PROLONGATIONS OF G-STRUCTURES
TO TANGENT BUNDLES

AKIHIKO MORIMOTO

To Professor Kiyoshi Noshiro on the occasion of his 60th birthday.

§ Introduction and notations.

The purpose of the present paper is to study the prolongations of G-
structures on a manifold M to its tangent bundle T(M), G being a Lie
subgroup of GL(n, R) with n = dim M. Recently, K. Yano and S. Kobayashi
[9] studied the prolongations of tensor fields on M to T(M) and they
proposed the following question: Is it possible to associate with each G-
structure on M a naturally induced G’-structure on T(M), where G’ is a
certain subgroup of GL(2r,R)? In this paper we give an answer to this
question and we shall show that the prolongations of some special tensor
fields by Yano-Kobayashi —— for instance, the prolongations of almost
complex structures —— are derived naturally by our prolongations of the
classical G-structures. On the other hand, S. Sasaki [5] studied a prolonga-
tion of Riemannian metrics on M to a Riemannian metric on T(M), while
the prolongation of a (positive definite) Riemannian metric due to Yano-
Kobayashi is always pseudo-Riemannian on 7T(M) but never Riemannian.
We shall clarify the circumstances for this difference and give the reason
why the one is positive definite Riemannian and the other is not.

The crucial starting point for our study is the following simple fact
(§1): The tangent bundle (space) T(R™) of the n-dimensional real euclidean
space R" is also a vector space and the tangent bundle T(GL(n,R)) of the
general linear group can be identified to a subgroup of GL(2n,R), the
tangent bundle 7(G) of a Lie group G being a Lie group by the natural
group multiplication. From this fact we can show that, if we denote by
F(M) the bundle of frames of M, T(F(M)) can be imbedded canonically
into F(T(M)) (§2). Using this imbedding and the above identification of
T(GL(n,R)) to a subgroup of GL(2n,R), we can associate with each G-
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structure P on M (i.e. P is a G-subbundle of F(M)), a canonically induced
G-structure P on T(M), where G is a Lie subgroup of GL(2xn,R), G being
isomorphic to T(G) (§3). We will call P the prolongation of P. In §4,
we shall prove that, if a diffecomorphism f of a manifold M onto another
which induces an isomorphism of a G-structure P on M to a G-structure P’
on M’, then the induced diffeomorphism T f of T(M) onto T(M’) is an
isomorphism of P onto P’ and vice versa. In §5, we shall see that a G-
structure P on M is integrable (cf. Def. 5. 1) if and only if the prolongation
P is integrable. In §6, we shall consider some classical G-structures and
see that a certain geometric structure on M induces canonically a geometric
structure of the same kind on T(M). In §7, we shall consider the relations
of our prolongations of G-structures with the prolongations of tensor fields
due to Yano-Kobayashi and Sasaki. In particular, we shall see that an
almost complex structure on M induces an almost complex structure on
T(M) and in fact, this structure coincides with the one given in [9]. At the
end of §3 we shall show that, for a G-structure P on M, we can associate
with each connection I" on the pricipal fibre bundle P a naturally induced
Gy-structure P, on T(M), where G, is a subgroup of GL(2n,R) which is

isomorphic to G itself, more precisely G, is the subgroup consisting of the

a O
matrices (0 a> for ae G. Applying this fact for G =0(xn), we see that,

with each Riemannian metric ¢ on M and a connection I" on the orthogonal
frame bundle P on M, we can associate a Riemannian metric g, on T(M).

At the end of §7 we see that the associated Riemannian metric g,, with the

Riemannian connection I' induced by the metric g is exactly the same metric
studied by Sasaki mentioned above. In §8, we shall give some remarks about
the relations between the G-structure P and the induced G-structure P,..

In this paper, all manifolds and mappings are assumed to be differenti-
able of class C*, unless otherwise stated. We denote by T(M) the tangent
bundle of a manifold M, T,(M) being the tangent space of M at x € M.
For manifolds M and N, T(M x N) is often identified with T(M) x T(N).
We shall denote by F(M) the frame bundle of M, i.e. the set of all linear
isomorphisms 2z : R*—> T,(M) with » =dim M. The isomorphism z will
be identified with the frame (z(e,), * - -, 2(e,)), where ¢; = (6}, .+, &%) € R",
o] being the Kronecker symbol. For a map f:M—> N, we denote by
Tf or T(f) the induced map of T(M) into T(N), which will be sometimes
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called the tangential map of f. If f is a diffeomorphism, we denote by
Ff or F(f) the induced map of F(M) to F(N), i.e. (F f)(2) =(T f)oz for
z€ F(M). Forseveralmaps f: M'—> M",g: M—> M, f,: M;—>N; (i =
1,2) we have the following formulas which can be verified by the definitions:

T(fog)=T foTy,
T(lM) =1lran, Fllu) = leup,
T(fi X fo) =T fl xXT fza

where 1, stands for the identity map of M. We denote 1=1, if the
manifold M is clear from the context.

For a coordinate neighborhood U in M with a local coordinate system
{z'y - + -, 2"} we can define canonically a coordinate system {z!,:--, 2",
&'y« s+, 2"} on T(U), i.e. a tangent vector Zn‘_.l %t <£T)x has the coordi-
nates (z!, .-, 2", #',---, 2") if the point # €U has the coordinates
(xty «++,2"). We will call this local coordinate system {ax!', -+, 2™,
%!, + « +, 2"} the induced local coordinate system on T(U) by {z, « - -, 2™}.
Similarly we can define the induced local coordinate system {z!, - ., z";

cee,yl,e e} on FU), ie. a frame z=<-~-,i§:}iy§<aii)x,---) has

the coordinates (!, -« «, 2”; -+, ¥, +++). We shall sometimes omit the

n
summation notation Y} for repeated indices, for instance 3} y;i( a‘;,) =
=1 k4

v (5.

If f: M—> N is a map of a set M into N and A is a subset of M,
we often denote by f itself the restriction f|A of f to A, if there is no
confusion.

In the following, R™ always denotes the » dimensional real number
space. The group of all linear automorphisms of R™ will be denoted by
GL(n,R), GL(R") or simply by GL(n). If ai R for i,j=1,2,-+-,n, we
denote by (a}) the matrix of degree » whose (i, j)-entry is af.

§1. Imbedding of T(GL(n,R)) into GL(2n,R).

Let M be a manifold. As usual, we denote by X+ Y and ¢X the sum
of tangent vectors X,Y € T,(M) and the scalar multiplication of X by ce R.

Let z, : R"—> R" be the translation of R* by z € R", i.e. c,(y)=z+y
for y € R* and let 6. : R*—> R" be the scalar multiplication by ¢ € R, i.e.
g.(2) = cx for x € R™.
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DeriniTiON 1. 1. Take two tangent vectors X € T,(R™) and Y € T,(R").
We define the sum X®Y of X and Y and the new scalar multiplication
coX by c€ R as follows:
X@Y = (Te,) - X+ (Te,)- Y,
coX=(Tg) - X-

ProposSITION 1. 2.  The tangent bundle T(R™) of R™ is a vector space of
dimension 2n with respect to the sum “ @ and the scalar multiplication ‘o>

Proof. Let z' be the i-th component of x € R*, then X e T,(R") and
Y e T,R" can be expressed as follows:

X——Ea,-( 6901'):5’ Y 21)‘( ox’ >y
for some a;, b€ R, i =1,2,+--+-,n. We see readily that
(Try) - X=a; (%)xw and so

X®Y =3 (@ + b)) (—ai’f)w )

Similarly co X =3c-a; (_8—?07> . From these expressions of the sum and

the scalar multiplication, it is clear that T(R") becomes a vector space of
dimension 2x, ie. T(R™ has the induced ‘“global” coordinate system
{xla c 0ty xn, 56’, c ey ii?”}.

ProrosiTiON 1. 3.  Let f: R"—> R™ be a linear map. Then, the tangential
map T f:T(R")——>T(R™) is also a linear map of the vector space T(R™) into
T(R™).

Proof. Let 2' be the i-th component of x € R® and y’ be the j-th
component of y € R™. Let f(x) be the j-th component of f(x). Then

fl(z) is expressed as follows: fi(x)= anl al x* for some @€ R. Then we

have:

@ N(Sa(g5r),) =2 T (55,

=3¢ Z—J;; ) ( a?/k )/(.7:)
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- k.(_0
Ecz @ ( ay f(z)

for ;e R, i=1,2,-++,n. From this expression, it follows that T f is a
linear map, for instance:

T N(Se(z) @i (),

=(T f)(Z Ct+c ox’t )z+x'>

= >1(c; + ci)ak ——)

Jz+zry

@Zha(

= c.a’.‘(
eia e oY* Jrn

=T NSa(2r) )oT nN(Dei(52),)-

The following proposition is easily verified:

ProPOSITION 1. 4. For any finite dimensional vector space V the tangent bundle
T(V) becomes a vector space with respect to the natural sum and the scalar multipli-
cation “@®, o”. IfV is the direct sum of two subspaces W and W' then T(V) is
isomorphic canonically to the direct sum of T(W) and T(W’).

DEeriniTION 1. 5. We denote by p:  GL(n,R) X R*—> R" the natural
operation of GL(n,R) on R", i.e. p(y,x)=y-x for y € GL(n,R) and x € R".

It is well known that if G is a Lie group, then T(G) is also a Lie
group by taking Ty as the group multiplication, where p:G X G——>G is
the group multiplication of G.

ProrposITION 1. 6. By the tangential map Tp: T(GL(n)) X T(R™) —> T(R")
of p, the Lie group T(GL(n)) operates effectively on T(R™) as a linear group.

Proof. (i) Take two tangent vectors X, € T, (R™), Y, € T,,(GL(n)) and
ce R. We shall prove:
(L. 1) Tp(Yy, coXy) =coTp(Yy, X,).

First, we define the functions % :R"—> R, #%]:GL(n) X R®*—> R, #i:
GL(n)—> R and &*: GL(n) x R®— R, as follows: #(x) = 2, #i(y,) =yi,
Fiy) =yl, #y,x)=2 for x € R*, y=(yl)eGLn), j k=12 +++,n.
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Then we have: &0 p(y,x) =2(y - 2) = (D yia")) = Dyi-a* =2 (77 (v,
z). Therefore, it follows that
(To(Yo, co Xa) - & = (Y, co X)) (&0 p)
= (Y, co Xp) 7L+ &
=23 (Ys, co Xy) (7 7
=31 (Yo, ¢ o Xo) 7L+ (Yo, C* 20)
+ X LYoy o)+ (Yo, co0 Xy)*
=Y, 7l c zf+ X (Wi cX, &
=c (Yo 7i- 0k + (yo)i- X 5°).
On the other hand, we have

(co(Tp(Yy, X)) - &

il

To(To(Yy, X))+ &
= (Tp(Yy, X,)) (& 0 0,)
=c-To(Vy, X)&
=c- D (Yo i 2b+ (i X &9
Thus, (To(Y,, co X))+ & = (co (Tp(Y,, X))+ &’ forj =1,2, -+ -, n, hence (1, 1)
holds.
(i) Take Y, T, (GL(n)), X, < T”% (R™), i=1,2.
We shall prove:
(1. 2) To(Yy, X, ®X;) =Tp(Yy, X)) D Tp(Y,, X,).
Keeping the notations as in (i), we calculate as follows:
To(Yy, X, @ X)) = (Y,, X, ®X)& 0 p
=Yy, X, ®X,) 2 41~ 2"
=Y, §i (oF 4+ 2§) + 2 ()i - (X, © X)&°
= DY, i (f + 2f) 2 (¥ )h(Xi5" + X,5Y)
= (Y, gi - 2t + (y0)i - X177
+ 2 (Yo g - af + ()i - o)
=To(Yy, X)& + To(Yy, X,)&
= (Tp(Yy, X)) ®Tp(Ys, Xo))&,

where we have used following calculations in the above fourth equality:
(X, @ Xp)&" = (TrX, + T“'szz)fk = X,(8 0 t,) + Xy(&*0ry) = X, (& + af) +
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X,(%* + %) = X,#* + X,5*. Hence we have Tp(Y,,X, ® X,)i’ = (Tp(Y,, X)) ®
To(Yy X,))%' for j =1,2,- -+, n, which shows that (1,2) holds.

(iii) For every y,e GL(n), 2,€ R, r;€ R and c;€ R, we shall
prove the following:

(1. 3) To(X 7 (%)1, y 2365 (%)w )

_E(Zr,c, x0+2cl(yo> )( axk>

In fact, from the calculation in (i) we proved the following:
To(Yy Xo)jj = ; (Yogi -2l + (¥o)i- Xoil) .
: . . _ Gl _ alk
Applying this equality for Y, = X7 <W>% and X, =3¢ (W)x, we

obtain the following:

ro(2 () o))

= 2(2 rzp( oy Jv ) gl + (Yl 2 Cp (%)xoﬁv
= 2 ( E 7i,p0105%5 + (Yo} » 22 €,8%)

; (rnxo (Wo)icy) -
On the other hand we have:

St + 3D (G2 )y, o

ox* Jvg =g
=2 (rpws + cuyoll) -
Hence, the values of both hand sides of (1.3) at %’ are equal for any
j=1,2,+++,n, which shows that (1. 3) holds.
(iv) Take Y,Y” € T(GL(»)) and X € T(R").
We shall prove:
To(Y Y, X) = To(Y,Tp(Y", X)),

where YY" = Tu(Y,Y’), p being the group multiplication of GL(x).
Since GL(n) operates on R™, we have
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po(e X 1gn) =po(lerm X p).
Hence, we calculate as follows:

To(Y-Y", X) = To(Tp(Y,Y"), X)
=Tpo(Tp X 1pem) (Y,Y", X)
=(TpoT(p X 1za)) (Y, Y, X)
=T(po (g X 1z) (Y, Y, X)
=T(p o (lezw X p)) (V,Y, X)
=Tp(T lgrt X Tp) (Y, Y, X)
=Tp(Y,To(Y", X)).

By (i) ~ (iv) we proved that the group T(GL(n)) operates effectively on T(R™)
as a linear group. Thus Proposition 1. 6 is proved.

DeriniTION 1. 7. For Y € T(GL(n)) and X € T(R") we define Y-X by
Y-X=To,X).

More generally we see, by the same argument as in the proof (iv) in Prop.
1. 6, that, if G operates on a manifold M then 7(G) operates on T(M).

DEeFiniTION 1. 8. We denote by R, : GL(n)—> GL(n) the right transla-
tion of GL(n) by a€ GL(n), i.e. R,y)=y-a for y e GL(n). Take a
tangent vector Y € To,(GL(n)). Then B =TR,(Y) is a tangent vector of
GL(n) at the unit element ¢ of GL(n), namely B is an element of the Lie
algebra gl(n) of GL(n). Conversely for any pair a< GL(n) and B € al(n),
we obtain a tangent vector ¥ € T,(GL(n)) by Y =TR,(B). We express this
vector Y by :Y =[a,B]. On the other hand any X & T,(R") is expressed

by X=X, <79%7)x . We shall denote: X = (x,v) € T(R") = R*".

ProrosiTioN 1. 9. We have the following equality :
[a, B}« (z,v) = (@+x, Bea-x+a-v)
Sfor any a= GL(n), B < gl(n) and x,v € R™.

Proof. First, we shall show that

» PRa(8) = el ().,
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for a=(a}) € GL(n), b GL(n) and i,j=1,2,+++,n. In fact, denoting
by f¥(++-, yi, )= yk-a7 the (k, I)-entry of R,(y), we see that

TR, ((ra%),) =3[ gi ]m ('a%';‘ o
= X 5iohart (—a%,f—)b‘a

—Eaz ( 3yz

By using (1. 4) and several definitions and by putting B = X b3 ( ay’"> we
»

calculate as follows:

[a, B) (2,0) = (TRq B)- Doi (—2r)

= TR (355 (5o),) * Zoe(550),
= (2 b Xa (7,@7;»“))'2”" <—aa§7>;c
= Tp( ) b’"at( aZ ) i( agi >x>

(5ot ().

=3 (,,zj bkary’ + 31 vza’z‘) (*a%)”

= (a-x, B-a-x—l—‘a-v).

Thus proposition 1. 9 is proved.
Remark 1.10. We can easily verify the following
la, B]-[a’y B'] = [aa’y B + ad(a™!) B’]
for @, @ € GL(n) and B, B’ € gl(n).
DEeriniTION 1. 11, We shall denote by
T(GL(n, R)) —> GL(2n, R)

the operation of T(GL(n, R)) on R** = T(R") proved by Proposition 1. 6, i.e.
UV  X=Y - X=TpY,X).

By Proposition 1. 9 we have proved the following

https://doi.org/10.1017/5002776300002660X Published online by Cambridge University Press


https://doi.org/10.1017/S002776300002660X

76 AKIHIKO MORIMOTO

ProrposiTiON 1.12.  For any a € GL(n) and B € gl(n) we have the following
equality :

e =5 ),

Jn([a,0]) = Ta.
§2. Imbedding of T(F(M)) into F(T(M)).

DerFiniTiON 2. 1. Let P(M,n,G) be a principal fibre bundle with
bundle space P, base space M, projection = and structure group G. If
{U,} is an open covering of M, P being trivial bundle over U,, and if

9sp : Us NUg—> G is the transition function of P, we express this fibre
bundle by

P= {Ua ’ ga@} .
If G is a subgroup of a group G’ and j:G—> G’ is the injection map,
then there is a fibre bundle P’ = {U,, jog.s} and the injection j: P—> P’
which is a bundle homomorphism, i.e.

j(z-a)=j(z)-a

for any z€ P and a€ G. (cf. [7])

DeFintTION 2. 2. If P(M,7,G) is a principal fibre bundle, then
T(P)(T(M),Tr,T(G)) is again a principal fibre bundle (cf. [4]).

ProrosiTiON 2.3.  If P={U,,gsp}, then T(P)={T(U,),Tgsp}.
Progf. Let @, :U, Xx G——1zr}(U,) be the trivialization of P over U,.
Then, by definition,
03" o Og(x,9) = (2, 9ap(x) - 9)
for xeU,NUg and g G. Since (Tn)(T(U,)) = T(=z'(U,)), it is sufficient
to prove the following:

TP, o TOHX, L) = (X,Tgep(X) L),

for (X,L)e (T(U,) N TUy) x T(G). To prove this it is sufficient to prove
the following assertion:

Let f:U—>G be a map, for which we define the map ¥ :U X G—>
UXx G by
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¥(zx,9) = (x, f(x)-9)

for (2,9) €U XG. Then TV X,L) = (X, Tf(X)-L) for (X,L) € T(U) x T(G).
To prove this assertion we denote by =, : U X G—U, m, : U X G—> G the
projections and g : G X G—> G the group multiplication.
Since m o ¥(x,9) = f(x) g = (zo(f X 15)) (2,9), we have mo¥ = po(f x1,),
and hence
Tr,oTU =T(myo &) = T(po (f X 1g))
=TpoT(f X1g) =Tpo(Tf X 1re).

Therefore, |

Tryo TU(X,L) = Tp(Tf(X), L) =Tf(X)-L.
On the other hand, Tr o T¥(X,L) =T, o¥)(X,L) =Trn(X,L) =X. Thus,
T¥(X,L) = (X,Tf(X)-L) and hence Proposition 2. 3 is proved.

THEOREM 2. 4.  For any manifold M, there is a canonical injection
T(F(M))c F(T(M)) .

Proof. Let M= U U, be the open covering of M by coordinate neigh-
borhoods U, with a local coordinate system {x!, -, 2"}. We denote by
Jog :Us NUg—>GL(n,R), n=dim M, the Jacobian matrix with respect
to the local coordinate systems {x%, .-, 7} and {ags ==y ah), ie.

oy, - - -, 7})
Jousl®) = 5t :

Loyt vy Xg

for x €U, NU,. Then FM)={U,, J.p}, F(M) being the bundle of
frames of M. By Proposition 2.3 and the remark in Definition 2.1 we
have:

(2- 1) T(F(M)) = {T(Uu)9 T]aﬁ} c {T(Ua), jnoT}GB}’

jn being defined in Definition 1. 11. Now, we denote by {wl,::-, a7,
#zs ¢+, 25> the induced local coordinate system on T(U,), and by
Jog : T(U,) N T(Ug)—> GL(2n, R) the Jacobian matrix with respect to the
local coordinate systems {zk, .-, 2%, &l,.-., 4"} and {@hy vy xf, dps

-+, dp), e

a(x:g" M) xg’ -'/i'[l;s’ t xZ)

Tas**y Xay d';a’"”fi;g) ’
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We shall prove

@. 2 Jeg =jnoTJsg on T(U,) N T(Up).
Put zt=2l, y'=ab, U=U,, U =Up, J=Jsp and J=J.,5. Then
y* = fi(x), where f* is a function on UNU’ for i =12, +--,n and so

if 29 (5, 2, )z.
From these relations between two local coordinate systems:
y' = fi(z) and §* =33 gxf , we obtain:
ﬁf_) 0
@3 Jawa=| 0%
n 5 agflc %
<=1 ox'ox’ ) ( af )
Now, for any map g : U—> GL(n,R) we have
(2. 4) Tg( aii ) kl 2!: ( Y Sy’
where z € U and g(z) = (¢%(x)). We calculate as follows:
o TJ(@, &) =TT (24 (o))
= jn 2 4'T] (( a?ui )J)
2 1k
= j"<2xi ai‘{;xi ( oy )J(z)>
fk
= [ (2), 214" a’a T TRy (ayl )J(z)]
= i 1o 2o i v ()]
_ J(x) 0
(2o -2l g fm
() "\,
= 3 =J{2,2),
<Za‘c' ailj;x ) (gi:’)
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where we have used (1. 4) in the fifth equality and used (2. 4) in the third
equality.  Since we proved (2.2), we see, by (2.1), that T(F(M)) c
{T(U,), Jag}= F(T(M)). Thus Theorem 2. 4 is proved.

DeriniTION 2. 5. We denote by jy : T(F(M))—> F(T(M)) the injection
obtained by Theorem 2. 4. The injection j, is independent of the choice
of the open covering {U,} of M with coordinate neighborhoods {U,}.

If U is a coordinate neighborhood in M, then there is the canonical
trivialization @, : U X GL(n)—> F(U) and ¥y :T(U) x GL(2n)—> F(T(U)) of
F(M) and F(T(M)) over U and T(U) respectively. By virtue of (2. 2) in the
proof of Theorem 2. 4 we see readily the follwing

ProposITION 2. 6.

Jul T(F(U)) = ¥y o (lrw, X ja) o (TPy)™" .
The following proposition is also clear from our construction of jy:
ProposiTION 2. 7. Let n: F(M)——> M, #: F(T(M))—> T(M) be the pro-

Jections. Then the map jy ts a bundle homomorphism of T(F(M)) into F(T(M))
with respect to j,, ..

I X-Y) = ju(X) - ju(Y)
Jor Xe T(F(M)), Y € T(GL(n)) and we have the following commutative diagram:

T(F(M)) —2—> FT(M)

| L
11‘ (98]

T(M) —> T(M) .
§3. Prolongations of G-structures.

DeriniTION 3. 1. Let G be a Lie subgroup of GL(n,R). We shall
denote by G the image of T(G) by j, : G = j.(T(G)) (cf. Def. 1. 11). Clearly
G is a Lie subgroup of GL(2x,R) and isomorphic to T(G).

DeriniTION 3. 2.  Let M be a manifold of dimension #» and G be a
Lie subgroup of GL(n,R). A G-structure on M is, by definition, a G-
subbundle P(M,r,G) of the frame bundle F(M) of M. Therefore, a G-
structure on M is nothing but a reduction of the structure group GL(n,R)
of F(M) to the subgroup G of GL(n,R). (For the general theory of G-
structures see, for instance [1], [2], [8]).
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Tueorem 3. 3. If a manifold M has a G-structure P, then T(M) has a
canonical G-structure P .

Proof. Let M= U U, be an open covering of M by U,, over which
the bundle P(M,r,G) is trivial and let g,5: U, N Ug—> G be the transition
function. Then, by proposition 2. 3, T(P) = {T(U.), T9.5}. Put P= j(T(P)).
Then we see that P={T(U,), j,oTg.s}. Since j,oTg,p maps T(U)NT(Up)
into G, we obtained a G-structure P on T(M).

DEeFintTION 3. 4. We shall call P in Theorem 3. 3 the prolongation of
the G-structure P on M to the tangent bundle T(M).
We can prove the following well known fact:

COROLLARY 3. 5. If a manifold M is completely parallelizable, then T(M)
is also completely parallelizable.

Proof. Since M is completely parallelizable, M has a {e,}-structure,
where e, is the unit matrix of GL(n,R), n =dim M. Then, by Theorem
3.3, T(M) has a j,(T({e.})-structure. Clearly j,(T{e,)) = {e:.}, which
implies that T(M) is completely parallelizable.

ProrosiTiON 3. 6.  If a manifold M has a G-structure P, then T(M) has a

. a O
(not canonical) G-structure, where G, = KO a> ace G } .

Proof. Since G, is a closed subgroup of G such that the quotient space
G/G, is diffeomorphic to the Lie algebra of G, and hence G/G, is diffeo-
morphic to a euclidean space. Let P/G, be the space obtained by identify-
ing z and z-q, for z€ P and ;€ G,. Then P/G, is a fibre bundle with
base T(M), fibre G/G, and structure group G. Since the fibre G/G, is
diffeomorphic to a euclidean space, this bundle P/G, has a global cross
section ¢ and hence the structure group G of P is reduced to the subgroup
G, (cf. [7]), which means that T(M) has a G,-structure B,. We remark that
P, is not canonical since the cross section ¢ is not canonical (cf. Remark
8. 4.). Thus Proposition 3. 6 is proved.

Remark 3.7. Let P(M,r,G) be a G-structure on M, and let I be a
connection on the principal fibre bundle P, then T(M) has a Gystructure
Pr canonically induced by I'. In fact, the connection I" defines a global
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cross section ¢, of P/G, and hence s, induces a G,structure on T(M) as

r
in the proof of Proposition 3. 6.

§4. Prolongations of isomorphisms of G-structures.

DermniTiON 4. 1. Let M and M’ be manifolds of dimension » and G
be a Lie subgroup of GL(n,R) and let P and P’ be G-structures on M and
M respectively. Let f: M-—> M be a diffeomorphism of M onto M. We
call f an isomorphism of P to P’ if (Ff)(P)= P’. (cf. Introduction).

THEOREM 4. 2.  Let f be a diffeomorphism of M onto M’. Then we have:

(4. 1) - (FTf)oju=jwo(TFS).

Proof. Let {U,} be an open covering of M by coordinate neighborhood
U,. PutV,=fU,. Then we have M’ = UV, and V, is a coordinate
neighborhood. Let

@, :U, X GL(n)—> F(U,),
o, :V, X GL(n)—> F({V,)
be the trivialization of F(M) and F(M’) over U, and V, respectively. Then

we have the following commutative diagram:

[
FU,) «—— U, x GL(n)

(4. 2) Ffl . lfa
Vo) «—— Vo X GL(n),

where we have defined the diffeomorphism f, by
fo=0; o Ffod,.
The diagram (4. 2) induces the following commutative diagram:

T(F(U.,)) I T(U,) x T(GL(n))

. 3) wl - le“
(V) <—— T(V,) X T(GL(n)) .

On the other hand, let

v, :TU, X GL2n) —> F(T(U,))
. :TV,) X GL(2n) —> F(T{V,))
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be the local trivializations of F(T(M)) (and F(T(M’))) over T(U,) (resp. T(V,)
induced by the local coordinate system on U, (resp. V,). Then, we have

the following commutative diagram:

T(U.) x GL(2n) —— F(T(U.))

(4. 4) Al . |7
T(V,) X GL(2n) —— F(T(V.)),

where we have defined the diffeomorphism fa by

fa=Ui o FTfo¥,.
Let j, =1;00 X j, and ji =144 X j,. By virtue of Proposition 2.6, we
have:

jM = wa ° ja o (TQG)—I on TF(UG.) ’
(4. 5)

Jw=¥s0joo(TO)™ on TF({V,).

To prove (4. 1), it is now sufficient to prove that the following diagram

TU,) x T(GL(n)) L" TU,) X GL(2n)

(4. 6) chl , lfa
TV ,) X T(GL(n)) ——> T(V.) X GL(2n)

is commutative, since the diagrams (4. 3) and (4. 4) are commutative and
since (4. 5) holds.

To prove the commutativity of the diagram (4.6), we take the local
coordinate system {z!,:--, 2"} on U, and {y',---, %"} on V.. Then
T(U,) (and T(V,)) has the induced local coordinate system {z!,---., z™,
&y e 2"} {yty oo, y™, Yy oo, ¥} resp.).  Similarly F(U,) (and F(V,))
has the induced local coordinate system {a!, «««, 2", «««, wi, «+-}
{yty oo ey y™y oo+, 2i, -+ resp.). Now this local coordinate system on
F(U,) induces the local coordinate system {z!, - -+, 2", wi, &, «++, 2", Wi}
on T(FU.){y" -+ y™ 2} y's---, 9" 2j} on T(FV,) resp.). Let
f:U,—>V, be expressed by

yi =fi(x1’ cee,2")

in terms of the above local coordinate systems. Then the maps Tf, f,,
Tf, are expressed as follows:
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Tf:y' = fiz), 9' =3 of

ok
ox* ¥

7

foiy'=fl2), 2i=wk

axk ’
i i P of’
y' = fi(x), 2t =2wk a;;‘;k ’
.4 aft .
4. 7 Tfo: P = kS
( ) f Yy by ax* x
_fi off .
=3l w¥ Py kax +2 ax" wi.

On the other hand, the local coordinate system {x!,-.--, 2", @', .., 2"}
on TWU,) '+, y™ 9% -+, y"} on T(V,) resp.) induces the local coordi-
nate system {a!, .-, a" &', &% @} p,v=1,2,--+,2n on F(T(U.))

2n “
gt e - ¥ g e -, " 243 on F(T(V,)) resp.). Since 2= P ai,, by

utting fi*(x,3) =X af,c i*, and 2*" = i°, we can express the map f,
P g %7 0% p Y

by the following equations:

i i i a afl -k
y'=f(=x), ¥ -kgl ppe kAl
- n afJ
4. wt 7] = ok
(4. 8) f z) kglw,, Yl
~f+n 2 ~ 1 5sz ~N+k fj
i k,tz‘;l w ox'ox® v +l§1w,, oxt

for i,j=1,2,+++,n; v=12+++,2n. We now remark that, if XeT(GL(n))
has the coordinates wi and #} then, we have:

¢ 0
4. 9 §uX) = ( i) ) -

@j;)  (w))

In fact, since X =t ( a:j}z ) ’
j w

%) = a0ty TRoe 201 (520)])

ow;

)

= ja ([, Sailw)
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_ ( (w3) 0 B ( (w3) 0 )
@i @) |\ @) wh) )
where we have used the notations in Definition 1. 8 and the formula (1. 4).

Now take an element X = (=, &, w/,w]) € T(U,) X T(GL(n)), then by (4. 7)

we have

af’

dut

&, (21), (&),

Tfu(X)=(f(2), 22

where zJ, 2] are given in (4. 7). Hence, by (4. 9) we have:

(4.10)  jLoT/u(X) *((f"(x) sy, (0 ))
. Ja o ’ o ’ \(z{) (z{) .

Now, by using (4. 9) and (4. 8) we obtain:

. . o (wi) 0
foojuX) = fo ((x%a'c’), ( ))

@} (w)

. ; ) o
=((f"(x),2 of x)( i | ))

CE @) (e

where z/ and #{ are the same as in (4. 10). Finally we obtain j,oT f,= f4°je,

whence Theorem 4. 2 is proved.

THEOREM 4. 3. Let P and P’ be G-structures on M and M’ respectively. Let
f be a diffeomorphism of M onto M'. Then f is an isomorphism of P to P’ if
and only if Tf is an isomorphism of P to P’.
Proof. By the definition of P and P’ we have:
P = jyT(P), P' = juwT(P").
Suppose f is an isomorphism of P to P’. Then
FTf(P) = FTf(ju(T(P))) = juw (TFf(T(P))
= jw (T(P) = P,
and hence Tf is an isomorphism of P to P’.
Conversely, suppose Tf is an isomorphism of P to P’. Then

FTf(P)= P, and hence FTf(ju(T(P))) = juw (T(P")) and so ju TFf(T(P)) =
Ju (T(P)). Since ju is injective, we have TFf(T(P))=T(P’), which
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implies that Ff(P)= P’, whence f is an isomorphism of P to P’. Thus
Theorem 4. 3 is proved.

CoROLLARY 4. 4. Let P be a G-structure on M and let f be a diffeomorphism

of M onto itself. Then, f is an automorphism of P if and only if Tf is an
automorphism of P.

§5. Integrability of the prolongations of G-structures.

DEerintTION 5. 1.  Let P(M,n,G) be a G-structure on M. The G-
structure P is called integrable (or flat) if for each point p € M there is a
coordinate neighborhood U with local coordinate system {z!, « .-, 2"} on U
such that the frame

((ail L""’(ai“)gep
for any zx € U.

Lemma 5. 2. Let {«%, + « +, 2™} be a local coordinate system on a neighborhood
Uin M and let f:U—> GLm,R) be a map, fi(x) being the (i,7)-entry of f(x)
SJor e €U. Then we have

) ) (f (=) 0

(5. 1) (]mon) (x9 z) = afi ’

(2L (i)

k

where (2, %) = (x!y + « +, ", &Y+, &™) s the induced local coordinate system on
Tw).

Proof. We have

.\ x/ 0 _ e Of% 0
Tfw#) =Tf (Dt 50),) = & 50 (50r) 0, -
Applying (4. 9) for m, we see that (5. 1) holds.

ProrosiTioN 5.3.  Let {z!, - -+, 2"} be a local coordinate system on a
neighborhood U in M. Let ¢ be a cross section of F(M) over U, which is expressed
by:

$(a) = (- + -0 Dotta) (), +)
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Jor xeU. Define §=jyoTe. Then ¢ is a cross section of F(T(M)) over
T(U) and is expressed by the following :

F(ni(520) )= (v o st (o) + 0L ax(2) L
8i@) (o) )

where {xly « + +, x% &Y -« -, 2"} in the right hand side is the induced local coordi-

nate system on T(U) and X = 29‘0’( 63:‘ ) e TWU).

Proof. Let n: F(M)—> M and # : F(T(M))—> T(M) be the projections.
Let @, and ¥, be the local trivialization of F(M) and F(T(M)) over U and
T(U) respectively as in Definition 2. 5. By Proposition 2. 6 we have

IxlTFU) =¥y o (Lrgy X f,) 0 (TOy).

First, 7od =FojyoT¢ =TnoTp =T(ne ¢) = Tly = 1,¢», which shows that §
is a cross section of F(T(M)) over T(U). Now, by putting f(x) = (¢i(x)) for
z €U, and using Lemma 5. 2 we calculate as follows:
¢ =Tyo(ley X ja) o (TOy)™ o T(Py 0 O3 0 §)
=¥yo Ly X ju) o T(ly X f)
=U¥y0(lrawy X juoTf),

which implies

(245

(#52) 0
). w”((” (( L) it ))
NPHEERE e

$1@ (55) )

Thus, Proposition 5. 3 is proved.

CoOROLLARY 5.4. Let P be an integrable G-structure on M, then the prolon-
gation P of P is also integrable.

Proof. Take any X, T,(M). Let U be a coordinate neighborhood of
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p in M with the local coordinate system {z!, - - -, 2"} such that, if we define
d . .
¢ by ¢(x) =<- . .’<W):c’ .- ) for x €U, then ¢ is a cross section of P

over U. Let {2,---, 2" &%---, 3"} be the induced local coordinate
system on T(U). Then, by Proposition 5.3 ¢ = jyoT¢ is a cross section of
F(T(M)) over T(U) and is expressed by

’;(X)z("'(aii )er oo ( afa" )ere )

aii ) e T({U). Now we have:

for X = Eobi(

$(TW)) = juo THT)) € ju(T$U))  ju(T(P)) = P,

which shows that ¢ is actually a cross section of P over T(U).  Since
X, € T(M) is arbitrary, we have proved Corollary 5. 4.
Conversely, we have the following:

PropositioN 5. 5. Let P be a G-structure on M. If the prolongation P of
P is integrable, then P is also integrable.

Proof. Take a point p € M and take a coordinate neighborhood U of
p with local coordinate system {xz!, - - -, 2"} on U such that there is a local
cross section ¢ :U—> P of P over U. Then by Proposition 5.3 and the
proof of Corollary 5. 4, ¢ = jyoT¢ is a cross section of P over T(U).

Now, let X, € T({U) be the zero tangent vector of M at p. Since P
is integrable, there can be found a coordinate neighborhood U of X, with
local coordinate system {y!, - - -, ¥2"} such that U c T(U) and that if we
define g, by

800 = ((Gy ), -+ (o))

$o is a cross section of P over U. Since §|U and ¢, are both cross sections
of P over U, there exists a map §: U —> G such that

(5. 2) $(X) = go(X) - §(X)

for Xe U. By virtue of Proposition 1.12, we can write

9(X) 0
g(X) = ( ) ’
B(X)g9(X)  ¢(X)
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where ¢ : U—> G, B:U—>g are C*-maps, g being the Lie algebra of G.
Since {y! +-+, ¥*} and {a!,---,2", &, ---,%"} are both coordinate
systems on U we can express:

y¥ = ozt .., ", &l e, ")

for (z,4) € U, where f¥ are differentiable functions for v =1,2,-- -, 2n.
Now, if

= (Spita) (5o ) > -+ > Dokl (o))

for x € U, then by Proposition 5.3, (5.2) can be written as follows:

6.9 i) (S20) + 3o o

i ox* o' >X

= 00 (o), + BN (G0w)

where ¢(X) = (¢¥(X)) and B(X) = (Bi(X)) for Xe U.

Since < ) = of

0
ouxt dx*
be written as follows:

aay” d(am) Zafy(a g (8- 8) can

a
oy”

= 3000 (5,0), + 3 BiXgs (5 0)

lc

(5. 4) \ﬁ 2¢](> of”

mo o mo 9gt L af* /9
P R A PO NPT >X

(5. 4), we have:

6.5 o) 2L 4 200 x I _ gyix)

for j,s=1,2, -+ ++, n. Now, define maps foitU—R (s=1,2,+++,7)
and §:U'—> G by

Fi(x) = f*(2,0) and (g(=)™")j = g%(=,0)
for x € U’ =n(U). Putting ¢*=0 (k=1,2,---,n) in (5. 5) we get

(5. 6) S i) -2L = (gla))
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for x € U’. Now define #'(x) = f,(x) for @ € U’, then there exists a neigh-
borhood U, of ¥ such that {#!, ..., "} is a coordinate system on Uj,

because. det <%§—>=l=0 by virtue of (5. 6). We shall prove

(5.7 $(2) = ¢() - g(a)
for x € U,, where we have defined ¢ by
- 9 0
(5. 8) g =((55), .- (7))

for x € U,. In fact, since < aif > =Z—g£—§—< ai_, ) , we have

&

ola) o) = (- -+, D gile) (Sor), slla) -+ +)

(o). (Ga)) =9t

Since g(x) € G for « € U,, the map ¢ :U,—> F(M) is a cross section of P.
Thus, for any point p € M, there exists a coordinate neighborhood U, of
p with coordinate system {&!,--:-,Z"} such that the map ¢ defined by
(5. 8) is a cross section of P over U,. Thus Proposition 5. 5 is proved.

Combining Corollary 5. 4 and Proposition 5. 5 we obtain the following

TueOREM 5. 6. Let P be a G-structure on a manifold M. Then, P is
integrable if and only if the prolongation P is integrable.

§6. Prolongations of some classical G-structures.

(I) G=GL(n,C).

We take a linear automorphism J : R** —> R*" such that J?= —1, and
denote by GL(n,C) the group of all ae GL(2xn,R) such that ao J = Joa.
More precisely, GL(n,C) will be denoted by GL(n,C; J).

Lemma 6. 1. The tangential map TJ of ] is a linear automorphism of the
vector space T(R*") such that (T])? = —1.
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Proof. By virtue of Proposition 1.3, 7] is a linear endomorphism of
T(R*"). Moreover,
(T]?=T]T]=T(]*) =T(-1) = —1.
Thus Lemma 6. 1 is proved.

ProposITION 6. 2. Let G = GL(n,C; J), then G c GL((2n,C;T]).

Proof. Take an element ¢ = G. We can take an element A € T(G)
such that @ = j,,(4). Then, by the notations in Definition 1. 8, we can
write A =[a,B], where a€ G and Beg, g being the Lie algebra of G.
Hence, by Proposition 1. 12 we have the following expressions:

a 0
a@ = jyalla, B]) = ( ) ,
Ba a

J 0
T] = j2allJ,0]) = ( ) )
0 J

Since B < g, we have the equality BJf = JB. Therefore, we get

e )

aoT] = =

Ba a 0 J Ba] aj

(]a 0
JBa Ja

where we have used the equality BJ = JB in the third equality. Thus
@ € GL(2n,C; T]) and Proposition 6. 2 is proved.

>=T]°ﬁ,

THEOREM 6. 3. (1) If a manifold M has an almost complex structure, then
T(M) has a canonical almost complex structure.
(2) If a manifold M is a complex manifold, then T(M) has a canonical complex

structure.

Proof. (1) As is well known, M has an almost complex structure if
and only if M has a GL(n,C; J)-structure. If M has a G-structure then
T(M) has a canonical G-structure P. Applying this assertion for
G =GL(n,C;]), we see that the G-structure P induces canonically a
GL(2n,C; T])-structure P’ by virtue of Proposition 6. 2., which means that
T(M) has a canonical almost complex structure. Thus the assertion (1) is
proved.
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(2) It is well known that a GL(n,C; J)-structure is integrable if and
only if the associated almost complex structure is a complex structure.
Therefore, if M is a complex manifold, M has a canonical integrable
GL(n,C; J)-structure P. Then, by Corollary 5. 4 the prolongation P of P
is also integrable. Therefore the canonical GL(2#n, C; TJ)-structure P’ is
again integrable. Thus 7(M) has a canonical complex structure and the
assertion (2) is proved.

) G =S,m).

Let f:R*™ X R*™—> R be a skew-symmetric non-degenerate bilinear
form on R*™. We denote by S,(m) the group of all @< GL(2m,R) such
that

flax,ay) = f(x,y)

for all z,y € R*™. More precisely, we write S,(m)= S,(m, f). We shall
denote by = the projection of T(R) = R X R onto R defined by

”(C( ddt )) =

for ¢,s € R, where ¢ is the natural coordinate in R.

LemMa 6. 4. If f is a skew-symmetric non-degenerate bilinear form on R*™,
then f =noTf is also a skew-symmetric non-degenerate bilinear form on R*"“=T(R*™).

Progf. We define < :R?*™ X R*™—> R*™ X R*™ by <(u,v) = (v,u) for
u,v € R*™. Then, we have for = —f and hence
TfoTr=T(for)=T(—f)=T(—=1)oTf=(=1)oTf,

(13 3

where “o” in the last term means the scalar multiplication in T(R*™).
Therefore, we have

(moTf)o(Tec)=—noTf.

Thus, f is skew-symmetric on T(R*™). We take a skew-symmetric matrix
(af) € GL(2m, R) such that

7

M=

flx,y) =

1,

aiz'y’

j=1

<,
il

for x = (2!, - -+, 2™ and y=(y!, -, y") with »=2m. Then it follows
that
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Tf(( ax )(z v)) 390 >,r(x,v) = Ea; y! <%‘)f(z.v) ’

1

77 (G ) = a7 Cl s = T8 (i) e

12

Therefore, we have for any b;,¢; € R:

). 2a(5),)
-w@wmzw T
=2015 (55 ),.,) + 20T (5.,
= Soaiy' (), +Seaa (),

: d
S (baly’ + ciatx )( ' )f(m/) .

T (2o

Hence, we obtain
6.0 F(2bu(Ge0). Sa(Gr),) = Dbay’ + e,
Now, we calculate as follows:
F(eomb (). Bel5,0),),)
=F (@), 2o 50),)

= X (chiaiy’ + caica’)
=c-r(2b(Go). De(50r),)

for any ¢ € R. Similarly, we obtain

f(}]bi( ) @}_‘_.b’(ax )., Zc:(ay ))
= F(@e(55), Balgy),)
+f(2bg< aii >x 26:(‘57)) ’
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which means that f is bilinear on T(R*"). If we identify a tangent vector
Ebi( a?c‘ ) € T(R“) with the vector (xl’ * %y xn, bl) C oty bn) S Rzn’ then

we have the following expression of f:

(6' 2) f((xi’ bz)9 (yi9 Cz))
.yl
0 i y"
=(x1,-.-,95", bl,'.',bn)( . (a)> y
(a}) 0 ¢
Cn

which implies in particular, that f is non-degenerate. Thus, Lemma 6. 4
is proved.

ProposITION 6. 5. Let G = S,(m, f), then G < S,(2m, f).

Proof. Let g be the Lie algebra of G. Then, if we denote by A = (a})
the matrix in the proof of Lemma 6. 4, we have the equality B- A+A-‘B=0
for any Be g, *B being the transpose of B. Now, take any & € G, then
a@ = jyn(X) for some X e T(G). By Proposition 1. 12 we can write X = [q, B]
with e€ G and Beg. Then, we have the following expression:

(5 o)
a= .
Ba a

Now, we can calculate as follows:

0 A a 0\ 0 A\/'a ‘'a'B
o 9l 2
0 Ba al\A 0/\o0 ‘a

0
( ‘a aA'a'B+ BaA' a>

- %)
AA‘B+BA—A o)’
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- - 0
which means that @ € S,(2m, f), since f is expressed by ( 4 ) as in
0

(6. 2). Thus Proposition 6.5 is proved.

THEOREM 6. 6. (1) If a manifold M has an almost symplectic structure, then
T(M) has a canonical almost symplectic structure.

(2) If M has symplectic structure, then T(M) has a canonical symplectic struc-
ture.

Proof. (1) A manifold M has an almost symplectic structure if and
only if M has a S,(m)-structure. Hence, by Proposition 6.5, T(M) has a
canonical almost symplectic structure if M has an almost symplectic struc-
ture.

Now, it is well known that an almost symplectic structure is a
symplectic structure if and only if the associated S,(m)-structure is integrable.
Therefore, we see that the assertion (2) follows from Corollary 5. 4.

) G =GLV,W).

Let V = R® and W be a vector subspace of V. We denote by GL(V,W)
the group of all a€ GL(V) such that e(W)=W . The foliowing lemma is
easily verified: :

LemMa 6. 7. Let G =GLWV,W), then G < GL(TWV), TW)).

ProrosiTiON 6.8. (1) If a manifold M has a k-dimensional differential
system, (i.e. a differentiable assignement M > x —> D(x) < T, (M) of vector subspaces
D(x) with dmD(x) =4k for x € M) then T(M) has a canonical 2k-dimensional
differential system.

(2) If a k-dimensional differential systems on M s completely integrable, then
the canonical 2k-dimensional differential system on T(M) is also completely integrable.

Proof. (1) A manifold M has a k-dimensional differential system if
and only if M has a GL(V,W)-structure with dimV =dim M, dimW =k,
If M has a GL(V,W)-structure, then T(M) has a canonical GL(T(V), T(W))-
structure by virtue of Lemma 6. 7. Hence T(M) has a canonical 2k-
dimensional differential system, since dim T(W) = 2k.

(2 It is well known that a differential system on M is completely
integrable if and only if the associated GL(V, W)-structure on M is integrable.
Therefore, the assertion (2) follows from Corollary 5. 4.
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Iv) G =0k,n—k)

Let f be a symmetric non-degenerate bilinear form on R" of signature
(kyn — k) and let n : T(R)—> R be the same projection as in (II) and let f
be the map f=noTf:T(R") X T(R")—> R. We denote by 0(k,n —k) the
group of all a e GL(»n) such that f(ax,ay) = f(x,y) for z,y € R™.

LeEmMA 6. 9.  The notations being as above, f is a symmetric non-degenerate
bilinear form on T(R™) of signature (n,n)

Proof. By the natural basis of T(R") induced by the natural basis of
0 A

R, f is expressed by the matrix ( 4 > as in (6. 1), if f is expressed
0

by the matrix A. From this fact, Lemma 6. 9 follows.
The following proposition can be proved in the same way as the proof
of Proposition 6. 5.

ProposiTioN 6. 10.  Let G = 0k, n—Fk), then G c 0(n,n).

THEOREM 6. 11. If M has a quasi-Riemannian metric, then T(M) has a
canonical quasi-Riemannian metric.

Proof. A quasi-Riemannian metric on M is nothing but a 0(k,» — k)-
structure on M. Therefore, the prolongation of this 0(k, n—k)-structure
induces a canonical 0(x,#)-structure on T(M) by virtue of Proposition 6. 10,
and hence T(M) has a canonical quasi-Riemannian metric of signature
(n,n).

V) G=SLn,R).
As usual, SL(n, R) denotes the group of all a€ GL(rn) with det(a)=1.

LemMa 6.12. Let G =SL(n,R), then G < SL(2n, R).
a 0

Ba a
with ¢ € G and Be g, g being the Lie algebra of G. Since det(@) =1,

we have det(@) =1. Thus Lemma 6. 12 is proved.

Proof. Take ae G, then a=j,(X) =( ), - where X =[a, B]

The following proposition is easily verified:

ProrosiTioN 6. 13. If a manifold M has a SL(n,R)-structure, then T(M)
has a canonical SL(2n, R)-structure.
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VI) G=Umn)x1cGL2n+1,R).
As wusual, U(n) denotes the wunitary group of degree #n. Then
Un) x 1< GL(n,C) x 1< GL(2n + 1, R) by the usual injection.

LemMMA 6. 14. Let G=Um) x1cGL2rn+1,R), then we have

Proof. Let J:R*™ —> R*® be the linear isomorphism such that
GL(n,C) = GL(n,C; J). We denote by J,:T(R)—> T(R) the linear iso-

morphism of T(R) defined by J, (a(%—)) = S<—:lii—>-a for a,s € R, where

¢t is the natural coordinate of R. Let J:T(R***')—> T(R?*"*!) be the linear
map defined by J=TJ X J,. Then it is readily seen that G c GL(2n + 1,
C;J). Thus Lemma 6. 14 is proved.

PrOPOSITION 6. 15.  If M has an almost contact structure (cf. [3], [6] for the
definition), then T(M) has a canonical almost complex structure.

Progf. An almost contact structure on M induces a U(n) X 1-structure
Pon M. Then, by Lemma 6.14, the prolongation P of P induces a
canonical GL(2n + 1,C)-structure on T(M), that is, an almost complex
structure on T(M). Thus Proposition 6. 15 is proved.

§7. Relations between the prolongations of G-structures and
the prolongations of tensor fields.

(I) We shall prove that our prolongation of GL(m,C)-structure given
in Theorem 6. 3 is exactly the complete lift of the associated almost complex
structure given by Yano and Kobayashi [9].

Let P(M,r,GL(m,C)) be a G(m,C)-structure on a manifold M. We take
a coordinate neighborhood U in M with a local coordinate system
{xt, « -+, 2"} with n =2m. Let ¢ be a cross section of P over U. Then
the map ¢ =jyoT¢ is also a cross section of the prolongation P of P by
Proposition 5.3 and the proof of Corollary 5.4. Let J be the linear
isomorphism of R?*" such that GL(m,C) = GL(m,C; J) and let ¢(x): T (M)
—> T,(M) be the map defined by

(@) = g(x) 0 J o g(x)!
for x€U. Then ¢ is the (globally defined) almost complex structure
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associated with the GL(m,C)-structure P. If we take K a‘;) sty

( ai,,) ] as a basis of the tangent space T,(M) we can write ¢(x) and ¢(zx)

as follows:

o@) = (- -+, Dgia) (52).5 **)
gla) = (gi(@)) o J o ($(x) .

We define $(X) : Tx(T(M))—> Tx(TM)) by

FX) = §(X)o T] o F(X)™

for Xe T(U). Then, since (TJ)?=—1, we have (§(X))?*=—1. Thus ¢
is an almost complex structure on T(M). In fact, we see easily that ¢ is

(7. 1)

the canonical almost complex structure on T(M) given in Theorem 6. 3.

We take {( a?c‘ )X, e, <ain>x, (a?'o‘ )X,~ . -,( 9 )X} as the basis of

ox"
Tx(TM)), where {x%, ..., 2", 2%, -+, 4"} is the induced local coordinate

system on T(U). Then, using Proposition 5.3, the map &(X) can be

expressed as follows:

($3(x)) 0 ( ($4(2)) 0 )
(7. 2) SE(X)= [ «TJ- i
( (2 &) i) ) (£24%) (gt

a J 0
. ) € T(U), where we have T]J = by

for X = (a,%) =29‘c"( p

virtue of Proposition 1. 12.

Now, we shall prove the following
ProrposttioN 7. 1. The notations being as above, if ¢(z) = (¢pi(x)) then ¢(X)
is given by the following :
_ (¢3(=)) 0
= (224 ) witw) )
Jor X = (z,%).

Proof. By virtue of (7. 1) and (7. 2), it is sufficient to show the following
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( (¢5) 0 ) (({15;) 0 )
(7. 3) P ) . 9t . )
L) e (e e

(69) 0)(1 0)
*((ggiﬁ) @) \o s/

The left hand side of (7. 3) is equal to

(¢5) (#9) 0
(7. 4) i s
((g‘g; #)- 0+ N (24w (¢5~>)

while the right hand side of (7. 3) is equal to

(o] 0
-9 ( 20 e ) '
Now, from (7. 1) we get the following
7.1y (@i () (p5(2)) = (pj(x) - T -

Differentiating the both hand sides of (7. 1) with respect to z*, multiplying
%* and summing up for £=1,2, - -+, n, we obtain

6 (o) en+ 00 (5o a) = (SEL#)- 7.

By (7. 1) and (7.6) we see that (7.4) is equal to (7.5) and hence (7. 3)
holds. Thus Proposition 7.1 is proved.

THEOREM 7. 2.  The canonical almost complex structure ¢ on T(M) induced
by a GL(m,C)-structure P on M is just the complete lift ¢° of the associated almost
complex structure ¢ with P .

Proof. By the formula of the complete lift of a (1,1)-tensor field on M
given in [9] p. 204, we see that ¢¢ = ¢ by virtue of Proposition 7. 1.

(IT) Take G =0(k,n —k) and a G-structure P(M,n,G) on a manifold
M. Then the prolongation P of P induces an 0(x, n)-structure Q = Q(T(M),
% 0(n,n)) as proved in Proposition 6.11. We take a symmetric non-
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degenerate bilinear form f on R™ such that G is the group of.all a.€ GL(n)
satisfying f(a-u#,a-v) = f(u,v) for u,v € R*. Then 0(n,n) is the group of all
@ € GL(2n) such that f(a-a, a-9) = f(a,d) for #,5 € T(R"), where f = noTf
as in §6 (IV).

Let U be a coordinate neighborhood in M with a local coordinate
system {«!, + - -+, 2"} such that there is a cross section ¢ of P over U. For

any 2 € U we denote by g, the symmetric non-degenerate bilinear form on
T.(M) defined by

(7.7) 9.(X,Y) = flg(2)7X, ¢(2)7'Y),

then g is the associated quasi-Riemannian metric on M with the G-structure
P. We now define, for any Xe T(U), the symmetric non-degenerate
bilinear form §y on Tx(T(M)) by

(7. 8) (X, V) = F($(X) X, §(X)7'7)
for X,Y € Tx(T(M)). We can easily see that § is the (globally defined)
canonical quasi-Riemannian metric on 7(M) induced by the prolongation
P of P given in Theorem 6. 11. We shall now study the relations between
g and § Let (¢i(x)) be the matrix defined by ¢(x):e; =X oH=) (%x‘)z
for x €U, where ¢;=(8},:-+, ) R*. Let {at,-., 2" &%, .-+, 3"}
be the induced local coordinate system on T(U). We now define the

functions g;(¢) on U and §,,(X) on T(U) for i,j=1,2,+++,n and for
vy p=1,2, «++  2n as follows

0ul@) =0 ((550),» (57).)
§uu(X) = gx << ox” ) (lai” >X>

for x €U and X € T(U), where we have put z"** =3" for i =1,2, « -+, n.
We define A = (a]) € GL(n,R) by fl(eje) =aj for j,k=1,2,+++,n. Since
9=(¢(w)ess ¢(x)er) = f(ese) = af, (7.9) implies

(7. 9)

(7. 10) 31 $i(@)pia)ge.ilx) = al

t,l=1

for j,k=1,2,-+.,n. By virtue of (6. 1) we have

7.1 F(Rb(520). s Te5hr).) = S laibe + caiu)
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for b,c; € R.
On the other hand, by Proposition 5. 3 we have

e a(mn () = gelein (), + 24 #50),)

+ 2 b;95(2) (%T)X

for X =314'
the formulas (7. 9) and (7. 11) imply

5(X) -z, $(X)p)= f(a,b) for z,7€T(R"),

139 6 (300-Db(550), %) Do)

=D aj’ + cu).
Substituting b;=¢,=0, u* = 3] and o' = 3} in (7. 13) for fixed j,k=1,2, - -+, n,
we have:
(st (2 a¢, 5 0bi g (2
gx( ¢j(x)( 55 X % ( ) 2 x)( )x+ oxt z ( oz >x>

=0

and hence we obtain, by (7. 9), the following

7. 14) $5(2)$4(@)F(X) + $3(2) Zﬁf‘ F G0 nsa(X)

095 .
+— o

99} p 9% o
ai; z” ai:‘ & Gisn,s4a(X)
=0.

Substituing & =0, v =0, ¢; =% and #* = 4] in (7. 13) we have

3930 (o), + 2 at (1), i) (S),) =

and hence we obtain the following

(7. 15) B5(2) 63 (2)Fi,04n (X) + ¢f G5 (%) Gotn,oen (X) = ai. Similarly,

substituting # =v =0, b, = 8% and c; =0 in (7.13), we have

!7x( HED (*a’zTL, pi(x) (‘5%—)‘?) =0 and we obtain

(7. 16) ¢}(x)¢;(x)gt+n:+n(X) =0
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Since det(¢i(x)) =320, we see that ., sa(X) =0, which we insert in (7. 15)
and we obtain the following

(7.°17) $Hx)$5(2)Fs00n(X) = af .

Then (7.10) and (7.17) imply §; a(X) =9::2). Therefore we get the
following equality by (7. 14)

a S
$5610..4(X) + g5 22k a"’"‘ #90.4(0) + 2L d'plg,.(x) = 0,
and hence we obtain
0189 ieiga (0 + (93 22k + B gy =0,

On the other hand, by differentiating the both hand sides of (7. 10) with

k

respect to z*, multiplying z* and summing up for k=1,2, ---,2n, we

obtain:

(7.19) <a¢’ SR e a¢" 2 Joue + $igh— o ag“ # =0.

Hence, (7. 18) and (7. 19) imply ¢! ¢idi.. = ¢ids —- agl * #?, and thus we obtain
~ _ agi,s .
(7. 20) Ji,s = %p—xp .

Finally we obtain the expression of § with respect to the induced local
coordinate system as follows

09:; &
j «— ox* “ ) ) ,
(9:5) 0

which is exactly the complete lift of the pseudo-Riemannian metric g as
written in [9] p. 203. Thus we have proved the following:

THEOREM 7. 3.  The canonical pseudo-Riemannian metric on T(M) induced by
the prolongation of O(k,n — k)-structure P on a manifold M is the complete lift of the
pseudo-Riemannian metric g associated with P .

In the same way as in the case of O(k,# — k)-structure we can prove
the analogous fact on a symplectic structure in the following proposition
whose proof will be omitted.
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ProrosSITION 7. 4. The symplectic form on T(M) associated with the prolon-
gation of a S,(m)-structure on a manifold M is the complete lift of the symplectic
Sorm associated with the structure P .

(III) Let P(M,n,0(rn)) be an O0(n)-structure on M, O(n) being the
orthogonal group of degree ». Let I' be a connection on the principal
fibre bundle P. (We denote by the same letter I' the connection on F(M)
induced natually by the connection I" on P, (cf. [4] for the general theory
of connections). Then I' is nothing but a cross section of the fibre bundle
T(P)/0(n) over T(M) (cf. Remark 3.7). Then the bundle homomorphism
Ju 2 T(F(M))—> F(T(M)) induces a cross section I, of P/j,(0(n)) over T(M).
Hence the cross section Iy, reduces the structure group G of P to

a 0
i ={(, )
Now, since j,(0(n)) is included in 0(2r), P, induces canonically an 0(2#n)-
structure P, such that P, is a subbundle of B,. We denote by g (resp. §)
the Riemmannian metric on M (resp. on T(M)) associated with the 0(x)-
structure P (resp. 0(2n)-structure P). We shall study the relations between
g, I' and §.

aE O(n)], and we obtain a j,(0(n))-subbundle P, of P.

LemmA 7.5. Let ¢ be a cross section of P over an open set U in M, then
we can find a cross section ¢, of P over T(U) such that po g, =TI, on TU),

where p : B—> P[j,(0(n)) is the natural projection.

Progf. Take any tangent vector X € T,(U), then there is a unique
horizontal tangent vector X of P at ¢(x) with respect to the connection I’
such that (Tz)- X = X, = being the projection of P onto M. We denote
this X by ¢.(X). Then ¢, is a map of T(U) into T(P) such that
(Tr)o ¢ =1rwy. Now, put .= jyoé,, then it is easy to see that the

map §,. satisfies the required conditions.

LeMMA 7.6. Let o be the map of T(P) into To(G) suck that h(X)=X-o(X)
is the horizontal part of any X e T(P) with respect to the conncetion I'. (We
remark that o s essentially the connection form of I', c¢f [4]). Define the map
@:P—>T.(G) by

&(X") = jalo(3 (X))
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for X' € P.  Then, we have
(7. 21) $,(X) = ¢(X) - a($(X))
Sfor X e TU), where ¢ = jyoT¢ as in Proposition 5. 3.

Proof. First, we shall prove that ¢.(X) = T¢(X) - o(T¢(X)) for X € T(U).
In fact, if X € T,(U) then T¢(X):w(T¢(X)) is a horizontal tangent vector at
#(2) and Tn(T¢(X) - o(T$(X))=TrT¢(X)=X, and hence ¢F(X)=T¢(X) co(Te(X))
holds. Now we calculate as follows:
(X)) = juo ¢ (X) = juT¢(X) - o(T(X)))

= ju(T$(X)) * jul0T$(X)) = $(X) + jawjut iuT¢(X)

= ¢(X)- (@0 ¢(X)).
Thus Lemma 7. 6 is proved.

Lemma 7.7. Let ¢ :U——P be a cross section of P over a coordinate
neighborhood U in M with local coordinate system {x', - - -, x™}. Let ($}(2))€GL(n)

be the expression of ¢ with “respect to the basis [( ail >z’ .. (ax ) ] of

T.M), ie ¢(x)-e; =3¢} (x)( aii >x Then we have the following

ox* ))__ a¢] ox* )(x>)

where (pi(x)) = (65(x)™* and {+ - +, yi, + + +} is the natural coordinates in GL(n,R).

7.22)  woTg¢ (

Proof. Let {x%, - -+, 2", ¢} be the induced local coordinate system on
F@U). Then we have

o)) = o

Now, it is easily seen that

rw d(E)) =)

for a=(+--,3a ++) € F(U) and a = (a), where L, : GL(r)—>
GL(n) is the left translation of GL(n) with respect to the element a € GL(n),
ie. L,(y)=a-y for y € GL(n). Using (7. 23) and (7. 24), we obtain (7. 22).

6

(7. 23) T ((

d
#(2) +( ox* /o
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Thus Lemma 7. 7 is proved.

DerINiTION 7. 8. We define the function TI'};:U — R for
1,7, k=1,2,---,n bY

(7. 25) ~o((52).) = £ ris) ("523— ¥

where 9?:(”"(3‘35*' )x,--‘)EF(U).

The following Lemma is well known as a property of the form o.

LeEmMmA 7. 9.

o)) = adts™0((5),):

Now, we define the Riemannian metrics g (and §) on M (resp. on
T(M)) by the following:

(7.26)  g(X,Y) = ($(@)'X, $(@)V)pn for X,Y € To(M),
(7.2 &) = @K K, FAX) P)pen for X, ¥ € TH(T(M)),

where ( , )gz» denotes the usual inner product in R". These metrics g
and g are independent on the choice of the local cross section ¢. In fact
g is the Riemannian metric associated with the 0(x)-structure P and § is the
Riemannian metric canonically induced by g and the connection I" on P.
We define the functions g;; : U—> R and §,, : T{U)—> R for i,j=1,2,- + +,n
and v, £ =1,2, - -+, 21 in the same way as (7. 9). By using Lemma 7. 6

ai") , as fol-

and Proposition 5.3, we can calculate, for X =§_]:c'"(

lows:
s0(Ra(-Z)) o[ 0 ) (ma(E)
u.l
s ; ) 5 (97 0 E 0\l ia
= W,--.,—@;;,”&;,-..:W)((@gﬁ, x) (¢;> (mT¢(X)E) c.l
c.,,
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1

B

n

fReee

0
=(-9 - ... _9 ?
dxt 92" %x—i—q&-wTsé(X) $ /e

Cn

where we have omitted the indices in the matrix of the last term.

shall put

(7. 28) Qi = gik’ &+ ¢i(oTe(X))} .

Thus we have proved the following

LemMA 7. 10.
0.9 50(Be( 1)) =2l (), + (),

+20i¢}:<aZi )X

for X =54 8§vi ). -

105

Using (7. 26) ~ (7. 28), we obtain the following equalities in the same

way as in the proof of (7. 14) ~ (7. 16):

(7. 30) GidiGis + G0iTrsan + PiDiGsrn,i
+ ‘/J?(biﬁm,un = 5’; s

(7~ 31) ¢’}¢Z§i.s+n + ¢§¢;gi+n,s+n =0,

(7. 32) ¢§¢;g‘i+n,a+n = 5? s

for j,k=1,2, --+,n, the summation notations with respect to the repeated

indices being omitted.

On the other hand, since g,(¢(x)e;, #(x)e;) = (e;,e;5)rn = 65, we have the

following
(7. 33) P56 5gk.(x) = 81
Now, (7. 32) and (7. 33) imply

(7° 34) gi+n.!+n(X) = gi,j(x) .
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By (7. 28), (7. 22) and (7. 25), we see that

)
0=

) . 095 . .
&+ 91 (= 2L ot — oI R 9 )
= ¢%Pll>11§:s¢}4’k = _F£S¢;33k'
Substituting this in (7. 31) and using (7. 34) we get:
B50:Gi0en = 310537639, .
which implies
(7. 35) Gi,j4n = Frlcii?kgz.j .
Combining (7. 30), (7. 31), (7. 33) and (7. 35), we have
503G + 5 (— §p¢£i’l) I he3™gs,s
+ (— T3¢ )97 « Tind"9s,
+ ( - [‘fnq 3371”) * (_‘ fpﬁﬁ?l)gi.s
= ¢§¢;gi.s )
where the third and fourth terms of the left hand side cancel each other
and hence we obtain finally:
¢5¢;gi,s = ¢j¢lscgi.s + ¢3¢£F;pprinq95l‘émgi,s s
or

(7. 36) Gij = 95,5+ LEL 5875,

THEOREM 7.11. If the connection I' on P is the Riemannian connection
induced by the Riemannian metric g, then the induced metric § on T(M) is exactly
the same Riemannian metric studied by Sasaki [5].

In fact, Sasaki ([5] p. 342, (3.1)~ (3. 3)) introduced his Riemannian
metric ¢ on T(M) by the formulas (7. 34) ~ (7. 36).

§8. Final remarks. ‘ ‘

Let P(M,7,G) be a G-structure on a manifold M, B(TM), % G) . the
prolongation of P to 7(M) and I" be a connection on the principal;'ﬁ.bre
bundle P. Then, as stated in Remark 3. 7, the structure group G of P is

0 -~
0 a)‘aeG}. We denote by P, the

associated Gy-subbundle of P. Let f be a diffeomorphism of M onto’ itself.
Suppose f is an automorphism of the G-structure P. Then by Corollary 4. 4,

7
reduced to the subgroup G,= {(
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the map 7f is an automorphism of the prolongation £. We can prove the
following proposition whose proof will be omitted.

ProrostTioN 8. 1.  The tangential map Tf of f is an automorphism of the
Gystructure Py if and only if f is a I-transformation, i.e. f preserves the connection
r.

DeriniTION 8. 2.  Let § be a subspace of the vector space Hom (V,V)
of all linear endomorphisms of a vector space V. We define the map
d5: Hom (V,5)—> Hom (V A V,V) by the following:

(@ S) (u,v) = S(u) (v) — S©) (u) ,

for u,v eV, S Hom (V,5). We denote by §® the kernel of 5.
Let g be a Lie subalgebra of gl(V) = Hom (V,V). We shall call g to
be of type 1 if g® = (0).

ProrosITION 8.3. Let g be a Lie subalgebra of glW(V) and g, be the Lie
subalgebra of gl(V @V) consisting of all AX A for Acg. Then g, is of type 1.

Proof. Take an element S Ker 35,. Then we have
8. 1) S(u ®v) (w® 2) = S(w®D ) (u D)

for any w#,v,w,z€V. We define S, Hom (V,q,) by Si(x)=Su®d0),
S,v) = S(0@v) for u,v €V . Then, (8.1) can be written as follows:

(8. 2) Si(#) (w @ t) + Syv) (w @ ¢)
= S(w) w D v) + 5,(t) (4 D),

for u,v,w,x €V. Now, we define S; € Hom (V,g) by S;(u) = S;(u) X S;(u)
for ueV. Then, from (8. 2) we obtain the following two equations:

(8. 3) Si(e)w + S,(v)w = S;(w)u + S,(¢)u
(8. 4) Si(u)t + S,(v)t = S (w)v + Sy(t)v

for any u,v,w,x€V. If we put v=¢=0 in (8. 3), we get S,(u)w=S,(w)u,
which we subtract from (8. 3). Then we get

(8. 5) Se(v)w = S,(t)u

for any f,u,v,weV. If we put w=0 in (8.5), we have S,(t)u =0 for
t,u €V and hence S, =0. Therefore, we get S, =0 from (8. 4) and hence
S =0, which proves Proposition 8. 3.
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REMARK 8. 4. There is, in general, no canonical G,-structure on T(M),
even if M has G-structure. In fact, if T(M) has a canioncal G,-structure
for G =GL(n,R), n =dim M, then the group of all diffecomorphisms of M
onto itself would be a Lie group of finite dimension, since the Lie algebra
of G, is of type 1 by Proposition 8. 3. This will be absurd.

RemARK 8.5. We shall discuss the relation between the tangent con-
nection 7(I") of an affine connection I' [4] and the complete lift I'° of I
[9] in a forthcoming paper.
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