JFP 25, el7, 35 pages, 2015. (© Cambridge University Press 2015 1
doi:10.1017/S0956796815000192

Type-based amortized resource analysis with
integers and arrays™

JAN HOFFMANN and ZHONG SHAO

Department of Computer Science, Yale University, 51 Prospect St., New Haven, CT 06511, USA
(e-mail: jan.hoffmann@yale.edu, zhong.shao@yale.edu)

Abstract

Proving bounds on the resource consumption of a program by statically analyzing its source
code is an important and well-studied problem. Automatic approaches for numeric programs
with side effects usually apply abstract interpretation-based invariant generation to derive
bounds on loops and recursion depths of function calls. This article presents an alternative
approach to resource-bound analysis for numeric and heap-manipulating programs that uses
type-based amortized resource analysis. As a first step towards the analysis of imperative
code, the technique is developed for a first-order ML-like language with unsigned integers
and arrays. The analysis automatically derives bounds that are multivariate polynomials in
the numbers and the lengths of the arrays in the input. Experiments with example programs
demonstrate two main advantages of amortized analysis over current abstract interpretation—
based techniques. For one thing, amortized analysis can handle programs with non-linear
intermediate values like f((n + m)?). For another thing, amortized analysis is compositional
and works naturally for compound programs like f(g(x)).

1 Introduction

The quantitative performance characteristics of a program are among the most
important aspects that determine whether the program is useful in practice. Even
the most elegant solution to a programming problem is useless if its clock-cycle or
memory consumption exceeds the available resources. While resource consumption
is relevant for every program, it is particularly critical in embedded and real-time
systems where resources are often extremely limited. If such systems operate in a
safety-critical context then formal verification of a bound on the worst-case resource
behavior is an effective method to increase the trust in the system.

Manually proving concrete (non-asymptotic) resource bounds with respect to
a formal machine model is tedious and error-prone. This is especially true if
programs evolve over time when bugs are fixed or new features are added. As
a result, automatic methods for inferring resource bounds are extensively studied.
The most advanced techniques for imperative programs with integers and arrays
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apply abstract interpretation to generate numerical invariants, that is, bounds on
the values of variables. The obtained size-change information forms the basis of the
computation of actual bounds on loop iterations and recursion depths; using counter
instrumentation (Gulwani et al., 2009), ranking functions (Alias et al., 2010; Albert
et al., 2011; Brockschmidt et al., 2014; Sinn et al., 2014), recurrence relations (Albert
et al., 2012a; Albert et al., 2012b), and abstract interpretation itself (Gulavani &
Gulwani, 2008; Zuleger et al., 2011).

For reasons of efficiency, many abstract interpretation—based resource-analysis
systems rely on abstract domains that enable the inference of invariants through
linear constraint solving (Cousot & Halbwachs, 1978; Miné, 2004). The downside
of this approach is that, the resulting tools only work effectively for programs
in which all relevant variables are bounded by linear invariants. This is, for
example, not the case if programs perform non-linear arithmetic operations such as
multiplication or division. However, a linear abstract domain can be used to derive
non-linear invariants using domain lifting operations (Gulavani & Gulwani, 2008).
Another possibility is to use disjunctive abstract domains to generate non-linear
invariants (Sankaranarayanan et al., 2006). This technique has been experimentally
implemented in the COSTA analysis system (Alonso-Blas et al., 2011). However, it
is unclear how it scales to larger examples.

In this article, we study an alternative approach to infer resource bounds for
numeric programs with side effects. It is based on type-based amortized resource
analysis (Hofmann & Jost, 2003 ; Hoffmann et al., 2011) and tracking of size-changes
does not require abstract interpretation. It has been shown that this analysis tech-
nique can infer tight polynomial bounds for functional programs with nested data
structures while relying on linear constraint solving only (Hoffmann & Hofmann,
2010a; Hoffmann et al., 2011). A main innovation in this polynomial amortized
analysis is the use of multivariate resource polynomials that have good closure
properties and behave well under common size-change operations. Advantages
of amortized resource analysis include precision, efficiency, and compositionality.
Connections with the aforementioned other approaches are discussed in Alonso-
Blas & Genaim (2012).. Size-changes of variables can also be tracked using ranking
functions and local size bounds derived by SMT solving (Brockschmidt et al., 2014).
However, type-based amortized resource analysis reduces inference of non-linear
bounds and tracking of non-linear size changes to linear programming.

Our ultimate goal is to transfer the advantages of amortized resource analysis
to imperative (C-like) programs. We have already shown that techniques based
on amortized resource analysis can be integrated into a program logic and the
verified C compiler CompCert (Leroy, 2006) to derive stack bounds on compiled
x86 code (Carbonneaux et al., 2014). Moreover, we have developed a version of
amortized resource analysis for C code that automatically derives linear bounds
that are functions of signed integers (Carbonneaux et al., 2015).

The next important step is to extend our analysis for C programs to polynomial
bounds. It is beneficial to study this extension carefully in a functional setting
before moving to C programs and signed integers where things are more involved.
Therefore, we develop a multivariate amortized resource analysis for numeric
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ML-like programs with mutable arrays in this work. We present the new technique
for a simple language with unsigned integers, arrays, and pairs as the only data
types in this article. However, we implemented the analysis in Resource Aware ML
(RAML) (Aehlig et al., 2010-2013) which features more data types such as lists and
binary trees. Our experiments (see Section 7) show that our implementation can
automatically and efficiently infer complex polynomial bounds for programs that
contain non-linear size changes like f(8128 * x * x) and composed functions like
f(g(x)) where the result of the inner function is non-linear in its arguments. RAML
is publicly available and all of our examples as well as user-defined code can be
tested in an easy-to-use online interface (Aehlig et al., 2010-2013).

Technically, we treat unsigned integers like unary lists in multivariate amor-
tized analysis (Hoffmann et al, 2011). However, we do not just instantiate the
previous framework by providing a pattern matching for unsigned integers and
implementing recursive functions. In fact, this approach would be possible but
it has several shortcomings (see Section 2) that make it unsuitable in practice.
The key for making amortized resource analysis work for numeric code is to give
direct typing rules for the arithmetic operations addition, subtraction, multiplication,
division, and modulo. The most interesting aspect of the rules we developed is
that they can be readily represented with very succinct linear constraint systems.
This includes a generalized additive shift (see Hoffmann & Hofmann (2010a)) for
subtraction with a constant, and two convolutions for addition and multiplication
(see Section 5). Moreover, the rules precisely capture the size changes in the
corresponding operations in the sense that no precision (or potential) is lost in the
analysis.

Arrays are manipulated with the standard operations A.make, A.get, A.set,
and A.length. To deal with mutable data, the analysis ensures that the resource
consumption does not depend on the size of data that has been stored in a mutable
heap cell. While it would be possible to give more involved rules for array operations,
all examples we considered could be analyzed with our technique. There are three
main reasons for this. First, in many programs data stored in arrays is not used in
the control flow. Second, nested arrays often have fixed dimensions like an n X m
matrix. So, the iteration cost does not only depend on the sizes of the inner arrays
but also the dimensions like n and m. Third, it is often possible to replace arrays
with lists if resource usage depends on the size of the elements.

The main difficulty with inner potential for arrays is the non-linear access of
the array elements. If we obtained potential from an array access A.get(a,i) then
we would need to keep track of the array elements from which we had obtained
potential already and the elements which still carry potential for future use. It would
then be necessary to abstract common iteration patterns and identify these patterns
in the program before the analysis. Automatically identifying such patterns and
integrating them into the analysis is currently an open problem.

In the implementation, we also have signed integers and a successful analysis
proves that the resource usage of a program cannot depend on the values of
signed integers. If the resource usage depends on the value of a signed integer in a
non-trivial way then the analysis terminates without deriving a bound.
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To prove the soundness of the analysis, we model the resource consumption of
programs with a big-step operational semantics for terminating and non-terminating
programs. This enables us to show that bounds derived within the type system
hold for terminating and non-terminating programs. Refer to the literature for
more detailed explanations of type-based amortized resource analysis (Hofmann &
Jost, 2003; Hoffmann & Hofmann, 2010a; Hoffmann et al., 2011), the soundness
proof (Hoffmann et al., 2012a), and RAML (Aehlig et al., 2010-2013; Hoffmann
et al., 2012b).

This article is the extended journal version of a conference article with the same
title that appeared earlier (Hoffmann & Shao, 2014). The changes with respect to the
conference version include additional lemmas and theorems, proofs, the complete
sets of inference rules, and additional experimental results.

2 Informal account

In this section, we briefly introduce type-based amortized resource analysis. We then
motivate and describe the novel developments for programs with integers and arrays.

2.1 Amortized resource analysis

The idea of type-based amortized resource analysis (Hofmann & Jost, 2003;
Hoffmann et al., 2011) is to annotate each program point with a potential function
which maps sizes of reachable data structures to non-negative numbers. The potential
functions have to ensure that, for every input and every possible evaluation, the
potential at a program point is sufficient to pay for the resource cost of the following
transition and the potential at the next point. It then follows that the initial potential
function describes an upper bound on the resource consumption of the program.

It is natural to build a practical amortized resource analysis on top of a type
system because types are compositional and provide useful information about the
structure of the data. In a series of articles (Hoffmann & Hofmann, 2010a; Hoffmann
et al., 2011; Hoffmann et al., 2012a; Hoffmann et al., 2012b), it has been shown that
multivariate resource polynomials are a good choice for the set of possible potential
functions. Multivariate resource polynomials are a generalization of non-negative
linear combinations of binomial coefficients that includes tight bounds for many
typical programs (Hoffmann et al., 2012a). At the same time, multivariate resource
polynomials can be incorporated into type systems so that type inference can be
efficiently reduced to LP solving (Hoffmann et al., 2012a).

The basic idea of amortized resource analysis is best explained by example.
Assume we represent natural numbers as unary lists and implement addition and
multiplication as follows.

add (n,m) = match n with | nil —» m
| _::xs > O :: (add (xs,m));

mult (n,m) = match n with | nil — nil
| _::xs — add(m,mult(xs,m));
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Assume furthermore that we are interested in the number of pattern matches that are
performed by these functions. The evaluation of the expression add(n, m) performs
In| + 1 pattern matches and evaluating mult(n,m) needs |n||m| 4+ 2|n| + 1 pattern
matches. To represent these bounds in an amortized resource analysis, we annotate
the argument and result types of the functions with indexed families of non-negative
rational coefficients of our resource polynomials. The index set depends on the type
and on the maximal degree of the bounds, which has to be fixed to make the analysis
feasible. For our example mult we need degree 2. The index set for the argument type
A = L(unit) * L(unit) is then Ind(4) = {(0,0),(1,0),(2,0),(1,1),(0,1),(0,2)}. A family
0 = (gi)icind(4) denotes the resource polynomial that maps two lists n and m to
the number 3 cinacs) = 9 (1) ("7‘). Similarly, an indexed family P = (pi)ic(o,1,2)
describes the resource polynomial £ — py + p1|/] + pz(lgl) for a list / : L(unit).

A valid typing for the multiplication would be for instance mult : (L(unit) *
L(unit), Q) — (L(unit), P), where 40,0 = 1,q“,0) =2, qa,1) = 1, and ¢; = pj = 0 for
all other i and all j. The annotation Q of the arguments corresponds then to the
potential function |n||m| + 2|n| + 1 and the annotation P of the result corresponds
to the potential function 0. Another valid instantiation of P and Q, which would be
needed in a larger program such as add(mult(n, m),k), is g0 = g(1,0) = 91,1 = 2,
po = p1 = 1 and ¢; = p; = O for all other i and all j. This latter typing is needed
to pass potential to the result of mult(n,m). Here, Q corresponds to the potential
function 2|n||m| + 2|n| + 2 and P corresponds to ¢t + 1 where t = [mult(n, m)| is the
length of the result of the multiplication.

The challenge in designing an amortized resource analysis is to develop a type
rule for each syntactic construct of a program that describes how the potential
before the evaluation relates to the potential after the evaluation. It has been
shown (Hoffmann & Hofmann, 2010a; Hoffmann et al., 2012a) that the structure
of multivariate resource polynomials facilitates the development of relatively simple
type rules. These rules enable the generation of linear constraint systems such that
a solution of a constraint system corresponds to a valid instantiation of the rational
coefficients g; and p;.

2.2 Numerical programs and side effects

Previous work on polynomial amortized analysis (Hoffmann & Hofmann, 2010a;
Hoffmann et al., 2012a) (that is implemented in RAML) focused on inductive data
structures such as trees and lists. In this article, we are extending the technique to
programs with unsigned integers, arrays, and the usual atomic operations such as
* 4+, —, mod, div, set, and get. Of course, it would be possible to use existing
techniques and a code transformation that converts a program with these operations
into one that uses recursive implementations such as the previously defined functions
add and mult. However, this approach has multiple shortcomings.

Efficiency. In programs with many arithmetic operations, the use of recursive
implementations causes the analysis to generate large constraint systems that
are challenging to solve. Figure 1 shows the number of constraints that are
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Fig. 1. Number of constraints generated by RAML for the program a * b as a function of
the maximal degree. The solid bars show the number of constraints generated using the novel
type rule for multiplication. The striped bars show the number of constrained generated using
an recursive implementation. The scale on the x-axis is logarithmic.

generated by the analysis for a program with a single multiplication a * b as a
function of the maximal degree of the bounds. With our novel handcrafted rule
for multiplication, the analysis creates for example 82 constraints when searching
for bounds of maximal degree 10. With the recursive implementation, 408,653
constraints are generated. IBM’s CPLEX can still solve this constraint system
in a few seconds but a precise analysis of a larger RAML program currently
requires to copy the 408, 653 constraints for every multiplication in the program.
This makes the analysis infeasible.

Effectivity. A straightforward recursive implementation of the arithmetic operations
on unary lists in RAML would not allow us to analyze the same range of functions
we can analyze with handcrafted typing rules for the operations. For example,
the fast Euclidean ged algorithm cannot be analyzed with the usual, recursive
definition of mod but can be analyzed with our new rule. Similarly, we cannot
define a recursive function so that the analysis is as effective as with our novel
rule for minus. For example, the pattern if n > C then ... recCall(n —C) else ...
for a constant C > 0 can be analyzed with our new rule but not with a recursive
definition for minus.

Conception. A code transformation prior to the analysis complicates the soundness
proof since we would have to show that the resource usage of the modified code is
equivalent to the resource usage of the original code. More importantly, handling
new language features merely by code transformations into well-understood
constructs is conceptually less attractive since it often does not advance our
understanding of the new features.

To derive a typing rule for an arithmetic operation in amortized resource analysis,
we have to describe how the potential of the arguments of the operation relates to
the potential of the result. For x, y € N and a multiplication x* y, we start with a po-

tential of the form 3 - ; quj () (i) (where I = {(0,0),(1,0),(2,0),(1,1),(0,1),(0,2)}
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in the case of degree 2). We then have to ensure that this potential is always equal
to the constant resource consumption M™"" of the multiplication and the potential
e Pi (*7) of the result xy. This is the case if g0 = M™" + po, g1y = p1,
4.2 = 4@, = P2 42 = 2p2, and q(; ;) = 0 otherwise. We will show that such rela-
tions can be expressed for resource polynomials of arbitrary degree in a type rule for
amortized resource analysis that corresponds to a succinct linear constraint system.

The challenge with arrays is to account for side effects of computations that
influence the resource consumption of later computations in the presence of aliasing.
We can analyze such programs but ensure that the potential of data that is stored
in arrays is always 0. In this way, we prove that the influence of aliasing on the
resource usage is accounted for without using the size of mutable data. As for all
language features, we could achieve the same with some abstraction of the program
that does not use arrays. However, this is not necessarily a simpler approach.

3 A simple language with side effects

We present our analysis for a minimal first-order functional language that only
contains the features we are interested in, namely operations for integers and arrays.
However, we implemented the analysis in RAML (Hoffmann et al., 2012b; Achlig
et al., 2010-2013) which also includes (signed) integers, lists, binary trees, Booleans,
conditionals, and pattern matching on lists and trees.

3.1 Syntax

The subset of RAML we use in this article includes variables x, unsigned integers n,
function calls, pairs, pattern matching for unsigned integers and pairs, let bindings,
an undefined expression, a sharing expression, and the built in operations for arrays
and unsigned integers.

e :=x| f(x)] (x1,x2) | match x with(x1,x;) = e | undefined | let x = e ine;
| share x as(xi,x;)ine | match x with (0 == ¢; | S(y) = e>)
| n | x1 4+ x2 | X1 *x2 | minus(xy,x3) | minus(xy,n) | divmod(xy, x2)

| A.make(xy, x3) | A.set(xy, X2, x3) | A.get(xy, x2) | A.length(x).

We present the language in, what we call, share-let normal form which simplifies the
type system without hampering expressivity. In the implementation, we transform
input programs to share-let normal form before the analysis. Like in Haskell, the
undefined expression simply aborts the program without consuming any resources.
The meaning of the sharing expression share x as(xy,xz)ine is that the value of
the free variable x is bound to the variables x; and x; for use in the expression e.
The sharing expression is similar to a let binding and we use it to inform the (affine)
type system of multiple uses of a variable.

While all array operations as well as multiplication and addition are standard,
subtraction, division, and modulo differ from the standard operations. To give
stronger typing rules in our analysis system, we combine division and modulo in
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one operation divmod. Moreover, minus and divmod return their second argument,
that is, minus(n,m) = (m,n — m) and divmod(n,m) = (m,n ~ m,n mod m). We also
distinguish two syntactic forms of minus; one in which we subtract a variable and
another one in which we subtract a constant. More explanations are given in Section
5. If m > n then the evaluation of minus(n,m) fails without consuming resources.
That means that it is the responsibility of the user or other static analysis tools to
show the absence of overflows.

3.2 Simple types and programs
Data types A, B and function types F are defined as follows:
A,B ::==nat| A array | A* B F:=A—->B

Let .o/ be the set of data types and let & be the set of function types. A signature
2 : FID — 7 is a partial finite mapping from function identifiers to function types.
A context is a partial finite mapping I' : Var — .o/ from variable identifiers to data
types. A simple type judgment X;I" I e : A states that the expression e has type 4 in
the context I" under the signature X. The definition of typing rules for this judgment
is standard and we omit the rules. Basically, the rules are obtained by erasing the
potential annotations of the syntax-directed rules in Section 5.

A (well-typed) program consists of a signature £ and a family (ef, yf)redomz) Of
expressions e; with a distinguished variable identifier y; such that X;y;:A4 - e :B if
3(f)=A4 — B.

3.3 Cost semantics

In the following, we define an operational big-step semantics for our subset of
RAML. The semantics is standard except that it defines a cost of an evalua-
tion. This cost depends on a resource metric that assigns a cost to each atomic
operation.

The semantics is formulated with respect to a stack and a heap. Let Loc be an
infinite set of locations modeling memory addresses on a heap. The set of RAML
values Val is given as follows:

Val 5 v ::=n|(/1,/2) ] (o,n).

A value v € Val is either a natural number n, a pair of locations (/1,/;), or an array
(o,n). An array (o,n) consists of a size n and a mapping ¢ : {0,...,n — 1} — Loc
from the set {0,...,n — 1} of natural numbers to locations. A heap is a finite partial
mapping H : Loc — Val that maps locations to values. A stack is a finite partial
mapping V : Var — Loc from variable identifiers to locations.

The big-step operational evaluation rules in Figures 2 and 3 are formulated
with respect to a resource metric M. They define an evaluation judgment of the
form V,H FL e || (/,H') | (¢,q'). It expresses the following. Under resource metric
M (see below), if the stack V' and the initial heap H are given then the expression e
evaluates to the location ¢ and the new heap H'. The location / then contains the

https://doi.org/10.1017/50956796815000192 Published online by Cambridge University Press


https://doi.org/10.1017/S0956796815000192

Type-based amortized resource analysis 9

by VLHEE e p | (g.q)
V,HHE f(x) L p | M?PP-(q,q')

(E:ZERO) (E:APP)

V,HI‘M‘elLo|0

Vix)=4 (EVar) H =H,l— (V(x]),V(x))
V.HHE xy (0 H) [ M V.HHE (xy,2)  (6,H') | MP2T

(E:PAIR)

HV@)=(0,6) Vb6 HPE elp|(g,9)
V,H HL match x with (x1,02) = el p | M™*P . (q,4)

(E:MATP)

Vix)=1¢ V[xllﬁﬁ,szf],Hl'MeUp|(q,q’)
V,H HL share x as(x;,x2)ine | p | M. (¢,4')

(E:SHARE)

V.HHE ¢ Yo (q.q)
V.HHE letx=eine o | M (q,q")

(E:UNDEF)

(E:LET1)
Vv, H HL undefined | o \ pyundef

VHEE ¢ (0H) [ (q.d)  Vik— 0.H P e, Up | (p,p)
V.H L letx=ejine; I p | M= (q,q')-M"2.(p, p')

(E:LET2)

neN H =H/lw—n n=HVx)+HV(x)) H =H/{—n
(E:NAT)
V.HHE n (6 H') | Mt V.H HE x4, | (6 H') | M2

(E:ADD)

n=HVx)—-HV(x) n>0 H=H{l (V(x),0),{ —n
v, H HL minus(x;,x) | (¢,H') | M*“P

(E:SUB)

' =H(V(x))—n H =H, (s (01,02),01 = n,ly — 1
v, H HL- minus(x,n) | (¢,H') | M*'®

(E:SuBC)

n=HV(x))-HV(x)) H=H/l—n
V,H HLE xy s, I (6H') | MM

(E:MULT)

m=HVx)) nm=HV(x))
H = H,f = (f’,f3),f’ = (V(XQ),éz),éz = (n] +n2)763 = (n1 mod n2)

V.H HL divmod (x1,xp) | (¢,H") \Mdi"

(E:D1v)

HV(x)=0 V.HHL e yp|(q.q)
V,H HL match xwith (0= ¢ | S(y) = e2) I p | M™% -(q,q')

(E:MATN1)

HV()=n+1  Viy=fH e 4p|(g.q)
V,H HL match xwith (0= e, | S(y) = e2) I p | M™-(¢,¢')
Fig. 2. Rules of the operational big-step semantics (part 1).

(E:MATN2)
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H(V(x)=n Vi:o(i)=V(x) H =H/{+ (o,n)
V,H HL Amake(x;,xp) | (¢, H') | (n-MA™akel 4 pAmake o)

(E:AMAKE)

Vix))=¢6  H({)=(o,n)
H(V(x)=i 0<i<n H =H[w (c]i—V(x3)],n),l 0]

v,H HE Aset(x),x3,x3) | (6, H') | MPSet (E:ASET)
H(V(x)=(o,n) HV(x)>n
V.H I‘M A.Set(x] ,)C27x3) lJo ‘ MAfail (E:ASFAIL)
H(V(x1))=(o,n) HV(x)=i 0<i<n ~
V,H I'M Alget(xl,xz) u (G(l),H) |MAget (E:AGET)
HV () =(0n) H(V(x) >n HV()=(o,n) H =H(l—n

(E:AGFAIL) (E:ALEN)

V,HHE Aget(xy,xp) | o | MARI V,HHL Alength(x) |} (¢,H') | MA'e"
Fig. 3. Rules of the operational big-step semantics (part 2).

value to which the expression has evaluated. To evaluate e one needs at least ¢ € Q
resource units and after the evaluation there are ¢’ € Q7 resource units available.
The actual resource consumption is then 6 = g — ¢g’. The quantity ¢ is negative if
resources become available during the execution of e.

In fact, the evaluation judgment is slightly more complicated because there are
two other behaviors that we have to express in the semantics: failure (i.e., array
access outside its bounds) and divergence. To this end, our semantics judgment does
not only evaluate expressions to values but also expresses incomplete computations
by using o (pronounced busy). In this article, we combine erroneous behavior with
non-terminating behavior since we are only interested in the resource consumption.
In other applications, it might be more useful to introduce a separate error value L.
This can be done without problems.

The evaluation judgment has the general form

V.HFP elpl(q.q) where pu=(H)|o.

An intuition for the judgement V,H HL e || o | (¢,q’) is that there is a partial
evaluation of e that runs without failure, needs ¢ resources (high watermark), has
momentarily ¢’ resources available, and has not yet reached a value. This is similar
to a small-step judgement.

The cost semantics is non-deterministic. The idea is to use the rule E:ZEro to
approximate (non-existing) infinite evaluation trees that correspond to diverging
computations with an infinite number of finite trees. The rules E:ZEro and E:LET1
can be used in combination to obtain a snapshot of the resource usage during a
diverging or converging computation.
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A resource metric M : K — @ defines the resource consumption of each evaluation
step of the big-step semantics. Here, K is a finite set of constant symbols. We define

K ={nat, var, app, matchL, undef, pair, matP, let1, let2, nat, add, mult, sub, div

matS, matZ, minus, divmod, Amake, Aset, Aget, Alength, Afail} .

We write M* for M(k).

We view the pairs (q,¢’) in the evaluation judgments as elements of a monoid
2 = (Qj x Q{,"). The neutral element is (0,0) which means that resources are
neither needed nor refunded. The operation (g, q’) - (p, p’) defines how to account for
an evaluation consisting of evaluations whose resource consumptions are defined by
(g,4") and (p, p’), respectively. We define

(g+p—4q. p)ifqd <p
(¢.4") - (p.p)) = { :
( (¢, P'+4" —p)ifq">p.
If resources are never restored (as with time) then we can restrict to elements of the
form (q,0) and (q,0) - (p,0) is just (g + p,0).
We identify a rational number ¢ with an element of 2 as follows: ¢ = 0 denotes

(¢,0) and ¢ < 0 denotes (0,—¢g). This notation avoids case distinctions in the
evaluation rules since the constants K that appear in the rules might be negative.

Proposition 3.1
Let (¢,4") = (r,r') - (s,5").
l.g=zr and g—¢q'=r—7r' +s5—¥¢
2. If (p,p') = (F,1")(s,s') and F =r then p=q and p' = ¢’
3.If(p,p)=(r,r")-(5,8) and 5= sthenp>q and p' < ¢
4. (r, 1) ((s,8) - (@, 1) = ((r, 1) - (5,5)) - (£,1)
In the semantic rules we use the notation H' = H, /v to indicate that 7/ ¢ dom(H),
dom(H') = dom(H) U {¢/}, H'(/) = v, and H'(x) = H(x) for all x # /.

3.4 Well-formed environments
For each simple type A4, we inductively define a set [A] of values of type A.
[nat] =N
[A array] = {(e,n) [n € N and « : {0,...,n — 1} — [A]}
[4 * B] = [4] x [B]

If H is a heap, / is a location, 4 is a type, and a € [A] then we write H F/+—a:A4
to mean that / defines the semantic value a € [A] when pointers are followed in H
in the obvious way. The judgment is formally defined in Figure 4.

If we fix a simple type 4 and a heap H, then there exists at most one semantic
value a suchthat HFE /+—a:A.

Proposition 3.2
Let H be a heap, / € Loc, and let A be a simple type. If H F / +— a:A and
HE/—d :A thena=d.
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H(() = (o,n)
dom(o) =dom(ax) ={0,...,n—1} V0<i<n:HFE (i) — a; and a(i) = q;
(V:ARRAY)
HE/{(— (a,n): A array
H(l) = H(l) = (61,0 HE/ tA HE (A
(()=n neN (VNAT) (£) = (£1,6) brar A b ay Ay (ViPAIR)
HFE/{— n:nat HE/l(— (a1,a): (A1,A2)

Fig. 4. Relating heap cells to semantic values.

We write H F / : A to indicate that there exists a necessarily unique, semantic value
a € [A] so that H E /+— a:A. A stack V and a heap H are well-formed with
respect to a context I' if H F V(x) :I'(x) holds for every x € dom(I"). We then write
HEV :T.

Theorem 3.1 shows that the evaluation of a well-typed expression in a well-formed
environment results in a well-formed environment. A proof of a similar theorem can
be found in a previous article (Hoffmann et al., 2012a).

Theorem 3.1
IfTFe:B, HFEV :Tand V,H ¥ e | (/,H) | (q.q') then H E V : T and
H =/¢:B.

4 Resource polynomials and annotated types

Compared with multivariate amortized resource analysis for nested inductive data
types (Hoffmann et al., 2012a), the resource polynomials that are needed for the data
types in this article are relatively simple. They are multivariate, non-negative linear
combinations of binomial coefficients. To emphasize that these potential functions
are a special case of general multivariate resource polynomials we nevertheless use
the terminology that has been developed for the general case (Hoffmann et al.,
2012a). In this way, it is straightforward to see that the present development could
be readily implemented in RAML.

4.1 Resource polynomials

For each data type A4, we first define a set P(A4) of functions p : [A] — N that map
values of type 4 to natural numbers. The resource polynomials for type A are then
given as non-negative rational linear combinations of these base polynomials. We
define P(A) as follows.

P(nat) = {/ln. <Z> ke ]N} P(A array) = {z(a, n). (Z) ke ]N}

P(Ay * Ay) = {Aa1,a2). pi(a1)-pa(az) | p1 € P(A1) A px € P(A42)}
A resource polynomial p : [A] — Qf for a data type A is a non-negative linear
combination of base polynomials, i.e.,
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for ¢; € Q} and p; € P(4). We write R(A) for the set of resource polynomials for
the data type A.

Example 4.1
For example, h(n,m) = 7+ 2.5n+5(3) () + 8(}}) is a resource polynomial for the
data type nat * nat.

4.2 Names for base polynomials

To assign a unique name to each base polynomial, we define the index set Ind(A4)
to denote resource polynomials for a given data type A. Basically, Ind(A4) is the
meaning of A when we identify arrays with their lengths.

Ind(nat) = Ind(A array) = IN
Ind(A; * A2) = {(i1,i2) | i1 € Ind(A4;) and i, € Ind(A43)}.
The degree deg(i) of an index i € Ind(A) is defined as follows.
deg(k) =k ifkeN
deg(iy, i) = deg(i1) + deg(i).

Let Indi(A) = {i € Ind(A4) | deg(i) < k}. The indexes i € Ind,(A) are an enumeration
of the base polynomials p; € P(A4) of degree at most k. For each i € Ind(4), we
define a base polynomial p; € P(A4) as follows: If 4 = nat then

puln) = (Z) :
Pi(o.n) = (Z) .

If A = (A, * Ay) is a pair type and v = (vy,v;) then

If A = A’ array then

Piinin)(V) = piy (v1) - piy(v2)

We use the notation 04 (or just 0) for the index in Ind(A4) such that pg,(a) = 1 for
all a. We identify the index (iy,...,i,) with the index (i, (i2, (* - * (in—1,in)))-

Example 4.2
Our previous example & : [nat * nat] — @7 from Example 4.1 can for instance be
written as h(n,m) = 7Tp(0)(n,m) + 2.5p(1.0)(n,m) + 5p(3.2)(n, m) + 8p(o.4)(n, m).

4.3 Annotated types and potential functions
A type annotation for a data type A is defined to be a family
04 = (gi)ictnd(4) With g; € Q(T

We say Q4 is of degree (at most) k if q; = 0 for every i € Ind(A4) with deg(i) > k.
An annotated data type is a pair (4, Q,4) of a data type A and a type annotation Q4
of some degree k.
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Let H be a heap and let / be a location with H F /+— a:A for a data type A.
Then, the type annotation Q4 defines the potential

(/1A Q4) = > gipila).
)

icInd(A

If a € [A] and Q4 is a type annotation for 4, then we also write ®(a : (4,Q4)) for
> qirpi(a).

Example 4.3

Consider the resource polynomial h(n,m) from Example 4.1. We have ®((n,m) :
(nat * nat, Q)) = h(n,m) if g0 =7, q1,0) = 2.5, 432) = 5, 904 = 8, and ¢ ;) = 0 for
all other (i, j) € Ind(nat * nat).

4.4 The potential of a context

For use in the type system, we need to extend the definition of resource polynomials
to typing contexts. We treat a context like a tuple type.

Let I' = x1:44,...,x,:A, be a typing context and let k € IN. The index set Ind(I")
is defined as

Ind(I') = {(i1,...,in) | i; € Ind(4;)} .
The degree of i = (iy,...,i,) € Ind(I") is defined as deg(i) = deg(i;) + - - - + deg(iy).
As for data types, we define Indi(I') = {i € Ind(') | deg(i) < k}. A type annotation
Q for I' is a family

0 = (gi)iema,r) With g; € Q.
We denote a resource-annotated context with I';Q. Let H be a heap and V be a
stack with H B V' : I" where H F V(x;) = ay, : I'(x;). The potential of I'; Q with
respect to H and V is

n
Oy u(T:0)0= Y. a]]rla).
(i1sin)€INdi () j=1
In particular, if I' = @ then Ind(I') = {()} and @y 5 (T"; q() = q(. We sometimes also
write g for ¢).

4.5 Notations

Families that describe type and context annotations are denoted with upper
case letters Q, P, R,... with optional superscripts. We use the convention that the
elements of the families are the corresponding lower case letters with corresponding
superscripts, i.e., @ = (¢)ie and Q' = (¢))rer-

If Q, P, and R are annotations with the same index set I then we extend operations
on @Q pointwise to @, P, and R. For example, we write Q < P + R if ¢; < p; +r; for
every i € I.

For K € Q we write Q = Q' + K to state that g0 = gy + K > 0 and ¢; = ¢
for i £ 0 €I. Let ' = I';,I’; be a context, let i = (i,...,i) € Ind(I'y) and
Jj=Ut,---,ji) € Ind(I'y) . We write (i, j) for the index (iy,..., i, ji,-..,j;) € Ind(T').
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We write 2;T;0 F- e : (4,0') to refer to cost-free type judgments where cf is
the cost-free metric with cf(K) = 0 for constants K. We use it to assign potential to
an extended context in the let rule.

Let Q be an annotation for a context I'j,I,. For j € Ind(I'y), we define the

I

projection m;'(Q) of Q to I'y to be the annotation Q' with q; = ¢q(; j. Sometimes we

omit I'y and just write 7;(Q) if the meaning follows from the context.

4.5.1 Operations on annotations

For each arithmetic operation such as n—1, n*m, and n+m, we define a corresponding
operation on annotations that describes how to transfer potential from the arguments
to the result.

Let I', y:nat be a context and let Q = (gi)icind(r,ymat) b€ a context annotation of
degree k. The additive shift for natural numbers <(Q) of Q is an annotation Q' of
degree k for a context I', x:nat that is defined as

<AQ) = (4(i,j))i.j)etnd(r x:nat) if 4(ijy = qij) + 1) -

The additive shift for natural numbers reflects the identity

Z qi(n—l—l) = Z (Qi+6b+1)(:l>, (1)

0<i<k o<i<k

where ¢x41 = 0. It is used in cases when a natural number is incremented or
decremented by one. This is the case in the successor function (not presented here
but implemented in RAML) or in the type rule T:MATN for pattern matching on
natural numbers. This is a special case of the additive shift that has been introduced
for lists and trees in previous articles (Hoffmann et al., 2012a).

Example 4.4

Consider again our running example, the resource polynomial h(m,n) that is given
by Q where 40,00 = 7, qo,1) = 25, 43 = 5, qi4,0) = 8, and qi.j) = 0 for all other
(i, j) € Ind(nat * nat). Then, the additive shift <i(Q) of Q in direction n is given

by Q' = <(Q) where q(5p) = 9.5, g1y = 25, 42 = 5, d(23) = 5 qa0) = 8, and
fo,j) = 0 for all other (i,j) € Ind(nat * nat). It reflects the identity h(m,n+1) =

74250+ +5(0) (") +8(7) =95 +2.5n+5(5)(3) +5(3) (3) +8(%).
Lemma 4.1 states the soundness of the shift operation.
Lemma 4.1
Let T',x:mat;Q be an annotated context, H F V : I',x:mat, and H(V(x)) = n+1.

Let furthermore V' = V[y—/] and H = H,/—»n. Then, H E V' : T, y:nat and
@y x(T, xmat; Q) = @y g (I, y:nat; <(Q)).
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Proof

By definition, we have ®y (T, x:nat; Q) = 3=, q(,-,j)-qbi-(”?l) where ¢; is a product
of base polynomials that depends on the data that is referenced by I'. From the
premises V' = V[y+> /] and H = H,/ > n, and the definition of the additive shift
it follows that @y (T, y:nat; <(Q)) = Z )dij) + dij+n) @i () But then we use
(1) (for every i) to derive

Z( Gj) T dij+1) <> Z¢l Z(Q(u + i j+1)) <])

(i.j)
= Z i Z 4.i,j)° <n —; 1>
i J
- (ij)" .

—GDV,H(F,x.nat,Q). O

For addition and subtraction (compare rules T:ApD and T:Sus in Figure 5), we
need to express the potential of a natural number n in terms of two numbers n; and
ny such that n = n; 4+ ny. To this end, let Q@ = (¢;)ien be an annotation for data of
type nat. We define the convolution H(Q) of the annotation Q to be the following
annotation Q' for the type nat * nat.

BH(Q) = (Q&,j))(i,j)elnd(nat*nat) if qf,;j) = (qi+j.
The convolution H(Q) for type annotations corresponds to Vandermonde’s convo-
lution for binomial coefficients:
ny +np ni ny
(")=Z(0) @
i+j=k

This can be viewed as an explicit representation of the type of the append function
for unit lists in multivariate amortized analysis (Hoffmann et al., 2012a).

Example 4.5

Consider the resource polynomial g(n) = n + 22(”) that is, ¢y = 1, ¢o = 2.2, and
= 0 otherwise. Then we have H(Q) = (q )(1 je[nd(nat*nat where the non-zero

coefﬁments of Q' are q(; = q(o;) = 1 and ‘Z(1,1) = q(02) = 4(20) = 2-2. This reflects

the identity g(n) = m +k +2.2((%) + (§) + mk) for every m,k with m+k = n.

Lemma 4.2
Let Q be an annotation for type nat, H £ / — nj+ny :nat, and H £ // —
(n1,n7) :nat *nat. Then, ®y(/:(nat, Q)) = @y (¢ :(nat = nat, BH(Q))).

Proof

By definition, we have ®py(/:(nat,Q)) = >, q("}™) and also ®y(/ :(nat *
nat, B(Q))) = >, 4, (V) ("Jz) for some coefficients ¢, ;, € Q. From the definition
of the convolution H(Q) it follows that q(i’j) = ¢i+j. Thus, we can use (2) to derive
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=0 +M" P+MPP — A,P)— (A,Q)) ex
0=0+ (TVAR) + 0 (AP —-(AQ)€ (f)(T:APP)
TiA;Q HE x: TieA;Q HE f(x): (4,0
— 0 Mpair
Q Q + ; (T:PAIR)
Tix:AL A2 0 HE (x,0) : (A1%42,0')
YT, XA, x0:A0; P P+ MMtP —
XA Lx:Ax P HE ¢ (B,Q) + 0 (T:MATP)

I xA QO HL match xW|th (x1,x) =¢:(B,Q)

YT, x1:A,x0:A; P I‘M e: (B7Q’) YP+Mshare -0
%:T,x:A;Q HE sharexas(x;,x;)ine: (B,Q)

(T:SHARE)

2T, TR HE ) v Ty AR
20y, x:A P HL ¢ (B,Q) 0=R+Me! R =P Met2

0,00 KL letx =epines : (B,Q)

(T:LET)

Q=M(Q) +M**
¥; x| :mat, x,:nat; Q HL x1 +x5 : (nat,Q")

(T:ADD)

n
40 =M”at+Zq§<i)

Q/+Msub _ EE(ﬂglznat(Q)) 5

(T:SuB) (T:NAT)
Y, x1:nat,xy:nat; Q |'M- minus(x;,x2) : (natxnat, Q") X0 I'M n: (nat,Q")
Q=M""+P+R P =®P) R =<"(R)
! / . .
o) =T Po) g = Plij) T >0
(T:SuBC)
¥ xnat; 0 ML minus(x,7) : (nat*nat, Q")
:Mundef _ / Mmult
Kl (T:UNDEF) 0=m(Q)+ (T:MuULT)
E;-;QI‘M‘ undefined : (B, Q") Z;xl:nat,x2:nat;Q|'M‘x1*x2 : (nat,Q")
RAMW =B(m™(Q) VieN:m®)=0m@) .
:DIv
¥, x1:nat, x:nat; Q HL divmod (x1,xp) : ((nat *nat) * nat, Q')
L:RHL ¢ (B,Q)
R+M™tZ — gl ;T ymnat; P (B,Q))  P+M™S =
+ T (Q) :L,ymat; P KL ¢, 1 (B,0) + <(Q) (T:MaTN)
%:T,xnat; O HL match xwith (0= ¢ | S(y) = e3) : (B, Q)
TP HE ¢: (B, P) .
>p <p T 1 (8,0
Q=Pic Q =Pt (T:WEAK-A) ™ (Q) P ¢ ( Q) (T WEAK-C)
noHE e =ilxA 0 HE e

Fig. 5. Annotated type rules.
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the statement of the lemma.

zk: o (m ;: n2> _ Zk: qx g::k (rlll) <n]2>

-3+(1)(0)

i+j=k
f n n
= qi . .1 2 . D
§ : (CORN j
(i.)

In the type rule for subtraction of a constant K, we can distribute the potential
in two different ways. We can either use the convolution to distribute the potential
between two numbers or we can perform K additive shifts. Of course, we can
describe K shift operations directly: Let Q = (¢;)ien be an annotation for data of
type nat. The K-times shift for natural numbers <¥(Q) of the annotation Q is an
annotation Q' for data of type nat that is defined as follows:
K / : / K
< (Q) = (ql‘)ielnd(nal) if q, = Z QJ(/) .
=i+t

Recall that (::1) = 0 if m > n. The K-times shift is a generalization of the additive
shift which is equivalent to the one-time shift. It corresponds to the following identity
that holds if q; = 0 for all j > k.

S5 (s e

0<i<k o<i<k \ j=it+/

It can be derived from Vandermonde’s convolution as follows:

So(7)- 2 (2 00)

0<i<k o<i<k i=j+
K
= Z qdi (n) ( ) where 0<i,j,/ <k
A~ \J l
i=j+t
K
= Z qu(n>(/) where 0<i,/ <k
o<j<k \imjie M
K
= Qi(/) <n) where ¢; =0 for i > k
o<j<k \i=jit J
Lemma 4.3

Let Q be an annotation for type nat, H F / +— n+K :nat, and H' F /' — n :nat.
Then, ®y(/:(nat, Q)) = Oy (¢ :(nat, <€ Q)).
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Proof
By definition, ®y(/:(nat,Q)) = 3, ¢;("**) and @y (¢ :(nat,<¥Q)) = 3, ¢/() for
some coeflicients ¢; € Q. From the definition of the K-times shift <® Q it follows

that ¢; = >,/ 4j (%). Thus, we can use (3) to argue as follows:

Sa(" ) =S (S a(5)] (1) - Za(}) monmn<on. ©

i\ j=it/

For multiplication and division, things are more interesting. Our goal is to define an
operation [(Q) that defines an annotation for the arguments (x;,x;) : nat * nat if
given an annotation Q of a product x; * x; : nat. For this purpose, we are interested
in the coefficients A(i, j, k) in the following identity. Note that ranges for i and j are
not necessary since A(i, j,k) will be 0 if i > k or j > k.

()= Saosn(3))
Lj

Fortunately, this problem has been carefully studied by Riordan and Stein (1972).!
Intuitively, the coefficient A(i, j,k) is number of ways of arranging k pebbles on
an ixj chessboard such that every row and every column has at least one pebble.
Riordan and Stein obtain the following closed formulas.

at. g = S () (1) (7) = X st st st

Here, S(-,-) and s(-,-) denote the Stirling numbers of first and second kind,
respectively. Furthermore, they report the recurrence relation A(i, j,k + 1)(k + 1) =
(AG, j, k) + A — 1,7, k) + AG, j— Lk)+ A — 1, j — 1,k))ij — k AG, j, k).

Equipped with a closed formula for A(i, j,k), we now define the multiplicative
convolution [(Q) of an annotation Q for type nat as

E’(Q) = (Q(,i,j))(i,j)EInd(nat*nal) if Q(,i,j) = ZA([, j’ k) qk-
k

Note that ranges for the indices i, j,k € IN are not necessary since A(i, j,k) = 0 if
i>k, j>k, ork>i=j Inthe implementation, we have to select some bounds to
obtain a finite number of indices. We currently fix a maximal degree D and require
i+j<Dandk<D.

Lemma 4.4
Let Q be an annotation for type nat, H E / +— n; - ny:nat, and H F /' +—
(n1,ny) :nat *nat. Then, ®y(/:(nat, Q)) = @y (/' :(nat * nat, 2(Q))).

Proof
By definition, we have ®y(/:(nat,Q)) = >, qx(",”). Moreover, @y (/':(nat * nat,
() = > 46)) (") (”JZ) for some coefficients q; ; € Q. From the definition of

i

I Thanks to Mike Spivey for pointing us to that article.
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the multiplicative convolution [(Q) it follows that q(; ;=2 A(i, j,k) gc. Thus, we
can use (4) to obtain

Sa"") =S a | Sacin(7)(7)
k k ij

. ny\ (n2
=§:%A@LM<J<j)

kiij

_ zj: (; A(i, j,k)qr (th1> <r;2>>
-3 i) (nzl) <ng> )

(i,

Let I',x1:4,x5:4;Q be an annotated context. The sharing operation Y Q defines an
annotation for a context of the form I',x:A4. It is used when the potential is split
between multiple occurrences of a variable. The following lemma shows that sharing
is a linear operation that does not lead to any loss of potential. A proof can be
found for instance in Hoffmann et al. (2012a).

Lemma 4.5

Let A be a data type. Then, there are natural numbers cg’j) for i, j,k € Ind(A4) with
deg(k) < deg(i, j) such that the following holds. For every context I',x;:4,x5:4;0
and every H, V with H F V : T, x:A4 it holds that ®y y (', x:4; Q') = ®p g(T, x;1:4, x3:
A;Q) where V' = V[x1,x2+ V(x)] and q(; 1) = > icinda) A g

The coefficients cg’j) can be computed effectively. We were however, not able to
derive a closed formula for the coefficients. The proof can be found in a previous
article (Hoffmann et al., 2012a).

For a context I', x1:4, x5:4; Q, we define Y Q to be the Q' from Lemma 4.5.

5 Resource-aware type system

We now describe the type-based amortized analysis for programs with unsigned
integers and arrays.

5.1 Type judgments

The declarative type rules for RAML expressions in Figures 5 and 6 define a
resource-annotated typing judgment of the form

050 PEe:(4,0),

where e is a RAML expression, M is a metric, Z is a resource-annotated signature
(see below), I'; Q is a resource-annotated context and (A4, Q') is a resource-annotated
data type. The intended meaning of this judgment is that if there are more than
®(I"; Q) resource units available then this is sufficient to cover the evaluation cost
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Vi>1:q0) = 4 400) = qé)_'_MAmake a0 = 4, + ppAmakel
(T:AMAKE)
¥;xp:nat,xy:A; Q HL A.make(x1,x,) : (A array, Q")
/ Aget
= + M"e
0= 40 (T:ASET)

Y;xj:Aarray,xp:nat,x3:A; Q HL A.set(x,x2,x3) : (nat,Q")

Vi0:qi=0  qo=qh+M
¥;x1:Aarray, xp:nat; Q HAL A.get(x),x2): (A,0)

(T:AGET)

0= Q/ +MAIen
T:x: Aarray; 0 HL Allength(x) : (nat, Q')

Fig. 6. Annotated Type rules for array operations.

(T:ALEN)

of e in metric M. In addition, there are at least ®(v:(4, Q’)) resource units left if e
evaluates to a value v.

5.2 Programs with annotated types

Resource-annotated function types have the form (4,Q) — (B,Q’) for annotated
data types (4,Q) and (B,Q’). A resource-annotated signature X is a finite, partial
mapping of function identifiers to sets of resource-annotated function types. We
need multiple types per function since it is often necessary to pass on potential to
the function result for later use in the program as demonstrated with the function
mult in Section 2. The potential that needs to be passed on—and thus the annotated
function type—depends on the call site.

A RAML program with resource-annotated types for metric M consists of a
resource-annotated signature £ and a family of expressions with variable identifiers
(e, Yf)fedoms) such that ;yr:4;0 HL ef : (B, Q') for every function type (4, Q) —
(B,Q') € X(f).

5.3 Type rules

Figures 5 and 6 contain the annotated type rules. The rules T:WEAK-A and T:WEAK-
C are structural rules that apply to every expression. The other rules are syntax-
driven and there is one rule for every construct of the syntax. In the implementation,
we incorporated the structural rules in the syntax-driven ones.

The rules T:VAR, T:AprpP, T:PAIR, T:MATP, T:SHARE, T:LET, T:MATN, and T:WEAK-
* are similar to the corresponding rules in previous work (Hoffmann et al., 2011).

In the rule T:UNDEF, we only require that the constant potential MUndef is
available. In contrast to the other rules, we do not relate the initial potential Q with
the resulting potential Q’. Intuitively, this is sound because the program is aborted
when evaluating the expression undefined. A consequence of the rule T:UNDEF is
that we can type the expression let x = undefined in e with constant initial potential
Mudet regardless of the resource cost of the expression e.
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The rule T:NAT shows how to transfer constant potential to polynomial potential
of a non-negative integer constant n. Since n is statically available, we simply
compute the coefficients (’Z’) for the linear constraint system.

In the rule T:ADpD, we use the convolution operation H(-) that we describe in
Section 4. The potential defined by the annotation H(Q’) for the context x :nat, x, :nat
is equal to the potential Q" of the result.

Subtraction is handled by the rules T:SuB and T:SuBC. To be able to conserve all
the available potential, we have to ensure that subtraction is the inverse operation
to addition. To this end, we abort the program if x, > x; and otherwise return the
pair (n,m) = (x2,x; — X2). This enables us to transfer the potential of x; to the pair
(n,m) where n + m = x;. This is inverse to the rule T:ApD for addition.

In the rule T:SuB, we only use the potential of x; by applying the projection
73" ™(Q). The potential of x, and the mixed potential of x; and x, can be arbitrary
and is wasted by the rule. This is usually not problematic since it would just be zero
anyway in most useful type derivations. By using the convolution B(r)' ™ (Q)) we
then distribute the potential of x; to the result of minus(xy, x;).

The rule T:SuBC specializes the rule T:SuB. We can use T:SuBC to simulate
T:SuB but we also have the possibility to exploit the fact that we subtract a
constant. This puts us in a position to use the K-times shift that we introduced
in Section 4. So we split the initial potential Q into P and R. We then assign the
convolution P’ = H(P) to the pair of unsigned integer that is returned by minus
and the n-times shift <"(R) to the first component of the returned pair. In fact,
it would not hamper the expressivity of our system to only use the conventional
subtraction x — n and the n-times shift in the case of subtraction of constants. The
only reason why we use minus also for constants is to present a unified syntax to the
user.

In practice, it would be beneficial not to expose this non-standard minus function
to users and instead apply a code transformation that converts the usual subtraction
let x = x; — xzine into an equivalent expression let(x;, x) = minus(xy, x;) ine that
overshadows x; in e. In this way, it is ensured that the potential that is returned by
minus can be used within e.

The rule T:MuLr is similar to T:ApD. We just use the multiplicative convolution
() (see Section 4) instead of the additive convolution H(-). The rule T:Drv is
inverse to T:MULT in the same way that T:SuUB is inverse to T:ADD. We use both,
the additive and multiplicative convolution to express the fact that n*m+r = x; if
(n,m,r) = divmod(xy, x3).

In the rule T:AMAKE, we transfer the potential of x; to the created array. We
discard the potential of x, and the mixed potential of x; and x;. At this point,
it would in fact be not problematic to use mixed potential to assign it to the
newly created elements of the array. We refrain from doing so solely because of
the complexity that would be introduced by tracking the potential in the functions
A.get and A.set. Another interesting aspect of T:AMAKE is that we have a constant
cost that we deduce from the constant coefficient as usual, as well as a linear cost
that we deduce from the linear coefficient. This is represented by the constraints
q0.0) = g4 + MA™3® and q(10) = q] + MA™3eL respectively.
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Vjielda): =0 = lia) (Q) L e: (A, m74(Q)))
j#0 = £;0al () FE e (a,m4(0))
L0,A 0 HE ¢ s A x:A; Q'

Fig. 7. The binding rule for multivariate variable binding.

(B:BIND)

For convenience, the operation A.set returns 0 in this article. In RAML, A.set has
however the return type unit. This makes no difference for the typing rule T:ASET
in which we simply pay for the cost of the operation and discard the potential that
is assigned to the arguments. Since the return value is 0, we do not need require
that the non-constant annotations of Q" are zero.

In the rule T:AGET, we again discard the potential of the arguments and also
require that the non-linear coefficients of the annotation of the result are zero. In
the rule T:ALEN, we simply assign the potential of the array in the argument to the
resulting unsigned integer.

In the rule T:LET for let bindings, we bind the result of the evaluation of an
expression e to a variable x. The problem that arises is that the resulting annotated
context A,x:A4,Q’ features potential functions whose domain consists of data that
is referenced by x as well as data that is referenced by A. This potential has to be
related to data that is referenced by A and the free variables in the expression e.

To express the relations between mixed potentials before and after the evaluation
of e, we introduce a new auxiliary binding judgment of the from

DA Q0 KL e A x:4; 0,

in the rule B:BiND in Figure 7. The intuitive meaning of the judgment is the
following. Assume that e is evaluated in the context I', A, that FV(e) = dom(T"), and
that e evaluates to a value that is bound to the variable x. Then, the initial potential
(I, A; Q) is larger than the cost of evaluating e in the metric M plus the potential
of the resulting context ®(A, x:4;Q’). Lemma 5.1 formalizes this intuition.

Lemma 5.1
Let HE VA and Z;T,A;Q HL e v» A x:4: 0.

L IfV,H P e (4,H') | (w,d) then @y (T,A;Q) = d+ Dy (A, x:A4; Q') where
V' =V[x—/].
2.IfV,H FL e | p | (w,d) then d < @y 4(T; Q).

Formally, Lemma 5.1 is a consequence of the soundness of the type system (Theorem
5.1). In the inductive proof of Theorem 5.1, we use a weaker version of Lemma
5.1 in which the soundness of the type judgments in Lemma 5.1 is an additional
precondition.

5.4 Soundness

An annotated type judgment for an expression e establishes a bound on the resource
cost of all evaluations of e in a well-formed environment; regardless of whether the
evaluation terminates, diverges, or fails.
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Additionally, the soundness theorem states a stronger property for terminating
evaluations. If an expression e evaluates to a value v in a well-formed environment
then the difference between initial and final potential is an upper bound on the
resource usage of the evaluation.

Theorem 5.1 (Soundness)
Let HE VI and X;T;Q HL ex(B, Q).

LIfV,HPE ey (/,H)]|(p,p) then p< ®yp(I';0) and p—p' < Dy (I';0) —
Oy (/:(B, Q).
2.IfV,H L e o (pp) then p < Oy u(I7;0).

Theorem 5.1 is proved by a nested induction on the derivation of the evaluation
judgment and the type judgment I';Q F e:(B,Q’). The inner induction on the type
judgment is needed because of the structural rules. There is one proof for all possible
instantiations of the resource constants.

The proof of most rules is similar to the proof of the rules for multivariate
resource analysis for sequential programs (Hoffmann et al., 2012a). The novel type
rules are mainly proved by the Lemmas 4.2-4.4. For example, the induction case for
multiplication in the first part of the Theorem 5.1 works as follows.

(T:Murr) Assume that the type derivation ends with an application of the
rule T:MuULT. Then, e has the form x; * x, and the evaluation consists of a single
application of the rule E:MuLT. Therefore, we can apply Lemma 4.4 and derive
®y py(xqmat, xy:mat; [(Q") = Py (v @ (nat,Q")) where v = H(V(x1)) - H(V(x2)).
Then, it follows from the rule T:MuLr that ®p g(x;:mat,x;:mat; Q) — Oy (v :
(nat, Q")) = g0 — qo = M™".

If M™' > 0 then it follows p = M™" and p’ = 0. Thus, we have p = K <
g0 = ®ypu(ximat,x;mat;Q) and p —p' = M™" = Oy y(x; nat, x,:nat; Q) —
(®y 0 (v:(nat, 0)).

If M™" < 0 then it follows that p = 0 and p’ = —M™". Therefore, we have
p < ¢ = Qyu(ximat,xymnat;Q) and p —p' = M™" = @y g(x;:nat, x;:nat; Q) —
(®yp(v : (nat,Q))).

We deal with the mutable heap by requiring that array elements do not influence
the potential of an array. As a result, we can prove the following lemma, which is
used in the proof of Theorem 5.1.

Lemma 5.2
If HE VI, Z;T50 - ¢ @ (B,Q) and V.H HL e || (/,H') | (p,p) then
Oy p(I';0) = Oy (I Q).

To prove Lemma 5.2, we need a definition and two propositions. We say that two
heaps H; and H, are compatible (modulo arrays) if for all / € dom(H; N H3)

Hy(/) = Hy(/) or, Hi(/)=(01,n)and Hy(/) = (02,n) .
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Proposition 5.1

Let H; and H; be compatible heaps, Hy E / — a; : A, and / € dom(H;). Then,
H, E /> ay : A; moreover a; = a,, or a; = (o1,n) and a, = (op,n) for some oy, oy,
and n.

Proposition 5.1 follows by induction on the derivation of the judgement H; F / +—
ap : A.

Proposition 5.2
Let H; and H, be compatible heaps, H; F ¢/ : A, and Q a potential annotation for
type A. If / € dom(H,) then @y, (7:(A4,Q)) = Oy, (£ (A, Q)).

Proof

By definition of H; F /: A, there exists an a; such that Hy F / +— a; : A. Thus,
it follows from Proposition 5.1 that there exists an a, such that H, F £/ +— a, : A.
If a; = a, then by definition @y, (/:(4,Q)) = @g,(7:(A, Q)). Otherwise, it follows by
Proposition 5.1 that a; = (o,n) and ay = (o, n) for some oy, o, and n. But then
Dy, (7:(A4,Q0)) = O, (¢:(A4, Q)) since the potential of an array depends by definition
only on the size n of an array.

Proof of Lemma 5.2

Let HEVI, Z;I';Q B e : (B,Q') and V,H L ¢ || (/,H') | (p,p'). By induction
on the derivation of the judgement V,H FL e || (/,H') | (p,p’) it follows that H and
H' are compatible and that dom(H) < dom(H’). Thus, H' F V:I' and ®y 5 (I"; Q)
are defined. Thus

where H F V(x;) = ay, : I'(x;) and H' F V(x;) — a;j : I'(xj). The second
equation holds because the sums are pointwise equal. This is a direct consequence
of Proposition 5.2.

If the metric M is simple (all constants are 1) then, it follows from Theorem 5.1 that
the bounds on the resource usage also prove the termination of programs.

Corollary 5.1
Let M be a simple metric. If H £ V:I" and X;I";Q ML e:(4,Q’) then there are
w € N and d < ®y y(T; Q) such that V,H FL e | (4, H') | (w,d) for some / and H'.

6 Type inference

In principle, type inference consists of four steps. First, we perform a classic type
inference for the simple types such as (Arr(nat)). Second, we fix a maximal degree of
the bounds and annotate all types in the derivation of the simple types with variables
that correspond to type annotations for resource polynomials of that degree. Third,
we generate a set of linear inequalities, which express the relationships between
the added annotation variables as specified by the type rules. Forth, we solve the
inequalities with an linear program (LP) solver such as CLP. A solution of the
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linear program corresponds to a type derivation in which the variables in the type
annotations are instantiated according to the solution.

In practice, the type inference is slightly more complex. Most importantly, we
have to deal with resource-polymorphic recursion in many examples. This means
that we need a type annotation in the recursive call that differs from the annotation
in the argument and result types of the function. To infer such types we successively
infer type annotations of higher and higher degree. Details can be found in previous
work (Hoffmann & Hofmann, 2010b). Moreover, we have to use algorithmic versions
of the type rules in the inference in which the non-syntax-directed rules are integrated
into the syntax-directed ones (Hoffmann et al, 2012a). Finally, we use several
optimizations to reduce the number of generated constraints.

For the most part, our constraints have the form of a so-called network (or
network-flow) problem (Vanderbei, 2001). LP solvers can handle network problems
very efficiently and CPLEX solves the constraints RAML generates in linear time
in practice. Because our problem sizes are large we can save memory and time by
reducing the number of constraints that are generated during typing. A representative
example of an optimization is that we try to reuse constraint names instead of
producing constraints like p = q.

6.1 Example inference

In the following, we illustrate the constraint generation during type inference with
an example. As in Section 2, we use the resource metric that counts the number of
pattern matches that are performed during an evaluation. The function quad below
is a particularly simple example that uses the new rule for addition and performs a
quadratic number of match operations.

quad(n,m) = match n with
| 0 - 0
| Sn’ — match m with
| 0 — let y = 0 in quad(n’,y)
| Sm’> — share m’ as (m;,m;) in
let x = n’ + m in
quad (x,m;) ;

The purpose of quad is only to illustrate the type inference and the computed value
is not interesting: The function takes two unsigned integers n and m and always
returns 0. Nevertheless, the number of performed match operations is 1+ 2n+ 2(’;’)
in the worst case. A valid type in our type system is thus

quad : (nat * nat, Q) — (nat,Q’) ,

where q0) = 1,91,0) = 2,902 = 2, and ¢; = q; =0 for all other i and all j.

The first step in the type inference is to select a maximal degree to limit the search
space and to obtain a finite set of constraints. For simplicity, we set the maximal
degree to 2. So we have Q = (q(,0) 9(1,0) 420> 4(1.1)» 4(0,1)» 4(0.2)) and Q" = (qp. 4}, q5),
where the ¢; and q} are yet unknown rational variables that are to be determined
by the LP solver.
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fori=1,2: (T:ADD)

0l (U) FE w/4my : (nat, z5m24(U7))

: : (T:ADD)
I’ = n’:nat, m :nat . I;m) (V) HL W (nat, iy™(U"))

' my:mat; U I‘M ' +my ~> mzznat,x:nat;U/

(B:BIND)

(natsnat, Q) — (nat,Q’) € £(quad)
my:mat,xnat; V HL quad(x,my) : (nat,V’)

(T:AppP)

(T:LET)
n' :nat,m; : nat,m, : nat; T I'M‘ ey : (nat,T")
: (T:SHARE)
n’ :nat,m : nat;S HL er : (nat,S")
- (T:LET) :
!/ /
n':nat;R I'M‘ eo : (nat,R
0: (nat,R) (T:MATN)

n' : nat,m : nat; P HL match m with |0 —eo|Sm — e :nat,P)

Fig. 8. Type derivation for the main parts of the function quad.

Since the function quad is tail-recursive, we do not need resource-polymorphic
recursion and simply assume the (yet unknown) type quad : (nat*nat, Q) — (nat, Q')
at the recursive calls. Polymorphic recursion is needed to pass-on potential for
consumption in the code that follows a recursive call in the function body. For more
information about resource-polymorphic recursion refer to Hoffmann & Hofmann
(2010Db).

We now use the type rules defined in Section 5 to generate a set of linear
constraints so that every valid instantiation of the constraints results in a valid type
for quad. To this end, we set

X(quad) = {(nat*nat, Q) — (nat,Q")},
and produce a type derivation
T;n :nat,m :nat; Q PL eguaq : (nat,Q'),

for the function body equaq that contains variables in the places of the coefficients
of the potential functions.

We illustrate this process in detail for the most interesting part of the derivation,
namely the inner match expression. Figure 8 shows the type derivation for the
expression

match m with |0 = ey | S m’ — e,
where we use the following abbreviations.
ep = let y = 0 in quad(v’, y)
e; = share m’ as (my,m,) in e,
ey = let x = n' +my in quad(x,m,).
The constraints are generated according to the preconditions of the respective type

rules. In the rightmost application of the rule T:App, we have n{ (U) = B(r§™U’)
(recall that M3 = 0 in our metric). This corresponds to the following set of linear
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constraints.

U(0,00) = U(o) U(0,1,0) = U(1,0) U(1,00) = U1
U(1,1.0) = Ua) U(020) = U(20) UR00) = U),

The constraints generated in the two cost-free applications of T:ADD are

U002 = ”20,2) U0,0,1) = ”(o,n Uo,1,1) = ”21,1) U0 = ”21,1) .

Similarly, since M2"P =0, we have Q = V and Q' = V"’ in the rule T:App, that is,

V(0,00 = 4(0,0) U(1,0) = 4(1,0) Vo,1) = 4(0,1) 06 = Q(/)
U,1) = 4(1,1) V(2,00 = 4(2,0) 00,2) = 4(0,2) Ui = q/l Ué = qé .

In our metric, the rule T:LET requires simply that T = U, U’ =V, and V' = T,
which can be directly expressed in linear constraints as well.

For the application of T:SHARE, we generate constraints expressing T’ = S’ as
well as the sharing following constraints.

50,00 = £(0,0,0) S(1,0) = £(1,0,0) S0,1) = t0,1,0) + t0,1,0) + 2t0,1,1)
52,00 = (2,00 S(1,1) = (0,1,0) T £(0,1,0) 502) = 2:t0,1,1).

In the rule T:MATN, we require S’ = P’ and S + 1 = <(P), which corresponds to
the following constraint set. The constant one in the first equation reflects the fact
that we count the number of match operations, that is, M™% = 1,

500) +1 = poo) + P, S0,1) = P,1) T P0,2) 5(0.2) = P(0.2)
51,00 = P1,0) T P S(1,1) = P(1,1) 52,00 = P(2,0)

Finally, we generate constraints for P’ = Q’. The remainder of the type derivation
of equad (not shown here) would also relate the coefficients in P with the ones in Q.

7 Experimental evaluation

We have implemented our analysis system in RAML (Aechlig et al., 2010-2013;
Hoffmann et al., 2012b) and tested the new analysis on multiple classical example
algorithms. In this section, we describe the results of our experiments with the
evaluation-step metric that counts the number of steps of an evaluation in the
operational semantics.

Table 1 contains a compilation of analyzed functions together with their simple
types, the computed bounds, the run times of the analysis, and the number of
generated linear constraints. We write Mat for the type (Arr(Arr(int)),nat,nat). The
dimensions of the matrices are needed since array elements do not carry potential.
The variables in the computed bounds correspond to the sizes of different parts
of the input. The naming convention is that we use the order n,m,x,y,z,u of the
variables to name the sizes in a depth-first way: n is the size of the first argument, m
is the maximal size of the elements of the first argument, x is the size of the second
argument, etc. The experiments were performed on an iMac with a 3.4 GHz Intel
Core 17 and 8 GB memory.
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Table 1. Compilation of RAML experiments

Function / type Computed bound Time #Constr.

dijkstra : (Arr(Arr(int)),nat) — 79.5n> + 31.5n + 38 0.1s 2178
Arr(int)

gcdFast : (nat,nat) — nat 2m+7 0.1s 105

pascal : nat — Arr(Arr(int)) 1912 + 951 + 30 04s 998

quicksort : (Arr(int),nat,nat) — unit 12.25x> + 52.75x + 3 0.7s 2080

mmultAll : (L(Mat),Mat) — Mat 18nuyx+31nuy+38nu+38n+3 5.6 184270

blocksort : (Arr(int),nat) — unit 12.251% + 90.25n + 18 04 s 27795

dyadAlIM : nat — unit 1.6n° + 334.8n* 4 1485.08n+ 39s 130236

37n°42963.54n>+1789.92n+3

mmultFlatSort : (Mat,Mat) — 12.25u*m? + 18umz + 28u + 59s 167603

Arr(int) 127.25um + 49m + 66

All but one of the reported bounds are asymptotically tight (gcdFast is actually
O(logm)). Experiments with example inputs indicate that all constant factors in
the bounds for the functions dyadAlIM and mmultAll are optimal. The bounds for
the other functions seem to be off by ca. 2%—-20%. However, it is sometimes not
straightforward to find worst-case inputs.

The function dijkstra is an implementation of Dijkstra’s single-source shortest-
path algorithm which uses a simple priority queue; gcdFast is an implementation
of the Euclidean algorithm using modulo; pascal(n) computes the first n+1 lines of
Pascal’s triangle; quicksort is an implementation of Hoare’s in-place quick sort for
arrays; and mmultAll takes a matrix (an accumulator) and a list of matrices, and
multiplies all matrices in the list with the accumulator.

The last three examples are composed functions that highlight interesting capa-
bilities of the analysis. The function blocksort(a,n) takes an array a of length m
and divides it into n/m blocks (and a last block containing the remainder) using
the build-in function divmod, and sorts all blocks in-place with quicksort. The
function dyadAlIM(n) computes a matrix of size (i>49i+28) x (ij+6j) for every pair
of numbers i, j such that 1 < j <i < n (the polynomials are just a random choice).
Finally, the function mmultFlatSort takes two matrices and multiplies them to get
a matrix of dimension m x u. It then flattens the matrix into an array of length
mu and sorts this array with quicksort. The function for the flattening is especially
interesting since it requires a lexicographic order to prove termination.

Figures 9 and 10 show a comparison of the computed evaluation-step bounds
for the functions dijkstra, quicksort, dyadAllM, and mmultAll with the measured
evaluation steps in the cost semantics for several input sizes. The experiments show
that the bounds for dyadAlIM and mmultAll are tight. The bounds for dijkstra and
quicksort are only asymptotically tight. The relative looseness of the bound for
quicksort (ca. 20%) is in some sense a result of the compositionality of the analysis:
The worst-case behavior of quick sort’s partition function materializes if the number
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of swaps performed in the partitioning is maximal. However, the number of swaps
that are performed by the partitioning in a worst-case run of quicksort is relatively
low. Nevertheless, the analysis has to assume the worst-case for each call of the
partition function.

We did not perform an experimental comparison with abstract interpretation-
based resource analysis systems. Many systems that are described in the literature
are not publically available. The COSTA system (Albert et al., 2012a; Albert et al.,
2012b) is an exception but it is not straightforward to translate our examples to
Java code that COSTA can handle. We know that the COSTA system can compute
bounds for the Euclidean algorithm (when using an extension (Alonso-Blas et al.,
2011)), quick sort, and Pascal’s triangle. The advantages of our method are the
compositionality that is needed for the analysis of compound functions such as
dyadAllIM and mmultFlatSort, as well as for bounds that depend on integers as well
as on sizes of data structures such as dijkstra (priority queue) and mmultAll. Note
however that the LP solving during the inference of the potential functions is not
modular if we want to derive the most precise bounds: To allow different potential
at every function call, we have to copy the constraints for a function body to every
call side.

7.1 A case study

In the remainder of this section, we present a larger case study that we successively
develop. It highlights the advantages of our analysis; namely compositionality and
the seamless analysis of non-linear size changes.

We start with the function dyad that takes two arrays a and b and two unsigned
integers n and m. It then creates a matrix (an array of arrays) of size n X m by
computing the dyadic product of the prefix of a of length n and the prefix of b of
length m.

dyad : (Arr(int),nat,Arr(int),nat) — Arr(Arr(int))

dyad (a,n,b,m) = let outerArr = A.make(n,A.make(0,+0)) in
let _ = fill(a,n,b,m,outerArr) in outerArr;

£fill : (Arr(int),nat,Arr(int),nat,Arr(Arr(int))) — unit
fill(a,n,b,m,outerArr) = match n with | 0 — ()
| S n’ — 1let newLine = A.make(m,+0) in
let _ = multArr(A.get(a,n’),b,newLine,m) in
let _ = A.set(outerArr,n’,newlLine) in
fill(a,n’,b,m,outerArr);

multArr : (int,Arr(int),Arr(int),nat) — unit
multArr(q,b,res,m) = match m with | 0 — ()
| Sm> — let p = A.get(b,m’) in
let _ = A.set(res,m’,g*p) in
multArr(q,b,res,m’);

The analysis computes the evaluation-step bound 20nm + 31n + 18 for the function
dyad. Our experiments with small example inputs indicate that this bound is tight.
The analysis takes 0.5 seconds.
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Fig. 9. Derived evaluation-step bounds in comparison with the measured evaluation steps
for inputs of different sizes. On the top, the bound for dijkstra is compared with manually
selected worst-case inputs (complete graphs with x nodes for 1 < x < 100 and hand-picked
edge weights), random inputs (graphs with randomly generated edge weights), and best-case
inputs (empty graphs). The measured costs for the random and best-case inputs are very close.
At the bottom, the bound for quicksort is compared to worst-case inputs (reversely-sorted
arrays of sizes 1- 200) and randomly filled arrays of the same sizes.
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Fig. 10. Derived evaluation-step bounds in comparison with the measured evaluation steps
for inputs of different sizes. On the top, the bound for dyadAllM is compared to the
measured cost for inputs x where x € {1,...,12}. At the bottom, the bound for mmultAll
is compared to inputs that contain a list of y quadratic matrices of dimension x X x where
1 < x <30 and 1 < y < 50. The experiments indicated that the derived bounds are
optimal.

We now define the function matrix : (nat,nat) — Arr(Arr(int)) that takes two
numbers n and m and computes a (n>+9n+28) x (mn+6m) matrix using dyad.
The polynomials are just a random choice and the analysis would work with any
other polynomial as long as the coefficients created for the constants in the linear
constraints (e.g. (%48)) do not overflow the LP solver. Since, the elements of the
vectors that we use to create the matrix do not influence the evaluation cost we
choose them arbitrarily.

matrix (n,m) = let sizel = n*n + 9%n + 28 in

let size2 = m*n + 6*m in
dyad (A.make(sizel,+1),sizel,A.make(size2,+1),size2);
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Within 1 second, RAML computes the following evaluation-step bound for the
function matrix. Our experiments indicate that the bound is tight.

20mn® + 300mn* + 1641mn + 3366m + 32n> + 288n + 942.

Next, we implement the function dyadAll: nat — unit which, given an unsigned
integer n, computes a dyadic product dyad(a,i,b,j) for every pair of numbers i, j
suchthat 1 <j<i<n

dyadAll n = match n with | 0 — QO
| Sn’> — let _ = dyadP(n,n) in dyadAll(n’);

dyadP(n,m) = match m with | 0 — QO
| Sm’ — let mat = dyad(A.make(n,+1),n,A.make(m,+1),m) in
dyadP(n,m’);
In 1.5 seconds, RAML computes the following bound for dyadAll. Note that the
bound function takes values in N if n € N. Again, our experiments indicate that
the bound is tight.

2.5n* + 19.16n° + 41.5n% + 36.83n + 3.

Now, we define the function dyadAllIM that is identical to dyadAll except that
we replace the call dyad(A.make(n,+1),n, A.make(m,+1), m) in dyadP with the call
matrix(n, m). As a result, dyadAlIM(n) computes a matrix of size (i>+9i+28) x (ij+6)
for every pair of numbers i, j such that 1 < j <i < n. RAML computes the following
tight evaluation-step bound in 5.8 seconds. Since the coefficients in the binomial
basis are unsigned integers, the bound function takes values in IN.

1.6n° + 371 + 334.7916n* + 1485.083n° + 2963.5416n> + 1789.916n + 3

Finally, we show an application of the built-in function minus. The following
function dyadSub : (nat,nat) — unit takes two numbers n and m, recursively
subtracts m 4+ 1 from n, and calls dyadAll(m + 1) until n < m. Then dyadSub calls
dyadAll(n).
dyadSub (n,m) = if (n > m ) then

let (m,d) = minus(n,m) in

let (_,d) = minus(d,1) in

let _ = dyadAll(m+1) in dyadSub(d,m)

else dyadAll(n);

To be able to analyze the function, we have to execute the subtraction of m + 1
in two steps. First, we subtract m and then we subtract the constant one. This is
necessary because the analysis does not perform a value analysis and does not infer
that m+ 1 = 1. So, it cannot be aware of the fact that n —(m+ 1) <n if n > m. If
we split the subtraction into two parts then RAML computes the following bound
in 1.4 seconds

2.5n* +19.16n° + 41.57% + 60.83n + 11.

Of course, the previous programs are somewhat artificial but they demonstrate
quickly some of the capabilities of the analysis. We invite you to experiment with
other examples in the web interface of RAML (Aehlig et al., 2010-2013).
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8 Conclusion

We have presented a novel type-based amortized resource analysis for programs with
arrays and unsigned integers. We have implemented the analysis in RAML and our
experiments show that the analysis works efficiently for many example programs.
Moreover, we have demonstrated that the analysis has benefits in comparison to
abstract interpretation—based approaches for programs with function composition
and non-linear size changes.

While the developed analysis system for RAML is useful and interesting in its
own right, we view this work mainly as an important step towards the application
of amortized resource analysis to C-like programs. We are confident that the
developed rules for arithmetic expression can be reused when moving to a different
programming language. Our next step is to develop a type-and-effect system that
applies the ideas of this work to an imperative language with while-loops, unsigned
integers, and arrays.
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