
twisted Dirac operator is given by
(7.5) P=>%EVg,
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where E; acts by Clifford multiplication on S and Vg is the twisted spin connection. For
a vector field X let Ly be a Lie differentiation in the direction X. Using left invariance
we can trivialize the setions of the twisted spin bundle:

(7.6) TSRIV)ZC(G)RSQV.
PROPOSITION 7.2.  Relative to the trivialization of (7.6) the twisted Dirac operator is
given by P(f®s®v) = S LeQEis®@v+} Tif @ (Ex(E)s) ®v+3 ¥ fEs @m(Ey)v.

PROOF. This is a routine calculation using Lemma 7.1.
Define the operators O, M and T by the following formula relative to the trivialization
2.6):

0= LpQE®],
(7.7 M=% 1QExE)® I,

Tzz_l Q E; ® n(E)).

Then Proposition 7.2 can be restated as follows.
COROLLARY 7.3. P = Q+iM+1T.

A key step in establishing spectral symmetry of P is to calculate the anticommutators
of O, M and T. Recall that for two operators, 4 and B, the anticommutator is {4, B} =
AB + BA. We need some notations: A is the Laplacian, Q is the Casimir element of the
universal enveloping algebra and three other operators are defined as follows:

RX = ZLE,- ® X(E,) ® 1,
(7.8) Rr =3 L;, ® 1@ m(E),

Ry = Z 1 ® x(E;) ® m(E;).

The anticommutators are then given by:

LEMMA 7.4. i {Q,M} = —6Rx
ii. {0, T} = —2R,
iii. {M,T}=—6Ry
iv. *=-A®1®1+2Ry
M =9
vi. T =2Rr+1® 1 ® m(Q),
where p is half the sum of the postive roots and || || is the negative of the Killing form.

=

PROOF. Parts i., iv. and v. can be found in [S]. The other parts follow by direct cal-
culation. We shall illustrate this in the case of ii. and omit the others. The calculation
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is:
{0,T} = Y (Le, ® EiE; ® 1(E)) + Lg, ® EE; ® n(E)))
ij

= Z Lg, ® (EiEj + EJE;) ® 7(E))

7.9 7
= —-—22 Lg, @ 1Q 7(E).
= —2R;
Now decompose the sections of S®V under the action of G. First note that we have
identified
(7.10) rS®V)=C(G)SeV.

Now by the Peter-Weyl theorem C®(G) = &V, where V), is the isotopic component of
the type A. Next decompose each V), ® S® V = @S into isotopic components where Sy
has type 6. By the results of [5] we see that each Sy is invariant under M and Q. Hence
these spaces are also invariant under 7. Furthermore from [5] we have:

PROPOSITION 7.5.  When rank G > 1, r M|Sy = 0.
On each space Sy the operators the operators R,, R, and Ry are constant.
PROPOSITION 7.6.  The restrictions of R, R, and Ry to Sy are constant.

PROOF. This is an immediate consequence of the following polarization identities:
1
R, = E(-(L@ X®D@Q+LQO1®1+18x(Q) 1),
1
(7.11) Ri=Z(-L®1OM@Q)+LQB 1B 1+18xQ)® m(Q)),

1
Ry = 5(—(1 XM +1Xx(Q)®1+1® 1@ m(Q)),
since the Casimir element ) is constant on isotopic components.
COROLLARY 7.7.  The restrictions of {P,M} and P? to Sy are constant.

PROOF. By Lemma 6.4 both {P, M} and P? can be expressed in terms of A, 1 ® 1 ®
m(€2) and the operators R, , R, and Rr. Each of these is constant on Sp.

THEOREM 7.8. The operator P has spectral G-symmetry.

PROOF. We establish that P has spectral symmetry on Sy, proceeding as in [5]. Let
a = 3||p||. Then since tr M|S; = 0 and M|S; = o? we can decompose Sy = S; ® S; into
the o and —a eigenspaces of M, with dim S; = dim S, . Let P|S; have block matrix with

(/C{ g) relative to this decomposition. Then we calculate:
204 0
(7.12) {P.M} = ( 5 —ZocD) i

for some constant k. Thus D = —4 and so tr P|Sy = 0. Since P?|Sy = 3, a constant, the
eigenvalues of P|Sy are 1/ and —+/f3. Since tr P|Sy = 0 these have equal multiplicity
and the theorem is proved.
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8. Elliptic operators on a manifold with a group action. Let N be a manifold and
G a compact simply connected nonabelian Lie group of rank 2 or greater which acts on
N by isometries such that all the isotropy groups are discrete. We use the local basis,

Ei,...,E,, Em,...,E, for T(N) which is given in [5]. For convenience we summarize
its construction.
Let E;, ..., E, be an orthonormal basis for g. Then the formula
1
@.1) Ef(p) = lim — ( exp(tE,) — £(+))

defines a global vector field on N associated to each element of g. We use the same letters
Ei,...,E, to denote the vector fields on N associated to the elements E, . .., E, of g. For
p € N we have the isotropy group G, and hence a G,-slice D in N, see [9]. We may
take D to be the disc with center p and E,,. .., E, to be an orthonormal basis of T(D).
Let U = GD, an open set in N, and use the group action to extend E,...,E, to be a
vector field on U. Thus we have an orthonormal basis £}, . . ., E, for T(U). We shall use
the convention that Latin subscripts run from 1 to » and Greek subscripts from » + 1 to
n. The subbundle V' C T(N) spanned by E|, ..., E, is the vertical bundle and is trivial:
V = N x g. The orthogonal complement H to V is the horizontal bundle and locally has
the basis En1,. .., E,. There is the decomposition

8.2) TN)=VoH.

Let W be a complex vector bundle over N such that the action of G on N lifts to an
action on W. Using the action of G we can decompose

(8.3) =3 Wy® We.

Without loss of generality we may suppose that there is only one term in the sum (8.3).
Further we obtain this decomposition by having G act trivially on Wj. We also require
that W is a homogeneous bundle on G which has been transferred to N by the G action.
On this bundle W we have the split connection:

(8.4) V=Vi®1+1® V.

For this connction we note V¥E; = 0 and VE,, = 0, using the convention 1 <i < r
andr+l1 < a<n.

Let D: C°(W) — C°°(W) be an elliptic invariant first order differential operator. Then
the symbol of D is o(D): T(N) ® W — W. Using the splitting (8.2) we have o(D) =
o(D)y + o(D)y where

oD)y|HR W = a(D)HQ W
oDl ® W =0
oDyW|HOW =0
oDy |V W =o(D)H® W.

(8.5)
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LEMMA 8.1.  The operator D splits D = Dy + Dg + ¢ where Dy = o(D)y V¥ ® 1,
Dy = a(D)y| ® VC and ¢ is a bundle map.

PROOF. From the basic definitions of a connection and the symbol, since D is first
order, we have

(8.6) D = o(D)V + .

Now o(D) = o(D)g + o(D)y and since V is the split connection the result follows.
COROLLARY 8.2. The operator Dy is obtained from a twisted Dirac operator on G.

PROOF. By construction the operator Dy is obtained from an operator on G. Since
D is elliptic so is Dy on G. The corollary follows for the results of Section 4.

DEFINITION 8.3. The operator D is a split operator if ¢ = 0.

COROLLARY 8.4. A twisted Dirac operator on N defined by using the split connec-
tion is split.

As in Section 7 we can write Dy = Qg + 1M + 3T where
QG - ZLE,- ®El & ls
i
(8.7) M=% 1QEE)®]1,
i

TZZI ®Ei®7T(Ei),

acton C¥°(Wy)®S¢ @ Eg. Here Wi = Sg ® Eg is the prepresentation of W as a twisted
spin bundle obtained from Corollary 8.2.
An easy calculation then gives the following anticommutators.

LEMMA 8.5. Let w be the volume form on N and X a vector field on N associated to
an element X € g then
i {DH, wX} =0
ii. {Qc,wX}=-2(Lx®1®1)
iii. {M,wX} =—6(1®x(X)®1)
iv. {T,wX} = —2(1® 1 @ 1(X)).

PROOF. The first part follows from the use of the split connection. The other parts
are straightforward computations.

COROLLARY 8.6. {D,wX} = -2(Lx®1®1)-3(1@x(MN®1) - (1?1 (X))
Jor a split operator D.

LEMMA 8.7.  The commutator [D?,wX] = — % Lg, ® [E, X]® 1 - T 1 ® [E, X]®
n(E;) for a split operator D.
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PROOF. We start with
[D?,wX] = [D,{D,wX}] = [D},wX]
= —22[{5,.;] QE®1 —32[4& ®[E,X]® 1

3
-5 2 IR Ex(E), x(N]1® 1

(8.8)
- % Z 1® [E;, X] ® (E;)
- %Z 1® 1 ® n((E;, X]).
Now an easy calculation gives |
(8.9) Xi:[Eix(Ef), x(X]=0
and
(8.10) Zi:l®[E,-,X]®1r(E,-) =219 E@n(£.X).

Using [E;, X] = Yx(Ex, [Ei, X])Ey, and the invariance of the innerproduct:
(8 11) <Ei, [Ek’X]> = _<[EI7X]5Ek)

reduces (8.8) to the result of the lemma.

The immediate use of this lemma is to investigate the commutator of D? with the spin
representation. As in the previous lemma and unless otherwise stated we shall restrict
our attention to the case when D is a split operator.

THEOREM 8.8. [D?,XY] = —[R, + Ry, XY), where R, and Ry are given by the for-
mulae (7.8).

PROOF. We calculate:
[D?,XY] = [D?, wX]wY + wX[D?, wY]
=3 L5, ® (B XY +XIE, Y) ® 1

(8.12) — 2 1 ® (i, XY + X[E;, Y]) ® n(E:)
= =2 L5 ® [X(E),XY]® 1 =31 ® [X(E), XY] ® n(E})

= —[Ry, XY] — [Rr, XY].

COROLLARY 8.9. D?+ R, + Ry commutes with the action of spin(g) via 1 ® A® 1
where A is the spin representation A: spin(g) — End Sg.

Now decompose L2(W) = 5" V), into eigenspaces of D? + R, + Ry. Since the operator
commutes with the representation 1 ® A ® 1 we have

(8.13) vy =V ®Sg,
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where Vil C L}(Wy) ® Eg. Next we can decompose
(8.14) Vi=>.8
9

into isotopic components under the x ® 7 action of g.
LEMMA 8.10. trM|Syy = 0.
PROOF. As in the case of M defined on a group we find
(8.15) trM=0, M =9|p|?
Thus Sg = S§; ® S; decomposes into eigenspaces of M with Sg, & S; = 241y, (k =10
for £ evenork = %(Z — 1) for ¢ odd). Then decomposing ¥V, gives
V=V ®Ss =V ®Sp) @V} ®S5)

(8.16) =3 (83 D Syp)-
a

Since Sg; = Sg we have S}, = S}, and so tr M|S)g = 0.

LEMMA 8.11. i {M,Dy} =0
ii. {M,DV}= —6R, —3Rr+9||p||%
PROOF. i. This follows from the splitting into vertical and horizontal components.

ii. This follows from Dy = Qg + ;M + T and Lemma 7.4.
By the polarization identities:

RX=—%((L@l®l+1®x®1)(Q)—L(Q)®1®1—1®x(Q)®1),
(8.17)

RT=-—%((1®x®l+l®l®7r)(Q)——1®X(Q)®1—1®l®7r(Q)),

where Q is the Casimir element, we see that both R, and Ry are constants on Syg. Thus
we have {M, D}|S)g is constant.

THEOREM 8.12.  The operator D has G spectral symmetry.

PROOF. This proceeds as in the proof of Theorem 7.8. We note that, since S)y C V),
Sy is a subspace of an eigenspace of D? +R, +Rr. Thus D?|S)y is constant. By the linear
algebra used in the proof of Theorem 7.8 tr D|Syy = 0. Thus P has two eigenvalues u
and —p on S)g and these have equal multiplicity.

9. The case of an abelian group action. Let T¢ (with £ > 2) acton N with discrete
isotropy subgroups. Let {E,...,E;} be an orthonormal basis for the Lie algebra t of
T*; otherwise we keep the notation of Section 8. With the exception of the proofs of
Lemma 8.10 and Theorem 8.12 the calculations of Section 8 still hold. However, some
of these hold in a trivial fashion since we have
©.1) M=R,=Rr=0.

LetE=E,,...,E;_; and F = E,. Then we have the following calculation.
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LEMMA 9.1. i {wyE,Dy} =0
ii. {wHE, QG} =2Lr®1®1
iii. {wpE, T} =2(1® 1 ® n(F)).

PROOF. This follows as in [5].
COROLLARY 9.2. {wyE,D} =2Lr®1Q1+1Q 1® n(F).
PROOF. We calculate:

[D?,wnE] = [D,{D,wnE}]

9.2) =2[D,Lr®1®1]+[D,1® 1® n(F)]
= 0’

since D is invariant and T is abelian.
Now we decompose L(S® E) = ¥ V), into eigenspaces of D? and further decompose
V', under the action of T*:

©9.3) Va=3 Son.

Now both Ly and m(F) act as constants on any irreducible representation space of T¢,
remembering that since T* is abelian such spaces are one dimensional over C. Thus we
can proceed as in [5] and conclude the following result

LEMMA 9.4. i {wyE,D}|Syg is constant.
il. tl'wHE|S)‘9 =0.

As a consequence of this we have the main result of this section.

THEOREM 9.5.  On Syg, D has two eigenvalues y and — . which have the same mul-
tiplicity.

PROOF. This is similar to the result in [5]. We note that the proof proceeds in the
same way as that of Theorem 7.8 and wyE in place of M.
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