6

Fraissé Limits by the Pound

Fraissé sequences and their limits are universal constructions whose impact
on functional analysis and Banach space theory is not yet well appreciated.
There are very good expositions in which one can find the many subtleties and
applications of Fraissé constructions: an introduction to the basic algebraic
theory dealing exclusively with countable structures is in Hodges’ treatise
[214, Chapter 7], but even Pestov [385, Section 6.5] can serve that purpose;
Kubi$ paper [308] develops a wide variety of examples in various areas,
including universal algebra, continuum theory and general topology; Lupini’s
paper [342] has a more functional analysis orientation. Our rather pedestrian
approach is aimed to the construction and study of two concrete examples:
the p-Gurariy space G,, a separable p-Banach space of almost universal
disposition, and the p-Kadec space K, a separable p-Banach space of almost
universal complemented disposition with a 1-FDD. In a sense, they are the
same object in different categories: G, is the Fraissé limit in the category
of finite-dimensional p-Banach spaces and isometric embeddings, and K,
is the Fraissé limit in a related category whose morphisms are pairs of
maps (a contractive embedding and a projection) between finite-dimensional
p-Banach spaces whose ‘separable’ objects (those arising as inductive limits of
sequences of finite-dimensional ones) are spaces with 1-FDD. Let us present
a comparison table of their similarities and different structural properties, even
if we are well aware that some entries might be unintelligible at this moment:
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288 Fraissé Limits by the Pound

Gy Kp
AUD AUCD
Isometrically unique Isometrically unique
Fraissé limit of isometries ~ Fraissé limit of contractive pairs
Trivial dual if p < 1 Separating dual for all p
Locally injective in pB No
Zw-space when p = 1 Never
BAPonlyif p =1 1-FDD for all p
Almost isotropic for all p Onlyif p=1
Universal for separable Complementably universal for
p-Banach spaces separable p-Banach with BAP

6.1 Fraissé Classes and Fraissé Sequences

A category C has the amalgamation property if each diagram of the form

B B
A / fits into a commutative diagram A / \ D
. N
and has the joint embedding property if, given two objects A, B, there is C € C
such that both A and B have morphisms into C:

N

C

7

B

An object of C is initial if there is a unique morphism from it to any other object
in C. Any category with an initial object I and the amalgamation property
has the joint embedding property: just amalgamate the morphisms I — A
and I — B. It is clear the categories pB and Q have the joint embedding
and amalgamation properties since direct sums and pushouts can be used to
construct the required diagrams. Much more relevant for the purposes of this
chapter is that the same is true, for each 0 < p < 1, for the ‘isometric’
subcategory of pB in which arrows are isometries and for the contractive
subcategory pB;, as Lemma 2.5.2 says. The space 0O is initial in all these
categories.
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Proposition 6.1.1 Let C be a countable category (countable objects, count-
able arrows) having the amalgamation and joint embedding properties. Then
there is a sequence of morphisms u,,: C, — C,1 such that

(a) if A is an object of C then there is n such that Hom(A, C,,) # 0;

(b) if v: C, — A is a morphism of C then there is m > n and a morphism
w: A — U, such that w o v is the bonding morphism U, — U,,.

Proof Since there are only countable many morphisms in C, we can take a
sequence (f;, k,) passing through all the pairs of the form (f, k), where f is a
morphism of C and k € N is a ‘control number’, in such a way that each (f, k)
appears infinitely many times. The sequence (u,) is constructed by induction,
starting with any morphism. If C has an initial object, choose any morphism
whose domain is the initial object to start. Having defined u,,—;: U,y — U,
we take a look at (f;, k,), with f,: A — B and control number k,. If either
kn, > n or the ‘domain’ of f, (the object A) is not Uy, just wait: set U, = U,
and take u, as the identity of U,. Otherwise, k, < n and the domain f, is Uy,.
Thus we have two morphisms with domain A = Uy, namely the ‘bonding
morphism’ i, : Ux, — Uy,+1 — -+ — U, and f, itself. Since C has the
amalgamation property, these fit into a commutative diagram
S

U, =A—>"—>B

bonding morphism l l whatever
I

Then, setting U,,+; = C and u, = f, completes the induction step. Let us check
that the resulting sequence (u,),>1 has the required properties. It is clear that
(a) follows from (b) and the joint embedding property, so let us prove (b). Let
f: U, — A be a morphism. Take m > n such that (f,,,k,) = (f,n). Then
the (m — 1)th morphism of the sequence (u,),>| arose from the amalgamation
diagram

Uy, = Uy ———> A

Unm—1) l j Lnm-1y
tn-1=f"

Umfl —— Um

It follows that lzn ety © f = tum-1) © =1 = Luum 1s the bonding morphism
U, — U,. O
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290 Fraissé Limits by the Pound

A sequence of morphisms satisfying the conditions of the proposition is
called a Fraissé sequence. The diagram

C, G C, C,,

>~

A

illustrates the relevant property of Fraissé sequences.

6.2 Almost Universal Disposition

Fix p € (0, 1] once and for all. All reasoning that follows is independent of
the actual value of p, but it is required that p be the same everywhere. A
p-Banach space X is said to be of almost universal disposition (AUD) if, given
finite-dimensional p-normed spaces E, F' and isometries u: £ — X,v: E —
F, for each £ > 0, there is an e-isometry w: F — X such that u = wv.
Diagramatically,

isometry

E— > F
isom(b\ Aometry
X

To be precise, one should speak of spaces of almost universal disposition for
finite-dimensional p-Banach spaces, but let it stand. It is clear that assuming
either that E is a subspace of X (and u is plain inclusion) or that E is a subspace
of F (and v the inclusion) leads to equivalent formulations, a fact that will be
used without further mention. The property of AUD was first considered for
Banach spaces by Gurariy, who constructed the separable Banach space G that
bears his name in 1966. Its general p-version is:

6.1)

Theorem 6.2.1 For each p € (0, 1] there exists a unique, up to isometries,
separable p-Banach space of almost universal disposition.

This space will be constructed, according to the general plan of the chapter,
as the limit of a Fraissé sequence of isometries between finite-dimensional
spaces. It can also be constructed using the Device to obtain a ‘countable and
finite-dimensional’ version of 2.13.1. Spaces of (almost) universal disposition
will be encountered again in Section 7.3 and Note 7.5.4.

From Rational p-Norms to Allowable Isometries

We define now a countable category admitting amalgamations and whose
morphisms are a family of isometries that is ‘dense’ among all isometries.
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A point x € K" is said to be rational if all its coordinates are rational. When
K = C, this means that both the real and imaginary parts are rational numbers.
A linear map f: K" — K" is said to be rational if it carries rational points
into rational points. A rational p-norm on K" is one whose unit ball is the
p-convex hull of a finite set of rational points. Thus, a rational p-norm is given
by the formula

x| = inf {[Z uiv’]l/p Lx= Z /l,-xi}

for some finite set xy, . . ., x, of rational points. For each n € N, let N,, be the set
of all p-norms on K", where K" is understood as 0, and set N = |J,;50 N,,. We
recursively define a class of p-norms which, in the absence of an awe-inspiring
name, we call ‘allowed p-norms’ (formally, a subset of N), as follows:

(a) Each rational p-norm is allowed.

(b) If f: K" — K™ is rational and injective and | - | is an allowed p-norm on
K™ then ||x|| = |f(x)| is an allowed p-norm on K”.

(c) If f: K* — K" is rational and surjective and | - | is an allowed p-norm on
K" then [[y|| = inf |x]: y = f(x) is allowed on K.

(d) If| -], and | - |, are allowed p-norms on K" and K™, respectively, then the
p-sum [|Cx, )l = (1! + i)"”

(e) If| - |; and | - |, are allowed p-norms on K" and K", respectively, then the
direct product ||(x, y)|| = max(|x];, [yl2) is an allowed p-norm on K",

is allowed on K"+,

(f) If | - |; and | - |, are allowed p-norms on K" and K", respectively, and
f: K" — K" is a rational map then the following p-norm is allowed on
K™ for every rational number & > 0:

: 2 1/ n m
Ioll = inf {(1e) + 1+ 87) " <y = f00 + 2,5 € K g € K7

An allowed space is just the direct product of finitely many copies of
the ground field furnished with an allowed p-norm. Finally, we declare an
isometry u: E — F allowable if E and F are allowed p-normed spaces and
u is rational. Conditions (a) to (f) enable us to perform the basic categorical
constructions within the allowable category, as we will see along this chapter.

Lemma 6.2.2 There is a Fraissé sequence of allowable isometries.

Proof We need only check that the countable category of allowable isome-
tries with initial object 0 admits amalgamations. The proof offers a good
opportunity to review the pushout construction. Let f: E — Fand g: E —
G be allowable isometries. This means that E, F, G are K¢, K", K™ equipped
with allowed p-norms and with both f and g rational. Condition (d) implies
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that F @, G is an allowed space and the map (f, -g): E — F &, G is rational
and injective. Let (e;);<i<x be the unit basis of E and let

(fir- s o fists oo fu) and (81, , 8k 8kels---»8m)

be rational bases of F' and G with f; = f(e;) and g; = g(e;) for 1 <i<k.
Clearly,

(fl _gls"-9fk_gk9ﬁ +g1""9‘ﬁ€+gkfk+1""9f;159gk+1,-"5gm)

is a rational basis of F' ®, G = K"*" which we relabel as (vi,..., Vi, ..., Vosm)-
We define a rational map h: F @, G — K" % by h(Xicicpem Civi) =
(Cks1s- - - Cuem)- Let H be Kmm—k equipped with the p-norm

Il = inf {Ibll: x = h(y).y € F ®, G}

which is allowed by (c). One has the commutative diagram

EF———>

)

G——H

f
g

with f and g allowable since they are the inclusions of G and F into F ®,G
followed by h. O

The isometric pushout diagram just constructed has the following additional
property: for every pair of rational maps g’: F — K" and f': G — K’ such
that g’ f = f’g, there is a unique rational map h: H — K’ such that hg = hf:

QA<=

Thus, the allowable category has both amalgamations and pushouts.

Proof of Theorem 6.2.1: Existence

Let us fix a Fraissé sequence of allowable isometries

Ui U e Un Un+1 e (6.2)

and prove that the direct limit U of that sequence in pB is a space of AUD. We
can identify each Uy with its image in U so that one can assume U = | Js Us.
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To understand why the Fraissé character of the sequence (6.2) entails the AUD
of its limit, pick an isometry E — F between finite-dimensional spaces and
an isometry £ — U. Assume first that we have been so lucky thatv: E — F
is allowable and E — U is the composition of an allowable isometry u: E —
U, and the inclusion U,, — U. Since (6.2) is Fraissé, amalgamating u and v
within the allowable category yields a commutative diagram

Uy U,

Un

7

e U,
E \ / H
F
so that the required extension of u is even an isometry in this case. Before
passing to the general case, let us perform a couple of mathematical asanas

to gain some flexibility. The first one is just to relax the commutativity of
Diagram 6.1:

Lemma 6.2.3 Let E be a finite-dimensional subspace of a p-Banach space X,
and let F be a finite-dimensional p-Banach space. Assume that for every € > 0
and every isometry v: E — F, there is an e-isometry w: F — X such that
[w(v(x)) — x|| < éllxl| for all x € X. Then X is of almost universal disposition.

Proof This obviously follows from the fact that if # is a basis of E then for
every € > 0 there is § (depending on € and J¢) such that if u: E — X is a
linear map with ||u(b)|| < 6 for every b € S then ||ul| < e. O

The second one is to open the no-brainer chakra: allowable isometries are
‘dense’ among all isometries between finite-dimensional spaces.

Lemma 6.2.4 Let u: E — F be an isometry where E is an allowed space
and F is a finite-dimensional p-normed space. For each € > 0, there is an
allowable isometry uy: E — Fy and a surjective g-isometry g: F — F
such that uy = g u.

Proof We may assume that ¢ is rational. Let (e¢;)i<;<, be the unit basis of
E = K" and pick (fj)1<j<m such that {u(e;),...,u(ey), fi,..., fu} is a basis of
F.Let g: F — K™ be the isomorphism associated to that basis and take a
rational p-norm | - |p on K" making g an e-isometry such that (1 + &)7!|jy|| <
leMlo < (1 + &)|yll. Then uy = gu is a rational e-isometry: in fact, ug(x) =

(x,0). We define a new p-norm on K"*™" by the formula
3 14 PP 1/p n n+m
bl = inf S (Ixll? + (1 +&)71aly) ¥ = uo(x) + 2z, x € K", z € K"

Note that the unit ball of | - | is just the p-convex hull of the union of the unit
ball of || - || and the ball of radius (1 + &)~! of || - ||p. This p-norm satisfies the

https://doi.org/10.1017/9781108778312.008 Published online by Cambridge University Press


https://doi.org/10.1017/9781108778312.008

294 Fraissé Limits by the Pound

estimate (1+&)~'|ylo < [yl < (1 +&)|yl for y € K"*™, has to be allowed on K"+
(by the last allowance rule) and makes uq into an isometry, which is therefore
allowable. Hence, if Fy is K" equipped with | - |, we have (1 + &)72|y|| <
lg)] < (1 +&)?|lyl| for y € F. o

We are now ready to handle the general case and show that U satisfies the
hypothesis of Lemma 6.2.3. Let F be a finite-dimensional p-Banach space,
v: E — F an isometry and E a subspace of U. Fix &€ > 0. Since | J; Uy is
dense in U, there is a contractive g-isometry u,: E — U, for n sufficiently
large, such that |ju.(x) — x|| < £||x|| for all x € E. Form the pushout in pB,

E—“-U,

P

F—— PO

so that u, is again a contractive g-isometry, while v is an isometry to which
Lemma 6.2.4 can be applied to find an allowable isometry vo: U, — Fy
together with a surjective e-isometry g: PO — F such that vy = gv. Finally,
the Fraissé character of (6.2) guarantees that for some m > n, there is an
allowable wy: Fy — U,, such that wyvy is the inclusion of U, into U,,. The
full picture appears in the commutative diagram

U, U, U,

Vo
% \ wo
E PO*F()
NG
F

By letting w = wogu,, we obtain a contractive 3e-isometry extending u, and
so |lw(x) — x|| < &||x|| for x € E.

Proof of Theorem 6.2.1: Uniqueness

Is it not almost obvious that any two separable p-Banach spaces of almost
universal disposition are almost isometric? That is, that for each ¢ > 0,
there is a surjective e-isometry between them. Proposition 6.2.10 provides an
explicit proof, just in case it is not clear. Much more surprising is that they are
actually isometric, which we are going to prove now. Our approach to isometric
properties of spaces of AUD depends one way or another on the following pair
of lemmas:
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Lemma 6.2.5 Fix ¢ € (0,1). Let X and Y be p-normed spaces and let
1: X — X®Yand j: Y — X®Y be the canonical inclusions. If f: X — Y
is an g-isometry then there is a p-norm on X®Y for which 1 and 1 are isometries
such that ||jf —1|| < e

Proof The p-norm that does the trick is

10kl = inf {(oll + ol + &7ll) ™ = () = o+ 2031 = f)}.

We must check that ||(x, 0)|| = ||x||x for all x € X. The inequality ||(x, 0)|| < [|x||x
is obvious. For the converse, suppose x = xo + x; and y; = f(x»). Then

llxolly + Iyilly, + €”llxally = lxolly + ILF QDI + £”llxally,
> |Ixolly + (1 = &) llxally + ”llxlly
= |lxolly + 1I(1 — &)xally + llexalll

> [|xdly-

Next we prove that [[(0,y)l| = Ilylly for every y € ¥. That [I(0, Il < Iylly
is again obvious. To prove the reversed inequality, assume xp + x, = 0 and
y =y — f(x2). As t — t” is subadditive on R, for p € (0, 1], we have

%ol + yilly + &”llxall = llxally + llylly + &”llxall
= [lyilly + (1 + &Mllxally
> [yl + (1 + &) llxally
> [lydlly + IIF G

> [Iylly-
Finally, [|7f =l = supy<; 1)(f(x) = 10l = supyy<; I(=x, fF()I] < &. o

The indulgent reader will forgive us if, for the remainder of the chapter, we
use the notation XH Jf Y for the space X®Y endowed with the quasinorm defined
in the preceding proof. This quasinorm depends on f and & and also on p, but
this should cause no confusion. A linear operator f: X — Y will be called a
strict e-isometry if (1 + e xllx < If@lly < (1 +&)|lxllx for 0 < & < 1 and
every non-zero x € X. When X is finite-dimensional, every strict g-isometry is
an n-isometry for some 7 < €.

Lemma 6.2.6 Let U be a p-Banach space of almost universal disposition. Let
Y be a finite-dimensional p-Banach space, X a subspace of U and € € (0, 1). If
f: X — Yis a strict e-isometry then for each 6 > 0, there exists a 0-isometry
g: Y — U such that ||g(f(x)) — x|| < &l|x]| for every non-zero x € X.
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Proof Choose 0 < i < ¢ for which f is an n-isometry. Reducing ¢ if neces-
sary, we may assume that 67 + (1 + 9)”n” < . Form the space X EE;7 Y and let
nX—X EH;7 Yand j: Y — X EE}l7 Y denote the canonical inclusions so that
lpf—dl <n.Ifh: XEEJZ7 Y — U is a §-isometry such that ||a(1(x)) — x| < |||
for x € X then g = hjis a 6-isometry from Y into U and

llx = g(FCNNI” < llx = AN + [1h((x)) = AGFCDIP
< SPlH” + (1 + 6)Plle(x) = J(fCNIIP
<@+ (L + 87" < &”lIxd”. m

We need a technique to ‘paste’ operators defined on a chain of subspaces.
Let A and B be p-Banach spaces and (A4,) a chain of subspaces whose union
is dense in A. Let a,: A, — B be a sequence of operators such that
lan+ila, — anll < €,, where 3}, &l < oo, with sup,, |la,|| < oo. For each x € Ay,
the Cauchy sequence (a,(x)),>, converges in B so there is a unique operator
a: A — B such that a(x) = lim,s; a,(x) whenever x is in some A;. This
operator shall be referred to as the pointwise limit of the sequence (a,). The
following remarkable result completes the proof of Theorem 6.2.1.

Proposition 6.2.7 Fix &€ € (0,1). Let U,V be separable p-Banach spaces
of almost universal disposition, and let X be a finite-dimensional subspace of
U.If f: X — V is a strict e-isometry then there exists a bijective isometry
h: U — V such that ||h(x) — f(x)|| < &llx|| for every x € X. In particular, U
and 'V are isometric.

Proof Fix 0 < gy < & such that f is an gy-isometry. Let (g,),>; be any
decreasing sequence of positive numbers with &, < £9. We inductively define
sequences of linear operators (f,), (g,) and finite-dimensional subspaces (X,,),
(Y,) of U and V, respectively, such that the following conditions are satisfied
for every n > 0:

(0) XQ = X, YQ = f[X], and f() = f;

() fu: X, — Y, is an g,-isometry;

2) gn: Y, — X1 is an g, -isometry;

3) llgnfn(x) — x|l < &,l|x|| for every non-zero x € X,;

@) Nlfn+182(y) = ¥l < &ns1llyll for every non-zero y € ¥,;

O X, c X1, Y, C Y, U, Xy and |, Y, are dense in U and V, respectively.

We use (0) to start the inductive construction. Suppose that f;, X;, Y;, fori < n,
and g; for i < n, have been constructed. Applying Lemma 6.2.6 twice, we find
8ns Xu+1s fue1 and Y, 1. To guarantee that (5) holds, we may start by choosing
sequences (x,) and (y,) dense in U and V, respectively, and then require first
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that X,,.; contain both x, and g,[Y,] and then that Y,;; contain both y, and
Ju+1[Xn+1]. After that, fix n > 0 and x € X, with ||x]| = 1. Using (4) and (1), we
get || fn+18nfn(X) = fu(ON < Ens1llfu(ON| < €n41(1 + &,), while (3) and (2) yield
1fn+18nSn(%) = et COIl < [ fus 180 fn(x) — x| < (1 + &441)€, Combining,

12 () = fart I < [ fus18na(%) = FuCON + W fre18nfn(X) = fre1 (ONIP

= ‘gf;l(1 +&) +(1+ <9n+1)p‘9;11)- (6.3)

If we agree that (g,),>; was chosen so that

Z (€0, (1 + &) + (1 + £40)e]) < (6.4)

n>0
then (f,,(x))m>n i1s a Cauchy sequence. We define h(x) = lim,s, f,(x) for
x € U, X,. This h is an isometry since it is an &,-isometry for every n.
Consequently, it extends to an isometry U — V, which we do not relabel.
Furthermore, (6.3) and (6.4) imply ||/ (x) — A(0)IIP < X020 1fn(X) = frr1 (OIIP <
&P||x||P for x € X. It remains to see that / is a bijection. To this end, we check
as before that (g,(y)),>m is a Cauchy sequence for every y € Y,,. Once this is
done, we obtain an isometry g: V — U. Conditions (3) and (4) inform us that
gl’l =1y and hg =1y. [m}

Let us denote (the isometric type of) this unique space G, and call it the
p-Gurariy space; when p = 1, we obtain the original Gurariy space, denoted G.
Proposition 6.2.7 establishes that the spaces G, are almost isotropic, in
the sense that given x,y € G, with [|x|| = [lyll = 1 and & > 0, there is a bijective
isometry f of G, such that ||y — f(x)]| < . The next section uncovers some
additional properties that G, shares with all spaces of AUD.

Extension of Operators and Automorphisms

The second lesson we will learn in the forthcoming Section 7.1 is that
extending operators to operators does not mean extending isomorphisms to
isomorphisms. Even so, the first lesson is that extending isometries means
extending operators. Thus, the AUD notion, which is more demanding than
local injectivity or the forthcoming UFO (Definition 7.1.3), imposes severe
restrictions on the extension of both operators and automorphisms.

Proposition 6.2.8 Every p-Banach space U of AUD:

(a) is locally 1*-injective; for p = 1, this means that it is a Lindenstrauss space,

(b) contains an isometric copy of each separable p-Banach space.

(c) Moreover, if p < g < 1 then (U,Y) = 0 for all g-Banach spaces Y; in
particular, U has trivial dual.
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Proof Part (a) is a dirty pushout trick. Assume 7: E — U is contractive and
that U is of almost universal disposition. Look at the diagram
E———1[E]

inclusion

inclusion isometry U

contraction &-isometry

F—— PO

and draw your own conclusions. Part (b) can be derived by iteratively applying
Proposition 6.2.6: let X be a separable p-Banach space, and let (X,,),>; be a
chain of finite-dimensional subspaces whose union is dense in X. Then there
is a sequence f,: X, — U in which f, is a strict 27"-isometry such that
I fu+1lx, — full < 27". The pointwise limit of these operators is an isometry of X
into U. To prove (c), we first prove that, given a normalised x € G, and & > 0,
there are x,,x; € G, such that x = x, + x;/ with |lx}[l, [Ix/|l < (1 + £)2~1/r,
Indeed, consider the isometry u: [x] — G, given by plain inclusion and the
isometry v: [x] — 512, given by v(x) = 271/7(1,1). Let w: 512, — G, be any
s-isometry extending u, and set x, = 27/Pw(1,0) and x = 271/Pw(0, 1). That
done, the proof goes as in the L, case in 1.1.5: if u: G, — Y is an operator
and ||lx|| = 1, then taking & > 0 and x, x,/ € G, as before, we have

1 1-
llexl] < (x4 + Hux/ 1) < (1 + £)2' 797 ful],
Since x and ¢ are arbitrary, ||u|| < 21-9/7| |||, which is only possibleifu = 0. O

Lemma 6.2.9 Let A be a finite-dimensional subspace of a space U of AUD
and let B be finite-dimensional. If g: A — B is an embedding then for each
€ > 0, there is an embedding f: B — U such that f(g(a)) = a foreverya € A
with |fIl < (1 +&)llg™" Il and [If7'] < (1 + &)llgll

Proof We use an even dirtier trick than before. In less than no time, the reader
will realise that one can assume ||g”!|| = 1. To ease notation, we will write
h = g~'. Let us take the pushout with the inclusion g[A] — B as follows:

g[A] ———B

h\L 7 lz

A—2"' < PO

It is clear that 7 is an isometry and ||A~!|| = ||g|| > 1. By Lemma 2.5.2, 7 is an
isometry and % is an embedding with || < 1 and ||(R)~"]| < |IF7"]| = |Ig]l. Now
let w: PO — U be an g-isometry such that wi(a) = a for all a € A. Then
f = wh is an embedding which obviously satisfies fg(a) = a, for all a € A,
and [|f]l < (1 + &). Moreover, ||l < ()~ lllw™"1l < llgli(1 + &). m
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Proposition 6.2.10 Let U and V be separable spaces of AUD. Let A C U
and B C V be finite-dimensional subspaces. If ¢o: A — B is an isomorphism
then, for each € > 0, there is an isomorphism ¢: U — V extending ¢, and
such that ||gll < (1 + &)llpoll and lle™" | < (1 + &)l |l

Proof The result follows from Lemma 6.2.9 and a simple back-and-forth
argument. Let (g,),>0 be a sequence of positive numbers such that [, (1+¢&,) <
1 + &, and write U = |J, U,, where (U,) is an increasing sequence of finite-
dimensional subspaces of U beginning with Uy = A. Moreover, let (V,,) be an
increasing sequence of finite-dimensional subspaces of V such that V = | J, V,,
with Vo = B. Let ¢p: A — B be an isomorphism. By Lemma 6.2.9, let
Y1: Vi — U be an extension of<p5' 2 polUg]l — U, with ||y|| < (1+sl)||1,05'||
and Ile‘lll < (1 + eDllgoll- Then let ¢, : ¥ [V1] + U, — V be an extension of
Y7 Vil — V such that ||l < (1 + &)l and [lo;'ll < (1 + &)l
provided by Lemma 6.2.9. Continuing in this way, one obtains a pair of
operators ¢,y such that Yo = 1y, = 1y, with ||| < (1 + &)ll¢oll and
il < (1 + &)ligy' Il and @la = @o. i

6.3 Almost Universal Complemented Disposition

The following notion is a kind of almost universal disposition focused only
on 1-complemented subspaces; another possibility, considered in [116], is to
additionally require that the projections be, in some sense, ‘compatible’.

[0] If F is a finite-dimensional p-normed space, E is a 1-complemented
subspace of F and u: E — X is an isometry with 1-complemented
range, then for every € > 0, there is an g-isometry ' — X with (1 + &)-
complemented range extending u.

To properly frame it, we will consider the structure of embedding and
projection as a whole.

Categories of Pairs

We will find it convenient to use the notation u: E === F for pairs u =
(u’, u*y consisting of operators u’: E — F and u*: F — E such that
utu’ = 1g. Thus, u’ is an embedding of E into F and u* is a projection
along u. It is to be understood that the ‘solid’ arrow represents the embedding
part «” and the ‘dotted’ arrow is the projection part u*, so that the space E is
the ‘domain’ of u and F is the ‘codomain’. Our explanation for this musical
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notation is that the reader should think of flat and sharp keys on a piano as
modulations of the same note (in this case, the arrow). The composition of
u: E=—=F andv: F == G is, as one would expect, vou = oPub, uﬁvﬁ)
We measure the ‘size’ of a pair by taking ||lu|| = max (Ilubll, IIu”II). Note that
llull > 1 (unless E = 0) and that |ju|| < 1 + & implies that «’ is an e-isometry.
If lull| = 1 (or u = 0), we say that u is contractive. Finally, we declare

p-normed spaces and both u” and u* are rational maps. Clearly, the allowable
pairs form a countable category.

Definition 6.3.1 A p-normed space X is said to be of almost universal
complemented disposition (AUCD) if, for all contractive pairs u: E ===

£ > 0, there exists a pair w: F === X suchthatu =wovand|w|| <1+e.

The situation is illustrated by the following diagram in which both the solid
arrows (embeddings) and the dotted arrows (projections) commute:

(6.5)

trivial dual are excluded from Definition 6.3.1 and do not have property [O].

Amalgamating Pairs

We now establish that pairs have the amalgamation property.

Moreover,

e ifu and v are contractive then so are u and v;
e ifu is contractive and |V’|| < 1 then u is contractive and IIEﬁII < V¥
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e ifu and v are allowable pairs then u and v can be taken to be allowable.

Proof The proof is based on the isometric properties of the pushout construc-
tion presented in Section 2.5. We start with «” and v’ so that H = PO is their
pushout space and obtain the commutative diagram

E—“ . F (6.6)

va lvb
—h
G——X -~ PO

The projection w* is provided by the universal property of the pushout applied
to the operators 1, Vb

u’
—_—=F
b

e
0.

while 7 is obtained from 1 r and u’vt. We have (see Lemma 2.5.2) that
@'l 171l < 1,

) < V1] e,
11 <l 11,

[ ]

o W@’ = 1g, thatis, i = (', i) is a pair,
o VI = u"vﬂ,

o VY = 17, thatis, v = (Vb,ﬁﬁ) is a pair,
o T = vub.

It only remains to check that the projections commute, that is, Wt = Vit
This follows from the uniqueness part of the universal property of the pushout
construction: since ufu’ = v’ (they are the identity on E), there must be a
unique operator y: PO — E making the following diagram commute:

b

: F

—_—
b

ﬁb
—_—

o
PO

Q<=—m
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Since both 17 and v/&i* can be chosen for v, they agree. This also proves the
first two ‘moreover’ statements. To prove the third one, just use the allowable
version of the pushout that appears in Lemma 6.2.2. O

Correction and Approximation

Before putting Fraissé to work, let us state and prove three useful correction
and approximation techniques that greatly simplify the manipulation of pairs.
Before even that, we make the simple observation that every isomorphism
f: X — Y can be understood as part of a pair (f, f~'): X=—=Y.

Lemma 6.3.3 Let E be a finite-dimensional subspace that is complemented
by a projection P in a p-Banach space X, and let ey, ..., e, be a normalised
basis of E. For every & > 0, there is § > 0, depending on &, ||P|| and the chosen
basis, such that if x; € X satisfy |le; — xi|| < 6 for 1 <i < k then the linear map
f: X — X given by

xi ifx=eforl <i<k
fx) = ,
x ifxekerP

satisfies || f — 1x|| < .

Proof Take K so large that (3, |4,17)"? < K||3; die;l. Pick x € X and write
x =y+zwithy = Pxand then y = }; A;e;. Then, since z € ker P, one has

Z Ai(x; — e)

Hence ¢ = ¢/(K]||P||) suffices. |

1/p
Ifx—=xl=1fy-yll= < 6(2 I/lil”) < oKyl < 6K||PI|||xll-

In particular, f is an automorphism. The hypothesis that E is complemented
is necessary: in a rigid space (where the only endomorphisms are the scalar
multiples of the identity), such an f cannot exist.

Lemma 6.3.4 [fu: E=—=F isa pair with ||u]| < 1 + € then there is a
p-norm | - | on F such that, for all f € F, one has
A+ IIfl < 1F1 < A+ 6.7)

and u becomes contractive when the original p-norm of F is replaced by | - |.

Proof The hypotheses imply that ” is an e-isometry. The unit ball of the new
p-norm of F has to be the p-convex hull of the set

WL[BelU (1 + &) 'Bp.
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We thus define [f] = inf {(I|lx]l? + (1 + &)?llgll?)"/": f = u’(x)+ g.x € E,g € F}
and check that everything works with this p-norm. First, taking x = 0 and
g = f, we have |f] < (1 + &)||f]|. The other inequality of (6.7) is as follows: if
f =ul(x) + g, then |f] > (1 + &) !||f|| since

" xlIP + 1f = u’x]|P o AP

14 PllollP = 1 Pl £—1° |IP
Il+(1+)7lgll” = I+ (L) llf = sl > =B > o

Let us compute the ‘new’ quasinorms of u” and uf. Given x € E, one has
lu’x|? < |Ix||P, so the quasinorm of W’ is at most 1. Actually, it is clear that
|u’x| = ||x|| for all x € E. Indeed, we have

W x? = inf {Iyll” + (1 + &) gl : w'x = u’ () + g,y € E, g € F
= inf (M7 + (1 + )l (x = I y € E)
> inf {Ilyll" + llx =yl : y € E}
= |1xli”.

Finally, we check that |uf| = sup ;. llu* f1| = sup s [l fIl < 1 If|f] < 1, we
can write f = u’(x) + g, with ||x]|” + (1 + &)”||g||” < 1. Hence

I £l = e x + @Il = Ilx + gl

1/p
< (Il” + lgli”) ™ < AIxll” + (1 + &)PlIgh™)' P < 1. O

The following is a version of Lemma 6.2.4 for pairs.

Proof Assume that ¢ is rational. Let (e;)1<;<, be the unit basis of E = K", and
let (fj)1<j<m be a basis of ker u?. Then {u’(e,),...,u"(e,), fi, ..., fn} is a basis
of F.Let g: F — K" be the induced isomorphism. Take a rational p-norm
|- ]o on K" such that (1 + £)~!|y|| < |g(lo < (1 +&)|lyl| for every y € F. Now
consider the pair uy = (g, g’l) o u. Then uj is rational (we have ug(x) = (x,0)

anew p-norm on K"*" by the formula

1
ol = inf (117 + (1 + £71lg) " v = w0+ 2w € K7,z e K
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This p-norm has to be allowed on K" (by the last condition of the list),
satisfies the estimate (1 + &)™/ ]p < |-| < (1 + &)| - |p and makes u into a
contractive pair (see the proof of Lemma 6.3.4) which is therefore allowable.
Hence, if Fy is K"*" equipped with | - | then for every y € F, we have

(1+ &)yl < 1l < (A + & Iyll. m

A Space of Almost Universal Complemented Disposition

The allowable pairs form a countable category that admits amalgamations
(Lemma 6.3.2) and has an initial object. It follows from Proposition 6.1.1 that
there exists a Fraissé sequence

Uy = Uy =—> T U, == R U, ==
Define the p-Kadec space K,, to be the direct limit of the inductive system
formed by the (u,t;):
u'; W
Ui U, e Uy —— Uy

Theorem 6.3.6 K, is a space of almost universal complemented disposition.

v: E === F be contractive pairs, where F is a finite-dimensional p-normed
space, and let 0 < & < 1. We recommend that the reader work out the case in
which both u and v are allowable pairs, using amalgamation and the properties
of Fraissé sequences. In the general case, we first push u into some U, even
if this spoils the isometric character of the embedding and the projection is no
longer contractive. To this end, note that since the union of the subspaces U, is
dense in K, a straighforward application of Lemma 6.3.3 provides an integer
n and an automorphism f of K, such that f[ub[E]] c U, with ||[f =1k, Il < &
and max (||f||, ||f‘1||) < 1 + &. After dividing f by ||f|| and multiplying f~! by
lf]l, we may assume that ||f]| = 1 and ||f~!|| < (1 +&)%. Then (f, f ') o u is

the sense that (f, 'Y o u = 1,, o u,, where u,: E === U, is defined as
ui = zﬁfub, ui = uﬂf’lll,’l.

Indeed uﬁ is a projection along ug since uﬁui = uf f‘lz,b,zﬁ fu’ = 1z. Now we

work with this u, and return to u at the end of the proof. Let us amalgamate u,
and v in the pushout diagram
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Note that since IIugII < 1, the lower pair v = (\7b,\7ﬁ) is contractive. Then
we apply Lemma 6.3.5 to v to obtain an allowed space F( together with an
s-isometry g: PO — Fj such that vy = (g,g"') o v is an allowable pair.
Finally, as the sequence (u,),> is Fraissé, there is m > n and an allowable pair
wo: Fo <=3 U, such that wyoVy is the bonding pair U, <> U,, , so we
have the following commutative diagram of pairs:

bonding pair

In particular, we have wy o (g, g‘l) ouov =u;, = (f, f‘l) o u, and letting
w = (f_l,f) owg o (g,g‘l) o u., we are done, since w o v = y and

Iwll < 1IKF Al lwoll IKg, g DI Izl < (1 +&)° < 1+ 7e. o

Further Properties of K,

Next we study isometric properties of K,: universality and uniqueness. There
is a key fact that allows us to recover ‘approximate pairs’ (pairs of operators
fT: X — Yand f*: Y — X whose composition is close to the identity of X)
as a composition of the arrows of two pairs with a common, ad hoc codomain.

Lemma 6.3.7 Let f': X — U and f*: U — X be contractive operators
such that ||f¥fT — 1xl| < &. There are contractive pairs a: X === X EEJfT U

and B: U=—=X EEI; U such that fT = g*a’, f¥ = o*B" and |la® - B fT|| < &.

The relevant diagram is
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Xr
7l g of

Proof We know from the proof of Lemma 6.2.5 that ||(x,0)|| = ||x|| and
[1(0, || = |lyll for every x € X and every y € U. Thus, letting o’ (x) = (x,0) and
B’ () = (0,y), we see that [|a” — " fT|| < &. As for the projections, we are forced
to define a*(x,y) = x + f¥(y) and B(x, y) = y + f(x). It is then clear that

e’ = 1y, ,Bﬁ,Bb =1y, fJr =,8ﬁab, f: = a/ﬁﬂb.

To see that o and 8* are contractive, pick (x, y) € X B jf U and assume

(x,y) = (x0 + X2, 31 — fT22) = (%0, 0) + (0, y1) + (x2, —f T (x2)).
‘We then have
llefCe, Il = llxo + x2 + £5 1) = FE TNl < (xoll? + i ll” + &P llxa 1)
118 e I = 11£7 (x0) + yall < (lxoll” + [lyr )7 < (Ulxoll” + [y 17 + &7 llcall?)' 7

and, since [|(x, ¥)|| is the infimum of the numbers that might appear in the right-
hand side, we have ||a®|, ||,8ﬁ|| <1 O

Universality

A skeleton in a quasi-Banach space X is an increasing chain (X,,),>; of finite-
dimensional subspaces of X whose union is dense in X and such that each X,
is 1-complemented in X,,,;. Those inclusions and projections can be arranged

space has a skeleton if and only if it is the direct limit of a sequence of
contractive pairs, and ‘skeleton’ is just a transcription of 1-FDD: if (¥,),>; is a
1-FDD of X then defining X,, = Y; +- - - + ¥,,, we obtain a skeleton; conversely,
if (X,,)n>1 is a skeleton then fixing contractive projections 7, : X,+; — X,, and
letting Y, = X; and Y4, = kerm,, we get a 1-FDD.

Proposition 6.3.8 Every p-Banach space with a skeleton is isometric to a
1-complemented subspace of K,.

Proof Let (X,),>1 be a skeleton of X. For each integer n > 1, we denote
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X,+1 and fﬁ: X1 — X, is a fixed contractive projection. Considering the
spaces U, as subspaces of K,, we shall construct an increasing sequence of
integers (k(n)),>o and a system of contractive operators f,f : Xy — U and
ff : Ugny — X, such that

(D) WA= 1x 0l < 277,
@) Ifylx, = £l <27,
) IfE vy = il <27,

Since ), 27" < oo, the pointwise limits of the sequences ( fnT ) and ( f,f ) provide

sequence is constructed by induction. We can assume X; = 0 so that flT =0and
fli = 0. Now suppose that f,j : Xp — Uy and f,f : Uky — X, have already
been constructed and let us see how to get k(n+ 1) and the maps f,jﬂ X1 —
Uin+1) and ffﬂ : Ukney — Xn+1. We suggest that the reader fetch a pencil
and some paper for a bit of scribbling.

&
X, = Xt
1 Vi r
Uk(n) e rerreranettttateananetettetannteeteaeaentttetetranttettesanatre Uk(n+l)

bonding pair

Sete = || ff f,j —1x,|| < 27" and reserve a small § > O of room. The precise
value of ¢ will be specified later.

o First, we apply Lemma 6.3.7 to £ and f. By doing so, we obtain the
space W and the left triangle in the preceding diagram. Note that a = (o, a*)
and 8 = (8, %) are contractive pairs such that

B'f —all<e,  fi=pla’,  fi=ap.
e Then, we amalgamate &, and @ using Lemma 6.3.2, which yields the upper
commutative trapezoid.

e Next, we apply Lemma 6.3.5 to the composition En o B (which is a
contractive pair), thus obtaining a surjective J-isometry g: PO — A in such a
way that the composition (g, g~!) o £, o 8 turns out to be an allowable pair.
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o Since the sequence of pairs (u,) is Fraissé, there must be some k(n + 1) >

the bonding pair Uyg,y =77 Uggus1y -

e Now, look at the pair f = u o {g,g~') o @. Note that f need not be
contractive, as we only have the bound ||f]| < |{g, g )| < 1+ 6.

One has:
@ fif=1x,,

) If'lx, = £ill < (1 + e,
©) filu, = &t

o —b
The first identity is trivial. As for (5), note that f’|x = u” g&, ’, hence

. — — ; .
11, = £l = e’ g&, 0" = u’ &, 8" £l < lIglB’ £} — &Il < (1 + O)e.
———
inclusion
To check (6), observe that the inclusion of Uy, into Uyg+1y can be written as

—b _ . b
u’ gfn,Bb. Besides, f* = a g 'ut, so, recalling that a &, = & oF, we have
—y —b _y=b
Plo =@ g g&, B =TE,B = £, = &,

) 5 p
As a final touch to render the maps contractive, set f; = 1fTs and f:+ | = lfTi'

Then f*, f | = (1+6)?1x,,,. Hence, using (4) for small 6, we get

1 1
ioet J—
||f;,+1 n+l 1Xn+l|| <Il- (a+ 5)2 < on+l”

And also for ¢ sufficiently small, we get from (5) and (6) that

||f,j+1|xn - flr < ||f,j+l — 1PN, = £TIP < 67 + (1 + 6)Pel < 27",
I, = el =1rE, - fll <o <2 _

To deduce now that K, is complementably universal for the spaces with
the BAP, we need only firmly grab the trolley of Proposition 6.3.8 and push
it resolutely towards Lemma 2.2.20’s Platform 9 & 3/4: that we can freely
assume that the space Y has a 1-FDD, and actually a skeleton, instead of a
mere BAP. Do it without hesitation:

Corollary 6.3.9 Every separable p-Banach space with the BAP is isomorphic
to a complemented subspace of K,.

It is difficult to imagine a space peskier than K,,. Indeed, the following spaces
are all isomorphic to K,:
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e Products K, X X, when X is a separable p-Banach space with the BAP.

e Spaces of K,-valued sequences X(K,), when X is a p-Banach sequence
space — in particular, this includes ¢,(K,) for p < g < co and co(K)).

e The p-convex envelope of K, for 0 < g < p (see Corollary 6.3.12) and the
space C(A, Kp).

In contrast, if 0 < p < 1, the space K, ®, L, is of almost universal
complemented disposition and not isomorphic to K,,. This assertion will later
on be complemented by Propositions 6.3.13 and 10.7.2.

Uniqueness

We now address the uniqueness of K,. The peak result here is Proposition
6.3.11, the I-complemented companion of Proposition 6.2.7. We are pleased
to make the reader aware that the skeleton assumption is quite natural: it
corresponds, in the category of contractive pairs, to standard separability in
pB. The route to the proof is now based on a stability result that is interesting
in its own right:

Proposition 6.3.10 Let E be a finite-dimensional p-Banach and € > 0. Let
X be a p-Banach space with a skeleton and that satisfies [O]. If f1: E — X
and f*: X —s E are contractive operators such that ||f*fT — 1g|| < & then
there is an isometry f’: E —s X with 1-complemented range and such that

Iff =7l <e.

Proof We fix a skeleton (X,,) of X, and we denote the corresponding pairs of
operators by &,: X, === X and &4 : X, == Xi. We also fix a sequence
(€n)ns0 Of positive numbers with &, < & such that ||[f*f7 — 1z|| < & and
Sns0 £ < &P. Note that we must first choose &1 and then the other &,. Using
a small perturbation of the identity of X, we can obtain n(0) and contractive
operators foT : E— X, and f(): : Xn0) — E such that

Iff = fill<eo  and  lIfyf] - 1gl < &1

Applying Lemma 6.3.7 to fg , fg and g, we obtain the diagram
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in which @ and 8 are contractive pairs and
fi=Fa fy=d. Nl =p Ll <en

Since X has property [0], after normalising a suitable almost-isometry W —
X and the corresponding projection, we obtain n(1) > n(0) and contractive
operators y' : W — X1y and y*: X1y — W satisfying

Iy —wll<ex  and Y8 =&, 00l < &2
Letting £, = y'a” and f; = oy, we have ||f; f; - 1¢]l < &> and

T gt b b p bt _ ft
Iff = £ = 1te? =y B+ B 1 = P
<lle” =B 5117 + 7' B = Eopmiy I’
<&l +él.

Continuing in this way, we obtain an increasing sequence (n(k))>o and
contractive operators fk E — X, and fk Xnwy — E satisfying

o IfFf] =16l < g,

o 1 - A< (e, +el)

The second estimate implies that ( flj ) is a Cauchy sequence in £(E, X) since

m—1 1/p m—1 1/p
P gt P et
TS AT DY T fkﬂ-n] <D Eian + |-
i=0

i=0

The first estimate then implies that the double sequence ( fk]IE £ )k.n converges
to the identity of E in the sense that for every 6 > O there is m such that
IIfkifnT — 1g|| < 6 whenever k,n > m. Define fb: E — X as the pointwise
limit of the sequence ( fkT )x. To obtain a suitable projection along f°, we can
use the local compactness of E: pick a non-trivial ultrafilter U on N and set
fix) = limy f,f(x) for x € | J; X, and extend by continuity to all of X. It is
clear that f” and f* are contractive. Finally, given y € E, we have

ey —hm (fy)—hmf*(hmfk )—11m(11mf fk )_llicglf,ff,fy=y-

U(n)
This shows that f is an isometry whose range is 1-complemented in X. O

Proposition 6.3.11 Let X,Y be p-Banach spaces with skeletons and that
satisfy [0], let A be a 1-complemented subspace of X and let B be a 1-
complemented subspace of Y. If fo: A — B is a surjective isometry then for
every € > 0, there is a surjective isometry f: X — Y such that ||f|a — foll < &.
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Proof The proof is a typical back-and-forth argument, oiled by Proposition
6.3.10. Fix a sequence of positive real numbers (&,),>0 such that 3, gl < &P
Let (X,) and (Y,,) be chains of finite-dimensional 1-complemented subspaces
of X and Y, respectively, with dense union. Set A} = A + X;. Then f; ! embeds
isometrically B into A;, as a 1-complemented subspace. Since Y has property
[0], for each ¢ > O, there is a 5-isometry fi2: A — Y whose range is (1 +9)-
complemented, extending the inclusion of B. Apply Proposition 6.3.10 to fi,,
with ¢ small enough to obtain an isometry f;: Ay — Y with 1-complemented
range such that ||f1(f0‘1(y)) -yl < &yl for all non-zero y € B. Set B} =
fil[A1]1+ B+ Y| and apply the same argument to obtain an isometry g;: B} —
X with 1-complemented range with ||g;(fi(x)) — x|| < &i1l|x|| for all non-zero
x € A;. Now set A, = g1[B1] + A + X, and let f>: A, — Y be an isometry
with 1-complemented range such that || f2(g;(y)) — yl| < &:l[y|| for all non-zero
y € By, and so on. Continuing in this way, we obtain increasing sequences
(Ap)n>0 and (B;,),»0 of finite-dimensional 1-complemented subspaces of X and
Y, respectively, with dense union, where Ag = A and By = B together with
isometries f,: A, — B, and g,: B, — A, satisfying

D) lgn(fu(x)) — x|l < &,l|x|| for all non-zero x € A,
() [1fn+1(82() = yll < &llyll for all non-zero y € By,

where go = fy !. The situation is illustrated in the following (‘almost
commutative’) diagram

A A] A2
N AN 7
Lfo Pl N 7 N2 s
/ AN s AN s
8o N y 81 N . 82
B B B

We define an operator f: X — Y as follows: if x € Ay, set f(x) = lim,;5 f,,(x).
The definition makes sense because (f,,(x)),>« is a Cauchy sequence. Indeed,
for x € A,,, we have

/a1 () = SO < M fue1 () = fre1 @n (S CONI” + 11 fri1 (80 (fu(3))) = SO

<M fostlPllx = gn(fCDI” + Rl fu Ol
< 2épIxll”.

Since 3,50 &} is finite, we see that f is well defined on |, A,, and so it extends
to a contractive operator on X which we also call f. Besides, for x normalised
in A = Ap, we have

L/p I/p
||f(x)—f0(x)||S[lefn+1(x)—fn(x)|lp] s[Zzsﬁ] <2,

n>0 n>0
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Proceeding analogously with the sequence (g,), we obtain a contractive
operator g: ¥ — X given by g(y) = lim,» g,(y) for y € By. It follows from
(1) and (2) that gf = 15 and fg = 1y. O

Now that Proposition 6.3.11 is complete, let us stop and smell the roses it
has brought to blossom. One result with a fine scent is that any p-Banach space
with a skeleton and property [O] is isometric to K, and, therefore, of almost
universal complemented disposition. (Intrigued by the role of the skeleton?
Please move to the next section.) Another fragrant one is:

Corollary 6.3.12 If0 < p < g < 1 then the g-Banach envelope of K,, is K,.

Proof We only sketch the proof. Fix 0 < p < g < 1. The key point is

between finite-dimensional g-normed spaces that arise from the g-Banach
envelopes of the allowable pairs of p-Banach spaces, the class of which we
will momentarily call %, we obtain a Fraissé class %, since the amalgamation
property is inherited from . These pairs are ‘dense’ among the contractive
pairs of finite-dimensional g-normed spaces because each g-norm is also a
p-norm. Moreover, if U' === U? == ... is the Fraissé sequence used to
define K, it is clear that the g-Banach envelope of K, arises from the sequence

1
Uy =7

A(,)- Therefore, its limit is isometric to K. O

U(Zq) === ..., which is easily seen to be a Fraissé sequence for

The Banach space Ky is almost isotropic too. This follows from Proposition
6.3.11 and the fact that all lines are 1-complemented. It is not isotropic (almost
isotropic with € = 0) since the unit sphere of K; contains points where the
norm is smooth and points where it is not (think of an isometric copy of, say
£2), while a surjective isometry should preserve each class. In sharp contrast,
there is no equivalent p-norm rendering K, almost isotropic when p < 1: if
X is almost isotropic and isomorphic to K, then the functional |x| = |x]| +
SUP|j <1 1X*(x)] is another p-norm which must be preserved by every isometry
of the original p-norm of X. It quickly follows (see the complete argument in
[57, Theorem 3.3]) that | - | = 2|| - ||. Thus, |[x]| = supj,-<; Ix*(x)| and X would
be locally convex, which is not the case.

Other Spaces of Kadec Type

Let us examine now what occurs when dropping the skeleton assumption:
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Proposition 6.3.13 Every separable p-Banach space is isometric to a 1-com-
plemented subspace of a separable p-Banach space with property [O].

The proof is based on a slight weakening of our notion of pair introduced in
Section 6.3.

Definition 6.3.14 A A-pair u = (u”, u*) consists of two contractive operators
W: E— Fandut: F — E such that ufu’ = Alg, where 1 > 0. A e-pairisa
A-pair for some unspecified A.

Thus, 1-pairs are the former contractive pairs. Note that if u = (", u¥) is a
A-pair then (u”, A" u*y is a pair which is not contractive in general and u’ is a
contractive g-isometry, where € = AL = 1. Also, ifu = (ub, uﬂ) is a pair then
the normalisation (u”/|[u’|], u*/||u¥|l) is a A-pair, where 1 = (|lu”]l[lu*])~". We

conventions of Section 6.3. If u: F === F isaAd-pairandv: F === G is
a p-pair, then vou = (V'u®, uh¥) is a Au-pair. The distance between two e-pairs
u, v between the same spaces is defined as ||ju — v|| = max (||u" =, ||u11 - vﬁ||).

Lemma 6.3.15 Let X be a p-Banach space and I an index set. For eachi € I,
let uj: E; =w==F; be a 1-pair and v;: E; <= X a A;-pair. Then there is

is commutative. Moreover, if I is finite and each F; is finite-dimensional then
X’/cfb [X] is finite-dimensional.

Proof This is a combination of the Device technique and Lemma 6.3.2.
Consider the 1-pair IT: £,(I, E;) === ,(I, F;) given by II" = [],u’,TT* =
I1; uf and the operator X = EB,' v'i’ : £,(1, E;) — X and form the pushout

b

Oy, Ey) = LI, F)

oL
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where TT* arises from the universal property of PO applied to the pair of
operators (1x, XIT¥). This provides the 1-pair £&. As for the e-pairs v; we first
define V‘bj as the restriction of £ to F ;. To get Vﬁ., just consider the pair of
operators A;x;: £,(I,F;) — F; and ug.vﬁ.: X — F;, where 7; sends (x;)ies
to x;. Note that utj’.vﬁZ = A;n;I1°, as both send (y,)ies to A, O

Proof of Proposition 6.3.13 Let U be the set of allowable pairs of p-normed
spaces, and let (a,),>1 be an enumeration of A, where a; = 1x. We are going
to construct a chain of contractive pairs

4 :

X, == Xy = X; == . (6.8)
& &

together with a sequence of sets of e-pairs (D"),»| and enumerations (i} )i>1 in
such a way that

(1) X; =Xand X,Hl/ff;[Xn] is finite-dimensional;

(3) D" has the following density property: for every e-pair v : E === X,
with allowed domain and each & > 0 there is u € D" such that |’ — || < &
and |vh” — ufu?|| < & (note that we don’t care about ||V — uf]);

(4) D" c D" in the sense that if u € D" then &, o u € D™

(5) ifae U, and u € e, D’;n is a A-pair with the same domain then there
is a commutative diagram

where u is a A-pair, A, = {ay, ..., a,} and similarly with D’;n.

For the initial step, we set X; = X and choose D! as in (3). This can
be done because each L(FE,X) is separable and there are countably many
allowed spaces. Condition (5) is automatic because of our choice of a;. For
the inductive step, assume that one has constructed X, ..., X, together with
D',...,D" and the corresponding enumerations that satisfy (1)—(5). Then we
apply the preceding lemma to the 1-pairs of U, and the e-pairs in | J;<, D’;n
that have the same domain, and we set X,.; = X, and & = &. Note that
Xpt1 /fﬁ’l [X,] is finite-dimensional. Finally, we choose a countable set of e-pairs
D™! ‘containing’ every e-pair of the form &, o v for v € D" and satisfying
(3), and we enumerate it. Let O(X) be the direct limit of the system (6.8).
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Let us verify that O(X) has property [0]. Assume E is 1-complemented in
a finite-dimensional space F and that u”: E — O(X) is an isometry with
1-complemented range. We consider 1-pairs v: E === F and u: E ===
in which v’ is the inclusion of E into F, v is a contractive projection onto E
and u* is a contractive projection along u’. Fix & > 0. Furthermore, &1, &, &3
will appear in the course of the proof, and the only thing that we care about
is that g,,; — 0 as g, — 0. Pick 6 > 0. First, we use Lemma 6.3.3 to
obtain a small automorphism f of O(X) and n such thatfu’[E] c X,. Let
u; be the normalisation of fub, ut £~1y. This can be done in such a way that
IIf = Lol < 15 I£1 ILF~'l < 1+ &p; and ||lu; — ul| < £;. We can assume that
E = K* with some p-norm || - ||. Let || - ||o be a small allowed perturbation of the
p-norm of E, and let Ey = (E, || - |lp). Let u, be the normalisation of the formal
identity (1,1): E =<—> Ey , and let

be provided by Lemma 6.3.2. As v is a 1-pair with allowed domain, we can
immediately activate Lemma 6.2.4 to get an almost isometry g: H — F such
that vy = (g,g7 "y ov: Eg === F, is allowable. This can be done in such a

way that (a) max ([lubul — LIl 75 — 1gll) < &: (b) llgl llg™" | < 1+ &, and

be the normalisation of u; with respect to the p-norm of Ey. This is clearly a
A-pair, with 1 — A < g3, provided &; and &, are sufficiently small. By (3), we
can find a y-pair uy € D" such that [lu}) — u5|| < &3, still with 1 - < &3. By (5),
there is m > n and a u-pair u4, making the following diagram commute:

A Yo A
i g |
: bonding pair :

Let us consider the operator U = ﬁZgﬁg: F — X,,. It should be obvious that
if €1, &, €3 are sufficiently small,

o |Ulg—u: E— o(X)|| <6
o [[Ull<1+0;
o if P=ulg" '@, then PU = 1y, with |y — 1] < 5 and ||P|| < 1 + 6.
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We now write F = E @ kerv* in order to then set U(x, y) = u’(x) + U(y), a true
extension of u”. If § is sufficiently small, then ||U — Ul < eand ||PU - 14| < &.
To obtain a small norm projection of D(X) along U, we use:

6.3.16 Correcting a defective pair Let F and Y be p-Banach spaces. Let
fTi F — Yand f*: Y — F be operators satisfying || f* f — 1¢|| < &, where
€ < 1. There is an automorphism a of F such that

o lla—1pll < (1 -7,

o llall < (1 -,
o lla'll <1 +enr,

o affft =1.
The proof is straightforward: set a = Y,.0(1r — f¥f7)* and check the
required properties. O

The inexorable conclusion is that when X doesn’t have the BAP, the
space O(X) cannot be isomorphic to K, since it cannot have the BAP either.
Therefore:

6.3.17 For every p € (0, 1], there exist non-isomorphic separable p-Banach
spaces with property [O].

It is clear that if X has a skeleton then so does O(X), and Proposition 6.3.13
provides an alternative construction of K, and a new proof of Proposition
6.3.8. On the other hand, it is clear that the only reason O(X) could fail the
BAP (or any other approximation property) is because X already lacks it: X is
1-complemented in O(X) and O(X)/X has a 1-FDD.

6.4 A Universal Operator on G,

Finding operators on a given quasi-Banach space can be a difficult task. Or an
impossible one, since rigid spaces exist. The space G, is not rigid: Propositions
6.2.7 and 6.2.10 say that it has plenty of automorphisms. Our aim is to
construct a contraction u € £(G,) with keru = G, and satisfying the following
condition:

(©) For every separable p-Banach space X and every contractive operator
s: X — G, there exists an isometry e: X — G, such that s = ue.

This will show that G, has non-trivial projections since, taking as s the
identity of G, one obtains an isometric embedding e: G, — G, and eu is a
projection on G, with kernel and range isometric to G,,. To get the announced
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construction, we will fix a separable p-Banach space H and develop some
abstract nonsense. Piece by piece, everything will make sense. We start by
defining a special category H whose objects are contractive operators from
finite-dimensional p-Banach spaces into H; a morphism from e: E — H to
f: F — His anisometry i: E — F such thate = f1:

E \
L H
F /
Although this category is conceptually more complex than those used in the

preceding sections, our treatment, based on purely formal properties, is similar.
Our nonsense training begins with:

Lemma 6.4.1 The category H admits amalgamations.

What does this mean? It means that when one has three objects e: £ —
H,f: F— H,g: G — H in H and morphisms 1: e — f, j: e — g, there
is another object #: H — H and morphisms ¢': g — h, j': f — h such that
J o1 =10 j. The point is, we do know that the lemma is true and sow to prove
it: just stare at the commutative diagram

(6.9)

and set H = PO, the pushout of 7 and j. Great. We also need an ‘H-version’ of
Lemma 6.2.5:

Lemma 6.4.2 Let f: X — Y be an g-isometry between finite-dimensional
p-Banach spaces, and let r: X — M and s: Y — H be contractive
operators such that ||sf — r|| < €. Let 1 and j be the inclusions of X and Y,
respectively, into X H }f Y. The operator r& s: X EEI; Y — H is contractive,
and (r®s)i=r, (r®s) j=s. Inparticular,1: r — (r®s)and j: s — (r®s)
are morphisms in H.
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Proof Fix (x,y) € X® Y and assume x = xy + X, y = y1 — f(x2). Then

(r @ ), WP = [Ir(x0) + r(x2) + 51 = s(FEDIP < lIxolly + [yl + P llxllk

As ||(x, »)|I? is the infimum of all expressions that can arise as the right-hand
side of the preceding inequality, we see that ||(r & s)(x, y)|I” < ||(x, Y|P O

To return to Fraissé’s world, we need a countable ‘dense’ subcategory of H
having amalgamations. Let D be a dense, countable, linearly independent sub-
set of H and let Hj, denote the dense subspace of all finite linear combinations
of elements of D with rational coefficients. We define a subcategory Hy of H
as follows:

e The objects of Hy are contractive operators e: E — H whose domain is
allowed and that send the rational vectors of E into H,.

e Given objects e: E — H and f: F — H in Hy, an Hy-morphism: e —
f is an H-morphism whose underlying isometry is allowable.

Lemma 6.4.3 H, has amalgamations.
Proof (Proof of) Lemma 6.2.2 + Diagram 6.9. O

Proposition 6.1.1 says that Hy has a Fraissé sequence

W o—s oy — (6.10)

Since each u,: U, — H is an object of Hy and the arrows 1, are morphisms
in Hy, what one actually has is a commutative diagram

Ulé-Uz#“- U, —2 ... 6.11)

having the following property:

(1) Given a finite-dimensional p-Banach space V, an isometry e: U, — V
and a contractive operator v: V — H such that ve = u,, for each € > 0,
there exist m > n and an g-isometry e’: V — U,, such that [|e’e — 1, || <
g and |lu,e’ — vl| < &, where 1m) = -1+ - 1.

Of course, all this comes preloaded in the definition of a Fraissé sequence
when v and e are in Hy, even with & = 0. In the general case, we first apply
Lemma 6.2.4 to e, thus obtaining an allowable ey: U, — V| and a surjective
g-isometry g: V —> Vj such that ey = ge. Although u,, = vg~'eg, which is Ok,
we cannot apply the preceding case to vg~' because we do not know that vg~!
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is contractive or that it takes rational vectors to Hpy. It is clear, however, that
there is vo: Vo — H in Hy such that |vg — vg™!|| < &

The dashed part of the diagram is there to remind us that it is merely almost
commutative. Construct the space U, Hj Vo, equipped with the direct sum
operator u, ® vy, and activate Lemmas 6.2.5 and 6.4.2: if we denote the
inclusions of U, and Vj into U, B Vo by ¢ and j, we have ||jeo — 1| < &
by Lemma 6.2.5, and since |[voep — u,|| < &, we conclude that i: u,, — u, ®vg
and j: vop — u, ® v are H-morphisms. But u, @ vy maps the rational vectors
of U, EE§0 Vo to Hp, and ¢: U, — U, | Vy is allowable, by (f). It follows that
11 u, — u, ®vy is actually in Hy. Since (6.10) is Fraissé for Hy, there ism > n
and k: u, ®vo — uy, such that ko1 = 1, ), the bonding morphism u,, — u,,.
Let us ignore V for a moment and depict the situation in the diagram

Ln,m)

It is now clear that the required map is e’ = kjg:

e ¢’ is an g-isometry since g is and J, k are isometries.

o |le'e = iumll = llkjge — 1mll = lkjeo — tnmll = llkjeo — ki + ki — 1 m)ll < &.

o As|vo—vg7!|| < & we have |[v—vogll < ellgll < e(1+¢). But ume’ = unkjg =
Vog, SO |lune’ —v|| < 2e.

Consider the directed system of p-Banach spaces U N ! =, Y, — .-
underlying the sequence (6.11). Set U = h_r)n U, and let u: U — H be the
direct limit of the operators u,. The main properties of these objects can be
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summarised as follows: we know now that U contains an isometric copy of X
as long as X is separable and £(X, H) # 0, and will know soon (Theorem 6.4.5)
that U is isometric to G,. In the meantime:

Proposition 6.4.4 For every separable p-Banach space X and every con-
tractive operator s: X — H, there exists an isometry e: X — U such that
s = ue. In particular, u is surjective and right-invertible.

Proof We identify each U,, with its image in U so that u, = u|y, and all the
bonding maps are plain inclusions. Fix an operator s: X — H with ||s]| < 1.
Let (X,).>1 be an increasing sequence of finite-dimensional subspaces whose
union is dense in X, with X; = 0. Set 5, = slx, and &, = 2-"P 'We shall
inductively construct an increasing sequence k: N — N and contractive
gy-isometries e,: X, —> Uy satisfying [lugmen — sall < &, and also
lensilx, — eall < (sh + &, )"/P. This clearly implies that the sequence (e,)
converges pointwise to an isometry e: X — U such that s = ue. We set
k(1) = 1 and e; = 0. Having defined e, : X, — Uk With [|s, — ugmyenll < &,
we may apply Lemma 6.4.2 with f = e, to get the commutative diagram

Uk (n)

1

Xn EE’Z Uk(n)

1
Sn

X

Sn®uti(n)

which shows that ¢ is a H-morphism from s, to s, ® u,. On the other hand,
the inclusion of X, into X,;;, which we momentarily denote by ¢&, is clearly
an H-morphism from s, to s,.;, and amalgamating : and &, we arrive at the
diagram

Ukn)

Uk(n)
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Here, W is a finite-dimensional p-normed space and |jw|| < 1. Applying ()
to the isometry &'y, we find k(n + 1) > k(n) and obtain a contractive &,4-
isometry ¢’: W — U, ., such that

n+1
lugnsrye’ —wll < €as1 and €€ ) = 1kl < Ensi- (6.12)
Setting e,+1 = €'t': Xyy1 — W — Ugu+1), We complete the induction step.
Indeed, e, is a contractive g,-isometry. Moreover,
ltrnsvyenst = Snvtll = ltruin&’t = wr'll < llipenye” — wil < €ps1,
since s,4+1 = wt’, while
len—entilx, P = llea—€' VE" = lle,—€'&1llP < |ley — '€ jeu|l” +1le’E (1 = jen)l|”.
(%) (k%)

We have (%) = |[1mktr1)yen — €€ jeull < 11€'E J = tamumepll £ Ens1 by (6.12)
and (xx) < ||t — je,|| < &, by Lemma 6.2.5. This completes the induction step
and the proof. O

Taking s = 1y, we see that u is surjective and right-invertible. Thus, we have
a split exact sequence 0 — keru — U 5 H— 0.

Theorem 6.4.5 Whatever the space H could be, ker u is isometric to G, and
so U is isomorphic to G, x H. If, additionally, H is a locally 1*-injective
p-Banach space then also U is isometric to G, and, therefore, G, is isomorphic
to G, x H.

Proof To prove that ker u is isometric to G, we first check that the operator
u: U — M has the following additional property:

(%) If E is a subspace of a finite-dimensional p-Banach space F, g: F — H
is contractive and e: E — U is an isometry such that ue = g|g then for
each ¢ > 0, there is a 6-isometry f: F — U satisfying ||f]|g — e|| < ¢ and
lluf —gll < 6.

Indeed, after taking a small perturbation, we may assume thate: E — U,
is an e-isometry with |lue — g|g|| < €. Apply Lemma 6.4.2 to e: E — U,,
g: E— Hand u,: U, — H to obtain a commutative diagram

U,

Em U, —= H
T .
E
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with |[je — 1| < &. Now, amalgamating :: E — E H¢ U, which is a morphism
fromg: E — Hto g ®u,: E B, U, — H, with the inclusion ¢: E — F
regarded as a morphism from g: E — H to g: F — H, we obtain a finite-
dimensional p-normed space W and a commutative diagram

Un

EBU, — =W

with [[w|| < 1. Now applying (7) to w and the embedding ¢’ j, we obtain m > n
and an almost isometry w': W — U, such that u,,w’ is close to w and w’¢’
is close to 1(, . Finally, the composition

f:F W Uy, U

is the desired d-isometry. Returning to keru, let F' be a finite-dimensional p-
normed space; e: E — ker u an isometry, where E is a subspace of F; and £ >
0. We shall construct an e-isometry f: F — keru such that || f(x) — e(x)|| <
&||x|| for every x € E. This will show that ker u is of AUD, thus completing the
proof. To do so, fix some small § and apply (f), taking g as the zero operator
from F to H to get a 6-isometry f': F — U such that |[f’|g —¢|]| < § and
lluf’]l < 6. Of course, we cannot guarantee that f’ takes values in keru. To
amend this, let r: H — U be a right-inverse for u, with ||r]| < 1, and set
f=0Ay—-ru)f’, thatis, f(x) = f'(x)—r(u(f’(x))). Then f takes values in ker u
since uf = 0 and, moreover, ||f — f'|| = |[[ruf’|| < 6. Thus, for ¢ sufficiently
small, f: F — keru is an e-isometry with ||f|z — e|| < € and we are done.
We now assume that H is locally 1*-injective among p-Banach spaces and
prove that U is isometric to G,,. It suffices to check it is of AUD by showing
that it satisfies the hypothesis of Lemma 6.2.3. Let v: E — F be an isometry,
where E is a subspace of U and F a finite-dimensional p-normed space. Fix
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6 > 0, and pick a contractive d-isometry u: E — U, such that [ju(x) — x[| <
d||x|| for x € E. Let us form the pushout square

E—Y > F

U, —— PO

Here v is an isometry and u is a contractive d-isometry as in Lemma 2.5.2.
Since H is locally 1*-injective and PO is finite-dimensional, there is an
operator ii,: PO — H such that u, = i,v, with ||iZ,|| < 1 + 6. Next we
touch up the p-norm of PO to render i, contractive: for instance, we may take
|x| = max (||x|lpo, [, (x) llm). If V denotes the space PO so p-normed then
v: U, — V is still isometric and ||ii,: V — H]| < 1 and we may use () to
get m > n and a d-isometry v': V — U, such that |[V'V — i)l < 6. Finally,
if & > 0 is sufficiently small, the composition

m identity inclusion

w:F PO v—Y s u, U

is an g-isometry such that |[w(v(x)) — x|| < &l|x|| for every x € E. This shows
that U is isometric to G,,. ]

Time for applications.
Corollary 6.4.6 G, ~ G, x G, = co(N,G,) = C(A,G)).

Proof The theorem just proved yields that if H is a separable locally 17*-
injective p-Banach space then G, x H is isomorphic to G,. Pick H = G,,
which is locally 1*-injective according to Proposition 6.2.8(a), to obtain that
G, is isomorphic to G, X G, and thus to any finite product G, X - - - X G,. The
spaces co(Gp) and C(A, G,,) can be written as the limit of a chain of subspaces
isometric to G, @« - - B G, and so they are locally 1*-injective; since G, =~
G, xco(N,G,)and G, =~ G,xC(A, G,), the Pelczyniski decomposition method
applies. O

The applications of Theorem 6.4.5 are seriously limited by the scarcity of
examples of locally injective p-Banach spaces for p < 1, which basically
are reduced to ... G,! When p = 1, all Lindenstrauss spaces are locally 1*-
injective Banach spaces, and Corollary 6.4.6 can be strengthened to:

Corollary 6.4.7 Every separable Lindenstrauss space is isometric to a
subspace of G that is complemented by a contractive projection whose kernel
is isometric to G.
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Thus, if X is a separable Lindenstrauss space, then G ~ X xG ~ X®,G. This
does not mean that every copy of X is complemented in G. Also, Theorem 6.4.5
shows that some hyperplanes of the almost isotropic space G are isometric to
the whole space, since when p = 1, the base field is 1-injective, and we can fix
H = K. To the best of our knowledge, Hilbert spaces were the only previously
known spaces combining both properties.

6.5 Notes and Remarks
6.5.1 What If ¢ = 0?

Upon moving & from here to there in the definitions of Section 6.3 (and there
are various heres and theres to choose), we obtain more or less equivalent
variants of the definitions appearing in the text. Actually, the version of
property [©] and the definition of AUCD we used do not match those of [183]
or [116]. While 6.3.16 clearly shows that [O] is equivalent to Garbulifiska’s
property (E) of [183], we cannot ensure that Definition 6.3.1 is equivalent
to Definition 2.1 in [116]. And yet, as the following shows, an & of room is
necessary to stay in the separable world.

Proposition Let X be a p-Banach space containing a 2-dimensional Euclidean
subspace E and having the following property: for every 3-dimensional
p-normed space F and every isometryv: E — F with 1-complemented range,
there is an isometry w: F — X such that wv is the inclusion of E into X. Then
the dimension of X is at least the continuum.

Proof The proof uses an idea of Haydon, taken from [80; 75]. Let us follow
it in the real case. Let E be the Euclidean plane and S the unit sphere of E. For
each u € §, we consider the p-norm

Gt Ol = max ([l e, b, D)

on E X R and let F,, denote the resulting 3-dimensional space. (The unit ball
of F, is the intersection of a ‘vertical’ right cylinder and a ‘horizontal’ right
prism whose basis is the 2-dimensional £,,-ball with ‘peaks’ at (0, 1) and (&, 0).)
Note that ||(x,0)||, = llxll (so E is isometric to a subspace of F,) and that
|(x, )lu = ||xll> for each (x,7) € F, (so the obvious projection is contractive).
Now we consider E as a subspace of X and assume that for every u € S, we
can find an isometry f,: F,, — X such that f,(x,0) = x. Clearly, f,, must have
the form f,(x,t) = x + te, for some fixed e, in the unit sphere of X. Now let
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S + be the ‘positive part’ of S so that 0 < (u,v) < 1 for different u,v € S,. We
claim that |le, — e,|| = 1 for u,v € S, unless u = v. Pick 4 > 0; we have

llew = eull” 2 llew + Aull” = lley + Aull” = |(Au, DI — |(Au, DI

But |(Au, 1)|Z = 1 + A7, while for large 2, |(Au, 1)|} = max (17,1 + A7{u, v)P) =
AP, Hence the dimension of X is, at least, the cardinality of S ,. O

Thus any space of ‘universal (complemented) disposition for spaces of
dimension up to 3’ has dimension at least c.

6.5.2 Before G, Spaces Fade Out

Shortly hereafter, Fraissé constructions will fade away in the remainder of this
volume, although spaces of (almost) universal (complemented) disposition will
not. But first, a few remarks that, once you are told, become very noticeable.
The headline is that very few things are known about operators on G, when
p < 1. Indeed, the behaviour of operators on G, is puzzling. On one hand,
£(Gp) contains a large number of automorphisms and isometries as well
as some projections. It follows from Proposition 6.2.7 that if F is a finite-
dimensional subspace of G, then G,/F depends only on the dimension of
F, up to isomorphisms. Let us denote the isomorphism type of the quotient
of G, by an n-dimensional subspace by G,/(n). Since G, is isomorphic to
its square, G,/(n + m) = G,/(n) X G,/(m) and also G,/(n) = (G,/(1))".
The sequence 0 — K — G,(1) — 0 is not trivial because G, has trivial
dual and therefore G, /(1) is not a % -space. So, the prickly issue is whether
G is a . -space. If the answer were yes then G, could not be isomorphic
to G,/(1) (something we do not know either). When p = 1, both questions
have an affirmative answer: G is isomorphic to its hyperplanes and, as for any
Zw-space, it is a -space by 3.4.6. However, we do not know whether G,
is prime or primary when 0 < p < 1 or how to find an uncomplemented
copy of G, in the whole space, which is quite irritating. And since we cannot
discard the existence of non-zero separable and separably injective p-Banach
spaces, G, could actually be such a space. In any case, all such spaces must
be complemented subspaces of G,. Ironically, it is the abundance of operators
with values in G, that makes it very difficult to define operators on G ,:

Proposition [f X is a separable p-Banach space and Y is a topological vector
space such that £(X,Y) = 0, then £(Gp, Y) = 0.

Indeed, assume u: G, — Y is non-zero and take g € G, such that u(g) # 0.
Letv: X — G, be an embedding, pick x € X and let w € £(G,) be such that
w(v(x)) = g. Then uwv is a non-zero operator in £(X, Y), a contradiction.
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Thus, for instance, £(Gp,Y) = 0 if Y is either an ultrasummand, by the
Corollary in Note 1.8.3, or Y = Lg since £(L,/Hp, Lg) = 0 for exactly the
same reasons that £(L,/H),,L,) = 0 for 0 < p < 1 (see Kalton [250, Theorem
7.2] or Aleksandrov [6, Corollary 4.4 on p. 49]). The same reasoning shows
that every non-zero operator defined on G, must be an isomorphism on some
copy of £, because this is what happens in L, when 0 < p < 1; see [283,
Theorem 7.20] for perhaps the simplest proof.

6.5.3 Fraissé Classes of Banach Spaces

Knowing that a given structure is a Fraissé limit opens a door to a deeper
appreciation of its properties. It is therefore not unproductive to ask which
classes of finite-dimensional Banach spaces have the amalgamation property.
Two obvious answers are ‘all finite-dimensional spaces’ (whose Fraissé limit
is G) and ‘the Euclidean ones’ (whose Fraissé limit is the separable Hilbert
space). To be true, what people knowledgeable about (continuous) Fraissé
structures work with are separable classes with stable versions of the amal-
gamation property. What is required is that, given d-isometries f: E — F
and g: E — G, there exist some space H in the class and isometries
g: F — H, ]_‘: G — H such that ||gf — ]_‘g|| < g, with € depending on 6,
and perhaps on dim E. Our naive approach relies on Lemma 6.2.5 to guarantee
stability. Very recently [170], the Banach spaces L, for p # 4,6,8... have
gained access to the elite club of Fraissé spaces, which means that the class
of finite-dimensional subspaces of L, has a certain (stable) amalgamation
property for those values of p. Those amalgamations are not plain pushouts,
though. What prevents L, from being Fraissé when p = 4,6 ... depends on the
fact, proved by B. Randrianantoanina, that those L, contain isometric copies
of the same finite-dimensional spaces with very different projection constants
[398], which is in turn connected with [345, Theorem 3] where, elaborating
earlier work of Plotkin/Rudin, Lusky had shown that if 0 < p < oo is not
4,6,8,... then, given an isometry ¢g: E — L, from a finite-dimensional
subspace E of L, and & > 0, there is an automorphism ¢ € £(L,) extending ¢o
such that ||g||, |l¢™"|| < 1+& (the reader can check this with Proposition 6.2.10).

The Kechris—Pestov—Todorcevic (KPT) correspondence [293] provides an
unexpected connection between Fraissé structures and topological dynamics.
A topological group is extremely amenable if every continuous action on a
compact set has a fixed point. The KPT correspondence states that, given a
Fraissé class C, the group of automorphisms of its Fraissé limit is extremely
amenable in the strong operator topology if and only if C has the approximate
Ramsey property, something that has to do with continuous colorings; see
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[385, Section 6.6] for a very readable introduction. Neither implication in the
KPT correspondence is trivial. One can count among the applications that the
otherwise mysterious isometry group of G is extremely amenable, because the
class of all finite-dimensional normed spaces has the approximate Ramsey
property; see [32]. Moving in the opposite direction, it implies that finite-
dimensional Euclidean spaces have the approximate Ramsey property since
the isometry group of a separable Hilbert space is (a Lévy group and thus)
extremely amenable; see [385, Section 2.2]. More information on extreme
amenability and approximate Ramsey properties can be found in [385] and
more examples of Fraissé classes in functional analysis in [342].

Sources

This chapter’s blueprints were drawn in [80; 75; 116], which, in turn, are based
on ideas of [310; 183]. The spaces underpinning the chapter are very classical
objects in Banach space theory. In [203] Gurariy constructed the space that
bears his name, coined the term AUD and proved Proposition 6.2.10 and, in
particular, that any two separable AUD Banach spaces are almost isometric.
The prefix was eliminated by Lusky in [343], a fine paper (which goes without
saying when talking about Lusky’s papers) which contains the additional result
that the isometry group of G acts transitively on the set of smooth points of the
unit sphere. More information about G and related constructions can be found
in [22, Section 3.4]. A new proof of the uniqueness of Gurariy space was given
by Kubis$ and Solecki in [310]: the proof basically consists in showing that
any separable AUD Banach space is the Fraissé limit of the class of finite-
dimensional spaces and isometries. Given the potential target of their paper, a
tactical move was not to pronounce the word ‘Fraissé’. The paper contains the
Banach ancestor of the key Lemma 6.2.5 and has (perhaps shared with [308])
the unquestionable merit of introducing Fraissé structures into the Banach
space business. The construction of G, in Section 6.2 just transplants Kubis
and Solecki’s ideas to the soil of p-Banach spaces; the presentation in [80] is
more akin to [22, Chapter 3] and uses the Device. A forerunner of G, appears
in [248, Theorem 4.3]. The construction of K,,, taken from the ‘related issues’
of [75], is an adaptation for quasi-Banach spaces of Garbulinska-Wegrzyn’s
[183], where the idea of regarding spaces of Kadec type as Fraissé structures
appears for the first time and property [©] is introduced as property (E).
Categories of embedding-projection pairs had been defined and exploited in
[308, Section 6]. Proposition 6.3.13 is the [D] version of [116, Theorem 4.1];
there, it is shown that if X is a Banach space with separable dual then the output
O(X) is a Banach space with the additional property that given contractive pairs
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e and |[|w|| < 1 + . This property was called ‘almost universal complemented
disposition’ in [116]. We are not as convinced today that it deserves that name,
mainly because, as mentioned before, we cannot ensure it is equivalent to
AUCD. The topic of complementably universal spaces for a class .7 (spaces
in the class containing complemented copies of every space in 2/) emerges
in 1969 when Pelczyriski [381] exhibits his celebrated ‘universal basis’ space:
a complementably universal space for the class of Banach spaces with basis.
In 1971, Kadec [240] obtains the first complementably universal member of
the class of separable Banach spaces with the BAP. Back to back with it, the
next article in the same issue of Studia is from Pelczyriski and Wojtaszczyk
[384] and shows the existence of a complementably universal space for FDD,
necessarily isomorphic to Kadec’s. Still in the same volume, Petczyniski proved
[382] that every Banach space with the BAP is complemented in a space with
a basis, thus making it clear that his own universal space was complementably
universal for the BAP and thus isomorphic to Kadec space. Kalton (who else?)
performs in [247] a study of universal and complementably universal F-spaces
and mentions the existence a complementably universal p-Banach space for the
BAP for fixed 0 < p < 1. He just adds that ‘it is easy to duplicate the results for
Banach spaces’. It is clear from [247, Theorem 4.1 (b) and Corollary 7.2] that
Kalton is alluding to Petczyriski’s universal space. He concludes by remarking
that ‘there are a number of other existence and non-existence results known
for other classes of separable spaces’. From the Petczyniski decomposition
method, it follows that two separable complementably universal p-Banach
spaces for the BAP are isomorphic, and thus it turns out that K, is isomorphic
to Kalton’s space, while K; is just a renorming of the spaces of Petczynski,
Kadec and Pelczynski and Wojtaszczyk. Several questions can be posed about
those spaces, but two especially burning ones are: Does Kadec’s space have
property [O] in its own norm? Are the isometry groups of the spaces K,
extremely (or otherwise) amenable in the SOT? It cannot go unmentioned that
no separable complementably universal space exists for the class of separable
Banach spaces [233]. Universal operators date back to Rota’s celebrated
‘model operator’ on Hilbert space. The material of Section 6.4 is taken
from [80]. The category H is a typical slice category; see [27, Section 1.6,
Example 4]. Theorem 6.4.5 subsumes several results scattered in the literature.
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