CERTAIN TOPOLOGICAL SEMIRINGS IN R,

K. R. PEARSON
(Received 12 May 1966)

If we consider any particular topological semigroup S, it may seem
reasonable to ask for a characterization of all additions on S which make it
a topological semiring. We are interested here in this problem when

(1) Sisan (I)-semigroup;

(ii) S is [0, c0) and the multiplication on S is such that 0 and 1 are
zero and identity respectively.

We are able to give an almost complete solution in the first case
while our solution for the second case is complete except in so far as it
depends on the first case. The results given for (I)-semigroups contain
Theorems 11 and 12 of [5] where Selden has given much information about
the commutative additions.

Recall that by a topological semiring we mean a system {S, +, -} where
S is a Hausdorff space, {S, +} and {S, -} are topological semigroups, and
the distributive laws

(1) z: (xty) = (z-2)+(2-y),
(2) (z+y) -z = (x-2)+(y-=2),

hold for all 2, y, zin S.

The multiplications (i) and (ii) above have been completely clas-
sified by Mostert and Shields in [1], Theorem B and [2], Theorem A re-
spectively. In particular, they are commutative so that (1) and (2) are
equivalent.

Finally, in § 4, we record a brief observation concerning the multi-
plicative kernel of any compact connected semiring in R,.

1. (I)-semigroups

An (I)-semigroup is defined to be any semigroup topologically iso-
morphic to a semigroup on [0, 1] for which 0 and 1 are zero and identity
respectively. Two important examples of (/)-semigroups are

(i) J, which is [0, 1] with ordinary multiplication;

(ii) J, which is [, 1] with multiplication * given by
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x * y = max (4, zy),

where xy represents ordinary multiplication.
In [1], Theorem B, Mostert and Shields have identified all multi-
plications of (I)-semigroups. We quote their result.

THEOREM 1. Let S be an (I)-semigroup on [0, 1] with O as its zero and
1 as its identity. The set E of idempotents is closed and if x,y e E, then
zy = min (z, y). The complement of E is the union of disjoint intervals. Let
P be the closure of one of these. Then P is topologically isomorphic to either
Jior J,. Finally, if x € P,y ¢ P, then xy = min (z, y) = yz.

In [4], Theorem 5, the author has found all additions of topological
semirings on J;. Of these, the only additions = which have 1 %1 < 1 are
given by
(ze+y)/° if x50 and y # 0,

x*y:{ .
0 fax=0 or y=0,

where ¢ < 0 and + represents ordinary addition. The following lemma is
an immediate consequence.

LEMMA 1. If = s an addition of a semiring on J, and 1 %1 < 1, then,
fJoralle, 2«0 =0xx=0,12x <landz+1 <1.
We shall need the following example.

ExampLE 1. Let [0, 1] be an (I)-semigroup for which 0 and 1 are zero
and identity respectively. Choose a, b, cin E sothata =< b < c.If c = 1 put
d =1, while if ¢ < 1 put

d=1inf {f|fe E and f > c}.

If ¢ = d we define a binary operation -+ on [c, d] by putting c4-¢c =¢.
If ¢ < d then [c, ] is isomorphic to J, or J, and we let -+ be any addition
of a semiring on [¢, d] for which d+d < d. (All additions of semirings on
J, are given in [4], Theorem 5, but we are not able, as yet, to list all ad-
ditions of semirings on J,. In § 2, however, some results dealing with
semirings on J, are given.) Let ¢ : [0, ¢] — [4, 1] be any continuous function
satisfying

i) dx)=xifazx =c

(ii) ¢ is decreasing on [0, 4] and ¢([0, a]) C E.
Let v : [0, c] — [b, 1] be any continuous function satisfying

(1) min (¢, p(z)) = max (b, min (¢, $(2))) If 0 S x < ¢;

(i) v is decreasing on {0, 5] and ¢([0,5]) C E.
(Notice that if & < ¢ and [a, ¢] ¢ E, then, given ¢, y is completely deter-
mined by (i) above. If = ¢ or [a,c¢] CE, then, in general, v is not
uniquely determined by ¢.) We can extend + to [0, 1] by
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min (z, d)+min (y, d) if z =c and y =,
(3) z+y = { min (x, $(y)) ifx=zyand y <cg,
min (y, p(x)) if <y and z <ec.
THEOREM 2. Consider an (I)-semigroup on [0, 1] for which 0 and 1 are
zero and identity respectively.
(i) If + is given by (3) of Example 1 then - is an addition of a topological
semiring on [0, 1] and

(4) inf {142z € [0, 1]} < inf {x+ 1]z € [0, 1]}.

(ii) Conversely, let + be an addition of a topological semiring on [0, 1] with
(4) a =inf {14z[x e [0,1]} < b = inf {x+1|x € [0, 1]}.
Put

¢c=sup {fife E and f+f=f},

define d as in Example 1, and let $(x) = 1+ for x < ¢, p(x) = z+1 for
x < c. Then [c, d] is a subsemiring, d+d < d if ¢ < d, [0, c] is an additively
idempotent subsemiring, a < b < c and a, b, c € E, ¢ and vy satisfy the con-
ditions in Example 1 and + satisfies (3).

ReMmARk. The conditions (4) and (4') are not significant restrictions
because we can, if necessary, change to the sum dual (i.e., consider * defined
by x +y = y+a).

Proor. To see that + given by (3) of Example 1 is an addition of a
topological semiring on [0, 1], it is necessary to check very many routine
cases. This is omitted. We remark, however, that it is essential to realize
when showing -+ is continuous that, if ¢ < d, then ¢4+ = x+c¢ = c for all
z in [c, d]. (If [c, 4] is isomorphic to J, this follows from Lemma 1, while
if [c, d] is isomorphic to [, it follows from Lemma 3 of § 2.)

Now suppose that + is an addition of a topological semiring on [0, 1]
and let ¢, d be defined as in the theorem. (Notice that ¢ exists because
0+0=0(141) =0.) As {f|f € E and f+f = f}is closed, c € E and ¢+c = c.
If x, y € [c, 4] then

min (¢, z+y) = c{x+y) = cx+cy = min (¢, z)+min (¢, y) = c+¢ = ¢,
min (d, x4y) = d{z+y) = de+dy = min (d, x)+min (4, y) = z+y.

Thus [c, d] is a subsemiring. Also, because d+d € [¢, 4], we see from the
definition of ¢ that d+d < dif c < d. If z, y € [0, ¢] then

r+x = zctaxc = x(ct¢) = ac ==,
(x+y)c = act+yc = z+y.

It follows that [0, ¢] is an additively idempotent subsemiring.
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Next we show that
z+y = min (z, d)-+min (y, 4)

if z = ¢ and y = ¢. As this is trivial if d = 1, we can assume that 4 < 1.
Suppose firstly that c < d. lfx = d and y = 4,

min (z+y, d) = (x+y)d = 2d+yd = d+d < d
andsoxzty =4d+d. Ilfc <x <d =<y, then
min (z-+y, d) = (+y)d = xd+yd = z{-d.
But we know from Lemmas 1 and 3 that z+d < 4; hence x4y = z-+d.
Similarly, z4+y = d+y if ¢ £y < d < z. Suppose secondly that ¢ =4,
and let x > ¢, y > c. It is clear from the definition of 4 that there exists
a sequence {c,} such that ¢, ->c as # — o0 and, for all #, ¢, > ¢, ¢, € E

and ¢, +c, # ¢,. Thus there is an n, such thatc, < xandc, < yif n = n,.
Hence, if n = n,,

min (x+yr cn) = (x+y)cn = an+nd = Cn—l—C,n # Cn»
and so z+y = c¢,+c,. Therefore

z+y = lim (c,+c,) = (lim¢,)+ (lim¢,) = c+}-c.

n—oo n—>o00 n—00

It now follows from the continuity of + that 2+y = c+c if x = ¢ and
y=c.
Let T = {14xJx € [0, 1]}; then @ = inf T. Now
14+¢ =min (1,d)+¢c = d+c.
If ¢ = d it follows that 1+¢ = c¢+c¢ = ¢, while if ¢ < d, we know from
Lemmas 1 and 3 that d4c¢ = ¢, and again 14-¢ = c¢. Thus a = c. For any
x’ y)
(1+2)(1+y) = 14 (z+y-+zy).
Hence T is a multiplicative semigroup which means that a € E. Similarly
b<candbekE.
We now show that ¢(x) =z if 4 < z < ¢. Because we have shown
that ¢(c) = 1+¢ =rc¢, we can assume that ¢ <z < ¢ (and hence that

a < c). Because we have seen that 14y = d-+min (y, d) = cif y = ¢, there
exists z; with 142, = a and x; < c¢. Thus

c+x, = c(l42;) = ca = a.

Because ¢+c = ¢ and + is continuous, there exists z, in [z,,c) with
c+x, = z. Hence

ctax = ct{c+x,) = (ctc)twy = cta, ==,
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and therefore ¢(x) = x since
min (¢, $(z)) = c(l+x) = ct+cx = ctz = 2.
Let z < y =< a. Then there exists z with zy = z and so
Ytz =y+zy = (1+2)y =y

since y < a < 1+4-z. Hence
14y = 1+ (y+2) = (1+y)+z = (1+y)+2(1+y) = (1+2)(1+y) = 1+
Thus ¢ is decreasing on [0, a]. Also, if # < a, then since 2? < 2,

(1+z)(1+4z) = 1+ (x+z)+a? = 14+ (v+22) = 142

which means that ¢([0, a]) C E.
It can be shown similarly that y(z) = = if 6 < & =< ¢, y is decreasing
on [0, b] and y([0, b]) C E.
Ifa <x Z ¢, then
ctx =c(l4+x) =cx = z.
Also, if z < ¢, then
ct+x =c(l+x) = ca = a.

Similarly, z+¢ =2z if b < < c and z+c = b if x < c. Consider x < b.
Then

c+zx+c = c+(x+c) = x-+c
since z4+c=b = a. If c4+x = b, then
ct+zxztec = (c+x)+c = ct+x
and so x+¢ = c+=. If, on the other hand, c4+x < b, then since x+¢ = b,
bt+z+c = b+ (x+c) = bx+e)+ (z4c¢) = (b+c)(x+c) = b(zdc) = b.
Also,
b+x+c = (b+zx)+c = b(c+x)+c = (c+x)4c = ct+xtc = x4+,
and so x+c¢ = b. We conclude that, for z < b,
Z+c¢ = max (b, c-+x).
Butif 6 <z <¢, then x4c¢c = c+x = z and so
z+c¢ = max (b, c+x)
for x < ¢. However for x < ¢,

z+c = c(x41) = cp(x) = min (c, p(@)),
c+x = c(14+a) = ch(z) = min (¢, $(=)),
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and it follows that
min (¢, p(z)) = max (b, min (c, ¢(x))).

The proof will be complete when we verify the latter two lines of (3).
Suppose # = y and y < ¢. Then there exists z in [y, c] so that zz =y,
which means that

r+y = x+az = x(l+2) = xd(z).
If y > a then, since ¢(2) = z and $(y) = ¥,
x4y = xz = y = min (z, y) = min (z, $(y)).

If y = a we can choose z = a and so ¢(z) € E. Hence

xz+y = min (=, $(2)).
If also « < a then ¢(z) = « and ¢(y) = x which means that

x+y = min (z, ¢(2)) = « = min (2, ¢(y)),

while if x > a, we can choose z = y and

@+y = min (z, $(y)).

The final line of (3) follows similarly.

2. J,

Because it is the only gap in our knowledge of semirings on (I)-semi-
groups, we consider here semirings on J,. We shall write multiplication as
xy. Note that if < 1, then there is an integer # so that ™ = § for all
integers m = n.

LeMMA 2. The only additions + of semivings on J, which have 141 = 1
are given by

(i) oty=u=;

(i) z+y=y;

(iii) 24y = min (z, y);

(iv) z+y = max (z, y).

Proor. This follows easily from Theorem 2, for here

1 =sup {fife E and f+f =/},

and the only multiplicative idempotents are 3 and 1.

LemMA 3. If + is an addition of a semiring on [, and 1+1 < 1, then,
forallz, s+i=3+trx=3% 1tz <land z+1 < L.
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Proor. We see that

(1432 = LHiHi+E = 1300141 = 143

from which it follows that 1-+% is either % or 1. Similarly -1 is either }
or 1.

Now suppose, if possible, that 1+1 =1, and let § = 14-1. We prove
that if there exists z = 1 so that 14+x =1 for all x < 2, then 142 =1
for all x < min (1, z/0). For let x < min (1, z/6). Then

(142)2 = 1+ztxt+2? = 1420+
But 20 < zand so 1426 = 1. Thus (1+x)%2 = 1+2% Now 2% <« < min (I, z/0)
and so similarly,
(14+x)t = (14+2%)2 = 1424
Thus by induction we see that
(1+2)?" = 142"
for all » = 1. But there is an integer m so that 22" = 1 and thus
(1+2)" =143 =1

which means that 14+x = 1.

Because l+% = 1, we put z in turn equal to %, 1/20, 1/262, - - - and
see that, for all » =1, 142 =1 if x < min (1, 1/20"). But eventually

1/26* = 1 and hence 141 = 1 which is a contradiction.
Thus 1+ 3 = 1 and so, for any z,

Similarly 3+« = } for all z.

Now consider any z. If x =1 then 14 =1+1 < 1. If 2 < 1, there
exists an integer n so that z® = }. But (1+x)" is the semiring sum of
27 terms, the last of which is a®. Therefore (14+z)" = & because y+—1- = —
for all 9, and it follows that 1}z < 1. Similarly -1 < 1 for all .

The following lemma shows that there are some rather badly behaved
additions on J,.

LEMMA 4. Suppose < d < 1)4/2 and let ¢; J, — J, and p: J, — J,
be two continuous functions satisfying

(i) ¢@) =y =3%if3s2=<4d;

(ii) ¢(xr) < min (d,z/2d) if d <z < 1;

(i) p(x ) < min (d,z/2d) if d <z <1,

iv) 6(1) = »(1);

(
(v) for some z, in [,, either
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$(z0) = d or p(z) =d.
It a binary operation + on J, is defined by

rd(y/x) if x =y,
yylaly) if z <y,

then + is an addition of a topological semiring on J,, x+y-+z = % for ail
Z, ¥y, 2, and sup {x+ylx, y e J,} = d.

Conversely, let 4 be an addition of a topological semiring on J, for which
x+y-tz =4 for all , y, 2z, and put d = sup {&+ylz, y € J,}, o(x) = 1+,
p(x) = x+1. Then d < 1]+/2, ¢ and vy satisfy the five conditions above and
-+ satisfies (5).

(5) vty = {

ProoF. The first part of the lemma can be easily checked.

Now let + be an addition of a semiring on [, for which z1+y+4z =1
for all z, ¥, 2, and let d, ¢, y be defined as in the second part of the lemma.
We can assume that 4 = } or else the conditions are trivially satisfied. If
z =y, then

z+y = zta(y/z) = 2[1+(y/r)] = zp(y/z),

while similarly, z+y = yy(z/y) if z < y. Also,

$(1) = 1+1 = y(1).

Because d = sup {r+ylz, y € J,}, there exist z;, y, with d = z,+y,.
If x, = y,, thend = z,¢(y,/z,). It follows that z, = 1 (or else 1+ (y,/x,) > d)
and so ¢(y;) = 4. If, on the other hand, z, < y,, then y, = 1 and y(x,) = 4.
Also

a2 =2} (ot 0) s =%

and we conclude that d < 1/4/2.
Let x <d. Because z,+y, =d and }+31 =}, it follows from the
continuity of -+ that there exist z,, y, with x,4-y, = 2. Hence, for all y,

2ty = vptypty =3}

since the semiring sum of any three numbers is }. Similarly y+x = } for
all y. In particular, ¢(x) = p(z) = }.
Finally, suppose that d < x < 1. If ¢(x) > z/2d, then

3 < (@j2)d(x) = (d)z)(1+2) = (dr)+d

which contradicts the paragraph above. Also ¢(z) < 4 from the definition
of d. Hence ¢(x) < min (4, z/2d) and similarly y(x) < min (d, z/2d).

If ¢ < 0, it is easily seen that =, given by
(6) ¢ %y = max (}, (@°+y°)V/°), z,ye],,
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where, for once, 4+ represents ordinary addition, is also an addition of a
semiring on J,. Whether or not these and the additions in Lemmas 2 and 4
are the only additions on J, is the remaining query. (It should be noted
that for —In 3/In 2 < ¢ < 0, the additions % given by (6) are contained
in those given in Lemma 4.)

3. [0, ©) with 0 as zero, 1 as identity

In Theorem A of [2], Mostert and Shields have characterized all
multiplications of this type. We quote their result.

THEOREM 3. Suppose [0, c0) is a topological semigroup with zero at 0
and identity at 1. Then

(i) ¢f there are mo other idempotents, multiplication is (isomorphic to)
the ordinary multiplication of real numbers on [0, ©);

(ii) 2f S contains an idempotent different from O and 1, then it contains
a largest (in the sense of the regular order of real numbers) such idempotent e.
Moreover, e < 1, [e, ) is a subsemigroup topologically isomorphic to [0, o)
under ordinary multiplication of real numbers, and [0, ¢e] is an (I)-semi-
group.

If the multiplication is as in (i) of Theorem 3, all additions of semi-
rings are given in Theorem 2 of [4]. Accordingly we shall assume that (ii)
holds. Notice that if z < e < g, then

2y = (ze)y = w(ey) = xe = x,

and similarly yzr = .

ExaMpPLE 2. Suppose [0, o0) is a semigroup whose multiplication is
given in (ii) of Theorem 3 and let 4 be any addition of a semiring on the
(I)-semigroup [0, ¢] for which e+-e < e. Then we can extend + to [0, o0)
by putting

(7) 2-+y = min (z, ¢)-+min (y, ¢)
for all #, y in [0, o0).

ExampLE 3. Suppose [0, ) is a semigroup whose multiplication is
given in (ii) of Theorem 3. We can define a binary operation -+ on [0, o)
in the following way. Let -+ restricted to [0, e] be any addition of a semi-
ring on the (I)-semigroup [0, e] for which ¢+¢ = ¢, and let -+ restricted
to [e, ) be any addition of a semiring on [e, o) subject to requirements
that

(i) if z+e < e for some z < ¢, then e+ 1 =¢;

(i1) if edz < e for some z < ¢, then 14e =e.
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It follows from Theorem 2 of [4] that each of 1-4+¢ and e+1 is either e or
1. We complete the definition of 4 as follows:
(Y Ho==x<e<y putxty=a-teifetl =cand putzty=y

if e+l =1;
i) fosy<e<wa putzxty=cetyiflfe=cand putzty==2x
if 14e=1.

THEOREM 4. Let [0, 0) be a semigroup whose multiplication is given
in (ii) of Theorem 3.

If + is defined as in Example 2 or Example 3 then + is an addition of a
topological semiring on [0, o0).

Conversely, if + is an addition of a topological semiring on [0, ),
then [0, e] is a subsemiring. Further, if e+e < e, then -+ satisfies (7) of
Example 2, while if e+e = e, then [e, o) is a subsemiring and - satisfies
all the conditions in Example 3.

ProOOF. It can be easily checked that 4 defined in Example 2 is an
addition of a semiring on [0, o). If + is as defined in Example 3, then again
the verification that -+ is an addition of a semiring on [0, o) is routine,
but involves the examination of many cases. This will be omitted.

Suppose that -+ is an addition of a topological semiring on [0, ).
If 2z, y < ¢, then

(z+y)e = zet+ye = z+y.
Hence [0, €] is a subsemiring.
As in Theorem 2 we let
c=sup{flfeE, f<e and f+f=f}

Put

A={zlzr <cand z+1 < ¢},

B = {r|lr <c and z+1 > e}.
If x € B, then

(x+1)2 =z@+1)+(x+1) = z+2z+1 = z(c+c)+1 = xc+1 = z-+1

which means that x41 is a multiplicative idempotent. Because 1 is the
only multiplicative idempotent greater than e, we see that

B = {zlx <c and z+1 = 1}.

Clearly 4 and B are closed and 4 u B = [0,¢]. As [0, ¢] is connected,
it follows that either 4 = [0, ¢] or B = [0, ¢]. Notice also that if xe 4,
then
z+1 =ef{xt1) = exte=axte.
Consider any « = e for which z+e < e. Then as e(x+1) = z4¢ <ee,
we see that x+1 = x-e.
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Suppose firstly that e+e << e; then ¢ < e. As in Theorem 2 we let
d=inf {f|fe E and f > c}.

We show that 41 =xteforx < e If x = c and d < ¢, it follows from
Theorem 2 that
x+e=min (x,d)+d <d < e

and hence z-+1 = x+e. If x = ¢ and d = ¢, it follows from Theorem 2
that [c, ¢] is a subsemiring which is multiplicatively isomorphic to J, or
J» and so, because x+¢ < ¢ (see Lemmas 1 and 3), again z+1 = z+e. In »
particular, c+1 = c+e¢ = e and c € 4. It is a consequence that 4 = [0, ¢]
and thus x+1 = x4-¢ if ¢ =< ¢. We can now show that (7) holds. If z <e <y
then

z+y =xy+y = (x+1)y = (xt+e)y = xte.

Similarly, if y < e < then x4y = ety. Finally, if x e and y = ¢
then
e(xty) =extey=cte<e
and z+y = e+te.
Secondly let e4-¢ = ¢; then ¢ = e. If 2, y = ¢, then

e(xt+y) =extey =ete=ce
and so x+y = e. Thus [e, o) is a subsemiring. We have seen thatif z-}-¢ << ¢
for some z < ¢, thenz+1 = z+e < ¢,ze A and so A = [0, e]. In particular
eeA and thus e+1 = ete = e Similarly, if e42z < e for some z < ¢

then 14-e =-e¢. If e}1 = ¢, we see that because ¢e 4, then 4 = [0, ¢].
Hence if x << e < y, then, because ¢ = z+1 = z-l-¢,

t+y =azy+y = (z+1)y = 2+1 = 2+e.

If, on the other hand, ¢41 = 1, then, because ¢ e B, B = [0, ¢]. Thus if
r<e<y,
vty =ayty = (z+l)y=ly=y.

Similar results hold according as 1-}-¢ is either ¢ or 1.

4. Compact connected semirings in R,

Let {S, +, -} be any compact connected semiring in R;; then S is a
closed interval. If K is the kernel of {S, -}, then K, being compact and con-
nected (Theorem 1.2.9 and Lemma 2.4.1 of {3]), is a closed interval.

If K is just a single point {0}, then 0 is a multiplicative zero and so
040 = 0(0+0) = 0.

If K is not a single point, then, because K has a cutpoint, it follows from

https://doi.org/10.1017/51446788700005206 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700005206

182 K. R. Pearson 12}

the Corollary to Theorem 2.4.6 of [3] that either xy = x for all z, y in K
or zy = y for all z, y in K. In the former case,

-ty = zxtyr = (x+y)zeK

for all z, y in K, and so {K, 4+, -} is a subsemiring with left-trivial multi-
plication. Similarly in the latter case, {K, 4, -} is a subsemiring with right-
trivial multiplication. It is clear from the distributive laws, however, that,
because K has trivial multiplication, {K, +, -} is a topological semiring if
and only if {K, +} is an idempotent topological semigroup. Paalman-de
Miranda has listed all topological semigroups {7, 4} on a closed interval
T of R, for which T4 T = T (see § 2.6 of [3]). Any idempotent semigroup
{T, 1} has this latter property and all idempotent topological semigroups
on a closed interval can be identified from his results. Hence the structure
of {K, +, -} is completely determined.
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