
NOTES AND PROBLEMS NOTES ET PROBLEMES 

This department w e l c o m e s short notes and problems 
bel ieved to be new. Contributors should include solutions 
where known, or background mater ia l in case the problem i s 
unsolved. Send all communications concerning this department 
to W . O . J . M o s e r , Univers i ty of Manitoba, Winnipeg, Manitoba. 

ON THE ANALYTIC CONTINUATION 
OF THE Ç -FUNCTION 

Ebenezer Prowse 

It i s wel l known that the Riemannian Ç -function can be 
extended into the whole region s M by means of the Eu ler -
MacLaurin summation formula. The author w i s h e s to present 
a proof of this fact which i s rather more e lementary than those 
he i s acquainted with. 

Let His > 1 and put 

f(s) = Ç{8) - 1. 

Repeated integration by parts y ie lds 

*(8) = r h ~ 2r*(8 + 1) " ! iif1)*( s + 2> 
s (s + 1). . . ( s + k - 2) 

<{> (s + k - 1) 

k 
s(s + 1). . . ( s + k - 1) oo r 1 x dx 

k! 1 J o , x s + k 

Replacing s by s + m and k by k - m 
[m = 0, 1, . . . , k - 1], we obtain the following s y s t e m of 
equations . 
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4» (s) + | r 4 > ( s + I) + 2 ~ r L > + ( 8 + 2) + 

+ s ( s + i ) ( s + k - 2 ) M , + k . 1 } = R 

• ( 8 + 1 ) + ( - ^ 7 ^ 4> ( 8 + 2) + 

. (s + l ) . . . ( s + k - 2) _ 

+ ^ n j i 4»(s + k - i ) - R 2 . 

<j> (s + k - 1) = R k . 

H e r e 

R 
s(s 

I s - 1 
+ 1) . . . ( 8 + k - 1) _00 f 

k! S l Je 
1 x dx 

R =L ( A + A ) _ V ( S 

o , , s + k 
( n + x) 
k-1 

2 s (k - 1)! 
+ k - 1) oo r 1 x K - 1 d x 

1 J o , ,s + 
<n+ x) 

Rx=S — — - - (s + k - 1) Z . / 7 
+ k - 2 l J o , s + 

Hence 

+ (s) = 

R
 s 

R l 2! 

Rzl 

R 3 0 

Rk° 

s ( s + 1) 
31 

S 4- 1 

2! 

I 

0 

( n + x) 

s (s + 1) . . . (s + k - 2) 
k! 

( s + 1) . . . (s + k - 2) 
(k - 1)1 

( s + 2) . . . (s -H k - 2) 
( k - 1)1 

1 

We now expand t h i s d e t e r m i n a n t with r e s p e c t to the f i r s t co lumn . 
T h i s y i e l d s 

• ( B ) * * ! - * 2 • I T + * 3 • 

_s_ s (s + 1) 
21 31 

s + 1 
1 

+ • . • 
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+ (-DkR. k-1 

S 

1\ 
1 

1 

s(s + 1) 
3! 

s +1 
22 

s(s 

(s 

+1) 

+ 1) 

. . • 
( k -

. . . 

(s 
• 1)! 

(s 

+ k -

+ k -

• 3) 

• 3) 
( k - 2)! 

s + k - 3 

+ ( - I ) k + 1 R . 
k 

- 1 s ( s + X) 
2! 3! 

i i i l 
2! 

s ( s + 1). . . (s + k - 3) s (s + 1). . . ( s + k - 2) 
(k - 1)! k! 

(s + I). . . ( s + k - 3) (s + 1) . . . ( s + k - 2) 
( k - 2 ) ! ( k - 1 ) ! 

s. + k - 2 
1 

2! 
or 

4>(s) = Rj - s . | R 2 + s (s + 1) 
J. _L 
2! 3! 

s(s + I)(s + 2) 

JL J . JL 
2* 3! 4! 

1 1 1 
21 3! 

• ' si 

M - - -

k-1 
+ (-1) • s ( s + l ) . . . ( s + k - 2) 

JL JL 
2! 3! 

1 fl 

kî 
1 

* ( k - I)! 

22 

\ 

Bl B 2 B 3 
= R ! + TTSR2 + ~2!~s(s + I ) R3 + " 3 7 s ( s + W8 + 2>R

4 + •• 
B k - 1 

+ (^Ij".s(s + D ••• (s + k- 2)Rk. 
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Here the B n are the Bernoulli numbers . We thus obtain the 
required formulas 

(i) * (s) = ^ 7 + If + If s + If s(s + l) + • • • 
s(s + 1) . . . (s + k - 3) 

B k - 1 
( k - 1 ) ! 

- s t s + D . - . t s + k - D ^ n / 1 ^ « V 
1 J o , , xs + k 

(n + x) 
w h e r e 

B Q _ k Bx k « i B k - 1 

k ( x ) " k!0! X + (k - 1)11Ï X + * - ' + II (k - l)i X 

is the k-th Bernoulli polynomial- The las t t e r m in (1) 
converges for %, s > 1 - k. 

Barriefield, Ontario 
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