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GEOMETRIC CHARACTERIZATION
OF INTERPOLATING VARIETIES
FOR THE (FN)-SPACE Ag OF ENTIRE FUNCTIONS

CARLOS A. BERENSTEIN, BAO QIN LI AND ALEKOS VIDRAS

ABSTRACT. A necessary and sufficient geometric characterization and a necessary
and sufficient analytic characterization of interpolating varieties for the space of entire
functions A;} will be obtained in the paper, which as an application will also give a
generalization of the well-known Pdlya-Levinson density theorem.

1. Introduction. Let p(z) be a weight (see Definition 2.1 below) and A;f be the vec-
tor space of all the entire functions satisfying: sup..c [f(z)|e”"® < oo for any € > 0.
For instance, when p(z) = |z, A;} is the space of all entire functions of infraexpo-
nential type. Let A, denote the vector space of all entire functions on C satisfying:
sup_cc [f(2)le” " < 0o. Then AD = Nyen Apa is the projective limit of the spaces A,
where N := {1,2,...}. Under its natural locally convex topology A;} becomes a nuclear
Fréchet (FN)-algebra. Algebras of this type appear naturally in complex and functional
analysis. The present paper is concerned with the interpolation problem for Aj} That is,
roughly speaking, find conditions for a given multiplicity variety V = {(zx, m)} such
that for any doubly indexed complex sequence {ay,} with convenient growth conditions

there exists an entire function f € Ag satisfying f; = -/m,(f“ = aq;; forany k € N
and 0 < ! < my — 1. Interpolation problems are studied due to their applications to
harmonic analysis. We are interested in finding necessary and sufficient conditions for a
given multiplicity variety to be an interpolating variety for A%, especially, getting purely
geometric conditions that depend only on the distribution of points of a given variety. We
note that in the case of the algebra A, i.e., the algebra of all the entire functions satisfy-
ing: sup,cc |f(2)|e B < oo for some B > 0, this problem has recently been completely
solved by Berenstein and Li (see [BL1]). We also refer the reader to the papers {[BL1],
[BL2], [BL3], [BT], [S1], [S2], etc. for related results on interpolation theory in the space
Ap.

It was shown in [ V] that the very well-known density theorem of Pdlya-Levinson ([L])
can be stated as follows. Let V = {),}2, be a sequence of non-zero complex numbers
converging to infinity and satisfying

(1.1) Re ), >0,
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(1.2) | Tm \,| = o(JA)),

1o

n

as n — 00, and for some ¢ > 0 and any n,k € N,
[An — M| = c|n — k|-

Then, V is an interpolating variety for the space Ag with p(z) = |z|, i.e. the space of
functions of infraexponential type (The conditions (1.1) and (1.2) are actually superflu-
ous, see Theorem 5.1 and Remark 5.2). This theorem of Pdlya-Levinson provides the
motivation for this paper and leads naturally to ask when an arbitrarily given sequence
V = {z} in C or more general, a multiplicity variety V = {(z;, m;)} is interpolating for
the space Ag with p being an arbitrary weight. We shall solve this problem in the present
paper.

The paper is divided into four parts. In Section 2, we introduce the basic definitions
and notations. In Section 3, we will give purely geometric characterization of interpo-
lating varieties for Ag which enables us to determine whether or not a given multiplicity
variety is an interpolating variety by direct calculation. The geometric conditions will
also yield necessary and sufficient analytic conditions as given in Section 4. Finally in
Section 5, we obtain, as an application, a completely different proof of the above Pélya-
Levinson density theorem with the conditions (1.1) and (1.2) removed.

Let us mention that our main result is the geometric characterization of interpolating
varieties for A(p’. The difficulty of this problem is that unlike the space A, for which the
geometric conditions follow form the analytic conditions (see [BL1]), the space A;,’ is
endowed with the rather complicated topology of the projective limits, which makes it
hard to adopt the line of reasoning from [BL1] to the space A;,).

2. Definitions and notation. In this section, we recall and introduce some defini-
tions and notation, which we need in the sequel.

DEFINITION 2.1. A subharmonic function p: C—[0, 00) is called a weight function
if it satisfies the following conditions:

2.1 log(1 +|z]*) = o(p(2)),
(2.2) p@) = p(lz))

and

(2.3) p(22) = O(p(2)).

Note that the subharmonicity of p(z) and (2.2) imply that p(e") is convex and p(r) is
increasing by Riesz’s convexity theorem(see [BG, 4.4.27]). Also, (2.3) implies that there
are constants C; > 0, C; > 0 such that

(2.4) p(z+¢) < Cip(z)+ Ca, whenever |z —¢ < 1.
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DEFINITION 2.2. Let p be a weight. Then we set

Ap = {f c A(C) : ElAf >0, sup lf(z)lefA,p(;) < OO}
z€C

endowed with the inductive limit topology and

A) = {f € AC) : Ve > 0, sup|f(2)|e”"? < oo}.
€C

endowed with the topology of the projective limit, where A(C) is the set of all entire
functions.

A basic example of such weight functions is p(z) = |z|*%, (o > 0). As we said before,
for a = 1,f € A) means that f is of infraexponential type.

Let V = {(zx, my)}2, be a multiplicity variety, that is, a sequence of points {z; }2, C
C with |z| — oo, and a sequence of positive integers {my};°, corresponding to the
multiplicities of the points z;. Associated to V, there is a unique closed ideal in A(C),

1= 1(V) = {f € A(C) : f vanishes at z; with multiplicity > my}.
Two functions g, h € A(C) can be identified modulo / if and only if

g(l)(zk) _ h(l)(zk)
noon

=a, 0<I<m, k=12,....

The quotient space A(C) /! can be identified to the space of all sequences {ay ;} of com-
plex numbers (cf. [BT]). We shall describe them as “analytic functions” on V, and denote
that space by A(V). The map

me

pAC) =AW, o) = |5

is called the restriction map.
DEFINITION 2.3.  Let V = {(z, m)};2, be a multiplicity variety. Then we define

. my—1
ANV) = [a = {apbken : Ve > 0,sup Y- |ay | exp(—ep(z)) < oo}.
keN =0
It is easy to see that p(Ag) C A(p)(V), but in general, the space A}Z( V) is too large.
We consider the following interpolation problem for A(p): Under what conditions does
the map p map A) onto A)(V)? That is, under what conditions is it true that for any

doubly indexed sequence {a;,} € Ag(V) there exists an entire function f € Ag such that

fuoo= %9 — g forany k € Nand 0 < I < my — 1, ke, there is af € A? with

prescribed first m; Taylor coefficients at z; for every k € N?

DEFINITION 2.4. If p maps A) onto AX(V), we will say that V is an interpolating
variety for AY).
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We recall, by the way, that if p maps onto from A, to the space

my—1

ApV) = {a = {ahien : A0 > 0sup Y- | exp(—Aup(a) < oo},
kEN =0

then V is called an interpolating variety for A,.
It turns out that the following valence function of V plays an essential role in interpo-
lation theory.

DEFINITION 2.5. Let V = {(z m)}{2, be any multiplicity variety. The counting
function of V, denoted by n(r, V), is defined to be the number of points of V, counted
with their multiplicities, in the disk {z : |z| < r}. The valence function of V, denoted by
N(r, V), is defined to be:

/0 0t V)= nOV) 0, V) log

t

Similarly we can define the functions n(r, zo, V), N(r, 29, V) defined with respect to the
disk {z: |z — 20| < r}.

3. Geometric characterization of interpolating varieties for Ag. In this section,
we give purely geometric conditions necessary and sufficient for a given multiplicity
variety to be interpolating for AY.

THEOREM 3.1.  Let V = {(zx, mp)}{2, be a multiplicity variety. Then V is an inter-
polating variety for Ag if and only if

3.1 N(r, V)= ()(p(r)) asr— 00
and
(3.2) Nzl 2z, V) = ()(p(zk)) as k — oo.

PROOF. Necessary conditions: Let

Apn = {f € AC) : oo = sup [f@)e” 7 < oo}
€

for n € N. Then A;ﬁ = [\,en Ap,» endowed with the natural projective limit topology is a
nuclear Fréchet space. More precisely, let’s consider the product space

H Ap,n = Ap,l X A/7,2 X X Ap,n X
neN

and the projections g ,:Apn +— Apm, Whenever m < n. Let E be the subspace of
[1.en Apn Whose elements (f,) satisfy the relation f,, = g,.(f,), whenever m < n, that
is, E = {(f.f,....fs..) i [ € Ag} We know that £ = 1im gy (Ap) is the projective

limit of the family {4, ,,n € N} with respect to the mappings g (see e.g. [S] for basic
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properties of projective limit topology). The topology 7 of E is the projective topology
on E with respect to the family {A, ., 7, ¢, }, where 7, denotes the topology of A, ,, and
¢n the restriction to E of the projection of [T,en Ap,n onto A, .. Thus for any (f) € E and
f= ¢n((f)>, a7 neighborhood base of (f) is given by all the intersections ey ¢, ' (Un),
where U, is any neighborhood of f with respect to 7, and H is any finite subset of N.
Clearly, E is complete as a projective limit of complete locally convex spaces and is
metrizable as a subset of a product of countable family of metrizable topological vector
spaces (cf. [S]). In the same way we set

my—1 \
Apn(V) = {a_ {axs} sen : llallnoo = sup(z |ak,,|)e*z"<w < oo},
keN N [=0

Then AY(V) = Muen Apn(V). Let
E(V)={(a.a,...,a,..):a€A)V)}.

The topology o of E(V) is the projective topology on E(V) with respect to the family
{A pn(V), 0, qn},where o, denotes the topology of A, ,(V), and g, the restriction to E(V)
of the projection of [T,en Ap#(V) onto A, (V). Thus for any (a) € E(V)anda = q,,((a)),
a o neighborhood base of (a) is given by all the intersections (,¢; ¢, ' (V,), where V,, is
any neighborhood of a with respect to g, and [ is any finite subset of N. Also, E(V) is
complete and metrizable. Now consider the map ¢: E +— E(V) given by

e(00) = ((ﬁc,t)oélegmk)

withfy; = Tk (“) = ay;. Here we have used the fact that p(E) C E(V). In fact by Cauchy’s
formula, for Any f €A% € > 0, there exists a A, > 0 so that

f@ 1
VRS —A
fial = |2m /]kzk|:2 =z dz| < 5 exp(e mell)f [7(2'))
and so that for any k:
m—1 m—1 1
2 Ml < <Z 2,)A exp(e IZmdlx p(z)) <24, exp(el malx p(z))
1=0 —u|= =

This implies that (f;;) € Ag(V) in view of (2.4). That is, p(E) C E(V). Obviously ¢
is linear and surjective since V is an interpolating variety for Ag. It is also obvious that
¢ 1s continuous. Thus, by Banach’s homomorphism theorem ([H, p. 294}), ¢ is a strict
morphism and maps every neighborhood of 0 in £ onto a neighborhood of 0 in £(V) ([H,
p. 106]). For any fixed n € N, let

Uy = the unit ball of Ay, = {f € A(C) : ||fl|nco = sup |f(2)]e” " < 1}.
z€eC

Then
6x WUy = {(ofoo o ofurn) 1 f €AY and ||fllnco < 1}
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is a neighborhood of 0 in E. By the above argument <p(¢;l(U,,)) contains a neighbor-
hood of 0 in E(V) and so contains an open set of the form (),,¢, q,;'(V,,,), where V), is a
neighborhood of 0 with respect to o, and / is a finite subset of N. It is readily seen that
there exist a f, € N and §,, > 0 such that <p(¢n" (U,,)) contains the set

,—1
Vo= {@a,...a..)a= (@) € AUW), sup( b Jaw] ) <,
This implies that there exist entire functions f, ; € Ag(k € N) with ||[f,4]lnc0 < 1 satisfy-
ing the following property:

(B.3) (=0, (€N, 0<I<m—1, exceptthat (f,x)m_ 1 =0bpen?®.

Also there exist entire functions g, € Ag(k € N) with ||gnkllnco < 1 satisfying the
following property:

(B.4) (@) =0, i€N,0<I<m—1 exceptthat (g0 =Bnein”™.

Define

gnkfnk . =

e,f,()

(3.5 Fo2) =) (z—z) Fi(2).
k=1

k=1
Recall that log(1 + |z]*) = o(p(z)). For any m € N, there is a D,, > 0 such that for
z € C,|z| < DnenP@. Thus, in view of the fact that ||ftllnco < 1, [|gnkllnco < 1, We
deduce that

2p(z)

|Fe@| < (2] + |Zk|)

p(z )

(3.6) enP@

< (D, e,P(~)+D e,,,P(~k))

en P(uk )

3 Lo,
< D:’e,‘,l’(c)e*;l’hk).

where D/, is a constant depending on n. Let A, B > 0 be two integers such that p(2z) <
Ap(z) + B (cf. (2.3)). Denote, for k fixed, dy = inf;4{|zj — z|}, & = min{1,d;}, and
By = {z: |z—z| < & }. For the integer N := 2A(t, + 1), similar to the proof of (3.3), one
< 1 satisfying the following

property:
3.7 (fvi)ig =0, i€N,0<I<m—1 exceptthat (fyilim—1 =0n.

Set Gyx = (zfgik'"r' .Thenon |z — z| = 1 and so in |z — | < 1, by the maximum

modulus theorem,

|Gni(2)| < . malx Ifvi(@)| < max enP@,

T =gl=1
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We then have |Gy (z)] < eV e for |z — 7| < 1 (we can assume that |z;| > 1). Let

Gz ) — GNk(<k)

Hy(2) =
' Qe e P

Thenin |z —z| < 1, |Hy(2)] < 1 and Hyy(zx) = 0. By the Schwarz lemma ([BG]) and
noting that z;,j # k is a zero of Gy (z), we know that if |z; — z| < 1, then in view of
3.7,

G ilz)

— | > = p(u
lzj — 2| > |Hya(z)| = l S i 6 eV ew

This implies that

€ > 25Ne N PG,

Now, by assuming that 6y < 1, we deduce that for some integer ky > 0,

M8

Z e ,,,I7(L) —

1 Lo
—/ e " dxdy
=ko

2
=1 € /B

35—
J
fl

w X

2 )
evn /e — PG dx dy
) I\; By
()
2 o0
) ev ) / T dx dy
k=kq " Bk

IN

I
~/ ~/

S 2°’| )
=5

>
=z

S em,m:' // e \(:,,»,\)r"/’( )dxd\; = D’/ < 400

2[\)‘ &

by the property (2.1) of p. Combining this fact with (3.6), we see that the series (3.5)
is uniformly convergent in compact sets and so F,(z) is an entire function. Moreover
[F.(2)] < D{,D,’,’eﬁf":), (F)im, = 62, and V C Z(F,) := {z : F\(z) = 0} by (3.4) and
(3.5). Apply now Jensen’s formula (see e.g. [BG]) to deduce that

tog [(Eon |+ Nlail lal. 2E0) = 5 [ tog |Fu + |z o,

and so,
N(lzl, |zl V) < N(Jzal. 2l 20F0)
< —2logé, +log‘ mflx‘ [Fu(2)]
I = A

3
< —2logé, +log D), + log D) + =p(2z;)
n

3A
< —2logé, +log D), + log D} + TP(Z") + 373

This implies that N(|z;|, |z], V) = o(p(zk)) as k — oo. Finally, noting that V C Z(F,),
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we conclude that, again by Jensen’s formula,

N V) < N(r, Fi)

FO©o)[™
1!

1 g2 NPT
= ;fo log |F(re®)| d + log

F‘””(O) ‘ =1
! 9

<log mlax |Fn(z)] + log ;

ldl=r

where ¢ := n(0, 7‘;). Again by the fact that |F,(z)| < Dﬁ,Df,’ei"(”, it follows that N(r, V) =
o(p(z)), as r — 00. This completes the proof of the necessity.

Sufficient conditions: Recall that p(e”) is a convex function of r and p(r) is also in-
creasing (see Definition 2.1). By [BMT, 1.7 and 1.8], for any continuous and increasing
function w(r), if w(r) satisfies (2.1) and (2.3) and w(e”) is convex, then for any function
g:10, 00) — [0, 00) satisfying g(r) = o(w(r)) as r — 00, there exists an increasing func-
tion g(r): [0, 00) — [0, 00) such that g(r) also satisfies (2.1) and (2.3) and g(¢”) is convex,
and moreover g(r) = o(q(r)), q(r) = o(w(r)) as r — 00. Therefore by this result, we
deduce from (3.1) and (3.2) that:

(3.8) N, V) = o(g(n),
and
(3.9) Nzl 26 V) = o(g(lz)),

where ¢(r): [0, 00) — [0, 00) is a function which satisfies (2.1) and (2.3). Moreover, g(e")
is convex and ¢g(r) = o(p(r)) as r — 00. By the fact that f o u is subharmonic if f is
convex increasing and u is subharmonic [BG, 4.4.18], we deduce that g(|z]) = g(el el
is subharmonic. This shows that g(r) is also a weight. Using Theorem 4.1 in [BL1], (3.8)
and (3.9) imply that there are two functions F € A; and G € A, such that

(3.10) V=2F,G) :={z€C:F@) =G =0}
and
(3.11) |G| = €0 CXP(‘C(](Zk))‘

for some €y, C > 0 and V is interpolating for A,. Now the sufficiency can be finished by
using the fact that V is also interpolating for A, where ¢’ > g is any bigger weight or
by the following direct argument. In fact, by [BT, Corollary 2], (3.10) and (3.11) imply
that for some €, ¢ > 0, each z; € V is contained in a bounded component S; of

S4(F,G,€,0) = {z e C:|F)| +|Gk)| < eexp(—cq(z)) }
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whose diameter is at most one and no two distinct points of V lie in the same component

of Sy(F,G,;¢,c). Forany a = {ay;} ren € Ag(V), we may then define an analytic
0<I<m—1

function X: S,(F, G;e,c) — C by:

o) = st agz — )l ifz € S
0, ifz e SQ(F’ G;e,0) \ UkeN Sk.

For each z € Sy, m € N, since |z — zx| < 1 we deduce that

" m—1 ! my—1 1 Mo
R < Y allz—al' < Y la] < Amerp(zi) < Anen™?
1=0 1=0
by the definition of Ag(V) and the property (2.3), where M and A,, are two positive con-
stants and A,, depends only on m. From this, we can easily verify that for Vn € N:

sup{lX(z)le’ﬁ”(Z) 12 € §4(F,Gye,0)} < oo.

Therefore A satisfies all the hypothesis of Proposition 2 in [MT]. Consequently there
exist A € Ag, €1, ¢1, with 0 < € <€, ¢; > c and u, v analytic in S,(F, G, ; €, ¢), such that
forall z € S,(F, G, ;e€1,c1),

A(@) = A(z) + uF +vG.

and thusfork e N, O <I<my—1, )‘k.l = Xk,l = Q.
The proof of Theorem 3.1 is thus complete. [

REMARK 3.2. From the proof of the sufficiency of Theorem 3.1, we see that any
interpolating variety for Ag is also interpolating for A,, where g is some weight satisfying
that g(r) = o(p(r)), and thus for A,.

REMARK 3.3. Thanks to Dr. A. Russakovskii, we have become aware of [GR] where
they studied functions of fixed type. Their result,though related, does not apply either A,
or A,

P

4. Analytic characterization of interpolating varieties for Ag. As a corollary of
the last section, we give in this section the following analytic conditions necessary and
sufficient for V to be interpolating for Ag.

THEOREM 4.1.  Let V = {(zx, my)} be a multiplicity variety. Then V is an interpolat-
ing variety for AY if and only if there exists an entire function f € A) such that V C Z(f)
and as k — 00,

@.1) lfim | ™" < exp(o{p(@o)})-

PROOF. Necessary conditions: If V is an interpolating variety for A;,’, then by Theo-
rem 3.1, (3.1), (3.2) hold. By the proof of the sufficiency of Theorem 3.1, we know that

thereisaf € A; C Ag so that V C Z(f) and (4.1) holds (see (3.10) and (3.11)).
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Sufficient conditions: By the fact that V C Z(f), we have that

N, V) < N<r, })

1 2m i0 . t' -
= ﬂfo log |f(re™)| d6 + log I

f(t)(o)
ogman ) +logl 1| = o)
< log max z)+0————‘ = o(p(r)
e #7100 P
since f € A%, where t = n(0, }). By (4.1), we have that
1
N(Izkl’zkv V) < N(lzkl,zk,J;)

b pr i0 1

= 2—7;‘[) log [f(Zk+le|e )|d0+logm

< log] Tn';llx ' If ()] + O(p(Zk))
=2\

= 0(p(22)) +o(p(z0)) = o(p(z1))-

Therefore (3.1), (3.2) are satisfied. It follows then that V is an interpolating variety for
Ag by Theorem 3.1. .

As we said in Remark 3.2, any interpolating variety for A2 is also interpolating for
Ap. But the converse is not true. The interesting variety 22 = {m+ in}ynen, the lattice
in C, gives such an example. Note that Z? is the zero set of the Weierstrass function o,
which is the analogue of the function sin 7z for the lattice. It is easy to check that Z?
satisfies that N(r, Z%) < Ar? and for z; € Z%, N(|zi|, 74 Z%) < A(|7|?), where A > Oiis a
constant. Thus by Theorem 4.1 in [BL1] (cf. the proof of the sufficiency of Theorem 3.1),
Z? is an interpolating variety for A,, where o(z) := |z|*. However, Z? does not satisfy
(3.1). Thus Z? is too “dense” to be interpolating for Ag. It becomes natural to ask when a
subvariety V = {2} with z; — 00 of Z7 is interpolating for A). The answer is provided
by the following

PROPOSITION 4.2.  Let V = {z;} be a subvariety of Z*. Then V is an interpolating
variety for Ag if and only if as r — 00,

4.2) n(r,V) = o{o(r)}.

To prove the theorem, we need the following crucial lemma which is implicit in the
proof of Theorem 4.1 in our paper [BL1].

LEMMA 4.3. Let V be a multiplicity variety satisfying

N(r, V) = 0{q()}
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for a weight q(2). Then there exists another variety V, such that

(4.3) VNV, =0,
(4.4) Vi=VUV,=ZG) = {z: G&) = 0}

for an entire function G € A,,

4.5) n(r, V) = 0(n2r, V),
and
4.6) N(Izkl,zk, Vo) < An(BIZk',V)

for some constants A, B > 0.

PROOF OF PROPOSITION 4.2. The necessary condition follows from Theorem 3.1.
We next prove the sufficiency. First, it is easy to check that (4.2) is equivalent to

4.7 N(r, V) = o(r).

Thus, by [BMT,1.7 and 1.8], we deduce that there exists a weight g(r) with g(r) = o(rz)
such that N(r, V) = o{q(r)} as r — o0 (cf. the proof of (3.8)). By Lemma 4.3, there
exist a variety V. and an entire function G € A, satisfying (4.3)—(4.6). There is no loss
of generality to assume that G(0) = 1. Forany 0 < e < 1 and r > 0, set

n
(—(i‘+ re)) no(r+re)(z — ar)
ajay - -ap [0 (r+re)r —aiz’

R(z) =

where ay, ay, . .., a, are the zeros of G(2) in |z| < r + re, and
S(z) = G(2)/R(2).

Recall that if a function f(z) is regular in |z| < R without zeros and f(0) = 1 then

2r

log|f(2)] > —g =, g MR.f) (2] <r<m),

—r

where M(R, f) := max,_g{|f(2)| }(see [Le, p. 19]). Applying this result to S(z) in |z| <
r+ re, we have that in |z] < r+ %re,

—2(r+ 4 4
log[S@)| > — ¥ 2 100 M(r + re, G) — log — T
r

+re~—(r+%re) lajas - - - ay|

8
> ——log M(r + re, G).
€

Since G € A, C A%, there is a constant C > 0 such that
q & Ay

log M(r + re, G) < Ce?o(r).
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We then have that
log S(z) > —8Cer”.

Next using the well known Cartan’s theorem [Le], we have
n %rf n
T e —ad > (2)
k=1 €

for any z outside a union of circles with the sum of radii < %rc. Therefore for such z in
{lz] < r+ ire}, we have

IRG)| > (r+re)y' (r+re) (re )" _ ( re )".

(r + rey' 2'(r + re)” \8e 16¢(r + re)
Also by (4.5) and (4.2),

n = n(r+re, V) = 0{n2r, V)} = o(#?).
We thus deduce that for large r,

log [R(z)| > €7 log 1‘@?‘15

and so
€
. ) > | — — |/ = —
(4.8) log |G(2)| > ( 8Ce + ¢ log ool +€))r g(e)’?

outside a union of circles with the sum of radii < %re. Here g(e) > 01is defined obviously
from the above equation. Therefore for any large k, (4.8) holds for r = |z] and |z] <
|z | + %|Z/<|€ outside a family of excluded circles with the sum of radii < ilzkle. Hence,
one can get a p(0 < pp < €|z]) such that on |z — z| = p, (4.8) holds for r = |z].
Applying Jensen’s formula to G and in view of (4.3) and (4.4), we have

U l 21 i0 =
log|G'(0)] = 5= [ log |GG + pie™)df = Nip. 7, V)
> —g(@)|zl* = N(p 2, V).
But

N(pi, 21, V) < N(pi, 21, V) + N(pi, 2i Vi)

k ty 9V - 0’ ’V
Nepioz vy = [ 202 )l”( % V) 4t 4 (0, 2, V) log py

Pk l2
< —
_[ p dt +log px

1, 1 1, oo 1
= —pl— =+l < - — 4] -
5P 5 tlogp < Se |2 ] 5 0g |zcl:

https://doi.org/10.4153/CJM-1995-002-9 Published online by Cambridge University Press


file:////zi/e
https://doi.org/10.4153/CJM-1995-002-9

40 C. A. BERENSTEIN, B. Q. LI AND A. VIDRAS

and by (4.6) and (4.2),
N(pis 2k Vi) < An(Blz|, V) = ofJal*}.
We thus obtain that
tog|G'@l = ~g@lal’ — 3efaf + 3 ~loglal — of )
Since g(e) — 0 as € — 0, we finally have that
log |G'(z)| > —o{||}.

This together with (4.7) yields that Z? is an interpolating variety for Ag by Theorem4.1.m

If we replace Z* by an arbitrary interpolating variety V for A, the analogue of Propo-
sition 4.2 might not hold. The obvious obstruction is on the separation between distinct
points in V. To be interpolating for A,, there must be constants § > 0, ¢ > 0 such that for
distinct points z,w € V, [z —w| > § exp(—cp(z)), while the separation condition for A2
is that for any € > 0, there is a ¢; such that [z—w| > ¢ exp(—ep(z)). Therefore the latter
needs a stronger restriction than the former. It is not clear to us at this moment whether
or not Proposition 4.2 with the extra hypothesis on the separation still remains true for
any variety which is interpolating for A,.

5. An application of interpolation theory for Ag. As an application of Theo-
rem 3.1 and Theorem 4.1, we have the following

THEOREM 5.1.  Let V = {A,}22, be a sequence of non-zero complex numbers con-
verging to infinity and satisfying that for some o« > 0:
1
.1 L0

n

as n — 00, and for some ¢ > 0 and any n,k € N,

(5.2) Ao — M|® > c|n — K.

Then there exists an entire function F(z) vanishing at z = A\, and satisfying that for all
e>0

(5.3) |F(re®)| = 0(¢™)

as r— 00 and

1

— =0 €Al
Fom - 2@

(5.4)

as n— oQ.

We see that from (5.3) and (5.4) or from the following proof, V = {), }° is also an
interpolating variety for A with p(z) = |z|*.
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REMARK 5.2. Letting « = 1 in Theorem 5.1, one obtains the classical Pélya-
Levinson density theorem([L]), which is very useful to study problems such as ana-
lytic contmuatlon and domains of holomorphy for Dirichlet series ¥'=%° a,e~*** with
Fabry gap i~ — 0. One actually only needs the fact that V is an 1nterpolat1ng variety(cf.
[BKS)). Whnen /\i — D > 0 instead of (5.1), the detailed proof was given in [L]. The
essential point used in [L] is that in the case D > 0, the zeroes of the proposed function
by him F(z) = [Th-°(1 — f\—z) are along an asymptotic direction, i.e., satisfy conditions
(1.1) and (1.2). However, the conditions (1.1) and (1.2) are consequences of the limit
/\1" — D when D 5 0 but not when D = 0. It was pointed out by one of us [V] in his
thesis that the same proof for the case D = 0 in [L] breaks down without these two con-
ditions. By modifying Levinson’s idea, he also gave another completely different, but
rather lengthy, proof for the special case o = 1 of Theorem 5.1, constructing explicitly

an entire function f satisfying (5.3), and (5.4) for every zero of f.

PROOF OF THEOREM 5.1. Forany e > 0, by (5.1), n < ey for large n. Thus for any
t > 0large, n(t, V) = #{n : |\| <t} < e Thus

NG V) = / n(t,V) tn(O, V)

1
dt+n(0,V)logr < aer" +logr.
This implies that
(5.5) N(r,V) = o(r®).

Also by (5.2), we have

/‘I’\k| n(t, )\k, V) — n(0, )\k, V)
t
AN

= Zlog W +log | Mt

N(XMe|s M, V) = dt +n(0, N, V) log | \|

= log H /\ I +log | Ml

< log{(p\d) H ——l———} +log | M),
ca ) v=1 |k, —k|=

where s = n((M\|, M, V) — n(0, A, V) = n(|Me, A, V) — 1 since [N, — M |* > ¢ for

k, # k and the X, s are the points of Vin {z : |z — A| < | M|,z # A} Obviously in the

product [T} _, ITITH at most two terms |k,, — k| can be equal. Let [x] denote the integral

part of x. Then we deduce that

[:[l k, — k| > <[%(s— 1)]!)2,

since there are at least [ 5!] consecutive integers |k, — k| occurring in the product. Thus
we have that

1

N([Mels Aes V) <log{(' k') PN
(56— D1)*

}+log|)\k|
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By using Stirling’s formula in the form n! > """~ for [%(s — 1)]!, we obtain

A s
NIl M V) < 10g{(l~ld) ea" "M} 4 log |\
5.6 ce
©.6) 31 Il
= (— +log T>S+ slog = +log | M|

04 Ca Sa
Let 0 < e < ¢!, then for k >> 1 we have that
(5.7 s < n( el A, V) < n@2INd, V) < el

The only term of (5.6) that needs estimation is the middle one. Let

Al

1
Xa

G(x) = xlog s 0 <x <e| N

Then, in this range, we have
G'(x) = log | M| ! lo ]
X) = —_— X — —
g | Ak o g o

1 1
2 IOg ‘Akl — a lOg(EIAkP) — EY-

Ly 1
_ E(logz ~1)> —(loge—1)=0

so that G is increasing and

G < éelog(%)lxkla-

Thus, by (5.6) and (5.7), we deduce that

3 I Ll
N A V) < (2 +10g — el + —eog (- ) el + Tog .
Cca

€
It follows that
Nl Ak, V) = of | M|}

as k — oo. This together with (5.5) yields, by Theorem 3.1, that V is an interpolating
variety for Aﬁ)a. We conclude the proof by using Theorem 4.1. n
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