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A FAMILY OF GENERALIZED RIESZ PRODUCTS

A.H. DOOLEY AND 8. J. EIGEN

ABSTRACT.  Generalized Riesz products similar to the type which arise as the spec-
tral measure for a rank-one transformation are studied. A condition for the mutual sin-
gularity of two such measures is given. As an application, a probability space of trans-
formations is presented in which almost all transformations are singular with respect to
Lebesgue measure.

1. Introduction. Recently, Choksi and Nadkarni [6] gave a simple proof that the
maximal spectral type of a rank-one transformation was, modulo some atoms, a kind of
generalized Riesz product measure.

In [2], Bourgain examined a special space of rank-one transformations called class-
one (originally due to Ornstein [14]) and derived, for each transformation in this space,
the same kind of generalized Riesz product as part of the spectral measure of an L?
function. Using this, together with some results of Bonami on the group 2., Bourgain
demonstrated that almost all the mixing transformations of class-one have spectral mea-
sures which are singular with respect to Lebesgue measure.

The generalized Riesz products obtained by Bourgain and Choksi-Nadkarni differin a
significant way from the generalized Riesz products considered by Parreau [15], or from
the G-measures considered in [3] in that they are no longer defined on independent sets,
but on “blocks” of integers which are pairwise independent.

In this paper, we show how to generalize the dichotomy techniques of [4], [11], [17]
to this setting. As a result, we obtain a Bourgain-type result based on a simple counting
argument.

The plan of the paper is as follows: In Section 2, we define our generalized Riesz
products, prove uniqueness and give a criterion for continuity. Section 3 contains the
principal dichotomy results. In Section 4, we give a criterion for absolute continuity both
with respect to Lebesgue measure and with respect to another generalized Riesz product.
In the final section, we apply these results to the Ornstein class-one transformations.

2. A family of generalized Riesz products. In [6], Choksi and Nadkarni defined
polynomials on the unit circle by putting

_ —1—— m—1 'hk*z:{::laf
2.0) @) = — (1+ SSPRY ))
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and setp; = |qi|*. (Here Ay, my and aj’i‘ are given as part of the construction of a rank-one
transformation—see Section 5). Then they considered the weak*-limit y = lim [T;_, piA,
which exists, is unique, and is related to the maximal spectral type of the constructed
rank-one transformation.

The definitions below are motivated by this example. First, some notation.

NOTATION 2.1.  Let S denote a finite set of positive integers. Set
Di(S) = {s1 —55:85 € SU{0},s1 # sz}.
Notice that we can also write the set
Di(S) = {e1s1 +easz 15 € S, # 9,6 € {=1,0,1},0 < Y |eif < 2,3 e < 1.

Observe that if g(z) = T4c 0 b(s)z™ is a polynomial with frequencies from $° = SU
{0}, then Dy (S) U {0} consists exactly of the frequencies which occur in h(z) = |q(z)|*.
Indeed, one can write

h@) =3 )P+ 3 vwe™,

SES? ueDi(S)
where
V() = _Z_ b(s1)b(s2),
nesd

the sum being taken over all representatives u = s; — s, with 51 # s,. If, as will be the
case with most of our examples, there is a unique such representation, then there is just
a single term in this sum.

The function b(s) defined on S° is assumed to satisfy Ssc g0 |b(s)|* < 1.

In order to cover the Riesz product case, we normalize A(z) so that it has constant term
1. We call this modified function p

P& =h@+(1- X o))

ses°
By the construction, we have
LEMMA 2.2. With the above notation
() [pdr=1,
(i) p(z) = 1+ Tyemy( S(Zuzsl_h b(sl)b(sz))z’“ where the inner sum is taken over
all representations u = sy — s, with s) # s, € S0, ™

DEFINITION 2.3. We shall say that § is (order-one) difference dissociate if each of
the elements of D, (S) are obtained in a unique way as s; — s, with s; # s € S°.

For difference dissociate sets, the form of p is particularly simple, as the inner sum
contains just one term.

Our generalized Riesz products will be constructed from a sequence {p; } of functions
of the above form.
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DEFINITION 2.4. Let {S; : k € N} be a sequence of finite sets of positive integers.
We will say that {$;} is dissociate across the k's if the (nonempty) finite sums 7, u;
with u; € Dy(S,,) and n; # n; for i # j, are all distinct.

REMARK 2.5. Ifeach S; is a singleton, then to say that {5} is dissociate across the
k’s amounts to saying that § = [J;2, S is a dissociate set in the usual sense [8].

NOTATION 2.6. Now suppose that we have a sequence {S; : k € N} of finite sets of
positive integers. Suppose further that for each k € N, we have a trigonometric polyno-
mial g(2) = Te o bi(s)z™ with Ty 0 |b(s)> < 1. As above, set

@ = la@ + (1= X 15:6)P).
565,?

Define the measure p1, = [T}_; pxA, where A denotes Lebesgue measure.

It is easy to recover the usual Riesz product construction from this. Let Sy = {s;}
a singleton for each k, and assume we are given o € (—1, 1). Choose a; and b; with
a2 +b? < 1and 2a;b; = 0. Then, in the above construction put gx(z) = aj + byz*. This
results in .

dpn(t) = JJ(1 + axcossit) dt.
k=1

A slight variation of the usual proof gives

PROPOSITION 2.7. If {8} is dissociate across the ks, then the p, have a unique
weak*-limit.

Notice that 4(0) = 1, and if u € Z \ {0}, fix(u) = O unless u has the form =2, u;,

u; € Di(S;) U {0} with only finitely many #; non zero. If u has this form, then by
dissociativity across the k’s,

k k
() = Hlﬁi(ui) = Hl 2 b(s1)b(s2),
i= 1=1 Ui=81—52
the sum being over all such representations of u; with s # s € 5. Thus we have

COROLLARY 2.8.  Suppose that {S;} is dissociate across the k's. Let 1 be the unique
weak*-limit of the ix. Then if u € N has the formu = TN | u;, where u; € Dy(S,,) and
n; # nj for i # j, we have

N
i) =[] @),  where
i=1

Aw) =Y b(s1)b(s2),
the sum being taken over all representations of u; = sy — s, with s; # s, € 5,0 Ifu

cannot be represented in this way, we have [i(u) = 0.

DEFINITION 2.9.  The set of integers which have the form > u;, u; € Di(S,,), ni # n;
for i # j, is denoted W,{5; } and referred to as the order-1 words of S.

Any measure formed by the above procedure will be called a generalized Riesz prod-
uct.
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3. Mutual singularity. The usual proofs of singularity for Riesz products involve
heavy use of the identity fi(u; — uz) = fi(u1)fi(u2), where the u; belong to the dissociate
set upon which the Riesz product is based. In our case, this equality no longer holds, but
we can nevertheless control the sum of the terms i(u —u2)— (1) )m, u, uy € Di(S).
This will be done in Lemma 3.6, which is central to the proof of our main theorem.

In order to control our estimates, we need to assume that {5;} is a bit more than
difference dissociate.

NoTATION 3.1. For $ a finite set of positive integers, we are interested in the set
DXS) = Di(Di(S)) = {u—v :u#v e DS}, where Dy(S)° = Di(S5) UO. This
set will arise when, in the sequel, we calculate |p|>. A problem with this set is that many
terms are obtained in more than one manner as a sum, s — s’ = (s — £) — (s' — ¢) for all
t#s,s.

The above set is contained in 7»(S) where we define

2K
DK(S) = {ZG,'S,' 185 €S, s; # Sj,i #j,é,' € {—K,...,O,...,K},
i=1

Ylel #0,| 2l SK}

DEFINITION 3.2. We will say that § is order-2 dissociate, if each number in ()
is obtained as a unique sum.

Given a sequence {5}, we can form the order-2 words n = Y, w; where w; €
D»(Sn,), ni # n; for i # j. Notice that every order-1 word is also an order-2 word.

DEFINITION 3.3.  We say that the sequence {5} is order-2 dissociate across the k's
if all order-2 words are obtained as unique sums.

These definitions are actually slightly stronger than needed in the sequel, but they are
somewhat simpler than a collection of statements which give the best possible theorem.
We leave to the interested reader the task of formulating the weakest possible conditions
under which our techniques apply.

LEMMA 3.4. With the above Definitions 3.2 and 3.3, for uy, uy € Dy(5x), the differ-
ence u; —uy cannot be expressedas ¥ Up;, Un, € Dy (Sn) except in the formuy —u; = us,
us € Dy (.Sk)

PROOF. The number u; — uy = (57 — s2) — (53 — 54) is in D (S;). As such, there is
only one way (this way) to express it as an order-2 word. For it to be an order-1 word
there must be some cancellation. Either, sy = s3 or s, = s4. If there is no cancellation,
then u; — u; is an order-2 word which is not an order-1 word and so cannot be any other
sum.

We will now show how to adapt Peyri¢re’s proof of the singularity of Riesz products
to the generalized Riesz products considered here. The theorem we will prove is
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THEOREM 3.5. Suppose that {5} is order-2 dissociate across the ks, with each
Sk order-2 difference dissociate. Suppose further that u and i’ are generalized Riesz
products based on {S;}, associated to the sequences {bi(s) : s € S} and {bj(s) : s €
Sk} respectively, as in Notation 2.6.

52 Copes (B0 — b(o)b(O)]* = oo then p Ly
The above is equivalent, by each . order-1 dissociate, to

00 A
> Y A — W) = oo.
n=1ueD\(8)

PROOF. Choose a sequence 0 < n(1) < n(2) < --- with

n(i+1) - R
(z);l }:50 |bi($)Bi(D) — Bi()BL (D> > 1.
nQl SFLE, M
Define
1 R nG+D B st _
K@ =53 2 X )7 = blb),
1 k=n(iy*1 5, 5P
1 R n(i+l) Y R —
gr@) =35> > 3 (Z - bo)bD),
1 k=n(i)*+1 5,6€5?
where __ ___
0 bj(s)b;(1) — b)(s)b](0)
st T

Tyl Soresp [Br()Bx@) — )b @)F’
and ¢} = 0 for n()) + 1 <j < n(i +1).
It follows that gg — fr = 1, [frdu = fgrdy’ = 0, and Z:g;‘l) Es’,€$|cg‘,) 2 <1

Our aim is to calculate [ |fz|?> du, and show it is small.
We calculate

1 "y — .
fxl* = ﬁ(zz > ce(Z — bB®) (2 — b))
kA stes
u,veé?

+33 2 BR(2 — b)) (24 — bw)b(»))
k=j  (s,))#(u,v)
s,tGSf

FEY S P - noRO) E0)
=j 8,0)=(u,v)
! s,tES,?
Expanding and integrating the above, we find that the first sum-triple is zero and the
third sum-triple is easily bounded by 1/R. The middle sum-triple reduces to

1 R n@+1)

zr > ¥ BB -0 @—v)) - bs)BOBb)
i=1 k=n(i)+1 (s,))#(u,v)
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We claim that this is dominated by 3 /R. It will then follow that [ |fz|> du < 4/R. By
interchanging the roles of y and p.’, one sees that [ |gg|* du’ < 4/R.

The proof now follows exactly as in Peyriére. By the F. Riesz theorem, we can find
a sequence R, so that fg, — Op a.e. and gg, — Oy’ a.e. Recall also that fz, — gg, = 1.
Letting 4 be the set of points x so that fz (x) — 0, and B be the set of points where
ggr,(x) — 0, we have pu(4) = 1, u'(B) = 1, '(4) = p(B) = 0 and 4 and B disjoint. From
this follows pLp'.

The proof of the theorem will be complete once we show the following lemma.

LEMMA 3.6. Foreachi

n(i+1) E— -
o |Y T DB(a(c-9-w-v)- bk(s)bk(t)bk(u)bk(v)) <3.
n(iy+1 (s,))#(u,v)

PROOF. Consider the first term of Lemma 3.6.

n(i+1) _
n(iy+ (s, ,#Z(u ) C&)ngﬁ((s —D—(u— v)) =
(Zl) (Ba(9)bi(1) — b)) (Br()Br(v) — B (W)b}(v)) (s —1—@—v)).
A (s ) (= 1buls)Bit) — bﬁ(s)%lz)z

s#Lutv
Since {5} is order-2 dissociate across the k’s we have

s —u) ift=v,
ﬂ((s—t)—(u—~v)) = {ﬁ(v—t) ifs=u,

0 otherwise.

For the case ¢ = v this gives

n(i

- Tt ( (B0 — BBL0)b(5) ) ((BrGB() — Bay(0)) Belad))
+1) ¢ 5

i1 (T Z |be)Bield) — bft(S)T(tSlz)2

D Teesy (2#, (Brs)bit) — B ()b (1)) br(5)| Cupe| (Beu)bit) — B(aa)bi(6)) bk(u)|)
T am (Z ¥ |bi(s)bi(f) — b;‘(s)mP)Z

which by Holder’s inequality, applied to each of the innermost sums, is < 1. Similarly,
for the case s = u and the second term of Lemma 3.6. L]

In [5], Brown and Moran using similar techniques consider the problem of mutual
singularity for two Riesz products based on different dissociate sequences. This will be
explored in a future paper. The criteria of Brown and Moran is not valid for groups where
there are large sets of characters whose square is one, see [12].
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4. Absolute continuity. In this section we give a sufficient condition for two gen-
eralized Riesz products to be mutually absolutely continuous which generalizes Theo-
rem 7.2.1 (ii) of [8] and provides a partial converse to Theorem 3.5. The method is a
more or less straightforward extension of the proof given in [8]; we will just indicate the
necessary changes. The theorem is

THEOREM 4.1.  Suppose that { Sy} is order-2 dissociate across the k's with each S
order-2 dissociate. Let p and ' denote generalized Riesz products based on {5, }, asso-
ciated to the sequences {b(s) : s € S}, and {bj(s) : s € S}, respectively. Then
the two conditions Tyc s, |bi(s)|* < 1 for all k, and

0 Touesy [Dr)B@) — bi(s)by ()
=1 2— (Zsagg |bi(s)|? + |b2(3)|2)

imply u' < p.
PROOF.  As in Notation 2.6, we associate polynomials p; and p), respectively to by
and b;.

Define, for n,r, s € Nh(n,r,5) = II._, p} IR || Pk, and set

I(n,r,s)=/ nﬁ

k=n+
An application of Holder’s inequality shows that 0 < I(n,r,s) < 1 foralln,r,s. A
straightforward adaptation of Lemma 7.2.6 of [8] gives:

@) h(n,r, s)d).
1

LEMMA. Supposethatlim, ., (inf, sI(n,r, s)) = 1. Then 1’ is absolutely continuous
with respect to | and
n ol du’
Pe 8 i LMdp).
k=1 Pe  dp

PROOF. The proofis, indeed word-for-word the same as that of Lemma 7.2.6 of [8],
except that at the top of Page 208 one should replace the phrase “just a Riesz product”
with the phrase “just a generalized Riesz product”. ]

PROOF OF THE THEOREM. One has

ntr ntr | ,
e = T1 30+ PD(1 = Gx =P/ Be +P")
nt nt+

n+r 1

>[I 50 +p)(1— (o — P/ ( * PiY)

12

since the term inside the square root is less than one.
Using the fact that for 0 < a; < 1, TI(1 — a;) > 1 — T a; we see that the right hand
side of the above inequality is bounded below by

L nro(ombro ] , , 2 ,
1 S0kep0— 5 (T 500000 —2)) fins(eso+ o)

i=n+l
i#f
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(The third line in formula (16) of Graham and McGehee’s proof has a typo—the second
product should be a sum).
By Definition 2.1,

infpy(0) +pj6) > 2~ ( T 146 + b))

sGS,?

Using the fact that {5} is order-2 dissociate across the k’s, one has

ntr 1 R —
[ I 5@:+p)e;—phtnr.)dr = 3 [bu(s)60 — by
i=ntl s#ES?
i
It now follows from our hypothesis, as on Page 208 of [8], that liminf /(u,v,s) = 1
and so u’ << p. .

COROLLARY 4.2. Let u be a generalized Riesz product as above.
Then =2 Topesp |bi()br(D)|* = oo if and only if p L .

PROOF. Note that Lebesgue measure ) is the generalized Riesz product defined by
b (s) = 0Vs € . In this case the necessary condition of Theorem 4.1 and the sufficient
condition of Theorem 3.5 coincide. .

DEFINITION 4.3.  Let 1 be a generalized Riesz product based on the sequence {5},
which is dissociate across the k’s and associated to the sequence {bi(s) : s € 52} with
¥ |B(s)|> < oo for all k. Let P be a subset of the integers and define

o (bls)  ifkeP,
bi(s) = { OVse S ifkgP.

Then form the measure p’ based on {S;} and associated to {b; }. We refer to the process
of going from p to p' as thinning out u with respect to P.
Corollary 4.2 immediately yields

PROPOSITION 4.4. (i) If p is equivalent to Lebesgue measure then p ~ y’ for every
' obtained by thinning out p.

(ii) If p has the property that . ~ ' for every measure ' obtained from thinning out
i then p is equivalent to Lebesgue measure. n

REMARK. By this proposition, in order to show that a certain generalized Riesz prod-
uct is singular with respect to Lebesgue measure, it suffices to show that there exists a
thinned out version of . which is singular with respect to Lebesgue measure. This result
and approach is the one taken by Bourgain in [2].
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5. An Ornstein-type space of transformations. In[14], Omstein introduced a col-
lection of transformations which he dubbed class-one, and showed that this collection
contains mixing transformations. In fact, his argument showed that in a certain sense,
there is a set of positive measure of mixing transformations in this class. We will not
be concerned with mixing properties here, but rather with singularity properties. To this
end, Bourgain [2] showed that almost all of the Ornstein class-one transformations have
singular spectrum. As an application of the previous results, we show how to construct
an Ornstein type probability space of transformations and obtain a Bourgain type result.

EXAMPLE 5.1. We present here a specific example of a probability space of trans-
formations. The construction is based on ideas in [14] and will in the sequel, satisfy the
definition of a Class 1’ construction. This is a special case of a rank-one construction.

Recall that in a rank-one construction, we start with the unit interval, cut it into m;
subintervals, place spacers a; ;, 1 < i < m; on top of each subinterval, and stack these
columns right-over-left. The transformation T is defined inductively as “going up the
tower”.

Here is the inductive step of our specific construction. We have a tower of height A;.
We cut this tower into m; = 10* pieces. To determine the spacers, we first select the
numbers x; fori = 0,..., 10*. Set X0 = 0 = x; ,o». Now randomly choose integers x; ;,
1 <i< 10* from {—hy_1/2,...,hx_1/2}. The spacers are ay; = hjy_; +xi; — X, for
i=1,...,10% in that order.

It is immediate that the lowest a spacer can be is 0 and the highest is 2A;_;. Further
the height of the next tower is

ey = 10%(hi + hyy).

To clarify the beginning, we set the heights 4y = 0 and 2_; = 0. The first height, that
of the unit interval, is #; = 1. It then follows that 2, = 10'(1 +0) = 10, and so on. With
this, we see that at the first three stages all the x’s are zero (i.e., x1; = 0, x;; = 0 and
X3 = 0)

Let Xy = {—hx_1/2,...,h_1/2}, with \y = (2h4_ + 1)~! the uniform distribution.
The first two happen to be X; = {0}, X = {0}. Then X3 = {—5,—4,...,4,5} because
hy, = 10.

Now form the product probability space

oo my;—1 00

Q=11 IT %= II1x".
k=11 k=1

Every point @ = {xk ={xt 1<kl <i<m- 1} € Q completely defines
the spacers and hence a transformation 7;. We can thus speak of some property of the
transformations as occuring for almost all points of Q.

Specifically, we wish to show that, for almost all points w the transformation 7;; has
singular spectrum. In order to show this, it is sufficient to find a subsequence k, so that
the associated polynomials p;, are based on sets S, which are order-2 dissociate in both
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senses. That this is true for almost all points will follow from the results in the sequel.
We point out here, that the probability argument is simply that at the k-th stage we are
picking 10* — 1 integers from a set of size h;_; + 1, where by = 105 2(hy_o + hy_3) >
105210%3...10 - 1 = 10%D&-2/2 S0 the probability is very high that they are all
different, as are the necessary differences and sums.

NOTATION S.2. In this section, we present the general construction of a space of Class
1/ transformations. We recall Omstein’s original construction and set some notation. The
construction is re-explained in [2], and some related constructions (rank-one) are found in
[6] as well as N. Friedman’s book [7]. Our notation and conventions are slightly different
from these sources.

Let {m; /" oo} and {x;; > 0} be fixed sequences of integers. Start with the unit
interval Cy and divide it into m; equal subintervals. Above each, a;; spacers are added,
and these are stacked, (the right subcolumns placed on top of the subcolumn to their
immediate left), into a single column C, of height A} = m, + 2}’.’:1 a, ;. This procedure
is continued inductively. At the k-th stage, column C;_, is divided into m; equal parts
and a;; spacers are put above the j-th column of C;_; to obtain a stack of height iy =
myhg_1 + % ag ;.

For a general rank-one transformation there is no restrictions on the number of spac-
ers. In the class-one case, however, one requires that 0 < a;; < 2k for 1 <j <my_;.

More or less following the construction of Ornstein and Bourgain we choose numbers
xkj € {—hk-1/2,...,h—1/2} at random and place, on top of the j-th column of Cy_,
ayj = hg_1+xj—xij—1 spacers. By convention, we set x; o = 0. This is nearly Omstein’s
construction. For a general (j, k) we have 0 < a;; < 2h;_; and he further required the
last spacer axm, = Xkm, — Xkm—1 to be chosen between 1 and 4. We will say that the
family of transformations so generated is of class 1’ as the sequences {my}, {x;;} are
understood and fixed.

In the above construction, we have gy = my(hy + hx—1) + Xk m,, and the sequence
{h} is completely determined by specifying the sequences {m;} and {xim, }.

As in the earlier example, a transformation of class 1’ is given by a point in a proba-
bility space.

oo mp—1 ()
Q= (n i1 Xk,®®7k—‘xk),
k=1 1 k=1
where Xy = {—hy_1/2,...,hk—1/2}, equipped with the uniform probability distribution
)‘k = 1/(hk_] + 1)
The rest of this section is devoted to proving the following

THEOREM. If Omy)® /hy—y — 0 as k — oo then for almost all points in Q the
transformation T has singular spectrum.

5.3. Letw € Q. Define the sets

Sk = {ilhe + ) + x5 1 1 <j < my}
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and put
1
bk(S) = —EVS € Sg

T

We see immediately that 5, |bi(s)[> = 1. We have from [6]

THEOREM. The maximal spectral type of the transformation T is given by the gen-
eralized Riesz product associated with {S;} and {by}, modulo some atoms. .

5.4. As an immediate application of Theorem 3.5 we have

THEOREM. If the sequence {5} is order-2 dissociate across the ks with each S
order-2 dissociate, then the maximal spectral type of T is singular with respect to
Lebesgue measure.

PROOF. For such a sequence {5} of sets, let 4 be the generalized Riesz product
constructed above and let A denote Lebesgue measure. Then

> b -0 = 3

2
sHES? SHES? m my

When summed over £ this is clearly infinite. Since any atoms not included in the gen-

eralized Riesz product are already singular to Lebesgue, the conclusion follows from

Theorem 3.5. (]
In a similiar way, using Corollary 4.2 we have

THEOREM. If there is a subsequence {Sy,} which is order-2 dissociate across the
kn s with each Sy, order-2 dissociate, then the maximal spectral type of T; is singular
with respect to Lebesgue measure.

5.5. We now present conditions which imply the various dissociate conditions we
need for a class 1’ transformation.
Given a point @ define
Dy = D (@)

2K €nxpijin # im  ifn#m,
= en € {—K,~K+1,....K—1,K},
S en] # 0, | 2 e < K.

Observe that Dy C Di+14, and that Dy is symmetric, i.e., —d € Dy, whenever
d € Diy. Recalling, that S = {j(hx + he—1) + xi; 1 1 <j < myi}, we have

Di(Se) = {G — i+ by—y) +xf — x5}

where 1 <i #j < m;. We will see that the dissociate properties for .$; will be controlled
by the differences (order-1 and higher) of the x; ;.
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LEMMA. The only way two of these sums in Dy () can be equal is if —i) = (' —i')
and Xyj — Xg; = Xgjp — Xg .

PROOF. Suppose

((j —-)—(@ - i'))(hk +h_y) = Oy — X)) — Ok — Xg ).

If the LHS is not zero, then it must be bounded below by Ay +h,_ = my_ (A +hi_p)+

hi_1 > 3h;_, (by symmetry we can assume positivity). But the RHS is bounded above

by4-hi—1/2=2hy. [
As a corollary, we have

LEMMA. If all the sums in Dy 4(w) are distinct then S is order-1 difference dissoci-
ate.

Next we examine

Do(S0) = {(G— ) — ¢ — ) (e + hy) + Gy — x00) — Geiyr — X))
By similiar arguments we have

LEMMA. If my > 4 then the only way two of these sums can be equal is if (j; —i1) —
(1 =) = (G2 —i2)— ( — 1) and (xij, =X, ) — Corgy —Xair) = (hjy, —Xiy)— (g — Xk

LEMMA. If all the sums in Ds ;(&) are distinct then Sy is order-2 difference dissoci-
ate.

In order to show all the sums are distinct we use the following
LEMMA. If0 ¢ Dy (&) then Sy is order-2 dissociate.

PROOF. Iftwo of the sums in 7 4(w) are the same, then their difference gives a sum
in Dy 4(w) which adds to 0. m

5.6. Now we can ask about the probability of this. The situation is that we are picking
my— 1 numbers from a block of size A;_+1, and asking for an upper bound on the number
of ways that 0 = Zfl‘ €nXy,- In particular, each of the 8 €, can take on one of 9 values;
the 8 indices i, can occur in ("“8_ 1) ways; 7 of these 8 x;; can roam through the A;_; +1
different values - the 8-th then being determined; and the other (my — 1) — 8x;; can take

on any of the A;_, + 1 values. Thus we have

- my—~2 8
Lemma. Pr(0 € Duu(@) < 9°(" ") Gl < G-

From this it is an easy conclusion that

THEOREM.  If (9m)® / hy—y — 0 as k— oo then for almost all points in Q there is a
sub-sequence k; along which each Sy is order-2 dissociate.

5.7. - Now we study dissociativity across the £’s.
Suppose we have a point w, and a finite sequence ki, ko, . . ., k,—1 so that these S; are
order-2 dissociate in both senses. Let W be the set of order-2 words formed from the
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sequence {5, }~!. Look at the differences of these, which can be considered as order-4
words. Consider an 5, . Look at the differences of the integers in D»(S;,) (Which could
‘be considered in Dy (S, )). If the intersection of these two finite difference sets is empty,
Wa{ Sk YN Du(S,) = 0, then S, is order-2 dissociate from the S, for 1 <j <n—1.
Define for a fixed L > 0

AgpL) = {@ = {%} : Dp(@)N{-L,...,L} = 0}.

LEMMA. Assume by > 10L. If © € Apk 4(2L) then Dx(Sy) N{—L,...,L} = 0, and
everysumu+1, u € Dx(S;) ! € {—L,...,L} is unique.

PROOF. A term u € Dk(5) is of the form u = j(hy + hy—1) + d where d € Dyy.
Because A; is so large in comparison to L, the only way this could be within the range
{-L,...,L}isifj = 0. But by assumptiond ¢ {—L,...,L}.

Supposeu+!=u'+V thenu—u' =1I'— 1. Sinceu —u' = j(hy + h;_))+d —d', from
the magnitude of A; we must have j = 0. But by assumptiond —d’ # [ — . ]

Now we calculate the probability. For fixed /, —L </ < L the probability that/ € D,
ie,l = y¥e,x;, is analyzed in the same manner that we analyzed 0 = Y} €,x;;, in

5.6. Thus
— (LAD(@K+Dmy)™
LEMMA. Pr(AK,k(L)) >1— @& (hffﬂ)m =

Suppose for almost all points @ there is a sequence k;(w), . . ., k,—1(&) along which
we have order-2 dissociate in both senses. Then for each of these w the differences of
the order-2 words (i.e., order-4 words) are contained in some {—L,...,L}, L = L().
Thus we have partitioned the space Q into a countable number of disjoint sets ;. By
the lemma, for almost all points we can find another k,(w) which, with the previous, is
order-2 dissociate in both senses. Therefore we have the following from which our main
theorem follows.

THEOREM. If (9my)® / hx—1 — 0 as k — oo then for almost all points in Q) there is a
subsequence kj = k(&) so that Sy, is order-2 dissociate in both senses.
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