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THE STIELTJES MOMENT PROBLEM 

BY 

G. KLAMBAUER 

We shall apply the spectral theorem for self adjoint operators in Hilbert 
space to study an operator version of the Stieltjes moment problem [1]. In the 
course of the work we shall make use of the Friedrichs extension theorem 
which states that any non-negative symmetric operator in Hilbert space has a 
non-negative self adjoint extension. 

Let X be some Hilbert space in which the inner product of two vectors u and 
v is denoted by (u, v). Let with each point t of some closed interval [a, b] 
(finite or infinite) be associated a certain bounded self adjoint operator Ft, 
acting in X. We call Ft a non-decreasing operator family if 

Ft^Ft,, for t'<t" (*',*"€ [a, &]). 

For a non-decreasing operator family Ft the limit operators Ft_Q and Ft+Q 

exist in the sense that for any u we have 

Ft_0u = lim Fsu, Ft+0u = lim Fsu. 

We shall consider integrals of the form 

J=\ g(t)dFt, 
•'a 

where g is some continuous function on [a, b], and assume that Fa = 0 and 
Ft = F t_0 for a<t<b. We shall understand the above integral in the sense 

b 

g(t)d(F,u,v) (u,veX). {Ju, v) = 

The equation 

/ = [ g(t)dFt 

will be understood in the sense 

(Ju, v)= lim g(t)d(F,u,v) (u,veX). 
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PROPOsrriON. In order mat the sequence S0, S\, S2, • • • of bounded self adjoint 
operators in a Hilbert space X have a representation of the form 

(1) Sk= f tkdFt (fc = 0 , l , 2 , . . . ) , 

where Ft (0<f<°°) is some non-decreasing operator family, it is necessary and 
sufficient that for any u, e X (j = 0 , 1 , 2 , . . . ) the following two conditions hold: 

(2) t (Si+kuj9uk)^0 (n = 0 , l , . . . ) , 
j , k = 0 

(3) £ <S,+k+1u,,ufc>>0 (n = 0 , l , . . . ) -
j , k =0 

Proof. From the integral representation (1) we see that conditions (2) and 
(3) are necessary: 

n p^ 

X (Sj+kUj, uk)= lim lim X <AmFtum, um>, 
j,k = 0 N-^ao p->oo m = i 

it p 

X (Si+k+1Uj, uk)= lim lim X tm<AmF>m, um>, 
j , k = 0 N-*oo p-^oo m = 1 

where 

tm = (mN2)Jp, vm=t tjup AmFt = F W i - F^ 

for m = 1, 2 , . . . , p. 
Next we show that the conditions (2) and (3) are sufficient. We assume first 

that formula (2) is strictly positive, i.e., X£k=0 (Sj+kUj, uk)-Q implies u; = 0 for 
/ = 0 , 1 , . . . , n. We denote by V the set of all polynomials of the form 

P(t)=t t% ( n , e X ; n = 0 , l , . . . ) . 

Let 

m 

O ( 0 = I tk«k (ifc€X;m = 0 , l , . . . ) . 
k=0 

We define 

n in 

(4) ( P , Q ) = I I <Sy+fcu,-, «„>. 
,=0 k=0 

It is straightforward to verify that (F, Q) has all the properties of an inner 
product (here we use the facts that the operators S, are Hermitian and that formula 
(2) is strictly positive). Let W be the completion of V relative to the norm 
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induced by this inner product. We define on V the operator H by 

n 

HP(t) = tP(t) = X ti+1Uj. 

Since the operators S, are Hermitian and since V is dense in W we have that H 
is a symmetric operator in W. From condition (3) we get 

(HP,P) = (tP,P) = t <Si+k+1ii,,iik>>0; 

this means that H is a non-negative operator. 
By virtue of the Friedrichs extension theorem, the operator H has a 

non-negative self adjoint extension H. Let Et be the spectral family of the 
operator H: 

H= I tdEt. 

Then for any w , u e X w e have 

tkd(Etu,v) (fc = 0 , l , . . . ) . 
0 

We note that the operators Et act in W but not in X; however (Etu, v) is a 
Hermitian bilinear functional in X and it is continuous: 

0<(jEtu, u)<(u, u) = (S0u, u)<\\S0\\(u, u). 

By a theorem of Riesz there corresponds to it a bounded self adjoint operator 
Ft, acting in X and such that 

(6) (Etu, v) = (Ftu, v) (u, v e X). 

Ft will be a non-decreasing operator family. Hence (5) and (6) imply (1). 
In case the formula (2) is not strictly positive, we shall say that the 

polynomials P, QeV are equivalent if 

( P - Q , P - Q ) = 0, 

where (P, Q) is the bilinear functional defined in (4). The operator H (multi
plying by 0 maps equivalent polynomials into equivalent polynomials. To see 
this it sufflcies to verify that (P, P) = 0 implies that (tP, tP) = 0. But this is clear 
from 

(fP, tP)2 = (P, r2P)2<(P, P)(t2P, t2P). 

By identification of equivalent polynomials we have reduced the case in which 
the formula (2) is not strictly positive but merely non-negative to the case in 
which the formula (2) was assumed to be strictly positive and the proof of the 
Proposition is finished. 
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