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DETERMINATION OF BRAUER CHARACTERS
B. M. PUTTASWAMAIAH

The purpose of this note is to show that the values of an irreducible (Brauer)
character are the characteristic values of a matrix with non-negative rational
integers. The construction of these integral matrices is done by a description
of a representation of the Grothendieck ring of the category of modules over
the group algebra. In particular a result of Solomon on characters and a result
of Burnside on vanishing of a non-linear character on some conjugate class
are generalized.

Let G be a finite group of order g, 4 a splitting field of characteristic p
(which may be 0) for G, R = AG the group algebra of G over 4, n the number
of distinct p-regular classes of G and ¥ the category of all finite dimensional
(right) R-modules. Then the isomorphism of R-modules is an equivalence
relation in %. The equivalence class determined by an R-module M in %
will be denoted by M. If 7= {M|M € ¥}, then the Grothendieck group
K (R) is defined to be the additive abelian group generated by 7" subject to
the defining relations M = N + P whenever

0O—->N—->M-—>P—0

is an exact sequence of R-modules. The Grothendieck group K(R) is a free
abelian group of rank # [6]. In fact if { My, M,, ..., M,} is a full set of pair-
wise non-isomorphic irreducible R-modules, then {7,, M, . .., M,} is a basis
of K(R) over the ring Z of integers.

If M and N are any modules in %, then we denote their inner tensor product
over 4 by M ® N. Obviously M ® N is a member of % . If we define MN =
M ® N, then K(R) becomes a commutative associative ring with unity I,
where [ is the R-module which affords the principal irreducible representation;
that is the one-dimensional representation of G in which every element of G
is mapped on the identity. The ring K (R) is called the Grothendieck ring of
the category % of R-modules. The integer # will be called the rank of the ring
K(R).

TaeOREM 1. Let K(R) be the Grothendieck ring of the category of R-modules,
n the rank of K(R) and Z, the ring of n by n matrices over the ring Z of integers.
Then there is a monomorphism of K(R) into Z,.

Proof. Let { M, M, ..., M,} be a fixed basis of K(R) over Z. Then every
element of K(R) can be written uniquely in the form >%—; a;M; where a;
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belongs to Z. Each element M of K(R) determines a unique matrix (a ;)
of Z, by

=1

for © = 1,2,...,n. Then we show that the mapping f from K(R) to Z,
defined by Mf = (a;*) is a ring monomorphism.

Suppose that # and N are arbitrary elements of K(R). Then MM =
Simiay MM, and MN = Y%, a ¥ M; for all 4. Therefore we have

M{(MA+N)=MM®&N=M,® M®N) =M, M® M,® N

=M, Q@M+ M, QN= 2 a; M, + >, a,/ M,
J=1 j=1

Zl (aijM + aijN)Mj
g

so that (M + N)f = (a:i™ + a4V) = (as™) + (a:4Y) = Mf + Nf. Hence f
is a group homomorphism. Also we have

= Mi® MNZ Z aikMMkN= Z (Z aikMaij)Mj
=1 7 i—1

j=1

from which it follows that (MN)f = MfNf. Thus we have proved that f is a
ring homomorphism.

It remains to show that the homomorphism f is injective. If J{ is any element
in the kernel of f, then Mf = 0. There are unique integers a; in Z such that
M = E ai]lzi.

=1
Let I be the identity of K (R). Since M ;M = 0 for all 7, it follows that 7M = 0;
that is
Z (lll_M = Z a,-]l_[i = 0.
=1 =1
Since { My, Mo, . .., M,} is a basis of K (R), it follows that /7 = 0. Hence f is
injective. This completes the proof.

This proposition is a generalization for representations over an arbitrary
field of a similar result proved earlier by Robinson [4; 5] for ordinary repre-
sentations.

With each element M of K(R), we associate an #n-tuple

XM = (XIMJ X2M’ srey XnM)
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of complex numbers, where x:", x.™, . . ., x,” are the characteristic values of
the matrix (a;;). Clearly x* is independent of a basis of K (R) over Z and it
is uniquely determined by 7.

The irreducible Brauer characters of G will be denoted by ¢!, ¢?, ..., ¢"
(in some fixed order) and the p-regular classes of G will be denoted by C;, = {1},
Ce, ..., C, (in some fixed order). If p = 0 or prime to the order g of G, then
every class of G is p-regular. The Brauer character ¢* can also be considered
as an n-tuple ¢® = (¢1% @2, ..., ¢.') where ¢;* = ¢%(x) with x in C;. The
n X n matrix ® = (¢;*) whose rows are ¢% ¢ =1,2,...,n is called the
Brauer character table. Since the rows of ® are linearly independent [2], the
matrix is a non-singular (complex) matrix. Without loss of generality, we may
assume that ¢! is the principal character of G.

THEOREM 2. Let M be an R-module, n the rank of K(R) and x™ the n-tuple
assoctated with M. Then there is a permutation o of {1,2,...,n} such that
(x16™, X26™, - -y Xus™) @S @ Brauer character of G.

Proof. Let { My, M, ..., M,} be a set of pairwise non-isomorphic irreducible
R-modules such that { My, M, ..., M,} is a basis of K(R). Then

M= 3 d;M;

for some non-negative integers d;. Let

n
M J
¢ = 21 de’.
p=

Then we shall show that the components of ¢ will coincide with those of
x™ (except possibly for a permutation).
Let M = N:D...DON,D N,;;: =0 be a composition series of M. Then

t r_ L _
M= (?Ni/NHl = Z)l N/Ni = Zl d;M;.
i= i=
Therefore ¢™ depends only on M and ¢™ is the Brauer character associated
with the R-module M. By [1, p. 577], it follows that ¢’¢* depends only on

M:® M = MM and ¢‘o™ is the Brauer character associated with M; @ M.
Therefore the equations

MiM= ZaijJl_{j, 1.=1,2,...,n

=1

are equivalent to the equations
n
i M M j
PP = 21 27 o)
=

fori,t =1,2,...,n If DM is the diagonal matrix whose diagonal entries are
oM, oM, ..., .M, then the above equations can be written in the matrix
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form ®D™ = (a;;*)® where ® is the Brauer character table. Hence
®=1(a;M)® = DM, so that there is a permutation o of {1, 2, ..., n} such that

@aAM = (XIGMXZO‘My cs ey XTWM)
where 7o is the image of ¢ under ¢. This completes the proof.

CoRrOLLARY. For any Brauer character ¢, the quantity 3 ;1 |¢,'|? is a positive
integer.

ProPposITION 3. The t-th column ¢, of the Brauer character table ® is a charac-
teristic vector of (af) corresponding to the characteristic value o for
k=1,2,...,n where (a;/*) is the matrix corresponding to the element M, of
K (R) determined by an irreducible R-module M,.

Proof. This follows by rewriting the equations

n
ik _ k4
PP = Zlaijﬂot
k=

for7,k =1,2,...,n in the matrix form (a;*)c, = ¢fc,fort =1,2,...,n.
(Ct. [5].)

LEMMA 4. Let My, be an irreducible R-module of dimension f, (a;/*) the matrix
corresponding to M, of K(R) and wi, ws, ..., w, the non-zero characteristic
values of (aif*). Then wy + w2 4+ ... + w, @S ¢ non-negative rational integer
and w1ws . . . w,/f 15 a rational integer.

Proof. Let det(a;* — No;;) be the characteristic polynomial of the matrix
(a:;%). Since a;* are integers, the coefficients of det(a;* — M\3;;) are rational
integers. Then — (w14 ws+ ...+ w,) is the coefficient of A\~-! and

+ wws, ..., w, is the coefficient of N"~!. Hence they are rational integers.
But w; + w2 + ... 4+ w, is the sum of the diagonal entries of the matrix (a;;*)
and hence it is a non-negative integer.

COROLLARY 1. Let o™ be any Brauer character of G and ¢1™, o™, ..., ¢,
the non-zero values of oM. Then Y iz1 ¢ is a mon-megative integer and
o™ ... oM s a non-zero integer.

CoRrROLLARY (Solomon [7]) 2. If A is the complex field, then > =1 0 is a
rational integer.

THEOREM 5. Let the characteristic p of A be either O or prime to g = |G|, M,
an irreducible R-module and (a.*) the corresponding matrix of M; of K(R).
Then (a;*) is non-singular if and only if the dimension of My is 1.

Proof. If the dimension of M, is 1, then det(a;/) = wws...w, =1 5 0,
where wi, ws, ..., w, are the characteristic values of (a;/). Hence (a;f) is
non-singular. :

Conversely assume that (a,;*) is non-singular. Let ¢* be the Brauer character
of G corresponding to M;. Then by Theorem 2, we may assume that
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&= (08 R L, 8F) where ¢0F = dim M, &oF, ..., $F are the characteristic
values of the matrix (a;;*). Since the arithmetic mean of # positive real num-
bers is greater than or equal to the geometric mean, we obtain from the
orthoganality relations [2] for characters, that

g = ; gilfikl2 = (f'lk)2 + ;2 gilfzklz

> )+ @@ = D& e L gl

where g, is the number of elements in the 7th conjugate class of G. By Lemma 4,

the above inequality implies g = (¢£1%)2 + g — 1 so that ¢* = 1. Hence the
dimension of M is 1.

CoroLLARY (Burnside) 1. If p = 0 and (* is an drreducible character of
degree > 1, then ¢ = 0 for some conjugate class C,.

COROLLARY 2. Let p =0 or (p,g) = 1. If My, Ms, ..., M, are pairwise
non-isomorphic irreducible R-modules, then the number of units in the basis
{M,, My, ..., M, of K(R) is equal to the order of G/G' where G' is the com-

mutator subgroup of G.

COROLLARY 3. Let p = 0 or (p,g) = 1, M, an trreducible R-module and
(aif) the corresponding matrix of My of K(R). Then (a.) is invertible if and
only if (aif) is a permutation matrix.

The Corollary (Burnside) 1 is not true if p is a factor of g = |G|. By this
we mean that the value of an irreducible Brauer character ¢* may not be 0
on any p-regular conjugate class. As an illustration, we consider an example.

Example. Let G = L2(5) and p = 5. The group G has three 5-regular
conjugate classes and hence K(R) has rank 3. If I, J and K are irreducible
R-modules of dimensions 1, 3 and 5 over 4, then {1, J, K} is a basis of K(R)
over Z. Then we have

II=1 I7=17 IK = K
JI =17 JJ=1I+J+K and JK =T+3T+K
KI =K Ki=1+4+3T+K KK =37 + 47 + 2K.

Therefore the corresponding matrices (a,/) are

1 00 010 0 01
01 0], 1 11 and 1 3 1
0 0 1 1 31 3 4 2

These matrices determine the irreducible Brauer characters ¢! = (1,1, 1)
02 = (3, —1,0) and ¢* = (5,1, —1) respectively. Contrary to the situation
in Corollary 1, the irreducible Brauer character ¢® does not vanish on any
5-regular conjugate class of G.
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If the field 4 is a splitting algebraic number field for G, then the irreducible
Brauer characters of G are called the irreducible ordinary characters of G. Let
Int(4) be the ring of all algebraic integers of 4, p a fixed prime ideal of Int(4)
containing a given prime p and D = {a/Bla, B € Int(4) and B ¢ p}. Then
D is an integral domain with a unique maximal ideal P such that y € Pand 4
is the quotient field of D. The field A = D/P has a finite number of elements
and it is a splitting field for G [2]. Let R = AG and R = AG be the group
rings over A and 4 respectively. The Brauer characters depend on the prime p.

The Brauer characters determined by K (R) will be denoted by ¢!, ¢2, . . ., ¢"
and the ordinary irreducible characters of G will be denoted by ¢1, ¢2, ..., ™
Again assume that Cy, Cy, ..., C, are the p-regular classesandC, 1, Cpi2, ..., Cn

are the remaining conjugate classes of G. The value of ¢* at x of C; will be
denoted by ¢;* and the number of elements in C; will be denoted by g;.

THEOREM 6. Let ¢* be an irreducible ordinary character of G and 9% the n X n
diagonal matrix whose diagonal entries are {1, {o¥, ..., &F. If ® is the Brauer
character table of G corresponding to the prime p, then the coefficients of ®3*d—1
are non-negative rational integers.

Proof. There are non-negative rational integers dy; such that

¢F= D dyedfort=1,2,...,n[2].
=1

Hence we have 0% = > . d;;D? where D? is the diagonal matrix whose
entries are ¢17, @27, . . ., ¢, 7. If (a,,’) are the » matrices determined by a basis
of K(R), then by Theorem 2, we have ®1(a’,,)® = D?. Therefore

ak = Z dqu)—l(auvj)q)

=1

so that

PP = Zl di; (@us’).
g

Since the coefficients of the matrix on the right hand side of this equation are
non-negative integers, it follows that the coefficients of ®3*®-! are non-
negative rational integers.

COROLLARY. Let {* be any irreducible ordinary character of G, ¢* an irreducible
Brauer character of G and n' a projective indecomposable Brauer character of G.
Then

1< i k_ T
= gweiting
£ =1

15 @ non-negative integer.
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Proof. For the definition of a projective indecomposable Brauer character,
see [2]. According to [2], the irreducible Brauer character ¢* and the indecom-
posable Brauer character 5’ of G are connected by the relations

Y
i e 3
= 6 -
,Z_-l (‘2 g il

where 6;; = 0if 7 # [ and 1 if © = [. Therefore it follows that

el = (gz;77)
g

where ¢ ranges over the rows and / ranges over the columns. The (z,[)th
coefficient of the matrix $9*®1 is

1< i k1
- Z 2w i
g =1
which is a non-negative rational integer.

There are groups for which the matrices (a¢;;*) can be calculated without an
elaborate use of representation theory. For example, there is a method for
computing the matrices (a;;*) in the case of a symmetric group [3]. It appears
that the result of this paper relating to ordinary representation theory may
have some appeal to physicists [4; 5], although the same may not be true of
those relating to modular representation theory.

Finally, I would like to thank the referee for his comments which improved
the presentation of this paper.
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