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B ‘
1. Inroduction. Given a series X a,, we define 4,,®), E, ®) k> — 1, by the relations

n=0
A, ®= f’ <k+n—v> a,, Eﬂ(k):<k+n> .
v=0 n—v n

The series Za,, is said to be summable (C, k) to the sum s, if
C,®=A,®/E,®) s

as n—>w , and strongly summable (C, k), k>0, with index p, to the sum s, or summable
[C; k, p] to the sum s, if

n
20D _s|?=0(n).
v=0

It is known * that necessary and sufficient conditions for Za, to be summable [C ; %, p]
k>0, p=>1, to the sum s are that Za, be summable (C, k) to the sum s and that
n

2P I ay(k) |p___0(n)’
p=

where ¢, =0, ® _C0®__ .
Defining 4, (w), C{w) by the relations
Ay(w)=Z (@-n)a,, Cplw)=w4;(w),
n<w
we have the familiar definition that Za,, is summable (R, k) to the sum s if €}, (w)—>s a8 w-—>w0
continuously. 1If, in addition, we have

w d
[lu g e du=otw,

it is then natural to say that Za, is strongly summable (R, k), with index p, to the sum s,
and write Za, is summable [R; k, p] to the sum s. In this definition it is assumed that
k>0, p=1. ’

It should be noted that, for the definition to be valid at all, it is necessary that kp'>1,

where 1—1 + %: 1, since, writing n=[u], we have T

u 4 Ch (u) |:ku—\’° i g‘ (u—v)eg l
du * v=1 i |
-1
=kut(u—n)1n|a,|—ku* |n2 (w—v)¥1va,|,
v=1

whence

-1
kP u=*P(u —n)kP-Pn? | g, |?<2? | u %Ok (u) |? +27k? u—k? InZ (w~v)eLva, |7,
y=1

* J. M. Hyslop, Proc., Glasgow Math. Assoc., I, p. 16.
1 See Lemma 2 below.
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Now

w [w]-1 fn+
f ukP (y —n)kP-2n? | g, Ip du> Uk (y — n)*P-P P l a, |1' du
1 . n

3
-

[w] C(n+1

= (n+1)"%2n?| q,|? f (u—n)er—? dy
n=1 n

=0 )

unless p(k—-1)> -1, that is, unless k> 1/p’. Since

@ n—1
J‘ u P | X (w—v)tva, |?du
1 v=1

| J
is infinite unless kp’>1.
Our object in this paper is to prove the following theorem :

is finite, it follows that
d
u .

"d
.du “

Cr (%)

TeEOREM. If k>0, p>=1, %4— %:1, kp'>1, then summability [C; k, p] of the series

Za,, implies summability (R ; k, p] of this series to the same sum, and conversely.
The proof of the theorem is based on several lemmas, most of which are well known.
2. Preliminary Lemmas. Lemma 1. If* k> -1, 3>0, then
_ T(k+3+1) [
Ars (@)= rE T TE) )

Lemma 2. If+ Bylw) is the Rieszian sum of order k for the series Xb,, where b,=na,,
then, for k>0,

(w—u)?1 Ay (u) du.

d d
whtl o Cr(w)=kB;_; (w) =du By (o).

LEMMA 3. We have,] for k> — 1, the formal relations

@ o
JA,®gn=(1-z)*1 3 a, ",
n=0 n=0

a0 @ .
2 nE,®a,®gn=(1-2z)" 2 na, z".
n=0 n=0

Lemma 4. If§ 0<<6<1, k>0, g is any positive integer or zero and

Y, (0)= 37 (n+ 0 — p)s-1 B (*=D
v=0

lhen ’ VYan, k(e): 8 (0) En(_k~1)+3n, ks
where Bax=0{ £ (4 1) 5 (v 1)
y=0

5(0)=051+ 26,
r=0

and e, is independent of n and 6. When k>1 the term &(6) E,"*1) may be incorporated in
B, &, and 0 may take the value zero.

* G. H. Hardy and M. Riesz, The General Theory of Dirichlet Series (Cambridge Tract, No. 1t), 27.

T See, for example, J. M. Hyslop, Proc. Edinburgh Math. Soc., (2), b (1937), 46-54.

1 E. Kogbetliantz, Bull. des Sciences Math., (2), 49 (1925), 234-56.

§ J. M. Hyslop, loc. cit.
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. Lemma 5. In the notation of Lemma 4, by suitable choice of q,

B, x=0{(n+1)~*1}.
We have, if ¢>2k -1,

Bui=0{ Z (+1)*1n-yt1)k0240{ I (v+1)*1(n—p+1)k-a-2

ov<in ingLvgn
=0{(In+ 12 I v+ 1)+ 4+ 0{(Jn+ 1)+ 5 (o4 1-o-2)
v=0 v=0
=0 {(n+1)+1}.

LemmMa 6. If * k is a positive integer or zero, A, %) can be expressed in the form
3o dy(nsf
arS <n +%) ’

Lemma 7. If 0,20, p=1, A>0, Ap'>1,

N n

where o, is independent of n.

o, ]
.y e ]
n= oly o(n—v+1)1+AJ' KZ?a

where K is independent of N.

When p=1 the result follows immediately on interchanging the order of summation.
When p>1, we have, by Hélder’s inequality, '

Zn'_i__.]p_ f’ %y 1 17

Lo (r—v+ 1)) ~ Zon—v+1(n—v+1)}f
n a? n 1 1k
<y ¥ Iy ___ -
o m—v+ )2 S m—v+ 1)/
K3 %
< v
T (vt 1)P?

since Ap’>1. Hence

since p>1.

3. Summability [C; k,p] implies summability [R; k,p]. Since summability (C, k)
implies summability (R, k) to the same sum, it is sufficient to show that, for k>0, p>1,
kp'>1,

3‘| v, *) |P=0(n),
v=0

implies that

0L Cyw) 1"dw=o(X).

X
fl dw

* E. W. Hobson, The Theory of Functions of a Real Variable, IT (1926), 93
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By Lemmas 2 and 3, if N=[w],

a
do Cr(w)=kw ™ 1 By_; (w)

: N
—kw %1 X (w—n)Lna,

n=0 )
N n
=kw*1 3 (w—n)k1 Z‘OE'n_v(—k—l) vE,®lg *),
n=0 y=

Write w=N+6, 0<<6<1, and n—v=p. Then, interchanging the order of summation,
d N N=v
w5 Cplo)=ko™* X vE,®a® X (N+0—-v—pu)-? E#(—k—l)
dUJ v=0 u=0
N
=k * ¥ VEv(k) av(k) YN—v k (0)
y=0
Hence, by Lemmas 4 and 5,

\ w L—id; Crlw) )p:O [w‘kp { g vE,® | 4,5 (w—N)1| Ey_ %Y l}p]

v=0
N
L0 l:w“k j Z vE,® | a,® | qul e, | 07| By, %D I] p:]
lv=0 r=0 f
[, 1
+o[w—rw 2P B @@ (N -y =t ]
v={)

and, since By V=0 {(N —v41)~*1},0<0<1, the result will follow if we show that the
two integrals *

x (®)
— NPl )f - v vla,®] )
fl( )p(k ' k»i (N-v+1 1+’°f

[} 1o

o R i A
are each o(X).
The second integral is not greater than
XfN ,,la(k)l 17 [x] N+1fN V[a(k)l 12
P e N <2z I B 2l B
i Vs B S IV B
[X] f N ‘v[av(")l 12

N~1 lv_l (N —v+ )T+
= f va. (®) p]:
0[] mun )

' by hypothesis and Lemma 7. The first integral is not greater than

f(w N)wk— pfz; v]|a,®| ]pdwg[g?{zv(”l“(k)l 17 (w N)eo—2 de

LN =y 1)i+xf N=1 N — v+ 1)1+
T E via®) \p

N=1 l,,_—: (N—V+]. 1+k}’
since kp'>1. It now follows as above that this integral is also o(X).

* The term v =0 in each of the preceding expressions is, of course, zero, and may therefore be omitted.
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4. Summability (R ; k, p] tmplies summability [C ; E, p].
Since summability (R, k) implies summability (C, k) to the same sum, it is sufficient to
show that, for k>0, p=>1, kp'>1,

al P c d X
[} @ i Outo) | du=o(m),
implies that
N
2| na,® |[P=0(N).
n=1
We have, from Lemma 3,

n
nE"(k)an(k): Z(‘)En—,,(k_l) bv
p=

n v
=XE, DX E’,_“(—‘—Z) Bu(z)’
yv=0 u=0

where ¢ is the integer next greater than k. From Lemmas 1, 2 and 6, it then follows that

nE,® a,0= 24,3 B, &0 B, D B,(u+4)
p=0 v=0 #=0
4 ) v uteé o 'd
= ‘Dk 2 dp En—v(k—l) ‘2 Ev—-u(~i—2) f (f"’ + ¢ - u)t—k 3. Bk (u) du’
2=0 =0 u=0 0 du” "
where ¢=¢(p)=p/i and
rG+1)

Dk:l“(k+1)1“(1+i—k)'

We now obtain, from Lemma 2,

1 n n . u+é d .
nE,®q,®=D, zd,x Z’En_v(lc—l) E""<—‘—2)f {uk+? 7 Cr(w)} (u+¢—u)i*du
p=0 u=0v=un 0 (2
i n futd d n .
=Y Fo—u)prfuttt —— Cp(u) du A _ =),
D.>2d X . M ¢ Y-k k+1du0( yd >k y(k 1)E, “< 2)

v=u
" But .

n n—u

PN Eﬂ_v(k—l) Ev_“(—i—2)=._ > En_”_s(k—l) B -i-2),
=u =0

which is the coefficient of #—+ in the expansion of (1 —z)~%(1 — )+, and is therefore equal
to E,_, %2 Hence, since 0<<¢<1, we have

f i (nte d n oy [
n|a,®|=01n*3s [ w20 w)ldu] E  (utd-s)i-kE, i

: p=0J 0 du p={u—g] J
i n s+1 d n ) l

zo{n—kz S| wen ) Lo )| du| I (wt - s)ik E,_ G-t }
p=08=0J 8 du u=s [

The innermost sum in the expression is
n—s§
A—ZO (n ~8—A+ 95)1-—" E/\ e—i-2)— VYn—s i+1—k (¢),

which, by Lemmas 4 and 5, is
O{(n—s+1)2, (p=0,1,2,..,14).

81
o= f
8

Writing
d
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it follows that

d
a,® u o Cr(u) | du

s+1
OIn—"Z (n—s+1)*i- 2f uk
8

§=0

ol b s it
—O{sfo =iy

and, by Lemma 7, that, for p>1,

n=1

N 8+1
. (f
8=1 8

uiCk(u)‘ dufz

du

The theorem is therefore completely proved.
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