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Abstract
We obtain a generalisation of the Stroock—Varadhan support theorem for a large class of systems of subcritical
singular stochastic partial differential equations driven by a noise that is either white or approximately self-similar.
The main problem that we face is the presence of renormalisation. In particular, it may happen in general that different
renormalisation procedures yield solutions with different supports. One of the main steps in our construction is the
identification of a subgroup H of the renormalisation group such that any renormalisation procedure determines a
unique coset g o /. The support of the solution then depends only on this coset and is obtained by taking the closure
of all solutions obtained by replacing the driving noises by smooth functions in the equation that is renormalised
by some element of g o H.

One immediate corollary of our results is that the (I);‘ measure in finite volume has full support, and the
associated Langevin dynamic is exponentially ergodic.
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1. Introduction

The purpose of this article is to provide a far-reaching generalisation of the support theorem of Stroock
and Varadhan [SV72]. Recall that this result can be formulated as follows: Let {Vi}lf'z'o be a finite
collection of vector fields on R” that have bounded first and second derivatives, and consider the
solution x to the system of stochastic differential equations given by

dXzVo(X)dt+ZVi(X)odWi(t), (1.1)
i=1

where the W; are independent and identially distributed standard Wiener processes and o denotes
Stratonovich integration [Str64]. Write P, for the law of the solution to equation (1.1) with initial
condition Xy = x on C(R,, R"). It follows from the Wong—Zakai theorem that if we write X (%) for the
solution to the random ordinary differential equation

m
X =y, (X<s>) +ZVi (x<f>)v'v}€), (1.2)
i=1
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for W(®) a smooth approximation to W (for example, convolution with a smooth mollifier), then
X(®) — X in probability. On the other hand, for any fixed & > 0, the topological support of the law ng)
of X(®) is contained in the closure R, of the range of the continuous map Z, : C' (R;, R™) — C(R,,R"),
which maps any C' function W(#) to the solution to equation (1.2).

Since the topological support is lower semicontinuous under weak convergence, this immediately
implies that one also has suppP, c R,. What Stroock and Varadhan proved in [SV72] is that one
actually has supp P, = R,.. Our aim is to generalise this statement to a wide class of singular stochastic
partial differential equations (SPDEs).

The general framework used in this article is that of [BHZ19, BCCHI17]. Loosely speaking, we
consider systems of SPDEs of the form

Sui = Liwg + Fr(u, Vu, . ..) + Z Fl(u,Vu,.. )&, i<m, (1.3)

j<n

where the £; denote homogeneous differential operators on R¢, the spatial variable takes values in the
torus T and the &; denote driving noises that are of the form & = K; % 1;, where 7; denotes space-time
white noise (or possibly noise that is white in space and constant in time) and X; is a kernel which is
self-similar in a neighbourhood of the origin and smooth otherwise. The F l] are local nonlinearities in
the sense that the value of F l:’ (u,Vu,...) at a given space-time point is a smooth function of u and
finitely many of its derivatives evaluated at that same point. We will assume throughout that the system
(1.3) is locally subcritical in the sense of [BHZ19].

Remark 1.1. The choice &; = K; % 17; covers many interesting examples in which &; is the solution of a
linear equation driven by 7;; in this case, K; should be chosen as the Green’s function. For our support
theorem we do not need K; to actually be the Green’s function of a PDE, but we do need the kernel to be
homogeneous under rescaling. This assumption will be used heavily throughout this article (compare
Assumption 4).

It was shown in [BHZ19] that one can associate to such an equation in a natural way a nilpotent
Lie group G_, usually called the renormalisation group in this context, as well as a construction of the
following type: Write X for a suitable space of right-hand sides for equation (1.3) (i.e., an element of X
consists of the nonlinearities F; as well as F’ lj that can be described by a regularity structure built from
a fixed complete subcritical ‘rule’ as in [BHZ19, Section 5]) and write Xy C X for the ‘deterministic
right-hand sides’, — that is, those elements such that F l’ =0.

One then has amap Y: G- X X — Ap such that (g, F) — F + Y(g, F) yields a representation of
G_ on X. (See Remark 1.3 for more details.)

Furthermore, given any natural regularisation £€ of £, one can find a sequence of elements g, € G_
such that the solutions to

uuf = Louf + Fy(u®, Vs, )+ > F (0, Vu®, )E8 + (Y(ge, ), (u, Vs, ..),  (1.4)

j<n

subject to suitable initial conditions uf(0,-) = uf’(o), converge to a limit u. (The convergence takes
place in probability in a space of Holder continuous trajectories with possible finite-time blow-up.)
These limits have a restricted uniqueness property in the sense that for any other regularisation £€2 of £,
one can find a sequence of elements . € G_ such that the solutions to equation (1.4) with £¢ replaced
by &% and g replaced by g, converge to the same limit.

Remark 1.2. As in [BCCH17, Section 2.7], the initial condition uf’(o) is dependent on ¢ and taken in

the form u®(© = v(© 4+ S_(£)(0,-), where S; (&) is a stationary process representing the rough part
(i.e., the non-function-valued part) of the solution. In particular, it is in general not possible to choose as
the initial condition a deterministic smooth function, unless solutions themselves are function-valued,
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in which case S, = 0. An interesting equation where this happens is the so-called (Dj_ s equation
(see [BCCHI17, Section 2.8.2] and Sections 1.2.1 and C.2). For many interesting examples, including
generalised KPZ and generalised PAM, this issue is not apparent, and the initial condition can be chosen
as any deterministic function (or even distribution) with sufficient regularity. An exceptional case is d>‘3‘
where S # 0, but one can compensate for this by choosing v(O appropriately (compare Section C.1).

Remark 1.3. Writing J_ for the set of trees of negative degree associated to the class of SPDEs under
consideration (see Section 2.2.1), one can explicitly set

Yi(eF) o Y, S0 (),

where the space of nonlinearities P, combinatorial factor S(7) and evaluation map Y¥ are defined
in [BCCHI17, Section 2.7]. In the right-hand side, we identify elements of G_ with maps - — R
(characters on the free unital algebra generated by I_).

In this context, the purpose of Y is to provide a formula for the counterterms required to renormalise
our equation. As already noted in [BCCHI17], the same map also provides an expression for the
expansion of the ‘abstract solution’ to our SPDE in the corresponding regularity structure. This is
strongly reminiscent of the expression of the Taylor expansion of the solution to an ordinary differential
equation in terms of a sum over trees [But72].

We call a choice of (£%, g.)e>0 a renormalisation procedure, and we consider two such procedures
to be equivalent if they yield the same limit process for any system of SPDEs driven by ¢ belonging
to a suitable class of systems of the same form as the original one. (See [BCCH17] for the definition of
this class of equations given a ‘rule’ in the sense of [BHZ19].) Given two renormalisation procedures
(£%,g¢) and (5 €,8), it turns out that it is always possible to find one single element f € G_ such that
(é,g €,8) is equivalent to (£°, f o g). Given any fixed choice of compactly supported kernel K; such
that (9; — £;)KC; = 6 in a neighbourhood of the origin and any choice £ of smooth approximation to &
(by convolution with a compactly supported mollifier, but this could in principle be more general), there
is a distinguished choice of gé;;)z (depending on &%), which we call the ‘BPHZ renormalisation’ (see
[BHZ19]). In particular, this has the property that the (£%, gé;)z) are all equivalent for different choices
of £%, so that we can talk about ‘the’ BPHZ solution to equation (1.3).

At first sight, the natural generalisation of Stroock and Varadhan’s result for a system of equations
of the type (1.3) may be that the support of the solutions starting at u coincides with the closure R,
of the set of all solutions to equation (1.3) with the &; replaced by smooth controls. A moment of
thought reveals that this cannot be the case, for the simple reason that the formal expression (1.3) only
determines a solution theory up to a choice of renormalisation procedure, and different renormalisation
procedures may produce solutions with different supports. This is already apparent in the case of
stochastic differential equations (SDEs) where an expression like

X =Vo(x) +Vi(x)&;

(summation over repeated indices is implicit) may be interpreted either in the Itd sense or in the
Stratonovich sense, yielding solution theories with distinct supports in general.

It is also not difficult to see that in general one cannot hope to obtain the support of equation (1.3)
as the closure RS of the set of all solutions to equation (1.4) with the & f replaced by smooth controls
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and g, replaced by some fixed element g of the renormalisation group. Indeed, consider the system of
SPDEs given by

u=0u+é  9v =02+ (0 (1.5)

The relevant part of the renormalisation group for this system is simply (R, +), with the renormalised
system being of the form

u=00u+é — 0v=0%v+((0u)? -c). (1.6)

For any fixed value of c, solutions to equation (1.6) with smooth & and vanishing initial condition are
such that v is bounded below by —ct. However, the solution to equation (1.5) should really be interpreted
as the limit as € — 0 of the solution to equation (1.6), with & replaced by £, and c replaced by ¢ for a
suitable choice of ¢, — +c0.

Furthermore, it was already remarked in [Hail3] (in a slightly different setting) that for any fixed
smooth £, the solutions to

Oru =8§u+h+as_lcos (s_l ), O =8§v+(6xu)2—c (1.7)
converge as € — 0 to those of
Oru = 6)%14 +h, oy = 6%\/ + (6xu)2 - (c - 5a2>

for some fixed positive constant ¢. In other words, it is possible to emulate a decrease in the renormal-
isation constant ¢ (but not an increase!) by adding a small (in a distributional sense) highly oscillatory
term to A. This suggests that the support of the solution to equation (1.5) is given by the closure of the
set of all solutions to

Oiu = (9)%14 + h, ov = afv +(0yu) —c¢ (1.8)

for any choice of smooth function / and any choice of constant ¢ € R. As a matter of fact, by considering
perturbations of 4 of the type (1.7), but with an additional modulation of the highly oscillatory term, we
will see in Theorem 1.15 that whatever the choice of renormalisation procedure, solutions to equation
(1.5) have full support, so that this example exhibits some weak form of ‘hypoellipticity’.

1.1. The main theorem

We consider subcritical SPDEs of the form (1.3) such that Assumptions 2 and 3 hold. Subcriticality en-
sures that one can construct a problem-dependent regularity structure as in [BHZ19], and Assumptions
2 and 3 guarantee by [CH16, Theorem 2.33] the convergence of the sequence of admissible models Z ‘
to a random limit model Z , where 7% denotes the renormalised canonical lift of the regularised noise
&% (see Section 2.2.2). Furthermore, we can only expect a support theorem to hold if the integration
kernels associated to our equations are homogeneous on small scales, and in order to not overcompli-
cate the presentation, we assume that our Green’s functions are self-similar under rescaling (compare
Assumption 4). For convenience, we also restrict to the case of independent (space or space-time) Gaus-
sian white noises &; (but compare Remark 2.5). Our assumptions ensure that equation (1.3) can be lifted
to an abstract fixed point problem as in [Hail4, Theorem 7.8]. Finally, we need a technical assump-
tion on the trees that appear in our regularity structure, which for ease of this introduction we will not
comment on; we refer the interested reader to Assumptions 5 and 6 in Section 2.5.

In order to have a well-behaved solution map, it is convenient to be in the slightly more restrictive
setting of [BCCH 17], which guarantees in particular that the reconstructed solution to the abstract fixed
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point problem for Z © satisfies the regularised and renormalised SPDE (1.4). We thus assume for the
sake of the main results — Theorems 1.6 and 1.7 — that the full assumptions of [BCCH17] are satisfied.

Assumption 1. We assume that [BCCH17, Equation 2.5, Assumptions 2.6, 2.8, 2.13, 2.15 and 2.16]
are satisfied and that our Assumptions 2—5, 7 and 8 hold.

Remark 1.4. We will show in Section 4 that Assumptions 7 and 8 are implied by Assumptions 2—-6
(without requiring the additional assumptions of [BCCH17]).

Our main result then is a support theorem for the BPHZ renormalised model Z or indeed any model
differing from Z by the action of an element of the renormalisation group G_ associated to the class of
equations under consideration. If we denote by Z (/) the canonical lift of any 4 € Cy’, a slightly informal
version of our main result reads as follows:

Theorem 1.5. There exist a subgroup H C G_ and a left coset gH of H such that

suppZ = {R"Z(f): feCT,he g}

One important remark here is that H is not determined solely by the regularity structure of the
problem. Instead, it also incorporates information about the symmetries satisfied by the integration
kernels associated to the problem. Extracting this ‘rigid” algebraic data out of ‘soft’ analytic data is one
of the main difficulties of this article.

We also have a more concrete statement at the level of solutions, which we state now. Regarding
solutions, our support theorem applies for u in any space X = @i AX; such that the solution operator
(mapping the space of admissible models for the regularity structure 7 into X) is continuous. For
instance, one could define the space X; as a version of the usual Holder spaces allowing for finite-time
blow-up as in [BCCHI17]. In situations where we know a priori that the solution survives until some
deterministic time 7' > 0 almost surely, one can take alternatively for X; the usual Holder—Besov spaces

_blyg.
G’ i “((0,T) x T®). (Here B; > 0 and the scaling sy : {0, ..., e} — N are determined by the linear

part 9; — L; of our equations; see Assumption 4. The statement holds for any x > 0.) The main theorem
of this article is the following description of the topological support of u:

Theorem 1.6. Under Assumption 1, let u® denote the classical solutions to the regularised and renor-
malised equation (1.4) with noise £¢ and renormalisation constants c£ = h o g%, (7) for some fixed
h € G_, and set u :=limz_,g u®. Then one has the identity

suppu = ﬂ U supp u®

e>0o<e
in X.

In Theorem 3.14 we show that Assumptions 2—5, 7 and 8 imply an analogous support theorem for
the random models associated to u and u®. More precisely, we show that

supp Z = ﬂ U supp 26, (1.9

e>0o6<e

where 2° denotes the BPHZ model associated to the noise £9 and Z denotes its limit, namely the BPHZ
model associated to the limiting white noise &.

Once we know equation (1.9), Theorem 1.6 is a direct consequence of the continuity of the solution
operator given in [BCCH17, Theorem 2.21], combined with the fact that given a measure u and a
continuous map F, supp F*u is given by the closure of F (supp u). It will become clear from our proof
that for a ‘tweaked’ choice of renormalisation constants ¢Z = k¢ o hogs, (1) withk® — 1" ase — O,
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one can show that denoting by ii ¢ the classical solution to the system(1.3) with renormalisation constants
¢%, one still has #¥ — u in probability in X, but one has the stronger statement

supp ¥ C supp u

for any £ > 0.

We also have a characterisation of the support in the spirit of Stroock and Varadhan’s support theorem
for SDEs [SV72]. The ‘correct’ way to resolve the issue of divergent renormalisation constants in such
a description turns out to be the following:

Theorem 1.7. Under Assumption 1, let h € G_ and u be as in Theorem 1.6. There exist a Lie subgroup
H C G- of the renormalisation group and a character f € G_ independent of the choice of h in
Theorem 1.6 such that the following holds: The support supp u is given by the closure of all solutions

pto

Orpi = Ligi + Fi(p,Vo,...) + Z Fl(@.Vo,.. 0+ (Xik) (¢, Vo,...), (1.10)

Jj<n

for any character k € h o f o H, initial condition’ ¢(0,-) € CD’S and smooth deterministic functions
Vi, j =1,...,n (depending only on space if £; is purely spatial white noise). Here we write Y;k :=
(YMka)l. for simplicity.

This theorem follows from Proposition 3.8, the properties of the shift operator, Theorem 2.4 and the
continuity of the solution operator. The Lie subgroup H is given as the annihilator of a finite number
of linear ‘constraints’ between the renormalisation constants. We refer the reader to Definition 3.3 for a
precise definition. The tweaking by f is necessary, since the BPHZ characters respect these constraints
only up to order 1 (a by-product of the fact that we use truncated integration kernels for its definition).

Remark 1.8. When we are in a situation in which we are allowed to choose the initial condition
u®©® =y deterministically and independent of &, the initial condition of the control problem (1.10)
has to coincide with this choice, so that we have to set ®f = {vO1.

In order to also cover the case when the initial condition u®(? is a perturbation to S.(86)(0,+)
(compare Remark 1.2), we make use of the fact that S can be written as an explicit continuous function
of the model Z° (compare [BCCH17, Proposition 5.22, Equation 6.10]). In the notation of that paper,
we define (I)g as the set of all functions of the form v(© + (RZPZ U) (0,-) € (C*(T?))™, where Z is a
renormalised canonical lift Z = R¥ Z, (y) withy € CZ (RxT¢)". (The fact that we can choose the initial
condition independent of the i ;’s appearing in equation (1.10) comes from the fact that (RZ 20 ) (0,-)
depends only on the value of ¢ on negative times, whereas in equation (1.10) only the behaviour of y
for positive times matters.)

Remark 1.9. It suffices to prove Theorems 1.6 and 1.7 for & = 1*. This follows, since by [BCCH17,
Theorem 2.13] there exists a action (F, h) — h o F of the renormalisation group G_ onto the collection
of vector fields F = (F;) which leaves the class of vector fields considered in [BCCH17] invariant and
is such that F; + Y;(hog) = ho F; + Y;g for any h, g € G_. Therefore, changing renormalisation can
simply be viewed as changing the nonlinearity.

Remark 1.10. The set f o H used in Theorem 1.7 is in some sense the largest set of characters such
that we can guarantee that the solution to equation (1.10) is in the support of u. In many situations we
know a priori that there exists a smooth approximation £ = & % p® as before with the property that the
BPHZ characters g¢ take values in a fixed subset K C f o . In this case, combining Theorems 1.6
and 1.7 implies that the support supp u is given by the closure of the set of all solutions to the control
problem (1.10) with k € K.

1See Remark 1.8 for the definition of this set.
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Remark 1.11. The classical Stroock—Varadhan support theorem can be viewed as the case d = 0 of our
result with £; = 0. In this case, one has G_ ~ (R, +)? and, in the notation of Theorem 1.7,

(Yie)(u) = cF|(w)okF] (u), ceR=~G.,

with summation over j and k implied. Furthermore, using the BPHZ model (and therefore setting 4 = 0)
leads to solutions in the It6 sense. Since there is only one renormalisation constant in this case and the
‘heat kernel’ is given by the Heaviside function, which is nontrivial, Definition 3.3 readily leads us to
the conclusion that 7 is the unit ideal, so that its annihilator is given by H = {0}.

Theorem 1.7 then states that there exists some constant ¢ such that the support of the Itd solutions to

du; = Fi(u)dt + Z F! (w)dw;

Jj<n
is given by the closure of all solutions to
iy = Fy(u) + ) Fl gy +e 30 )" Flu)oF, (), (1.11)
Jj<n k<m j<n

with smooth controls ;. Note that the correct value of ¢ (corresponding to the character f in the
statement) is not specified by the theorem. On the other hand, one can explicitly compute the ‘BPHZ
character’ in this case and show that (again identifying G_ with R) it converges as € — 0 to —%, and
we conclude from Remark 1.10 that ¢ = —% in equation (1.11), thus recovering the Stroock—Varadhan

support theorem.

Before we proceed, let us briefly discuss how these results compare to the existing literature. There
are of course many support theorems for stochastic PDEs that do nof require renormalisation — see, for
example, [BMS95, CWMOI1, CM11, DVSS14]. In all of these cases, the statement is the one that one
would expect, namely that the support is given by the closure of all solutions obtained by replacing the
noises by suitable controls. In the case of singular SPDEs, information on the support follows in some
special cases. For example, Jona-Lasinio and Mitter [JLM®&5] construct solutions to a type of Langevin
equation for the @3 measure by using Girsanov’s theorem, which yields full support as an immediate
by-product. One of the earliest results on the support in cases that cannot be dealt with in this way is the
work by Chouk and Friz [CF18] in which they consider a generalised parabolic Anderson model of the
form d;u = Au + g(u)¢ in dimension 2 and show that a suitably renormalised version of it has support
given by the closure of all solutions to control problems of the type d;u = Au+g(u)dp+c(gg’)(u) with ¢
a smooth function (constant in time) and ¢ an arbitrary constant. This can be viewed as a special case of
our result in a situation where H = G = (R, +). The way we deal with the presence of renormalisation,
while inspired by [CF18], substantially differs from the construction given there. See the discussion at
the start of Section 5 for more details.

Using similar techniques, Tsatsoulis and Weber [TW 18] showed that the <I>‘21 dynamic has full support.
Finally, proofs of support theorems for stochastic ordinary differential equations based on rough-path
techniques are by now very classical. It was already mentioned in [Lyo98] that the continuity properties
of the solution map can be used for a straightforward proof of a support theorem, provided one has a
support theorem for the enhanced Brownian motion. The latter was shown in a series of results — see for
instance [LLQZ02] (for a support theorem for rough paths in the p-variation topology), [Fri0O5] (in Holder
topology), [FV06] (for enhanced fractional Brownian motions) and [FV10a] (for an implementation
using deterministic shifts). For an introduction to the topic and more details, see [FH14, Section 9.3] or
[FV10b, Chapter 19].

2Strictly speaking, one has G_ =~ (R, +), but only multiples of the identity matrix preserve the natural symmetries given
by invariance under permutation of indices.
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1.2. Applications

1.2.1. The @] equation
The @‘d’ equation formally is given by

Spu = Au + Z aguk + ¢ (1.12)
1<k<p-1

with space-time white noise £ on D = RxT¢. This equation is subcritical in the sense of [Hai 14, BHZ19],
provided that p < 2d/(d —2). As already pointed out, in a formal sense, one can also consider equation
(1.12) in dimension d — &, either by replacing A by —(=A)!*¢ or by convolving & with a slightly
regularising Riesz kernel. We will restrict ourselves here to the cases d = 2 and p even, d = 3 and
p=4,and d =4 — ¢ and p = 4. We denote by ‘the’ solution to equation (1.12) the BPHZ solution in
the sense of [BHZ19, CH16] for any fixed truncation K of the heat kernel. All statements that follow
are independent of the choice of cutoff.

Note that in dimension d = 2, Assumption 6 is violated, but as is pointed out in Remark 2.23,
Assumption 6 can be replaced by Assumptions 7 and 8, which are trivially true in this case (one has
J := {0} and H = G_). In dimension d = 3, all assumptions are satisfied. However, the ‘black-box’
theorem of [BCCH17] only allows us to start the approximate equation at a perturbation of S, (¢)(0, -)
(compare Remark 1.2; in this case S (£)(0, -) is in law a smooth approximation to the Gaussian free
field). As was already noticed in [Hail4, Section 9.4], this issue can be circumvented, but this requires
working with a model topology which is slightly stronger than the usual one. We show in Appendix C.1
that the support theorem still holds for this topology. If we emulate dimension d = 4 — ¢ by slightly
regularising the noises, then our assumptions on the noises are violated (since they are no longer white),
but it is again possible to resolve this issue (see Appendix C.2). We will be interested in showing the
ergodicity of equation (1.12), so that we will always assume that a,_; < 0. Under this condition, we
have the following consequence of Theorem 1.7:

Theorem 1.12. Set ug € C"(T?), where n > —% ifd =23andn > —(g A %) ifd=4-¢ Letu
denote the solution to the QDZ equation with the combinations of p and d already mentioned, with initial
condition ug + S (£)(0,-) (in the sense of Remark 1.2). Then for any T > 0, u has full support in
Ce ((0,7) x T?) for @ = 352 —  for any k > 0.

For d = 2,3, let « be as in the foregoing and consider the solution u with fixed initial condition
uy € C"7 (T3) for some 7 € (=2, a]. Then u has support in C ([0,77,C" (Td)) given by all functions
with value ug at time Q.

Proof. Global existence for these equation was shown in [TW18] in d = 2 and in [MW 17, MW20] in
d = 3. For d = 4 - g it will be a consequence of a forthcoming paper [CMW 19]. The first statement then
follows directly from Theorem 1.7, which shows that any trajectory can be realised, since the equation
is driven by additive noise.

The second statement does not follow immediately, because the topology of our model space is too
weak for the solution map to be continuous as a map with values in C ([0,T],C" (T9)). We show in
Appendix C.1 that one can endow it with a slightly stronger topology in such a way that the solution
map becomes continuous and our support theorem still holds. O

A particular application of our support theorem in dimension d < 3 is to the uniqueness of the
invariant measure and exponential convergence to this measure:

Corollary 1.13. Assume that p, d < 3 and a,_1 are as before. Then the (I)Z equation admits a unique
invariant measure u on C* (Td).

Moreover, if p > 4, then we have uniform exponential convergence of the dynamical model to the
invariant measure in the following sense: Let u be the solution starting from uq as in Theorem 1.12. Then

()P = pllrv < 1 A Cexp(=a1), (1.13)
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for some C, A > 0, uniformly over t > 0 and ug € C¢ (Td). (Here, f.P denotes the push-forward of the
measure P under the random variable f.)

Proof. This follows from Doeblin’s theorem (see, for instance, [Hail6a, Theorem 3.6] with V = 0) that
it suffices to show that for some ¢ > 0, one has?

(), P = (") Py < 1-0 (1.14)

for some § > 0 and all v,w € C¢ (Td). Here 1V denotes the solution to equation (1.12) with initial
condition v.

As a consequence of the ‘coming down from infinity’ property (see [TW 18, Equation 3.24] ford = 2,
[MW 17, Equation 1.27] for d = 3; see also [MW20]), there exists a compact set K C C¢ (Td) such that

inf Pluj €K]|>
veC®(Td)

N —

By the strong Feller property for <I>2l7 shown in [HM 18] (see also [TW18] for d = 2), the transition
probabilities are continuous in the total variation norm, so that for some & > 0 one has

1

for any v, w in the centred -ball B in C* (Td ). Again by the continuity of the transition probabilities
and the compactness of K, the infimum
p = v11€1[f< P[u} € B,]

is attained for some v € K, and by Theorem 1.12, one has p > 0. It follows that formula (1.14) holds
for t = 3 with 6 = §p. o

Remark 1.14. We have to restrict to d < 3 in Corollary 1.13 because it is not known whether the
solution to @j_s is a Markov process (although it is expected). Actually, at the current state it is even
unclear whether one can start the equation at a fixed deterministic initial condition (compare Remark
1.2 for a discussion of this issue) or evaluate the solution at a fixed positive time.

1.2.2. The generalised KPZ equation
A natural analogue to the class of SDEs (1.1) is given by the class of SPDEs recently studied in
[Hail6b, BGHZ19], which can formally be written as

m

B = 0%u + T (u) (Oyut, Oxtt) + h(u) +Z<T,-(u)§l-, (1.15)

i=1

where u: R, x ' — R”, the &; denote independent space-time white noises, & : R” — R” and
o; ¢ R* — R" are smooth functions and I" is a smooth map from R" into the space of symmetric
bilinear maps R" x R" — R". This should be viewed as a connection on R", which is why we use the
customary symbol I" for it, and it gives rise to a notion of covariant differentiation:

(VxY)'(u) = X7 (u)d;Y" (u) + T () X! (w)Y* (w), (1.16)

for any two smooth vector fields X,Y: R* — R”.
One problem in trying to even guess the form of a support theorem for an equation like equation
(1.15) is that there is typically no canonical notion of a solution associated to it. Instead, one has a

3We normalise the total variation norm so that mutually singular probability measures have distance 1.
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whole family of solution theories that can be parametrised by a renormalisation group G_. This already
happens for SDEs where one has a natural one-parameter family of solution theories which include
solutions in the sense of Itd, Stratonovich, backwards Itd, and so on, so that G_ = (R, +) in this case.
While G_ is always a finite-dimensional Lie group, it can be quite large in general: Even after taking
into account the x < —x symmetry and the fact that the noises &; are Gaussian and independent and
identically distributed, one has G_ = (R54, +) in the case of equation (1.15) (at least for n large enough;
see [BGHZ19, Proposition 6.8]). Furthermore, there is typically no naive analogue of the Wong—Zakai
theorem: If one simply replaces & by a mollified version £(#), the resulting sequence of solutions u(®)
typically fails to converge to any limit whatsoever. Instead, one needs to modify the right-hand side of
the equation in an e-dependent way in order to obtain a well-defined limit.

In some cases, imposing additional desirable properties on the solution theory results in a reduction
of the number of degrees of freedom but still leads to mollifier-dependent counterterms. For example, it
is shown in [BGHZ19] that equation (1.15) admits a natural one-parameter family of solution theories,
all of which satisfy all of the following properties simultaneously:

o The usual chain rule holds in the sense that if u solves equation (1.15) and v = ¢(u) for some
diffeomorphism ¢: R" — R”, then v solves the equation obtained from equation (1.15) by formally
performing the corresponding change of variables as if the & were smooth. (This is analogous to the
property of Stratonovich solutions to SDEs.)

o If {5; ;7’: | is a collection of smooth vector fields on R" such that

m m

D 0i(w) @ ai(u) = )5 (u) ® &5 (),

i=1 j=1

then the solution to equation (1.15) is identical in law to the solution with the o replaced by the &7.
(This is analogous to the property of 1t6 solutions to SDEs.)

o Given equation (1.15), there exists a collection of 12 vector fields* W; on R" such that for any mollifier
o8 there exist constants c(s)

;~ such that, setting fl.(g) = pe * &, solutions to equation (1.15) are given
by u = limz_,o u, with

Oty = (9)%148 +T(ug)(Oxttg, Oxtts) + h(ug) + Z o-i(ug)fi(g) - Z c;‘s) Wi(ug). (1.17)

12
i=1 Jj=1

Furthermore, the W; are such that for every u, € R" such that I'(ux) = 0 and Do;(us) = 0

(for i > 0), one has W;(u4) = 0 for every j.

Given equation (1.15), we then define a number of auxiliary vector fields. First, for u,v =1,...,m,
we set

X,uv(“) = (VO',J o) (u),

and we also write V, for the vector field Hr o defined in [BGHZ19, Equation 1.9]. We then use the X,,,,
to define two additional vector fields

V= X,u;u V= VX,WXMW

with implied summation over repeated indices.

As already mentioned, this class of equations admits a one-parameter canonical family of solution
theories that combine the formal properties of both Stratonovich and It6 solutions. We fix once and
for all one of these solution theories and call it henceforth ‘the’ solution to equation (1.15). Again,
our statement is independent of the precise choice of solution theory as long as it belongs to the

4The number 12 is the dimension of the space Whice jn [BGHZ19, Section 1.2, Remark 3.13].
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canonical family. (Actually, this can be further weakened; see Appendix C.3.) Under the assumption
that I', & and o are smooth functions, we have the following result, the proof of which is postponed
to Appendix C.3:

Theorem 1.15. Let u be the solution to equation (1.15) with deterministic initial condition u(0) = ug €
C*(T) for some a € (0, %) Then there exists a constant ¢ such that the support of the law of u in
C*(Ry X T) is given by the closure of all solutions to

A’ = d%u’ + Fj.’k(u)axujaxuk + R (u) + 6Vi(u) + K VEi(u) + KVi(u) + O'L(u)n'“ (1.18)

for arbitrary smooth controls n* and arbitrary constants K, K.

Remark 1.16. The appearance of the additional constants K and ¢ in equation (1.18) may seem strange
at first, although we have of course already seen in the discussion preceding equation (1.8) that one
cannot expect to obtain the support of u by simply replacing noises by smooth controls in equation (1.18).

Remark 1.17. At this stage, we do not know whether one actually has ¢ = 0 (which would be natural)
or whether the description already given even depends on the value of é. We do, however, know that
both terms V,, and V are required for the result to hold, as follows from the example

duy = 8uy + ¢, Ay = 0% us + (Dyuy)?, Az = 0%uz + (dyuz)?,

with u(0) = 0, say. In this case, V « (0, 1,0) and V, « (0,0, 1), so that Theorem 1.15 (when combined
with Lemma C.4) shows that the law of u has full support, whereas we would have u;(¢) > Ct,
u3(t) > Cst if we placed some constraints on the possible values of K, and K.

1.3. Outline

All equations in our setting can be lifted to abstract fixed point problems [Hail4, Theorem 7.8] in
a problem-dependent regularity structure 7. Exploiting the continuity of the solution map — mapping
the space of admissible models M (see Section 2.2.1) continuously into some solution space X' — we
can redirect our focus toward showing Theorem 3.14, which gives a characterisation of the topological
support of random models in complete analogy with Theorem 1.6. We are interested in random models
Z obtained as the limit of a sequence of smooth random models Z = lim,_,o Z . The upper bound for
the support of Z then follows from elementary probabilitytheory arguments. The basic idea to show the
lower bound is to fix a deterministic model Z, for which we want to show Z € supp 7, and to construct a
sequence of ‘shifts’ & + {s of the underlying Gaussian noise ¢ by a smooth random function {s = £5(&)
such that the ‘shifted model’ Z 5, formally given by Z 5(&) = Z(£ + {s), converges to Z almost surely as
& — 0. Since supp Z 5 C supp Z for any § > 0 (this is not completely obvious, since ¢ is not adapted in
general, so Girsanov’s theorem need not apply; but see Lemma 3.12 for a proof) and supp Z is closed,
this shows that Z € supp Z. While this is the broad strategy already used in [BMS95, CF18, TW18],
the identification of a suitable shift { is significantly more involved in this case.

We want to consider random shifts for reasons outlined in detail later (most crucially, our shifted
noises are still of the type considered in [CH16]). It is then not even clear a priori what we mean by
a ‘shifted model’, since the law of & + {s(&) is not necessarily absolutely continuous with respect to
the law of &, so that simply evaluating the random limit model Z at & + £s(€) is in general not well
defined. Instead we rely on a purely analytic shift operator 7 (Theorem 2.4; see also [HM8, 1:heorem
3.1]), acting continuously on the space of admissible models and satisfying Z(£ + f) = Ty Z(¢) for
deterministic, smooth, compactly supported functions f (in which case Z (& + f) is well defined by the
Cameron—Martin theorem), and we call Z 5(&) := Tys (5)2 (&) the shifted model. From the deterministic
continuity of the shift operator, we infer in particular that any shift maps the support of Z into itself
(this also works for random shifts; see Lemma 3.12), so that we are left to find the set of models Z for
which a shift as discussed can be constructed.
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For the type of statement we are looking for, it suffices to consider models Z of the form Z = R" Z.( f)
for some tuple of smooth functions f = (f;)i<m, Where f; € C2°(R x T¢) for any i < m, and some
character 4 in the renormalisation group G_. (See Section 2.2 for the notation used here; f +— Z.(f)
denotes the canonical lift, R : G- X My — M denotes the action of the renormalisation group
onto the set of admissible models.) In fact, since the shift operator commutes with the action of the
renormalisation group (Theorem 2.4), it suffices to consider f = 0 in the sense that we aim to find a set
H € G_ which is as large as possible such that for any 7 € H one can find a sequence of smooth random
shifts s such that

ymOTQZ(g) =R"Z.(0), (1.19)

where the limit is taken in the sense of convergence in probability in the space of models. Actually, since
our proof draws on the results of [CH16], we will automatically have convergence in L? for any p > 1.

Since the limit we aim for as 6 — 0 is deterministic, we are left to choose {s in such a way that the
variance of the models goes to zero, while the expected value has the correct behaviour in the limit. The
first point is ensured if £ + s — 0 in a strong enough sense, which will be formalised in Definition 2.13.
Note that the space of noises introduced there is a subset of the one used in [CH16], and our distance
(formula (2.21)) is stronger (see Lemma 2.18). Our noises always live in a fixed inhomogeneous Wiener
chaos with respect to some fixed Gaussian noise, which in particular allows us to work with a linear
space of noises, and our distance is an actual norm on this space. The main issue is then to obtain equation

(3.6), namely to ‘control’ the expected value 107 = ETgéﬁfT(O) of the finite number of trees I_ of

negative homogeneity, so that in the limit § — 0 they equal 4(7). Here 1% denotes the renormalised
canonical lift of £ and Ty, is, as before, the shift operator acting on the space of admissible models.
These two properties are obviously necessary for the convergence (1.19) in L? in the space of models.
To see this, note that if we write II8 for the model R8Z.(0), then we have II87(0) = g(r) for any
T € J_. With a bit more effort (Proposition 3.21) it is possible to see that they are also sufficient. At this
stage there are two main problems left to be solved, which we address respectively in Sections 4 and 5:

1. What is the set H of characters 4 such that we can find a shift s as discussed? In particular, we
have to show that this set is large enough to ‘almost’ contain the BPHZ character g€ (up to an o(1)
tweaking; see the remark after Theorem 1.6 or the second statement of Theorem 3.14).

2. Given h € H, how does one construct a shift {s such that £ + s — 0 in some suitable space of
admissible noises My (see Definition 2.13) and such that lims_, ET{(,.ﬁfT(O) = h(t) for every
TeI?

Let us first discuss the second question, since our solution to this problem motivates the choice of H. It is
natural to make the ansatz s = —£° + k° (see Section 5.1), where £° is a smooth approximation of £ at
scale § and k? is a random, centred, stationary and smooth function living only on high frequencies, or
equivalently on small scales (think of scales much smaller than ¢). The last property will ensure weak
convergence of k¢ to 0 as  — 0. If we simply chose k® = 0, then the quantity ¥°7 of some fixed tree
7 € J_ would in general blow up, as shown in the following example:

Example 1.18. Consider the ‘cherry’ T = 4 appearing in the regularity structure associated to the @g
equation. Setting /5 = —£9 (so k% = 0) and using the fact that by the definition of the BPHZ character
one has Ef[gcif’(O) =0, one has

10 =2 ?{/A J\f}é ~ 5!, (1.20)

Here we use Feynman diagrams on the right-hand side to encode real constants in the same way as
in, for example, [Hail8] or [Hail4, Section 10.5]. Straight lines represent the heat kernel, dotted lines
represent the §o-distribution and wavy lines represent an approximation to dg at scale 6 > 0.
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To see how a ‘high-frequency perturbation’ can solve this issue, consider adding a term of the form
k® =a%&t with A = A5 < ¢ and a® € R. Similar to equation (1.20), one obtains

U

oo - B R S e
Pr=—24 f+ 8} +2a°8 f-22°4 } +(a) W

2
~ 257 467 42a%07 — 249571 + (a‘i) -

6‘&/0 = h(%%). To see

Fix now a number 2(%°) € R. Then provided 1 < &, one can find a® such that Y 5
%)* « a?, so that the

this, observe that in the regime 1 <« ¢ and a® < 1,one has 6! < 17! and (a
third term dominates all other terms, and one can solve the fixed point problem

a‘S:%(Q)_I(h(V)+2</— @s +2a5<7s —(a5)2 @)

Remark 1.19. In this example, the term that ended up dominating the quantity Y(SCV’ was the tree in
which exactly one white noise was replaced by the highly oscillating perturbation k¢, while all other
noises remained white. We will tailor our shift so that the trees with this property will always represent
the dominating part; see Sections 5.2 and 5.4, in particular Lemmas 5.10 and 5.17.

This strategy is complicated by two hurdles. First, one has to control various trees simultaneously,
and it is a priori not clear that a perturbation designed to control one tree does not destroy the desired
expected value of another. Indeed, it is not hard to see that with our strategy we are in general not able
to control all trees 7 € J_ at the same time to arbitrary values /(7), but we have to respect certain linear
constraints between them — see Examples 4.2—4.5 for examples of such linear constrains in the context
of various interesting SPDEs. (It is a crucial insight that these constraints are ‘almost’ satisfied by the
BPHZ character; see the outline to follow and Assumption 8.)

The second problem comes from the fact that we also have to bound the expected values of trees
with more than two leaves. If one tries to use high-frequency perturbations which are Gaussian, then in
general trees with one white noise replaced by such a perturbation would not dominate the expression
YéT. There are even trees for which these expressions vanish identically for any Gaussian shift {s. An
example is the tree “¢° from the @g equation, for which we obtain (in case of a Gaussian shift )

0o = 12 (4P + ) . (1.21)

Here, red nodes are new noise types and should be thouﬁht of as placeholders for the shift £s. Formally,
the trees on the right-hand side of equation (1.21), which we call ‘shifted trees’, are elements of an

enlarged regularity structure 7 (see Section 5.1). The renormalisation group G_ acts naturally on 7 by
only considering contractions of original trees. In this way one can build for any &, 6 > 0 a ‘renormalised’

model f[frf "[‘s, which converges in the limit € — 0 to a model f[f;] ;,“5, and we introduce the notation

an‘r = Eﬁfn éVﬁ‘r(O). (Note that ﬁfn s very different from the BPHZ renormalisation 1% on the
large regularity structure, in which case these quantities would vanish by the definition of the BPHZ
character.) We will define just after equation (5.3) a shift operator & : 7 — 7, formally given by replacing
blue nodes with red nodes in all possible ways, and we will show in Lemma 5.1 that Y° = ané’ .

In the example earlier, Y:n vanishes on any ‘shifted’ tree which does not appear on the right-hand
side of equation (1.21). To clarify why, let us write Y,f,;‘ST := EI%=%57(0), where IT¥°%5 denotes the
canonical lift of (¢, {s) (think of ¢ < ) to a model in the enlarged regularity structure. Using equation
(5.4), one shows that

T2 = lim (Y;;‘scﬁz% - 3Y§f‘<f¥§,"5‘<f) = 0. (1.22)
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The second identity in this equation holds only if {s is Gaussian in general. This can be seen by using
Wick’s rule of calculating the expected values of all trees involved, which shows that it identically
vanishes for any fixed € > 0. Note also that the renormalisation constant of this tree vanishes identically
— that is, one has g” (Cﬁﬁ) = 0 for any smooth Gaussian noises 17 and the BPHZ character g, but the
expectation after shifting the noise does not vanish, and with the choice {5 = —£° would blow up as
0 —0.

One could now try to use shifted trees with more than one shifted noise to dominate the expression,
but that would lead to two issues which seem difficult to resolve. First, in general it would now be
subtrees of T that dominate the behaviour of the shifted tree (in our example, it would be ), and one
may see constraints between these trees. Contrary to the constraints we end up with, such constraints
(between trees of different homogeneity with different number of leaves) are not seen at the level of the
BPHZ characters. Second, while the equation we needed to solve for §° was a perturbation of a linear
equation, we would now have to solve a polynomial equation, which introduces nonlinear constraints
(for example, (a‘s)2 is always positive), and it is not clear if these polynomial equation can be solved (to
worsen the matter, recall that we need to control various trees simultaneously, so that we end up with a
system of polynomial equations).

We opt for a different way. We introduce a shift k¢ such that trees with one noise replaced by a
shifted noise give a nonvanishing contribution. We ensure this by choosing k° such that the cumulant
of (k°,¢,...,&), with m(t) := #L(7) — 1 instances of white noise &, does not vanish. (Here L()
denotes the number of ‘leaves’ of 7.) The easiest way to guarantee this is to choose k¢ in the m(7)th
homogeneous Wiener chaos with respect to &.

[ ]
Example 1.20. Consider the tree 7 = L\'\O/ from the generalised KPZ equation, where we draw o and
e to distinguish two different (hence independent) noise types. In this case we would choose our shift

kO = a(SJ[O 0,0] (‘%%f’) s
where ¥ € C (D x D?) is a suggestive way to write a kernel of the form

W (x5 x1,x2,03) = K (x = x1)K (x = x2) K (x = x3)

for some kernels K, K, K € C2° (D), and J|o ¢ ] denotes a third-order stochastic integral with respect
to the joint law of (&5, &, ) (see formula (2.9)). One then has the following graphical representation:

12 e = aé.@i‘y + aé.ﬁi’éy. (1.23)

Here, a dark-red node represents an instance of k9. We would now rescale the kernels K, K, K to a

g

= —k and
S

scale 4 = As < ¢ at a homogeneity «, which is determined by the homogeneity

m (C\!\j’)') = 3 (see formula (5.7)).
(See Section 2.1 for the definition of the domain D.)

The strategy we have outlined is implemented in Section 5 as follows: In Section 5.1 we construct an
enlarged regularity structure, containing additional noise types (5.2), large enough to be able to represent
the regularised noise §§ (for any noise type E) and the highly oscillating perturbation ka 2 (for any
tree 7 and noise type E € t(L(7)) appearing in 7). We thus construct the shift operator S T—>T
as in equation (5.3). We determine the set of trees §T[7] in the image of the shift operator which will
dominate the expected value in Definition 5.2. In Section 5.2 we construct in formula (5.12) a ‘highly
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oscillating perturbation’ r]fE ) in the m (7)th Wiener chaos for any tree 7 € T_ (see later for the definition

of T_ C J_) and any E € t(L(7)). The kernel K (55’7) (with respect to Gaussian integration) of this
perturbation is a rescaled version of a fixed kernel @z ) (see formula (5.6)), at a homogeneity a(z, )
(see formula (5.7)), to a scale /l‘TS (we will discuss shortly the choice of these scales). The kernels ® (= 1)
are chosen along the lines of Example 1.20 (there is a slight subtlety here in case of log-divergencies —
see Example 5.7 — which we ignore for the sake of this introduction).

A key result is Lemma 5.10, which determines the behaviour of the ‘dominating’ trees 7 € S1[7].
It will be useful to introduce the function F,(a, 1) := Y(ST for € T_ (see formula (5.20)), where
a=aland A =2°,7 e I_.InProposition 5.19 in Section 5.4, we then, for fixed A, recast the equation
Fr(a,A) = h(t) for T € T_ into a fixed point problem for a. This problem is a small perturbation of a
solvable linear problem (linear because of the definition of k%, solvable thanks to Lemma 5.10 and a
small perturbation thanks to Lemma 5.17), which is therefore straightforward to solve. The tricky issue
is that in order for Lemma 5.17 to hold, one needs to choose the scales /l‘TS carefully. In Section 5.3 we
determine an order < on the set of trees T_, and we choose the scales such that /lf. < /l? whenever
7,7 € T_ with t < 7. To formalise this idea, we introduce in Definition 5.14 the notion of an attainable
statement, and we show at the end of Section 5.4 that the necessary bound of Lemma 5.17 is attainable
in this sense.

We now outline how we will address the first point mentioned earlier — that is, how to define the set
H, which we do in Section 4. Every tree T € 7 can be mapped onto a function Kt : R(4+DL(T) 5 R
(see formula (3.1)). One should think of K7 as the function obtained by anchoring the root to the origin
and integrating out all other vertices except for the leaves.

Example 1.21. In the case of the @g equation, one has, for instance,
7 _
(KF) (revox) = [ KR OIK G2 = 9K s = 9K 3 =),

where we identify the set of leaves L (;?P) =~ {1,2, 3,4}, with 1 denoting the leaf directly attached to
the root, and where K denotes a truncation of the heat kernel.

Denote now by Kt the function defined in same way, but with K replaced by the actual (i.e., not
truncated) heat kernel K (we will later write K ¢ 7 for this). It is a priori not clear that these integrals
are well defined on large scales, but we show in Theorem 4.19 that at least for trees T of nonpositive
homogeneity this is always the case. Let us furthermore write Ksym7 and k:sym‘l' for the kernels obtained
from Kt and Kt by symmetrisation under spatial reflections (¢, x) +— (¢, —x) and permutation of the
variables. (If 7 contains more than one noise type, one should only symmetrise variables corresponding
to the same noise type.)

From the foregoing discussion, it is clear that we cannot hope to control two trees 7, ¥ independently
if IACsymT and Ksymf are linearly dependent. To make this more clear, consider the following example:

Example 1.22. Continuing Example 1.20, one has

Y:nc\?'\y = 2616 / dxy - dxy (’Csym%'\i/) (xl, - ,)C4)."éf()C3;xl,)C2,X4), (1.24)

where we identify the leaves of 7 := c\!\?f with {1,2,3,4} from left to right. Since one should think
of ¥ as being rescaled to scales A < ¢, only the small-scale behaviour of Kgym7 matters, which is
(essentially) the behaviour of the self-similar kernel /ACSymT. (The last statement is justified by Lemma
5.10, where we show that the difference between equation (1.24) with Ky, and with IACSym vanishes in
the limit 6 — 0.) It follows that if ¥ € J_ is another tree carrying the same noise types as 7 and such
that IACsymf = C’ACSymT for some ¢ € R, then the shifted trees which are dominating (i.e., elements of
ST[7] and $T[7]) satisfy the same linear relation in the limit § — 0.
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Motivated by this example, we introduce in Definition 3.3 an ideal J C 7T_ generated by linear
combination of trees o~ € T carrying the same noise types and such that IACSymO' = 0. Here we introduce
the notation 7_ for the free, unital, commutative algebra generated by J_. We recall at this point [BHZ19]
that 7_ is naturally endowed with a Hopf algebra structure with coproduct A _ (the character group of 7_
is precisely the renormalisation group G_ already mentioned); see Section 2.2.1 for details and precise
references.

We show in Section 4 that 7 is a Hopf ideal (see Assumption 7). The crucial implication is that its
annihilator # is a Lie subgroup of G_. We show further Assumption 8, which states that the BPHZ
character g® of the regularised noise £¢ ‘almost’ belongs to this group, in the sense that one has
g% € f¥ o H, for a sequence of characters £ € G_ which converges to a finite limit f¢ as & — 0. It is
crucial to note that we show this also for a class of non-Gaussian approximations & ¢ which is rich enough
to contain the shift {s. Assumption 8 finally justifies the assertion already made that g© ‘almost’ satisfies
the linear constraints. (In a perfect world, g® would satisfy these constraints precisely. The discrepancy
stems from the fact that we use truncated kernels to define g€.) Moreover, we have identified that the
set H C G_ for which we can construct a shift as before is equal to the coset f¢ o #. It may be useful
to observe that while the character f¢ is not uniquely defined, the coset f¢ o H is unique.

Section 4 shows that a under a technical assumption (Assumption 6), Assumptions 7 and 8 always
hold. The latter two are formulated as assumptions (rather than theorems) because there are a range of
interesting equations in which Assumption 6 is violated, whereas one can simply show Assumptions 7
and 8 by hand. (Examples are the <1>§7 equations discussed in Section 1.2.1 and the 2D parabolic Anderson
model.) The general proof, assuming Assumption 6 and given in Section 4, is motivated and outlined at
the beginning of this section.

‘We are left to link the two constructions we have outlined. In Definition 3.18 we defineasetT_ C I_,
which is a maximal set with the property that Vec T_ and J are linearly independent (in other words,
one has VecT_ @ J = 7, where @ denotes the direct sum of vector spaces). For any fixed character
hef £ o M, we will tailor a shift of the noise in Section 5 (see earlier in the outline) such that
°r - h(t)asd — Oforany 7 € T_. Using the fact that Vec T_ has a complement in Vec I_ which is
a subset of the ideal 7, we will show in Proposition 3.21 that the sequence of shifted models converges
to R" Z.(0) almost surely, which shows in particular that

{RhZc(f) che fSol, f eC} c supp Z.

Philosophically, Proposition 3.21 fills in the ‘gap’ between T _ and J_, in the sense that we do not need
any a priori information on how the shifted models behave on trees 7 € J_\T_. This step relies of course
on the relation between the set T_ and the ideal .7, and the fact that we choose & € f € o H, where H is
the annihilator of 7. What is less obvious, it also uses crucially the fact that # is indeed a subgroup of
G_ (see Assumption 7). By Assumption 8, the ‘tweaked’ BPHZ character ¢ o (f¢)~! 0 g# is an element
of f¢ o H for any &£ > 0, and using the fact that ¢ o (f¢)~! — 1* as £ — 0 concludes the proof.

2. Notation and assumptions
2.1. Conventions on notation

For any integer M € N we write [M] := {1, ..., M}, with the convention that [0] = . We fix a spatial
dimension e > 1 and a space-time domain & := R x T¢. We assume that all noises &; in equation (1.3)
are either space-time white noises or purely spatial white noises. In the first case, we define D := 9
as the space-time domain with dimension d := e + 1; in the second case, we let D := T be the purely
spatial domain with dimension d := e. In either case, we define D := RY, so that D can be identified
with the factor space of D modulo a suitable discrete group of translations. Given a distribution u on D,
we can naturally view u as a distribution on D by periodic extension.

For any integer m € N, we write D’(R™) for the space of distributions and C;°(R™) for the space
of compactly supported, smooth functions on R™. For any distribution « and any multi-index k € N4,
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we denote by D*u the kth distributional derivative of . In the sequel, test functions that are compactly
supported in the difference of their variables but invariant under simultaneous translations of all their
arguments will play an important role. We capture this in the following definition:

Definition 2.1. For any finite set L, we define the space C2 (DF) as the set of smooth functions
¢ € C™ (DF) such that both of the following properties are satisfied:

1. The function ¢ is invariant under simultaneous translation of all variables by any vector & € D.
In other words, we postulate that one has the identity

¢((xu)u€L) = ¢((xu + N)yer)

for any 4 € D and any x € D”. .
2. There exists R > 0 such that ¢((x,),cz) = O for any x € D such that for some u,v € L, one has
|x, —xy| > R.

We will consider the usual topology of test-functions on this space.

Scalings

We write sp for the scaling on & (which we used already in the formulation of our main results,
Theorems 1.6 and 1.7). Here s, is determined by the integration kernels (see Assumption 4). We will
mostly work with the scaling s : [d] — N, defined by restricting s, to D. We write |s| := Zl.dzl s(i) for
the effective dimension. For a multi-index k € N{l--4} we write |k|s := Zid:l s(i)k;, and for z € D we

L .
write |z]s = Zil |z;|5® . We use the convention that sums of the form

Z(...)

|kls<r

always run over all multi-indices k € N4, with |k|s < r. Finally, for any x € D, ¢ € C* (D) and 1 > 0,
we define 17°x € D and ¢V € C (D) by

(x), =Wy, i<d, and ¢ (x):=2Flg(17%x). 2.1)
Multisets
Let A be a finite set. A multiset . with values in A is an element of N4 (i.e., amap A — N
counting the number of occurrences of each element). Given two multisets m,n € N4, we write
(m\n), :=(my,—n,)VO0forany a € A. We also naturally identify a subset B C A with the multiset
Iz : A — {0, 1}. Given a function f : A — R, we write f(m) = Y em f(@) = Ygeam(a) f(a).
Given any finite set / and a map ¢ : I — A, we write [/, ¢] for the multiset with values in A given by

[L¢la:=#{iel: (i) =a} 22)
for any a € A. Given a finite multiset m., it will be useful to define the index set
d(m) :={(a,k) :acA,1 <k <m(a)} CcAXN. 2.3)

It will be useful to consider functions f with the property that their domain is intuitively given
by M™ for some set M and some multiset m. Given sets M and N, we write f : M™ — N as a
shorthand for a function f : M4™) — N which is symmetric in the sense that f (x;) = f (x(;) for
every permutation o~ of d(#m) preserving the ‘fibres’ {a} x N for all a € A. Note that if m = [I, ¢],
then any f : M!>¢] — N can be identified with a function f; : M! — N by choosing any bijection
¢ : I — d(m) with the property that /| = ¢, and setting f7 ((xi)ier) = f((Xy-1(q,1))(a.k)ed(m))- The
symmetry of f guarantees that f; is independent of the choice of bijection . If M and N are subsets of
the euclidean space, we use the notation C*(M™, N), and so on, with the obvious meaning.
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Another way of viewing a multiset m : A — N is to fix an arbitrary total order < on A and implicitly
identify mm with the tuple #n € A*™ defined as the (unique) order-preserving map  : [#m] — A
such that #{i : m; = a} = m(a) forevery a € A.

Remark 2.2. We now have three equivalent representations of multisets: m : A — N, d(m) C A XN
and M : [#m] — A. We will mostly be working with the first, but depending on the context it will be
helpful to have the notations d(m ) and # at hand.

2.2. Regularity structures

Our driving noises ¢ are indexed by a finite set of noise types £_. These noises ¢z, E € £_, should be
thought of as independent Gaussian noises whose law is self-similar under rescaling. For simplicity, we
will restrict to Gaussian space or space-time white noises (but see Remark 2.5). The components of our
equation are indexed by a finite set of kernel types £, and to any component t € £, we associate an
integration kernel Ky € C2° (D \ {0}) satisfying the ‘usual’ assumptions (see Section 2.2.2). We equip
g := £, U L_ with two homogeneity assignments |-|s : 2, — Ry and [J - [, : £« — R, 1 {0} for
* € {+,—}, where we think of [] - ]|, as the ‘real homogeneity’ of the noises (for instance, |Z|s = —%l
for space-time white noise), and we assume that

[t]s = [t[,, fort e £,, |l = [Z], — «, fort € &,,

for some x > 0 (small enough).

Recall [BHZ19, Definition 5.7] that a rule R is a collection (R(t));cg, that assigns to any kernel
type t € £, a set R(t) of multisets with values in £ x N¢. In order to lift our problem to the abstract
level of regularity structures, we assume that we are given a normal, subcritical (with respect to |-|5)
and complete (compare [BHZ19, Definitions 5.7, 5.14, 5.22]) rule R which is ‘rich enough’ to treat the
system at hand. (Such a rule is not hard to work out by hand in situations which are simple enough. For
more involved examples, we refer the reader to [BCCH17].)

In [BHZ19, Definition 5.26] the authors constructed an (extended) regularity structure 7 * based on
the rule R. We also write 7 C T for the reduced regularity structure obtained as in [BHZ19, Section
6.4]. (We will actually work with a slightly simplified extended decoration; compare Section 2.2.1.) We
extend the homogeneity assignments |-|s and [ - [, to homogeneity assignments |-|, and [ - [, (resp.,
|-|- and [] - [_) on 7" in the usual way, taking into account (resp., neglecting) the extended decoration.
On the reduced structure 7 we set |-|s == |-|s = [-[-and [ - |, :=[ - [, = [ - [_. We also write 7 and
T for the set of trees in 7% and 7, respectively, so that 7 and T are freely generated by 7 and 5
as linear spaces.

2.2.1. Trees and algebras

Given a rooted tree T, we define a total order < on the vertex set V(T) of T by setting # < v if and only
if u lies on the unique shortest path from v to the root pr, and we write edges e € E(T) as ordered
pairs e = (eT, el), with eT > el If u € V(T)\{pr}, then there exists a unique edge e € E(T) such that
u = e, and in this case we write u' := e.

Basis elements 7 € I can be written as typed, decorated trees T = (7;°, t), where T is a rooted
tree with vertex set V(T'), edge set E(T) and root pr;the map t : E(T) — & assigns types to edges; and
the decorations 1, ¢, 0 are maps 1 : N(T) — N¥, ¢ : E(T) — N¢ and o : N(T) — (=0, 0]. We call o
the extended decoration. Here we define the decomposition of the set of edges into E(T) = L(T) UK (T)
with e € L(T) (resp., e € K(T')) if and only if t(e) € £_ (resp., t(e) € L), and we write N(T) € V(T)
for the set of u € V(T) such that there does not exist ¢ € L(7) such that u = e!. We will often abuse
notation slightly and leave the type map t and the root p, implicit. Recall that it follows from the fact that
R is normal (compare [BHZ19, Definition 5.7]) that elements u € V(T)\N(T) are leaves of the tree T.
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Given a typed, decorated tree 7, k € N¢ and t € 8., we write jf 7 for the planted, decorated, typed
tree obtained from 7 by attaching an edge ¢ = (p(7), p(jf‘r)) with type t to the root p(7) and e(e) = k,
and moving the root p(jfr) to the new vertex.

We frequently use the Hopf algebras 7_ and 7_°* associated to negative renormalisation [BHZ19,
Equation 5.23, Section 6.4]. The character group G_ of 7_ is called the renormalisation group, and we
write o for the group product. We denote by J_ the set of trees of 7 € I with |7]; < 0 and such that
7 is not planted, so that 7_ is freely generated as a unital, commutative algebra from J_. We will also
frequently use the algebras 7~ and 7 ™ [BHZ19, Definition 5.26], which are freely generated as a unital,
commutative algebra by 5 and I %, respectively.

Recall [BHZ19, Proposition 5.35, Corollary 6.37] that the algebras 7_ and 7_** endowed with the
coproduct A_ are Hopf algebras, and 7 with the coaction A_ : 7 — T ® 7= is a comodule.
Finally, we write A_ : 7% — 7 for the twisted antipode [BHZ19, Proposition 6.6].

With this notation, we make the following assumption, which guarantees that the analytic BPHZ
theorem of [CH16] can be applied:

Assumption 2. For any tree T € I with K(t) # (0, one has
Is| o
Itls > |——= ] vV max [t(u)|s V |—|s| — min|E|s] . 2.4)
2 uel (1) Zel

We also impose the condition that for any T € I and any e € K(1), one has |t(e)|s — |e(e)|s > 0.

We also make the simplifying assumption on the rule that we do not allow products or derivatives
of noises to appear on the right-hand side of the equation. As was already remarked in [CH16] and
[BCCHI17], such an assumption does not seem to be crucial, but it simplifies certain arguments.

Assumption 3. We assume that for any t € £ and any N € R(1), there exists at most one pair
(B, k) € 8 x N1 such that Nk # 0, and in this case k =0 and Nz = 1.

2.2.2. Kernels and models
We assume that for any t € £, we are given a Green’s function Py € C* (D\{0}), and we make the
following assumption:

Assumption 4. We assume that for any kernel type t € L., the kernel Py is invariant under rescaling in
the sense that

/l_|5A|+|t|sPt (/1—5/\,) = Py

for any A > 0. Furthermore, in case that the &=s are purely spatial white noises, we assume that
Is| — Itls > so.

The last property ensures that in case of purely spatial white noise, the time integral Ky (x) =
ff; Pi(t,x)dt is well defined and self-similar under scaling A~ 1*F+tIg(1%.) = K for any 2 > 0. To
avoid case distinctions, we set K := P in the case of space-time white noise.

It follows from Assumption 4 that K can be decomposed into Ki = Ky + Ry with Ry € C® (]_)) and
such that Ky € C° (D\{0}) (smooth functions with bounded support) satisfies [Hail4, Assumptions 5.1,
5.4]. Tt will be convenient in Section 4.6 to assume that Ky = K t¢, where ¢ € C (l_)) is symmetric under
x; — —x; for any i < d and equal to 1 in a neighbourhood of the origin. Given the kernel assignment
(Kt)teg, we recall the definition of admissible models [Hail4, Definitions 2.7, 8.29]. We call a model
Z = (I1,T) smooth if I, € C*(D) for any 7 € I * and some (and therefore any) x € D, and we call Z
reduced if I17 does not depend on the extended decoration of 7.

Given an admissible [BHZ19, Definition 6.8] and reduced linear map II : 7 — C*(D), we write
Z(IT) for the model constructed as in [BHZ19, Equations 6.11, 6.12], whenever this is well defined, and
we write M., for the set of smooth, reduced, admissible models for 7. We write M|, for the closure
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of M., in the space of models. We write Q. = Qo (2_) 1= C°(D)*- and, given f € Q.,, we write
Z(f) =2 = Z (Hf) for the canonical lift of f to a model Zf € M., (compare [BHZ19, Remark
6.12]).

2.2.3. Renormalised models

Recall [BHZ19, Equation 6.23] that for a smooth noise r7 (which we assume to be stationary and centred,
with all its derivatives having moments of all orders), we can define a character Y7 on 7 by setting
Y7 := E(I"7)(0) for any tree 7 € 7, and extending this linearly and multiplicatively, where 17
denotes the canonical lift of i to an admissible random model. The BPHZ character g”7 € G_ C (7)*
is then given by

g =Y"A, (2.5)

with A_: 7 — 7% denoting the ‘twisted antipode’ as given in [BHZ19, Equation 6.8]. A character
g € G_ defines a renormalisation map M8 : T — T by

M2 = (g @ Id)A_,

and we recall that the BPHZ renormalised model 2”7 = 2 (l:[n) for a smooth noise 7 is given by
[BHZ19, Theorem 6.17]

n'r:.=m"m&"r (2.6)

for any 7 € 7. Finally, note that one has a continuous action g +> R& of the renormalisation group
G_ onto the space M of admissible models, given by

REZ() := Z(IIM?). 2.7

(The fact that M, is stable under this action is not obvious but was shown in [BHZ19, Theorem 6.15].)

Remark 2.3. We will work with the convention that the renormalisation group product on G_ is given by
goh:=(g®h)A_.

With this convention, one obtains M"°¢ = M8M" for any g,h € G_, which follows from a quick
computation

M"8 = ((hog)®Id)A_ = (h® g ®1d)(A_ ® Id)A_
=(h®g®ld)(Id®A_)A_=(h® M) A_=MSM",

so that the group R of ‘matrices’ M# acting on 7is naturally identified with the opposite group G°P. Note,
however, that the action R of G_ onto the space of models satisfies R°" = RER" forany g, h € G_.

A central role will be played by the following ‘shift operator’:

Theorem 2.4. For any h € Q. there exists a continuous operator Ty, : My — M with the property
that for any f € Qs and any g € G_, the canonical lift Z.( f) of f satisfies

Rgzc(f + h) = ThRch(f) = RgThZc(f)- (2.8)

Moreover, this operator is continuous as a map Qo X Moy — My : (h,Z) v Ty Z, where we endow
the space Qoo X M with the product topology. We call Ty, the shift operator .
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Proof. The construction of 7}, and the verification of equation (2.8), as well as its continuity, are obtained
very similarly to the verification of Assumption 10 in the proof of [HM 18, Theorem 5.1], so we give
only a sketch of the proof.

Consider first an enlarged set of types £ such that £, = £, but £_ = {E, = : E € £}. In other words,
every original noise type Z comes with a new ‘shifted’ noise type =. We then define a regularity structure
T in the same way as 7, but from an enlarged rule R obtained from R by allowing us to replace any
number of noises by their corresponding ‘shifted’ noises. We also write M, for the space of admissible
models analogous to My, but for 7. Finally, we fix a > 0 sufficiently large so that, setting deg = = a for
every shifted noise (the degrees of the original noises and kernels remain unchanged), one has 7_ = 7_
— that is, all newly added basis vectors of 7 have strictly positive degree.

As a consequence of this last condition, it is straightforward to show by repeated invocations of
[Hail4, Proposition 3.31] and [Hail4, Theorem 5.14] that given any model Z(II) € Mj and any
h € Qq, there exists a unique model Y(h, IT) € M, with the property that

V(h,Mr =M1, VreT, Y(hME=hg, VE€L_.

Exactly as in [HM 18, Equation 5.9], one can then construct a continuous map Z: M, — Mg which
has the effect of ‘adding the function represented by = to the distribution represented by Z’. Setting
ThZ = Z(Y(h,Z)), the claim now follows from [HM18, Equations 5.10, 5.11], combined with the
continuity of both ) and Z. m]

2.3. Driving noises

For simplicity, we restrict to the case in which our noises (¢z)zce_ are independent Gaussian white
noises on D, so that one has

E[é=(p)é= ()] = ¢ ¢") 2 (p)Iz=z,

and we set 2], := —%. We fix a smooth and compactly supported function p € C2° (D) such that
f p(x)dx = 1, and, recalling for any & > 0 the notation p(¢) from formula (2.1), we define the random

smooth noise £€ by setting

& =&xpt®
foranyt e £_.

Remark 2.5. We do this in order to not complicate the presentation unnecessarily. In principle, the
proof we give in this paper will hold (modulo some minor modifications) in the case in which ¢ is a
family of independent, stationary, centred Gaussian noises with ‘self-similar’ covariance structure and
the property that all smooth, compactly supported functions are included in the Cameron—Martin space.
One can often relate these situations back to our setting by introducing a new kernel type; see, for
instance, Appendix C.2, where this is made precise for the <I>378 equation.

It is well known that & admits a version which is a random element of

Q= ).

Hel_

We denote the law of £z on CLE g (D) by Q, and we write P := (X, Q for the law of £ on Q. Since only
the law of £z is relevant in order to establish a support theorem, there is no loss of generality to assume
that £ : @ — Q denotes the canonical process. We write H := L?>(D)%- C Q for the Cameron—Martin
space of P, and we recall the following well-known theorem:

Theorem 2.6 (Cameron—Martin). For any fixed h € H, the laws of ¢ and & + h under P are equivalent.
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Since smooth noises . are in general not in the Cameron—Martin space, we define the space
of compactly supported smooth noises Qo 1= Pzco Co (D). It will often be convenient to identify

functions h € C2° (D) with the element of C2° (D) obtained by symmetrisation. We endow CZ° (D) with the
usual topology (which induces convergence in the sense of test functions), and we define the seminorms

| flla,x := sup [D” f(x)]
xeK

for K C D compact and & € N¢.

Recall [Bog98, Nua06] that there is a canonical isomorphism & + I(h) between the Cameron—
Martin space H and a closed subspace A1 of L?>(Q,P) with the property that (I(%))scq are jointly
Gaussian random variables. This extends to isomorphisms [I,,, between the symmetric tensor product
H®™ and subspaces H,, of L>(Q,P) by setting I,,,(h ® --- ® h) = H,,,(I(h), |||z ), where H,,(x, c)
denotes the mth Hermite polynomial with parameter c. These maps extend to contractions on the full
tensor product spaces H®™ by setting I,,(h) ® -+ ® hyy,) := Iy(h) ® -+ ®y hyy,). We call I,,,(h) the
iterated integral of h € H®™ with respect to P, and we write I,,,(h)[£] if we want to emphasise the
dependence of (/) on the noise &.

We write 7= : L?(D) — H for the isometry given by (ngh)s = hls_z for any h € L*(D). More
generally, given m > 1 and a map 1 : [m] — £_, we write 1 : X" L*(D) — & H for the

isometry which satisfies
T (M1 ® ++ ® hyy) i= (T, h1) ® + -+ ® (Mo, i) -
We then introduce the notation
L (h) =1, (T h), 2.9

forany h € Q™ L*(D). We will mostly need a stochastic integral whose output is a smooth stationary
Sfunction on D rather than just a number, and we define

Ji(h)(2) = Ipn(h(z= ()1s- sz = (Dm))- (2.10)

Finally, recall from Remark 2.2 that given a total order < on £_ (which we assume to be fixed once
and for all), we obtain a map 7iv : [#m] — L£_ for any multiset m. We then abuse notation slightly and
write Jo, = Jam.-

2.4. Non-Gaussian noises

In this section, let £_ be a finite set of noise types such that 8_ C £_. A possible choice is of course
£_ = £_, but we do not require this here. One should rather think of £_ as an enlarged set of noise types
(see Section 5). The noises (17z)=ce_ Which we will consider always take values in a fixed inhomogeneous
Wiener chaos with respect to the (fixed) family of independent Gaussian white noises & = (¢z)zeg_. For
technical reasons we restrict ourselves to a class of noises 7 such that the kernels of iz (in the Wiener
chaos decomposition) have a relatively simple structure. For this we write C;, (D) € € (D) for the
space of smooth functions ¢ € C2° (D) which are supported in a neighbourhood of |-|s radius 1 around
the origin. We also fix an integer » € N larger than %, and given a homogeneity @ < 0 and a kernel
K € C? (D\{0}), we write ||K||, € [0, o] for the smallest constant such that

|D¥K (x)| < 11K ||l 1*E @2.11)
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for any x € D\{0} and multi-index k € N¢ with |k|s < r, and such that
/%MWMQMM (2.12)

for any k € N¥ with |k|s < [-a — |s]].

Definition 2.7. For n € N, let )X denote the space
n -
Vi = (), (D). (2.13)
i=0

For any & = (&)~ € R™!, we define a norm on )’ by

.....

n
1Ko ® - ® Kulla := | [IKilla,. (2.14)
i=0

Finally, given @ < 0 we define for n > 2 the norm

IKllq := supl|K|la: (2.15)

where the supremum on the right-hand side runs over all @ € R™! such that Sio@i = a—|s|,
agp > —|s|—-land @; > —|s|fori=1,...,n. Forn =1 we define || Ky ® Ki||o := ||Ko * Ki]|o-

Elements K € ), define kernels UK € C° (D") in the following way:
Definition 2.8. We define a linear map U : J, — C (D) by setting

zmmw”m=£@mmmm—wmmmrw. (2.16)

We call kernels of the form UK simple kernels, and we write K" for the linear space generated by simple
kernels in n variables.

One should think of UK as a kernel with respect to stochastic integration (see Definition 2.13).

Remark 2.9. One has an obvious isomorphism between C° (D") and C2° (D x D") given by identifying
K and (x,xl,_. .. ,_x,,) - K(x —x1,...,x —x,). It will sometimes be useful to view simple kernels as
elements of C2° (D x D") in this way, which we will do implicitly later.

Remark 2.10. The ‘kernels’ K; that we have in mind fori = 1, ..., n are of the form K; = /lﬁ+|5‘¢§/l) for
some fixed test function ¢; and some A4 > 0, where 8 := n~'a, while Ky will be of the form K := (/)(()’D
for some fixed test function ¢ integrating to zero. One then has ||K;||s, ~ A#~% and I1Kollay = A~ a0=lsl

uniformly in 0 > @; > —|s|,0 > @y > —|s| — 1 and A > 0, and thus
||K0®"'®Kn”a s 1 (2]7)

uniformly in 4 > 0. This is the type of kernel we will use when we define the shift of the noise
in Section 5.

But we want the space of noises to be rich enough to encode not only the shifts but also an
approximation to white noise itself. In this case one cannot choose Ky to integrate to zero, which

explains the slightly different definition of the norm ||-||o on V...
We fix a homogeneity s : £ — R_ with s > —% — « for k > 0 small enough, and we set

B =5(2) - #m% for any = € £_ and any multiset m.
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Definition 2.11. For N € N, we denote by 97 the space of all families K = (K, ), where = € £_ and
m runs over all multisets with values in £_ such that #m < N, and such that K, € Vi on PN we
define the norm ||-||, by setting

KL = " 1K, g, (2.18)
m,=

We write 9 for the closure of 92 under this norm.

Remark 2.12. We will shortly interpret the kernels K=, as ‘stochastic integration kernels’ which define
a translation-invariant noise in a fixed Wiener chaos (see Definition 2.13). The norm defined in formula
(2.18) is then the natural norm to put on elements of 92 . In particular,

1K yar := r_nax/ dx/ dyZ/lK,,En(O,xl, ... ,x#m)Z/IKfn(y,xl, ey X#m)s (2.19)
=, m D#m D

which corresponds to [CH16, Equation A.15], is automatically bounded by ||K]|.. See the proof of
Lemma 2.18 for more details.

Definition 2.13. For N € N, we denote by MY = 9N (2_) the space of tuples 17 = (17=)=ce_ given by

== J=(K) = ) Im (UKEn) (2.20)

for some K € 9¥ with J,, as in formula (2.3). We call any € MY a smooth noise. On MY we define
the norm

ll7lls == infllKllgzy (2.21)

where the infimum runs over all K € 9¥ such that formula (2.20) holds, and we denote by EIR(I)V =
EIRéV (£_) the closure of the set of simple smooth noises under this norm. (The space EIRéV depends on

5, but we hide this dependence in the notation.) It will be convenient to write Mo := Uy MY and
Em() = U N SLR(I)V .

Remark 2.14. We will see in Lemma 2.18 that any smooth noise in our setting is a smooth noise in the
sense of [CH16], and the distance ||-; -|| considered there is dominated by ||||s (provided the cumulant
homogeneity ¢ is chosen appropriately; see later). One advantage of the restricted setting introduced
here is that the spaces M., and M form linear spaces, and formula (2.21) is indeed a norm (this is very
different from [CH16], where ||-; -||c is not even a distance in the metric sense).

Remark 2.15. One motivation behind this definition is that cumulants formed by noises of this type are
represented by Feynman diagrams, so we can use the results of [Hai8]. This is of particular importance
whenever we need results not covered in [CH16] (for instance, bounds on their large-scale behaviour or
conditions under which one does not see a log-divergence for the renormalisation constant of 0-order
trees).

In order to apply the results from [CH16], we will have to bound cumulants of orders higher than
2. The assumptions in [CH16] are formulated on objects called cumulant homogeneities (see [CH16,
Definition A.14]). We define now such a cumulant homogeneity ¢ consistent with s. (Later on we will
show that the shift of our noise is bounded uniformly by this cumulant homogeneity.)
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Given a homogeneity assignment s, we define a cumulant homogeneity ¢ = ¢ as follows. For any
M e N,anymap t : [M] — £_, any spanning tree T for [M] and any interior vertex v € T°, we define
the quantity

céthJ)(y) = max s(t,) +u£132(1¥v) 5(tu)Lv2prs (2.22)

ueCr(v) ueL(T#)

where Cr(v) denote the set of children of v in T and L (T) denote the set of leaves u of T such that
u > p with respect to the tree order. Note that in particular, L(T,) = {u} for any leaf u € L(T).

Remark 2.16. In the notation of [CH16], we always set ey := 2211

cum*

As a first result we check the consistency [CH16, Definition A.16] of s and °¢, and the superregularity
of the shifted trees 7. Here we call a tree 7 a ‘shifted tree’ if there exists ¥ = (I",t) € 7 such that
7 = (T, t'), where t(e) = t’(e) for kernel-type edges e € K(7) and t’(L(7)) € £_. (The basis vectors
of the larger regularity structure which we construct in Section 5.1 are shifted trees in this sense.) The
next lemma applies in particular in the case of £ = £_and s = s:

Lemma 2.17. The cumulant homogeneity ° ¢ is consistent with s. Moreover, provided that (=) > — % —K

Jorany = € 2_, any shifted tree is ("¢, ||.)-superregular.

Proof. We first check consistency in the sense of [CH 16, Definition A.16]. Set M € Nandt : [M] — 2_.
The fact that

D M) = —itmD),

veTe

follows directly from the definition. To see point 3 of [CH16, Definition A.16], set v € T° such that
v # pr. Then we have

O GMn == 3 ik max il < ST

peTe, u>v ieL(T,)

To see the last point, set M > 3 and v € T° with |L(T,)| < 3. Then

> ™) < Jsl(L(Ty) - 1),

peTe, u>v
since by assumption one has [t|; > —|s| for any noise type t € £_.
We show next that any shifted tree 7 = (T3, t) is superregular. Let ¥ = (7", t’) be as in the definition

of shifted trees. Since the tree 7 € 7T_ is s-superregular by assumption, one has, for any subtree S C T
with the property that #K (S) > 1, the estimate

(s2-1)] 2 [(s2.¢)

Furthermore, we have in the notation of [CH 16, Definition A.24] the identity

_lsl

s

R (F(L(S))) = — max [t(u)ls. (2.23)
ueL(S)
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Choose now a noise-type edge v € L(S) with the property that the maximum on the right-hand side of
equation (2.23) is attained for v. If v is such that t(v) # t’(v), then one has

(s2-1)] = [(s0.0),

where we use the fact that by the superregularity of 7, one has \(Sg, t) |S > [t(v)]s.
Finally, in the notation of [CH 16, Definition 2.26], we have for any leaf-typed sets A and B

$
jatm) 2 Bl

+ ([t = ' (W)s) > =R (L(S)),

and for x > 0 small enough we have — £l + x < (8%, t)].. o
We recall the notation ||n[|n ¢ and [|7;7|| . from [CH16, Definitions A.18, A.19].

Lemma 2.18. Fix NN € N. Let 5 : 2. — R_ be a second homogeneity assignment such that
—% —(N+ 1)k <& < s~ Nk and set ¢ := “c. For anyn € MY and C > 0, one has

1715 ¢ < limlls (2.24)

uniformly over all noises n € MY with ||n||. < C.
If7 € MY is another smooth noise, then one has

7l e s sl (2.25)
uniformly over all noises n, 7 with ||n|ls Vv ||7]l. < C

Proof. We show only formula (2.24); the bound (2.25) follows similarly. Let K € 9 be such that
formula (2.20) holds and such that ||K||, < 2||n]||s. To continue the proof, we introduce some notation
from [CHI16]. Given M € N, we call T a spanning tree for M if T is a binary, rooted tree with set

of leaves given by L(T) = [M]. We denote by T the set of interior nodes of T, and we call an order-
preserving map s : T — N a labelling. Given a labelled spanning tree (T,s) and amapt : [M] — 2_,

we introduce the notation
t,[M
(s) = 2 M s,
VET

and the set D(T,s) € DM as the set of x € DM such that
Cflzfs(k/\Tl) < |-xk _-xll < szs(k/\'[l)
for any 1 < k,/ < M and for some constant C > 0 large enough. (Here C > 0 is fixed but large enough

so that the sets D (t5) cover all of DM ) With this notation one has

[M]
v.c < IK]lye + max  ma T,s E° 2 < >,
”77||N,c ” ||var Msl)\(_/ b[M]— X SUP( )xeSDup | [ Mt (k) (xk) k<M]|

where the first supremum runs over all labelled spanning trees (T, s) for M.

We fix from now on M < N, atype map t : [M] — £_ and a spanning tree T for M. Writing
E€(Xy)k<pm for the Mth joint cumulant of a collection of random variables X}, the cumulant of the
noises 77¢(x) (xx) can be bounded by

[E [ (mece) (0)) g ]| < Z |EC [Jm(k) (UK:'I(L()k) (xk))kgM”’
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where the sum runs over all families (v )xe[ar], where each m is a multiset with values in £_. We
fix such a family from now on. We then write K %) := Ki,(fi € yf;'"(") , so that it suffices to show that

B [ (@), ][5 1))
- k=1

uniformly over all labelling s and x € D (t ), where B = ﬁf,ip is as in formula (2.18). It suffices to

t.[M]
(o ,s)

ola™"s),
g )

show this bound uniformly over all simple tensors K k) = Ko(k) ® - ® K,ka), where my, := #m; the
general case follows from the definition of the tensor norm.

We define A := {(k,l) : 1 < k < M,1 <1 < m(k)}. We think of A as indexing the variables of
the kernels K¥) which are integrated out by stochastic integration. We define P as the set of pairings
P of A with the following properties: We require that for any {(k,!), (m,n)} € P, one has k # m
and Z(P) := 1 (l) = ,,(n). (The first condition reflects the fact that our noises take values in
homogeneous Wiener chaoses, so that self-contractions do not need to be considered; the second
condition reflects the fact that the Gaussian noises £z are independent.) We also require that the pairing
be connected, in the sense that if ~ denotes the smallest equivalence relation on [M] with the property
that k ~ [ whenever there exists some i, j such that {(k,i), (l,j)} € P, then all elements of [M] are
equivalent.

The cumulant can then be written as

B [T, (UKD )= Epo),

k<

PeP
where
M
Ep(x) = /D i [ JURD (= yn)imy) [ 8Ga=w0), (2.26)
k=1 P={a,b}eP
and we will show that for any P € P, one has
|Ep(x)] < ﬁ”K(k)’ﬁ(” As), (2.27)

Let J C [M] denote the set of indices k < M with my > 1, and we write
k ~
Er( = [ daae [ 500 =20 [ 00 - 20 Er(@)d
DM kel kel
with
M
Ep(2) 1=/ dya HUK(k) ((Xk _)’(k,l))lSka)) l_[ 5(Ya = ¥b)s
DA k=1 P={a,b}eP
where we set

fxt - JUGo okM o okl) ifkel,
= U(Kék) ®Kl(k)) .

It suffices to show the bound uniformly over kernels with ||K(()k) |l-js) = 1 for any k. Then it suffices
to show formula (2.27) with Ep replaced by Ep, and the bound for Ep can be argued as in [CHI16,
Section B].
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By definition, for every choice of homogeneities ﬁfk), k=1,...,M,i=1,...,my,with—|s|-Izes <
,BEk) <0and 3% ,Blm = B%) one has the bound

|Ep(x)| < (ﬁ ﬁ ka(k)|
k=1 i=1

Here we set KX := KM itk e Jand K™ = KV % KM = U (KW) if k ¢ J.
Since by deﬁmtlon one has the estlmate

I

k=1 i=1

zfs(k/\Tl)((ﬁ;k)+ﬁj.l)+|s\)/\0)

(k)
& ) (ki) (1)) €P

mp

~<k>|

M

(k)

o <[ 1)
k=1

it remains to find a choice of ,Bl@ as before with the property that

I ((ﬁfk)J'ﬁ;'l)*'s')AO)SZCIT’WJ(#) (2.28)

u=v kI (kAtl)=p uzv

gk’

for any v € T. Let £ : 'i’\{pT} — [M] be the injective map defined recursively by setting® k(v) :=
argming ¢/ (r,5(t(k)) if v is maximal in T, and

k(v) :=argmin (5(t(k)) : k € L(T,)\ {k(p) : > v}) (2.29)

otherwise. (Recall that L(T, ) denotes the set of leaves u € L(T) such that u > v.) Note that c;: (M] (v) =
—5 (t (k(v))) forv € 'i‘\{pT} Denote moreover by k1, ky € [M] the two distinct elements of [M] not
in the range of k, so that cT M] (pT) = —5(ky) — 5(kp).

Conversely, denote by v(k) € T the interior node of T with the property that K(X) ‘collapses’ at
v(k) —that is, ¥(k) is the maximum node v with the property that whenever {(k, i), ([, j)} € P, one has
k A1l > v. Since we only have to consider ‘connected’ pairings, it is clear that

#{k € [M] : v(k) > p} <#L(T,) -1

forany u € ’i’\{pT}.Letﬁnallyi(k) € {1,...,m(k)} denote some index such that {(k,i(k)), (l,j)} € P
for some (I, j) € A such that k At [ = (k).

We also choose an arbitrary index j(k) € {1,...,m(k)} such that j(k) # i(k) whenever k € J (and
hence m(k) > 1). With the choice

|s]

B ==+ (R + i) = Kz,

one has }; ﬁ}k) =% and ﬁgk) > —|s| — Ixgys, so that it remains to show formula (2.28), which follows
once we show that

st - kM = Y (t (k).

k:v(k)>v Hxv

SIf the argmin is not unique, we choose a minimiser arbitrarily.
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It is clear from the fact that the numbers k (1) were recursively chosen to maximise s (t(k)), so that for
any A C L(T,) with #A < #L(T,) — 1, one has

Dla(t (k) < D EEK) < ) s(t(k) + &N

Huzv keA keA

Since v(k) > v implies k € L(T, ), the proof is finished. O

2.5. Additional technical assumptions

For the main result of this article we need a technical assumption that guarantees that ‘logarithmic’ trees
which appear (modulo polynomial decoration) as subtrees of other ‘logarithmic’ trees are such that the
BPHZ character vanishes automatically. This should also hold after we shift the noise. It turns out that
in some examples (for instance, generalised KPZ; see Appendix C.3), this is not true if we consider
arbitrary shifts. Instead, we exploit certain (anti-)symmetries of our integration kernels, and for this we
need the expectation that our noise is invariant under these symmetries. To make this more concrete,
we fix a finite symmetry group g € GL(d) in d dimensions. The typical case one should have in mind
(which suffices for our purpose) is when g is generated by finitely many spatial reflections.
To incorporate this symmetry into our definitions, we make the following definition:

Definition 2.19. We denote by )" € ) the setof K € ) such that 4K is invariant under simultaneous
transformation of all variables by any A € ¢. We also write PN < YN for the space of all K = (K%,)
such that K=, € Y5*™ for any m and any E, and we write ‘DS’N c 9] for the closure of 95N under
the norm (2.18).

Later on it will be convenient to also introduce the notation y;” C V& for the linear space spanned
by Ko ®---® K,, € V" such that / Ko = 0. Note that for any K € )%, one can view UK as an element
C (D"/g). Here we let g act on D" via A(x;);<n := (Ax;);i<n for any A € g. The following definition
will play an important role:

Definition 2.20. We write M, € M., for the subspace of noises given as in formula (2.20) for some
K e ‘D;’,N , and we write MG € My for the closure of MZ, under the norm (2.21). We call a smooth noise
n = (nz)zcg_ € M, a ‘shifted smooth noise’.

The terminology ‘shifted noise’ will become clear in Section 5.2. In order to formulate our assump-
tion, let V denote the set of trees 7 € J_ with [7[], = 0 and which are ‘subtrees’ (modulo polynomial
decoration) of a larger tree of zero homogeneity. More precisely, for any 7 € V there exist another
tree o = Sy € J_ with [Jo[l; = 0, a proper subtree 7 = TM C o of o (with ‘proper’ meaning that
E () € E(0)) and a decoration /i : N(¥) — N¢ such that 7 = fz We also assume that 7 is connected to
its complement in - with more than one node, so that #{u € N(7) : 3e € E(0) \ E(T) withu € e} > 1.

Assumption 5. We assume that for any T € V and (not necessarily Gaussian) shifted smooth noise 1,
one has g" (1) = 0.

Remark 2.21. The only place where Assumption 5 is used is the proof of Lemma 5.23. Loosely
speaking, it ensures that if 7 is a tree of 0 homogeneity and only one of its noises is made slightly more
regular, then the renormalisation constant does not present any logarithmic divergences anymore. We
need this to ensure that renormalisation constants of ‘shifted’ trees are bounded by a constant depending
only on the largest scale involved (we will have various shifts which are regularised on different scales).
The strategy we employ relies on upper and lower bounds of the blow-up behaviour of renormalisation
constants, from which we deduce exactly which ‘shifted’ tree is dominant. We do not show such a lower
bound for log-divergences, which is why we need an additional assumption ensuring that there is only
the ‘main’ log-divergence and no log-subdivergence.

Finally, denote by V) the set of 7 € I_ with 7], = 0 and #L(7) = 2.
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Assumption 6. We assume that for any t € Vy and (not necessarily Gaussian) shifted smooth noise n,
one has g (1) = 0.

Assumption 6 is needed in Section 4, since the stability under removing the large-scale cutoff given
in Theorem 4.19 fails in general for T € V). Note that for 7 € V), one has EII"’7(0) = —g"”(7) = 0.

Remark 2.22. We give an informal reason why Assumption 6 is needed in Theorem 4.19. There we
consider the evaluation from Definition 4.17, which defines a constant based on the idea of integrating a
tree T with leaves uy, . . . , u, against a test function ¢(uy, . . . , u,). We will assume in this context that ¢
is a function of the differences of its arguments and compactly supported in these differences (i.e., there
exists R > 0 so that ¢(uy,...,u,) = 0 whenever there exist /, j < n such that |ul- - uj| > R). Under this
assumption, we will show that this evaluation remains bounded as one removes the large-scale cutoff
from the integration kernels. The proof relies on a counting argument, which we use to apply the results
from the last section of [Hai18]. One can think of this as a generalisation of the fact that fRd (1+|x])Pdx
exists if and only if p < —d to the case of generalised convolutions. In this analogy, the case 7 € V) is
similar to the situation of trying to integrate (1 + |x|)~¢, which diverges on large scales.

Note that we do not have this problem for trees with more than two leaves, even if they are logarith-
mically divergent. This is because we assume that ¢ is compactly supported in all differences between
its arguments, which in some sense means that we ‘gain’ a degree % for every leaf, as far as the power-
counting argument is concerned (formula (4.16) makes this more clear).

Remark 2.23. One can replace Assumption 6 by the weaker Assumptions 7 and 8 introduced in
Section 3.1. We show in Section 4 that the former really implies the latter two. In some interesting
examples, including stochastic differential equations, ®2, Yang-Mills and the parabolic Anderson in
two spatial dimensions, Assumptions 7 and 8 can be shown ‘by hand’ relatively easily, even though
all of these examples violate Assumption 6. However, for many more convoluted examples, including
d)j_s, generalised KPZ and the parabolic Anderson model in three dimensions, it seems difficult to
show these assumptions by hand. We actually expect Assumptions 7 and § to always hold, so that one
should be able to drop Assumption 6 with a little more technical effort.

3. A support theorem for random models

Recall that we fix a Gaussian (space or space-time) white noise & = (£z)zcg_, which we can view as an
element of My (see Definition 2.20). We also fix a smooth mollifier p € C;’ (D/g) with f p=1,s0
that £2 := & % p(®) € M3, for any & > 0, and one has €% — & in M. We write g© := g%¢* for the BPHZ
character (2.5) and Z° := Zfs and [1° := flfs for the BPHZ-renormalised lift (2.6) of £°

3.1. The ideal 7

Let us first introduce the following notation, which we will use heavily in the forthcoming sections:
Given a kernel assignment (Gt )eg, With Gy € C° (D\{0}) absolutely integrable, we define for any tree
7 € Ta function Kg7 : DY) — R by

Kot (xL(r)) :=[

i, 460 (o) [1 296Gk (v = %)

ecK (1)
x [T = [ o6e—xa). (.1)
ueN () eel(T)

We also write K := K % - Although K does not have bounded support, this is well defined as a limiting
distribution obtained by removing a cutoff (see Theorem 4.19). Given additionally a smooth function
¢ € C> (DE(™), it will be useful to introduce the notation

(KaT,9) ::/ - dxKgt(x)e(x) € R. 3.2)
DL(*
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Example 3.1. We can graphically represent the action of Kg7. For instance, we write (slightly
informally)

o R
(/CGC\V) (xl,...,x4)= “'q3/4,

where we leave G implicit on the right-hand side.

For two different trees 7, ¥, one has by definition L(7) N L(T) = @, so that g7t and KT have
disjoint domains of definition. However if m := [L(7),t] = [L(7), t], then after symmetrising one can
naturally view g7 and K g7 as being defined on the same space D™. In particular, the notation (3.2)
extends naturally to ¢ € C (]_)m). This motivates the following definition:

Definition 3.2. We write ¥ for the set of all families of test functions (¥m )m, indexed by multisets
m with values in )2 such that Y, € C (D™ /g). We also write W, for the set of € ¥ such that
f Um = /Dm (xp) Ym (xm) = 0 for any m. Here we fix some arbitrary p € d(m) (it is clear that this
definition does not depend on the choice of p). We then define an evaluation (g7, ) for T € T and
¥ € ¥ by setting

(Kot,0) = (KeT, ¥rioq)-

With this notation we now define an ideal 7 as follows:

Definition 3.3. We define J C 7_ as the ideal generated by all elements T € Vec J_ such that
<ICT, t,b) = 0 for any ¢ € ¥,. We then denote by H C G_ the annihilator of 7 (given by the set of all
characters g € G_ with the property that g(o-) = 0 for all & € J).

Note that by definition 7is generated by linear combinations of trees (rather than linear combinations
of products of trees). We will use this fact heavily later.

Remark 3.4. There is a natural norm on ||-||;c+ on large-scale kernel assignments R (see formula (4.9)),
and writing K for the closure of the space of smooth, compactly supported functions under this norm,
one has indeed K — K € IC§- Moreover, it is not hard to show that (Kx,r7, ) extends continuously to
R € [Cf forany 7 € 7_ and any ¢ € ¥, so that <’ACT, lﬁ) is well defined. The last claim follows from a
straightforward counting argument as in [Hail8, Section 4], which is carried out in Lemma 4.21.

Remark 3.5. We choose ¢ in the definition of ¥, to integrate to zero, since the cumulants of our ‘shifts’
will satisfy this property. This is needed to ensure weak convergence of the shift to zero.

Example 3.6. Consider as an example the KPZ equation 9,4 = Ah + |0, h|* + £, where T_ is generated
by the trees

A Nn s XY

We show that 7 is the ideal generated by {o}. First note that we have o € 7, since Kgo = O.
Next, we recall that 7 is generated by linear combinations of trees with the same number of leaves.
Furthermore, by simply rescaling ¢(x) — ¢ (¢”'x), we see that 7 is generated by linear combinations
of trees of the same number of leaves and the same homogeneity. It follows that no linear combination

involving any of e, C\& or <}> belongs to J. The only nontrivial part is to deal with the remaining

two trees , ( }‘ . We sketch the proof that they cannot form a linear combination that takes
values in J. For this, fix test functions ¢; ; : D — R and consider test functions ¢, of the form
Ge(X1,X%2,X3,X4) = D lei<j$4 zﬁf}. (x(,(i) —x(,(j)), where the first sum runs over all permutations
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o of {1,2,3,4}. Here Jlfj(x) = 8_%%,,;' (e7%x) if (i,7) € {(1,2),(3,4)}, and z//fj(x) =i j(x)
otherwise. It is then not difficult to see that

IACC\Q}¢F> ~& ' and <IACW,¢)E> ~g?2.

The reason for this is that the first tree contains only one subdivergence o, » of degree —1, whereas the
second tree contains two of them. From this it follows that no linear combination of these two trees can
be an element of 7, thus leading to the claim.

We now state the two assumptions that we are going to need for this section. The first assumes that
the annihilator H of J forms indeed a group.

Assumption 7. The ideal Jis a Hopf ideal in T_. In particular, its annihilator H is a Lie subgroup of
the renormalisation group G_.

The next assumption relates the subgroup H to the BPHZ characters associated to smooth shifted
noise. We recall the notation M, for the space of smooth shifted noises and M for its closure under
the norm (2.21). In the following assumption we do not require the noise 77 to be Gaussian:

Assumption 8. There exists a continuous map My > n v f" € G_ with the property that O =1% and
such that g € f' o H for any n € MS,. Here 0 denotes the 0-noise.

We will see in Corollary 3.23 that # is in fact the smallest Lie subgroup of G_ that has the property
described in this assumption. As was already pointed out in Remark 2.23, we will show in Section 4
that the two assumptions given here are implied by Assumption 6 (which is the only argument in this
paper where Assumption 6 is needed).

3.2. A support theorem for random models

From now on, we will always assume that Assumptions 2-5, 7 and 8 hold, except when specified
explicitly. The only exception is Section 4, where we prove that Assumptions 7 and 8 are implied by
Assumptions 2—6.

Setting Z ¢ = R8°Z.(£°) for the renormalised approximate model and Z = lim,_,o Z © for its limit,
we can rewrite it as

2° = TeeRE" Z:(0).
Models obtained by acting on the canonical lift of O with the renormalisation operators will later play
an important role, so we introduce the following notation:

Definition 3.7. For any character g € G_, we define the model Z (g) by letting the renormalisation
operator act on the canonical lift of O to a model — that is, we set

Z(g) =R8Z(0).

We will see in Lemma 3.12 that the action of the translation operator maps the support into itself,
so that the main part of the proof consists in understanding the set of characters g € G_ such that
REZ.(0) € supp Z. We will show that this set is a coset f o # of the Lie subgroup H of G_ already
constructed.

Proposition 3.8. Let H be the Lie subgroup of G_ defined in Definition 3.3 and let f¢ € G_ be the
character defined in Assumption 8. Then for any character g € f¢ o H in the left coset determined by
f¢ and H, one has

Z(g) € suppZ.
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This proposition follows from Proposition 3.2 1, which in turn relies on the constructions carried out
in Sections 3.3 and 5. Before we prove Proposition 3.8, we show now that it implies a support theorem
for random models (see Theorem 3.14).

Remark 3.9. The converse of Proposition 3.8 is not true in general. An example of this is given by
the rough paths B = (B, B + M), where By} := fy ! (BL — B.) o dB] denotes the Stratonovich lift and
M; ; = (¢ —s)M for a constant (in time) and skew-symmetric matrix M. These rough paths are known to

have support independent of M, but # = {1*} is trivial in this case. We just sketch the argument here that

. . 1
the support is really independent of M. Consider deterministic smooth shifts B; — B} + £2 cos (s‘lt)

‘ i . .
and B/ — B/ + &2 sin (¢7'¢). The translation operator transforms the second component into
P .. 1 t . .
B,/ =By, +&2 f (B, — B.) cos (eilu) du
S

+g2 /t cos (silu) — Ccos (sils) daB, + /t (cos (sflu) — Ccos (sfls)) cos (aflu) du.

The last term converges to a positive constant times (¢ — s) as € — 0, and a quick computation shows
that the two terms in the centre vanish in this limit.

Remark 3.10. Proposition 3.8 also gives information about limit models obtained from a different
choice of renormalisation: For any k € G_andany g € ko f ¢ o 7, one has

Z(g) € suppRFZ.
Before we state the main theorem, we derive some immediate identities.
Lemma 3.11. For any character g € G_ and any smooth noise h € M., one has the equality
REZc(h) =ThZ (g).
In particular, one has the identity
2°(16] = Te- Z (g°)
almost surely for any € > Q.

Proof. In order to see the first identity, it is enough to apply Theorem 2.4 to f = 0. The second claim
follows from the facts that Z° = R8°Z¢ and Z* [€] = Te=Z:(0). O

The next lemma crucially states that shifting the noises by a random smooth function maps the
support into itself.

Lemma 3.12. Set h € Q. Then one has the identity
TWZ[€) = Z[& +h]

almost surely. Moreover, if h € M, is any smooth random noise, then one has the identity
supp TWZ C supp Z.

Proof. We show the first statement. By Cameron—Martin (Theorem 2.6), it follows that the laws of &
and & + h are equivalent. In particular, the right-hand side is well defined P-almost surely. To see the
identity claimed in the statement, we use the fact that 7 is jointly continuous in /# and Z. We then have

Z2[&+h] = lin})Zg[f +h] = lir%TheZg[f] =T,2[£].
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In order to see the second statement, let first & € Q. be deterministic. In this case we exploit again the
fact that the laws of & and & + h are equivalent, so that the laws of Z[¢] and T, Z[£] = Z[£ + h] are
equivalent as well and supp Z = supp 7, Z. Using Lemma 3.13, it follows that the continuous operator
T, maps the support of Z into itself.

Let now & € M, be random and let A C Q be the set of full P-measure with the property that
Z(w) € supp Z for any w € A. It then follows for w € A that Ty () Z(w) € supp Z. In particular we
have 73,2 € supp Z almost surely. O

In the previous proof we used the following lemma:

Lemma 3.13. Let X,Y be two Polish spaces, let T : X — Y be a continuous map and let u be a
probability measure on X. Then supp Tip = T (supp p).

Proof. Since x € supp u for u-almost every x € X, it follows that 7 (x) € T (supp u) pu-almost surely, and
hence supp 7.t € T (supp u). To see the inverse inclusion, let y = T(x) € T (supp u) with x € supp u,
and let U be a neighbourhood of y in Y. By continuity it follows that 7~!(U) is a neighbourhood of x
in X, and by the definition of the support, it follows that u{x : T(x) € U} = u (T~1(U)) > 0, and thus
y € supp T;u. This shows that T (supp p) € supp 7.1 and concludes the proof. O

Assuming Proposition 3.8, we can now state and prove the main theorem of this section.

Theorem 3.14. Forany € > 0, let 7 € denote the BPHZ renormalised lift of the regularised noise £° to
a random admissible model and let k € G_ be any character. Then one has the identity

suppR¥Z = ﬂ U supkaZ(s. 3.3)

e>0o<e

Moreover, if we denote by f¢ = f&° € G_ the sequence of characters defined in Assumption 8 (so that
f& — f¢ as & — 0), then one has the stronger statement

A

supp RKZ = U supp RKeS €297 22, (3.4)
£€(0,1)

Proof. Remember that we assume Proposition 3.8. We first argue that equation (3.3) follows from
equation (3.4). To see this, we introduce the sequence of characters [ € G_ via the identity k o f¢ o
(f®)~! =1 o k, and we note that since k o f¢ o (f¢)~! — kin G_, it follows that /¥ — 1*. By Lemma
3.13 and the continuity of the action of the renormalisation group, it follows that supp R¥Z can be
written as

. 1sok 56 _ 1 Ie k56 _ k59
‘lsli%UsuppR Z —i%R Usupp’RZ —ﬂUsuppRZ.

o<e o<e e>0d<e

It remains to show equation (3.4). The fact that supp R*Z is contained in the right-hand side follows
trivially from the fact that

RkeF () 2 _, Rk

in probability in the space of models, so it remains to show the inverse inclusion. By Lemma 3.11 we
have the identity

5)71

Supkaoffo(f 28 — {Thz (k Of§ Oga) “he Qoo},
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where we introduce the character §° € G_ via the identity f€ o §° = g*. By Assumption 8 one has
8% € H, so Proposition 3.8 implies that

z(koff ogg) e supp R¥Z.

It remains to show that the translation operator T}, leaves the support of R* Z invariant, in the sense that
for any smooth function 4 € Q, one has

supp T,R¥Z = supp RFZ.

This in turn is a corollary of Lemma 3.12, the fact that renormalisation and translation commute
(see Theorem 2.4) and Cameron and Martin’s theorem. O

One consequence of Theorem 3.14 is that the support of the limit model does in general depend on
the choice of renormalisation k € G_. In the next result we show that for any fixed k € G_, there exists
a Lie subgroup H* of G_ such that changing renormalisation from  to [ o k for some [ € H* does not
change the support. More precisely, we have the following result:

Corollary 3.15. For any k € G, let k := k o f£, and denote by H* the Lie subgroup of G_ obtained
from H by conjugation with k — that is, the subgroup given by

HE=koHok™.
Then for any | € H*, one has
supp R'°*Z = supp R¥Z.

Moreover, the groups H* are invariant under composing k with any element of H¥ — that is, one has

HE = HIK for any | € H*.

Proof. The supports of R¥Z and R!°*Z are respectively characterised as the closure of all smooth
translations of all models of the form Z (h) and Z (h) for some h € k o H and some h € [ o k o H. We
are thus left to show that

which is true if and only if / € H¥.
The fact that H* is invariant under a change of renormalisation by € #* follows from the fact that

Hl°k=l0(1207-[012_1)01_1
Q]EO’HOIE_Io(lzo’}—[olz_l)o]zo%o]}_l:’Hk,

whence the claim follows. O

Remark 3.16. A consequence of this corollary is that, writing e for the unit in G_, the collection of
cosets {k o H® : k € G_} yields a foliation of G_ into a family of manifolds of fixed dimension with the
property that for any k € G_, the support of R'Z is independent of [ € k o H°.

3.3. Renormalisation-group argument

In light of the previous section, it remains to show Proposition 3.8. For this we fix from now on a character
hef ¢ o H and we will construct a sequence {5 € Mw, & > 0, of random smooth noises such that

T_(&Z — Z(h) in probability in My

https://doi.org/10.1017/fmp.2021.18 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2021.18

Forum of Mathematics, Pi 37

as 6 — 0. Together with the continuity of the translation operator and Lemma 3.12, this immediately
implies Proposition 3.8. This convergence essentially relies on two conditions. The first condition
(formula (3.5)) guarantees that the noise cancels out in the limit 6 — 0, and the second condition
(equation (3.6)) guarantees the correct behaviour of the expected values. Before stating the main
proposition of this section, we introduce the following notation:

Definition 3.17. Let ~ denote the equivalence relation on J_ given by setting 7 ~ 7 if and only if
(7l = [7]., and one has that the identity [L(7),t] = [L(7), t] between multisets. We write I_/.. for
the set of equivalence classes of J_ with respect to ~.

We also fix an arbitrary total order < on J_ with the property that T < ¥ whenever 7, ¥ € J_ are two
trees such that either #E (1) < #E () or #E(7) = #E(T) and ¥, ey (r) M(1) < Xyen (7) M(u). We write
I =T C I_and <7 C J_,respectively, for the set of trees ¥ € I_ such that ¥ < T and ¥ < 7. We denote
the unital subalgebras of 7_ generated by 7_~7 and 7_=7 by 77 and T=7, respectively, and we point out
that it follows from the properties of the coproduct A_ that both of these algebras form Hopf algebras.

We use the total order < to select a subset of trees T_ C J_ in the following way:

Definition 3.18. For any equivalence class ® € J_/ ., we write I_(0) C O for the set of trees 7 € ©
with the property that there exists a linear combination of trees o= € Vec (@ N I_<7) such that

T+0 €.

(Here, [Jis the ideal in 7_ defined in Definition 3.3.) We also write T_(0®) := @\J_(0), and we define
T = loeg /. T-(0).

In equation (3.8) we will give a linear subspace X of Vec I_ for which we can show relatively easily
that 7N Vec I_ C X, and our goal will be to show that X = Vec I_. Definition 3.18 is set up so that it
suffices to show that T_ C X. The total order < is chosen in such a way that we can show this inductively
in the number of edges and the polynomial decoration of 7 € T _.

Example 3.19. Consider the case of the 2D PAM equation, where
7 ={% V. V|

and where 7 is the ideal generated by o, % - % = £ .Here abold edge with label k£ = 1, 2 denotes
the derivative of the Poisson kernel with respect to x, and a circle denotes an instance of spatial white
noise. In this case we can choose the total order by setting o < % < N < .. We then have

T/ ={er . W 82 L and further, T (o)) = pand T ({%. V2. V2 ]) = [%. W2 .
In particular, we have T_ = {%, A4 }

In Section 5 we will show the following proposition (see Proposition 5.19), for which we recall the
notation Y from Section 2.2.3 and the spaces M, and WM of smooth shifted noises and (rough) noises
from Definition 2.13:

Proposition 3.20. There exists a sequence {5 € WS, 6 > 0, of smooth random noises such that

§+4s >0 inMy (3.5)
and such that for any T € I_, one has
lim lim Y "o M8" 1 = h(7). (3.6)
6—0 £—0

https://doi.org/10.1017/fmp.2021.18 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2021.18

38 Martin Hairer and Philipp Schonbauer

Given this proposition, we can show the following result:

Proposition 3.21. Let {5 be the sequence given by Proposition 3.20. Then one has
lim 7, Z = Z (h
612%) 4o (h)

in probability in the space of admissible models.

Proof. We denote as before the BPHZ character for £% by g© := g¢*, and we denote similarly by
g%% = g&°*+%s the BPHZ character for the smooth noise £° + ¢s. We define a character 7%°¢ € G_ via
the relation

h*?og™? = g*, 3.7
where o denotes the group product in G_. We show inductively with respect to < that one has

lim lim 2%%(7) = h(1). .
lim lim (1) = h(r) (3.8)

Let first 7 € T_. Since, for any tree 7 € I which contains at least one noise-type edge, one has
YEH s 50
in the limit ¢ — 0 and 6 — 0 by Lemma 3.22, it follows that
R0 (1) = YE o g™ ph oy (;ﬁﬁ ® YET+s Mé's“s) (Ali-Id® )T
=Y M T+ 0(1),

where 0(1) — 0as € — 0 and § — 0, so that equation (3.8) follows from equation (3.6).
Set now 7 € _\T_. Let © € I_/. be the equivalence class of 7, and let ¥ € Vec (© N I_*7) such
that o := 7+7 € J. We claim that (f¢) "' 0 h%% (o) — 0in the limite — 0 and § — 0. Indeed, one has

(f{:‘)—l ° hg,& Ofg’é Ogs,(f — gs,

where f2, 3¢ and £, 3% are defined as in Assumption 8 for the noises £ and £ + s, respectively,
sothat f%04% = g®and %% 0§%° = g%%, By definition, one has that §¥-° € H and $* € H, so that

-1
(f(-:)—l o h£,§ Of8,5 = gé‘ o (ga,é) IS 7_[ (39)

By Assumption 8, the characters £ and £ converge to f¢ and 1* in G_, respectively. At this stage
we would be done, if we knew a priori that lims_, lim,_, #%°¢ exists in G_ on 7=7. By the induction
hypothesis, this is true on 7=7, so that it remains to show that 42> (7) converges to something in the
limit ¢ — 0 and 6 — 0. For this, note that equation (3.9) vanishes when applied to o, since o € J. On
the other hand, one has

A_®IDA_ce(1®re )+ (TF" 0T 0 T57),
and we conclude using the induction hypothesis, which implies in particular that
(fg)*l ® hs,é ®fs,6

convergeson 7= @ T-T ® T=".
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It follows that lims_0 limg_o(f)~! o h®% = (ff)_1 o hon 7T=7. Since 7=7 is a Hopf subalgebra
of 7_, we conclude that one also has lims_,o lim,_,0 2%*® = h on 7=7, and this concludes the proof of
equation (3.8).

The remaining proof is now straightforward. We first compute

T, 2" = REZe(¢° + o) = RMTRET Zu(6° + L),

It follows from [CH16, Theorem 2.33] that lims_,¢ lim,_o R8 = Z:(€% + ¢s) = Z.(0) in probability in
the space of models. Using the fact that the renormalisation group G_ acts continuously onto the space
of admissible models, together with the fact that lims_, lim,_,g #%°® = h, we obtain

lim lim T;2° = R"Z:(0) = Z(h),

and this concludes the proof. O

Lemma 3.22. For any T € T, the map n — EIN"M&" 7(0) is continuous as a map from My into R.

Proof. The continuity of the map n +— E (II7M8"7) (¢) for any fixed test function ¢ € C2(D) is a
consequence of [CH16]. To show the lemma, it thus suffices to find, for any fixed 7 € 7, a test function
¢ such that EI7M8"7(0) = E (I1”M8"7) () for any smooth noise 7 € M. For this we recall that
one has

(ﬁ”r) (2) ~ (ﬁ” ® gZ) A*7(0), zeD, (3.10)

where A* denotes the coproduct on the structure group G, and g, € G, is defined by setting g, (X;) := z;,
and g, (7) = 0 for any nonpolynomial 7 € 7, (in the language of [BHZ19, Definition 6.16], this follows
from the fact that 1”7 is stationary). It follows that

EN7M"7(2) = ((BA”) ® g.) A*7(0) =t P7(2),

where P is a polynomial depending on 1 with deg P"7 < 3, c () I(u)ls. Since for any fixed degree
N, one can find a test function ¢ integrating to 1 and such that kago(x) dx=0forall0 < |k| < N, we
conclude that P77 (0) = f P"(z)¢(z), and thus

EN"M&"7(0) = E (ﬁ”r) (0),

which finishes the proof. O

3.4. Corollaries
We get the following characterisation of H.:

Corollary 3.23. The group H is the smallest Lie subgroup of G_ with the property that the statement of
Assumption 8 holds.

Proof. Let L € G_ be any Lie subgroup of G_ such that the statement of Assumption 8 holds, and
denote the corresponding characters for the noises £ and £ + {5 by £ and f%-%. It then follows that
¢ :=limg_y f exists and limg_, lim,_o f%¢ = 1*.

Let h € f¢ o H be any character and let 5 be the sequence of smooth shifts defined in Proposition
3.20. Denoting as in the proof of Proposition 3.21 by g© and g©¢ the BPHZ characters for £¢ and
&% + s, and by h®° € G_ the character defined via the relation (3.7), then it follows from equation
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(3.8) that 459 — h. On the other hand, K is a subgroup, and by definition one has (fg)_1 ogfek
and (g=9) ™" o &9 € K, so that

(J'Es)_l ° hs,é Of8’6 c K.

Note now that since K is a Lie subgroup of a nilpotent (and therefore simply connected) Lie group,
it is closed (see, for example, the introduction of [MV93]). Since f¢ — ff and f‘s"S — 1%, one has
h € f% o K, whence it follows that

féoH cC féok.
Since the identity belongs to H and K is a group, we conclude that ( f £ )_1 o f¢ € K and therefore that
HCK. m]
An interesting, although somewhat unrelated, corollary is the following statement:

Corollary 3.24. Let k,l € G_ be two characters, with k # | and k(E) = [(E) = 0 for any noise type
B € 8_. Then the laws of R*Z and R'Z are singular with respect to each other.

Remark 3.25. Even though the laws of R¥Z and R!Z are mutually singular, their topological supports
may still be the same.

Proof. This is a corollary of Proposition 3.21. Indeed, for any random smooth noise ¢ such that
{ : Q — Qg is continuous, we denote by Tg : M — M the continuous map

ng(H) = T(((HE)EGQ,)Z(H)'

This is well defined, since the map Z(Il) — (IIE)zcg_ is continuous from M into Q. In particular, for
any k € G_ which acts trivially on £_, one has the identity

Ty eyR¥2(€) = T, R¥Z(¢).

If we now denote by {s the sequence defined in Proposition 3.21, then it follows that for a suitable
subsequence 6 — O sufficiently fast, we have the P-almost sure limit

lim T, R¥Z = Z (k).

Since Z (k) # Z (1) (and both are deterministic), the claim follows. O

Remark 3.26. In case of space-time white noise, we believe that the same statement holds for the laws
of R¥Z and R'Z restricted to any open subset U of & which contains the initial time slice {¢ = 0}.

4. Constraints between renormalisation constants

The goal of this section is to show that Assumption 6, which in this section we assume holds, implies
Assumptions 7 and 8:

Proposition 4.1. Assumption 6 implies Assumptions 7 and 8.

Assumption 7 is proven in Corollary 4.63, and Assumption 8 follows from Lemmas 4.68 and 4.71.
To get a feeling for the ideal 7 first we consider a couple of examples of generators.

Example 4.2. In the case of the 3-dimensional PAM equation, one has
Y-V -N-NVex
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As before, a bold edge with label k = 1, 2, 3 denotes the derivative of the Poisson kernel with respect to
Xk, and a circle denotes an instance of spatial white noise.The reason for this is the relation

K- 01K %« 0,K — K % 0hK — 03K * K =0

for the Poisson kernel K in three dimensions. Note that the corresponding linear combination between
the renormalisation constants does not vanish (since we work with a spatial truncation of the Poisson
kernel), but it is easy to see that it is bounded uniformly in the limit.

Example 4.3. Another possible source of constraints is given by ‘total derivatives’. For instance, in the
case of the generalised KPZ equation one has

o o o
N+ Yy Npes
where the gray circles denote instances of white noise (the circles are allowed to denote different
instances of white noise, but with the convention that circles that appear at the same position in the three

trees correspond to the same white noise). These two classes of constraints were recently used quite
systematically in [Ger20].

Example 4.4. A third possible constraint comes from symmetries; for instance, in the case of
atu = _Azu + g(us ax”)(_A)]ikn,

with 77 spatial white noise in two dimensions and « > 0, one has

<oy

Here an edge denotes the (truncation of the) Green’s function for d; — A?, the bold edge denotes its
spatial derivative (say with respect to x;) and a node o denotes an instance of (—A)! 7.

Example 4.5. Finally, a possible source of constraints comes from moving the root. For instance, if one
considers a couple of interacting forward-backward generalised KPZ equations, one has

\ °
{p-typea
where the red edge denotes the backward heat kernel.

Remark 4.6. Forward-backward equations appear naturally in the context of the dual to the tangent
equation in studying the existence of densities for solutions to stochastic equations; see [GL.17, Sch18] for
this construction in the context of SPDEs. Consider, for example, the KPZ equation d;h = 02h+|0.h|>+&
with tangent equation d,v = 6)%1) +20,hoxv + f, where f denotes a Cameron—Martin function. The dual
of the tangent equation is given by —d,w = 32w — 20, hdw + g. Some of the trees needed to solve the
coupled equation for (%, v, w) contain the backward heat kernel.

Remark 4.7. It is unclear at this point whether all constraints that show up in reasonable examples are
of the form already described. One could of course always construct more contrived examples by simply
choosing the integration kernels themselves to satisfy certain constraints. The approach chosen in this
article aims for the largest possible generality while avoiding having to explicitly characterise these
constraints. Instead, we show directly that the ideal generated by these constraints always has ‘nice’
algebraic properties (Assumption 7) and that the BPHZ characters are ‘well behaved’ in the sense that
they respect these constraints up to discrepancies of order 1 (Assumption 8).

We first generalise the notation (3.1) by including noises. We define the space %, := M3, L {1}
and its closure M3 under the norm (2.21). Here, we let 1 act on any noise type Z € £_ by setting
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1(E) := 1.° With this notation, we now make the following key definition:

Definition 4.8. Given a tree 7 € 7, we define for any 7 € M, any € ¥ and any large-scale kernel
assignment R = (Ry)seg, With Ry € C2° (D) the constant

Y7 = (Kiart, ), (4.1)

where £(x) := (E [Teer(r) Mt(e) (xe)) ¥ (x). We will write Y}, := YIIQ"/’.

As was already remarked after Definition 3.3, we will show in Theorem 4.19 that for any 7 € I_,
the limit YZ’,’bT does indeed exist as the smooth kernels R; approach Ki — Kj, and we denote this limit
by Y%, We write also Y¥ := YL¥. All operators introduced here are multiplicatively extended to
characters on the Hopf algebra 7_.

Remark 4.9. Note that convergence when Ry approaches Ki — K; relies on the smooth cutoff function
. This is the reason for introducing this cutoff in the definition (4.1).

The following lemma gives a useful alternative description of J:

Lemma 4.10. Under Assumption 6, the ideal J is generated by all T € Vec I_ such that YY1 = 0 for
anyn € MY and any y € V.

Proof. Comparing formula (4.1) and Definition 3.3, we have to show only that
<]ACT, a,b> =0

for any 7 € J and any ¢ € . Rescaling y — ¢° and exploiting the homogeneous behaviour of
the integration kernels Kj, it suffices to consider linear combinations of trees T = }}; ., ¢;7; such that
[L(7;),t] and & := [|7;]), do not depend on i < r. In particular, it suffices to consider the cases 7; € Vj
foralli < rort; ¢ ) foralli < r.In the former case, Assumption 6 guarantees that <IACT, w) =0 for
any i € . In the latter case, note that 7 € 7 implies that

(Kz,y) =a(r) / v 42)

for some a(t) € R and all ¢ € . However, the transformation % (x) := & *ly (¢7°x) leaves the
right-hand side of equation (4.2) invariant, while the left-hand side is transformed as <K:T,l//8> =

g+ (F#L(T)-1)ls] <IACT, ¢>, which is a contradiction unless a = —#L(Tl-)% + |s|. Unless #L(71;) = 2, one

has a < —%, contradicting Assumption 2. If #L(7;) = 2, then one has @ = 0 and thus 7 € V), in

contradiction of T ¢ V). |

An important remark is that if the cutoff functions ¢ are chosen such that ¢ = 1 in a large enough
neighbourhood of the origin, then one has the identity

Y(;]"/'T =EN"r(0) =: Y"r

for any smooth noise € M.

One may wonder what the function ¢ in this notation is trying to accomplish. We want to study the
limit of YZ’,’bT in which R} converges to Kt — Ki, where K : D — Riis the homogeneous extension
of the integration kernel to the whole space (see Section 2.2.2). Without the cutoff function ¢, this
quantity has no chance of converging in general. However, we will see that the presence of the cutoff y
is sufficient for this limit to exist. The fact that we cannot get rid of the large-scale cutoff completely is
no surprise. Indeed, even for 7 = 1 this is not true:

6Note that 1 ¢ M, since E1 # 0.
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Example 4.11. Consider the cherry tree 4 in d)g. We obtain

Thap = dx / dy (K + R)0O)(K + R) () (x — ),
R*xR3 R*+*xR3

where we identify y € C° (DE()) ~ C (D). We can only guarantee that this is finite as R — K — K if
Y is compactly supported.

On amore technical level, this issue is related to the bound on the degrees of tight partitions introduced
in [Hail8, Section 4].

There is, however, one big advantage of the large-scale cutoff introduced by ¢ over the one given
by simply choosing a compactly supported kernel K: the latter ‘sees’ the interior structure of the tree
7, whereas the former ‘sees’ only the noise-type edges. When we work out properties of the ideal J
later on, this becomes crucial, as it can happen that two trees with the property that the evaluation (4.1)
differs only due to the large-scale cutoff have distinct interior structures (compare, e.g., Example 4.2).
However, such trees will always carry the same multiset of noise types, so that the cutoff introduced
by ¢ as in formula (4.1) will affect each of them in precisely the same way, thus not destroying exact
identities between their renormalisation constants.

A motivating example

The main difficulty in proving Assumptions 7 and 8 is to determine the algebraic structure of a tree
T drawing only on the analytic information given by Kx 7. The strategies to show the first of these
results, namely that [7is a Hopf ideal, and the second one, namely that the BPHZ characters g”7 ‘almost’
annihilate 7, are quite similar. The main step is to show how 7 interacts with the coproducts A_ and
A_i (compare formulas (4.51) and (4.50) in Proposition 4.60). The interaction property of 7 with A_
gives immediately the Hopf-ideal property, but the statement about the BPHZ characters needs a further
argument, carried out in Section 4.6.

Consider as an example two trees coming from the generalised PAM equation in three dimensions.
Recall that in this equation we consider purely spatial white noise, and the integration kernel is given
by the 3D Poisson kernel P. One then has

TI—TZ::%—CC/EJ. 4.3)

This can be seen by noting that P is invariant under the transformation x — —x. Here we use different
colours to indicate different (hence independent) white noises. As part of the proof of Assumptions 7
and 8, we have to show, respectively, that

A_(%—Cif)ej®7'_+7'_®J and

where the second statement is uniform over  with ||5||s < C.

<1, 4.4)

g" (%)‘gn ({/)

Remark 4.12. The reason we have to bound the linear difference, rather than the ‘difference’ with respect
to the group operation, is that these two turn out to be the same in the present example. In general, the
second bound in formula (4.4) does not hold, and should be replaced with ( f Mo g") (r1—m) =0,
where | fn | < 1. (Here f7 = (f)! is the group inverse of the character defined in Assumption 8. Since
f + f~!is a uniformly bounded operation on G_, bounding f7 and f" are equivalent.) Of course,
boundedness is not quite sufficient, and we will later show the stronger statement of continuity with
respect to ||-||s. (This is not equivalent, since 7 — f is not a linear map.)
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Let us first convince ourselves ‘by hand’ that formula (4.4) holds. To see the first statement, it suffices
to note that

A_(:%—{/)z(%—{/)®1+1®(%—</)+i®(<—\/)

and < — e € Jholds with the same argument as before. (In fact both of these trees are individually

elements of 7, for symmetry reasons. Actually, in this case one also has z € J for symmetry reasons.
Neither of these statements, however, is generic. They would, for instance, not hold if the Poisson kernel
were replaced by a nonsymmetric kernel.) Here we draw a cross into the circle to denote a polynomial
decoration, and a bold edge denotes an edge carrying a derivative decoration. For the second statement
in formula (4.4), one can calculate

oG-

Note that the fact that this expression vanishes identically is not really intrinsic. For instance, the various
Poisson kernels could be associated to different components of the equation, and in principle we could
choose different large-scale cutoffs, which would make this expression nonzero (but it would remain
order 1). This may not seem like a natural thing to do, but it is sometimes unavoidable (compare
Example 4.2).

The goal of this section is to automatise these arguments, drawing only on the information that
Y¥ (1, — 1) = 0 for any smooth function ¢ € C°(D!°°-*-*!). We write elements in the domain

as x = (xL,x%2,xL,x%). Let ¢ € C(D) be any smooth, symmetric (under x — —x) test function,

define ¢ = ¢3¢(e7"), and let y2(xL,x%, x5, x%) = w(xL,x%, x4, x3)0® (x},x3). We also
write ¥ (x},x%,x,) = ¥(xs,x0,x5,x%), and we denote by Y‘Z-(' and YY*.* the quantity defined
analogously to formula (4.1), but where the additional variable x, corresponds to the node which was
generated by contracting the subtree i (in the current examples, the only node without a noise). This

rather ad hoc notation is resolved later on by the introduction of legs. We then arrive at the following
diagram:

= —EIl”

% - {/) (0) + ENN” { (0) EIT” (< - V) (0) =0. (4.5)

YW% - s -0

Yo EYJ.\/: - Yo EYJ/V =0
<1 <1

The equality in the first line is the analytic input we are given from formula (4.3). The uniform
bounds on the differences vertically are a consequence of the analytic BPHZ theorem [Hail8] (see also
Proposition 4.49). The equality on the second line is what we infer. Note that in a first step we deduce
only a uniform bound; however, we can make use of the fact that the integration kernels are homogeneous
functions, so that we know a priori that the expressions in the second line are proportional to £ for some
homogeneity @ < 0. Both statements can hold simultaneously only if the quantity vanishes identically.
It then follows in particular that

YOIY/C - YIYV =0 (4.6)
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for any symmetric test function ¢,y € C° (D) (here we naturally identify C° (D°°1) and ¢ (D!*-* 1)
with the space of symmetric functions in C° (D)). Note that in general there may be more than one
divergent subtree. We then perform the foregoing strategy with all possible divergent subtrees, by
splitting the multiset [0, o,e,e] in two parts in all possible ways (the derivation already given would
then correspond to [o,0], [e,e]).

Comparing equations (4.6) and (4.5), and using the fact that the function ¢(x — y) := E[n(x)n(y)]
is an element of C2° (D), we deduce that

R

for any smooth, centred, stationary noise 7. Here, §” is a character which is defined similarly to the

BPHZ character, but where the large-scale cutoff of the integration kernels is removed and instead a

large-scale cutoft is introduced between any pair of nodes (see Definition 4.17 and formula (4.27)).
Let us review the outline so far from a more algebraic perspective. We have essentially proven that,

:zj_c{/.ej = A-i(%—c{);)ej@?’_+7'_®ﬁ 4.7

where J C 7 is an ideal defined analogously to J. (We refrain from giving a precise definition here,
since there are some subtleties — most notably the fact that Y7 is in general not well defined on trees of
positive homogeneity. We refer to Definition 4.54 for the definition of an ideal that mirrors this idea.)
We then use the facts that A_ = (Id ® p_)A_i and 7 = p_J to conclude that 7 is a Hopf ideal, which
concludes the outline of the proof of Assumption 7. The remaining argument to conclude the outline of
the proof of Assumption 8 is to bound the difference of g”7 and "7 with respect to the group product in
G_, which we do in Section 4.6.

gn

The problems ahead
There are several points that complicate this line of argument in general:

o One can have more complicated subdivergences; in particular, one can have divergent subforests
instead of just single trees. To deal with this issue, we introduce a test function for each pair of noises
(Definition 4.42), which will give us the flexibility to trigger any subdivergence by rescaling these
test functions in all possible ways.

o A bigger issue is the presence of derivatives hitting the test function. Implementing the foregoing
strategy without a proper algebraic framework leads to significant notational difficulties. Instead,
we opt for a systematic extension of the algebraic framework by introducing the notion of ‘legs’,
against which our test functions are integrated. Formally, we do this via an extension of the regularity
structure (see Section 4.1 for the details). The point here is that legs can have nonvanishing derivative
decorations.

o Every leg has a unique partner leg, and we call a tree properly legged (Definition 4.23) if for any pair
of vertices u# and v with # # v, and both u and v carrying noises, there exists a unique leg incident to
u such that its partner is incident to v. We ultimately need to understand how this ‘properly legged’
property interacts with the coproduct, which leads to the construction of algebras 7P and A_ex’pl,
which are related to the algebras 7_ and T (we colour them to indicate that they are spaces generated
by trees containing legs; compare Section 4.1). We refer to Section 4.3 for details.

o Noises are in general indistinguishable. We need to distinguish them at the algebraic level to carry
out the argument, and only afterwards factor out the necessary ideals given by ‘identifying’ noises
that we made distinguishable (Definition 4.36). (Actually, it suffices for us to break the symmetry at
the level of legs.)
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o We need to make precise what exactly we need to subtract in general in order to see the cancellations
inferred. For this we need a general strategy of rescaling the test functions (compare formulas (4.37)
and (4.40)) and a general bound in the spirit of the BPHZ theorem (compare Proposition 4.49). We
draw here on the results of [Hail8&] rather than [CH16], since we deal with kernels of unbounded
support.

o Finally, we have to show that the evaluation Y7-¥ 7 is well defined, at least on a large enough set of
trees 7. We refer the reader to Theorem 4.19 and Lemma 4.21.

Outline of the section

The plan is now as follows. We enlarge in Section 4.1 the regularity structures 7 to a regularity structure
T by adding a sufficient number of new types (which we call ‘leg types’ but treat as noise types with
just slightly negative homogeneity), and we allow any number of them (up to a large enough constant)
to be incident to any node u of any tree 7 € 7. We then construct spaces 7_ and 7= analogously to 7-
and 7. We show that one can remove the large-scale cutoff in the sense that Y7 exists (at least for
a large class of trees 7) in Section 4.2. The most cumbersome subsection is Section 4.3, in which we
systematically factor out ideals in 7_ and 7, arriving eventually at the following sequences of spaces:

Po 0] 1 pm sym P iym sym
T - T7° 27" S 72 = T,
Aex,0

~ex P ~ ex,0

4

ex,sym oy
~ ex,pl P% A_ex,Sym
— 7

27

The spaces 7_© and 7 (see Definition 4.26) are merely auxiliary spaces, and we will mostly be

working with the subspaces 7' and 7A'_ex’pl (see Definition 4.29) formed by properly legged trees. So
far, symmetries of a tree, related to the fact that the same noise type appears multiple times, are not
reflected in the legs, and we remedy this in 7™ and 7 " (see Definition 4.36). Finally, dropping
‘nonessential’ legs and identifying trees with nonvanishing derivative decoration on legs, we arrive
at the space 7,”™ (see Lemma 4.40), which turns out to be isomorphic as a Hopf algebra to 7_ (see
Lemma 4.41). An analytic result generalising the ‘vertical’ cancellations in the diagram on page 44 will
be derived in Proposition 4.49. A key result is Proposition 4.60, making precise the idea of formula
(4.7) and in particular concluding the proof of Assumption 7 that [ is a Hopf ideal. Finally, in Section
4.6 we compare the characters "7 and g’ and show that their difference is continuous in the limit as n
approaches a rough limit noise (see Lemmas 4.68 and 4.71).

4.1. Extension of the regularity structure

We assume that we are given a finite set L, disjoint from £, elements of which we call leg types. From
an algebraic point of view, we treat L as a set of additional noise types, and we extend the homogeneity
assignments [ - [|, and ||, to £_ := £_ L L by setting 1], := 0 and |1|; := —« for some x > 0 small
enough (to be specified shortly) whenever 1 € L. From the extended set of types £ := £_ LI £,, we want
to build a regularity structure 7 ** as in [BHZ19, Section 5.5], for which we specify a rule R.

Let M € N denote the maximum number of edges #E () for any 7 € J_. We first define the rule R
by setting

R(t):={AUB:AecR(t)and B CLx{0}isaser with#B < M}, 4.8)

for any t € ;. Here R denotes the rule used to construct the regularity structure 7 (see Section 2.2).
Note that in formula (4.8) we only allow B to be a proper set (or equivalently a multiset satisfying
B < 1), so that any tree conforming to R can be built from a tree conforming to R by adding to every
node up to M edges of distinct types in L. Provided that « > 0 is small enough, we obtain a normal and
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subcritical [BHZ19, Definition 5.14] rule R in this way, and we denote by R its completion [BHZ19,
Proposition 5.21].

Definition 4.13. We denote by 7 (resp., 7) the extended (resp., reduced) regularity structure con-
structed as in [BHZ19, Section 5.5] from the rule R. Furthermore, we denote by 7_* and 7’_e the
algebras constructed as in [BHZ19, Definitions 5.26, 5.29] starting from the regularity structure 7 .

As in [BHZ19, Proposition 5.35], the space 7_* forms a Hopf algebra. We will mostly work with the
factor Hopf algebra 7_ of 7_** given by neglecting the extended decoration. We write I_ for the set of
unplanted trees T € 7 of negative homogeneity, so that 7_ is generated freely as a unital, commutative
algebra from J_.

Foratree T € 7, we denote by Ly (1) C E(7) the set of leg-type edges — that is, the set of e € E(7)
such that t(e) € L —and by L(7) € E(7) the set of noise-type edges of 7 — that is, the set of ¢ € E(1)
such t(e) € £_. We will often call an edge of leg type simply a leg. We write L(7) C N(1) (resp.,
L1.(1) € N(7)) for the set of nodes u € N(7) that are adjacent to at least one noise-type (resp., leg-type)
edge, and we write £(7) C N(7) for the set of nodes u € N(7) with the property that o(u) < 0.

Example 4.14. In the following example, taken from the KPZ equation, we have coloured kernel-type
edges e € K(7) grey (they are bold because they carry a derivative decoration) and noise-type edges
e € L(7) blue; drawn legs e € Ly (1) as wavy lines; coloured nodes blue if they are elements of L£(7);
and drawn nodes as squares (rather than circles) if they are elements of Ly (7):

W

This is the only example in this paper in which we make noise-type edges explicit, since their position can
always be inferred by £(7). We will always make legs explicit (note that their position cannot be inferred
from Ly (7), as there may be more than one leg incident to the same node). Conversely, since £ (7) can
be inferred from Ly (7), we will not draw them explicitly as boxes in the forthcoming examples.

The space 7 can be identified with the linear subspace of 7 spanned by all trees 7 € 7
without legs. Similarly, the spaces 7_ 7% and T_ have natural interpretations as subalgebras of 7%,
7 and -, respectively (in this interpretation the latter two are Hopf subalgebras). Given any tree
7= (T"°,t) € T, we define a tree 77 € T* by simply removing all of its legs. The map 7 extends to
a linear map 7 : 7% — 7 and to an algebra morphism from the algebras 7%, 7 and 7- onto 7%,
7" and T-, respectively.

Finally, we denote by G_ the character group of the Hopf algebra 7_, which is canonically isomorphic
to the reduced renormalisation group constructed in [BHZ19, Theorem 6.28]. There exists a subgroup
of G_ isomorphic to G_, given by the set of those characters that vanish on any tree T with Ly (1) # @.
(The isomorphism ¢ : G_ < G_ is given explicitly by mapping g € G- to a character ¢(g) € G_ given
by setting ¢(g)(7) = g(7) for7 € I_ and p(g)(1t) =0 forv € T_\T_.)

Remark 4.15. Since we view 7_ as a subspace of 7_, the embedding G_ — G_ is actually not ‘canonical’,
although the projection G_ — G_, given by restricting a character g € G_ to 7_, is canonical. The
construction in the previous paragraph uses indirectly the fact that 7_ is also naturally isomorphic to a
factor Hopf algebra 7_ /kerq, where q : 7- — 7_ is defined by killing trees 7 such that Ly (1) # .
However, in the sequel we will continue to view 7_ as a subalgebra of 7_.

4.2. Large-scale behaviour of renormalised trees

We now fix a degree assignment deg_ (t) € R_ LI {—oo} for kernel types t € £,. In order to avoid case
distinctions later on, we also set deg,, (E) := 0 for any noise type E € £_ and deg,,(1) := —co for any
leg type 1 € L. We write KZ, for the set of kernel assignments R = (Ry)icg, such that Ry : D — Ris
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smooth and compactly supported for any t € £,. We endow this space with the topology generated by
the system of seminorms ||-||,c+ ¢ for t € £, where the latter is defined as the smallest constant such that

|D¥Ry(x)] < IRl ¢ (1 + ||y o8t (4.9)

for any x € D and k € N¥ with |k|s < r. We write K for the completion of K, with respect to the
corresponding metric. We extend the notation of formulas (3.1) and (3.2) to the extended regularity
structure, with L(7) replaced by L(r) U Ly (1), so that in particular one has Kg7 : DE(DUL(T) 5 R
and the integral in formula (3.2) ranges over DL(PULL(?)  Fyrthermore, we introduce the following
space in analogy to Definition 3.2:

Definition 4.16. We write ¥ for the set of all families of test functions (¥ m)m,» indexed by multisets
m with values in L, such that Y, € C2° (D™ /g).

With this notation, we now define the following evaluations:

Definition 4.17. We define for any tree 7 = 7,"° € 7 **, any smooth noise € IX, any ¥ € ¥ and any
large-scale kernel assignment R = (Ry)ieg, € Kg, the constant

YiVr o= (Kkarr )M, (4.10)

where %7 € DL(DULL(T) g defined by

) =BT o () | DO L 04 (o)
ueLl(T)

for any x € DL(MULL(T) Moreover, we define the ‘renormalised’ constant by
YU’¢ - Y'?JZ’ g
= Y1 Mt 4.11)

Here, we use the notation g,%,,, € G_ for the BPHZ character of the noise 7 in the renormalisation group
G-, which we view naturally as a character in J_ as before. We also set Y}, := Y}Q’w and YV := _;{f .

Remark 4.18. One has g,1., (o) = 0 for any o € 7_ such that Ly (o) # @, so that M 8xpuz maps T onto

the span of trees 7 with the property that [L(7), t] = [L(7), t]. It follows that Y,Z"”T really only depends
on Yz, (r),t]- We finally note that these notations do not depend on the extended decoration .

Our goal is to show that under some natural assumptions on the degree assignment deg_,, the map

Yg’lp extends continuously to any large-scale kernel assignment R € K7, and Y,Z"” extends continuously
to the set of pairs (77, R) € My x K§. Such a statement can only be true if we make an assumption on the
degree assignment deg,, and the positions of the legs, which is in complete analogy to [Hail 8, Section 4].
We then consider partitions P of the node set N(7) such that #P > 2 and such that there exists P € P
with £ (1) € P. We call partitions of N(7) that satisfy these properties tight from now on. For any
tight partition P, we denote by K (P) the set of kernel-type edges e € K(7) with the property that there
does not exist P € P such that e C P, and we set

deg,,Pi= Y degot(e)+ > |n(u)ls+s|(#P-1). (4.12)

eeK (P) ueN (1)
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Let M7 denote the closure of MY, under the norm ||-[|s. The key result of this section is the following
theorem:

Theorem 4.19. Let T € T ** be such that deg,, P < 0 for any tight partition P of N(t). Then for any
fixed y € ¥ and n € M, the evaluation

Rio Y17 (4.13)
extends continuously to the space K. Moreover, the evaluation
R - Th'r (4.14)

extends continuously to the space im(’)‘ x K. Finally, one has the bound

oY
[T e s mlle| [ MRl scerr +1 (4.15)

ecK (1)

for r € N any integer larger than —min{|7|s : T € T}, uniformly over all (1, R) € My x K7

Remark 4.20. This theorem should be viewed as a generalisation of [Hail8, Theorem 4.3]. The main
reason why it does not follow directly from that theorem is the presence of higher-order cumulants.
In principle, one could formulate a statement analogous to [Hail8, Theorem 4.3] for Feynman hyper-
graphs which would then imply the statement of Theorem 4.19. However, such a formulation is rather
cumbersome, so we refrain from carrying out this construction.

Proof. This follows very similarly to [Hail8, Theorem 4.3]. See Appendix A.3 for a proof. O

The large-scale kernel assignment that we are interested in is given by Ry = Ky — K for any t € £,
so that we have to choose deg,, t := [Jt[, — |s| for any kernel type t € £,. The next lemma shows that
the assumption of superregularity implies that the condition of Theorem 4.19 holds automatically for a
large class of trees T € T

Lemma 4.21. Let T € T be a tree with ||7]], < 0 and such that L(t) U L(t) C Li(1). Assume
moreover that T ¢ Vg (see Section 2.5). Then one has deg., P < 0 for any tight partition P of N(t).

Proof. Let 7 =T} € T, assume first that £(7) = @, so that [[7[, = 7], < 0, and let P be a tight
partition of N(T). We denote by P* € P the set such that £; (t) C P*, and therefore, by assumption,
L(t) € P*, and we write P* := P\ {P*}. We need to show that

deg. (P)i= ) degot(e)+ Y [n(wls+(#P—1)ls| <0.
eeK (P) ueN (T)

Any P € P* is a subset of N(7) and induces a subgraph Gp = (Vp, Ep) of T, where Vp := P and Ep is
the set of edges e € K(7) such that e C P. It is sufficient to consider partitions P that have the property
that this induced subgraph is connected for any P € P*; otherwise there exists a nontrivial way to write
P = P, U P, such that there does not exist an edge e with the property that ¢! € P; and e! € Py, or
the other way around. One could then replace P with {P1, P>} in P to create a tight partition Q with
deg. . (Q) = deg. . (P) + |s| > deg., (P). We now claim that it is even sufficient to consider partitions
‘P with the property that any set P € P* contains only a single vertex. Indeed, assume that P € P*
contains more than one vertex. Then P induces a subtree S C T that does not contain any u € £(T), and
thus one has

D1 degot(e) + (#P - D)ls| = SP], > 0,
eeK(T),eCP

"We set ||1]|n,c = 1.
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by assumption. With a virtually identical argument one can assume that the partition P has the property

that there exist a finite number of node-disjoint subtrees Sy, ..., S, of T for some m > 1 such that for

any 1 < i < m, one has that L(S;) # @, such that L(T) = | |;,,, L(S;), and with the property that

P* = | |;<,n N(S;). We also assume that the number of trees is minimal, so that for any i # j the subgraph

induced by the node set N(S;) U N (S;) is not connected. It follows that K(P) = K(T) \ |l;<, K(S:).
A straightforward calculation shows that

1700, = ), degot(e)+ Y. [t@l,+ D n(u)+#K(D)sl,

eeK(T) uel(T) ueN (T)

and a similar identity holds for any the subtree S; for any i < m. Using the fact that #K(P) =
#K(T) — X", #K(S;), we get the identity

dego, (P) = [T, = D 151 — #K (P)ls| + (#P = 1)ls].

i<m
Set O := {e! : e € K(P)}; then our definitions show that

0 =({p(S)) :i <myuP*)\{pr}

so that #K (P) = #Q = m + #P — 2, and thus

dego,(P) = [T, = Y (), = (m = Dsl.

i<m

We now use the assumptions of the lemma, which imply on the one hand that [J7;'[], < 0 and on the
other hand that [|(S;)? 0, > —%, from which it follows that

deg,.(P) < (1 - %) Is| <0, (4.16)

with equality if and only if m = 2, 7], = 0 and [S;[, = —% for any i = 1,2. By assumption, any tree
S € Tsuch that [|S], = —% is equal to some E € £_, so that #L (1) = 2, and therefore 7 € V.

Assume now that 7 = (T;"°,t) € I is such that £(7) # @. Since |7], < 0, by [BHZ19, Lemma
5.25] there exist a tree T = (Téﬁ, f) € J_ (that is, a tree with vanishing extended decoration such that
[T, < 0), a subforest F € div(r) (here div(r) denotes the set of subforests F of T with the property

that any connected component S of F is of negative homogeneity; see Appendix A.l), and decorations
1 and ex as in formula (A.3), with the property that one has

. ((T/}-)ﬁ—nf,[o]f’f) )

e+er

(Note that necessarily, T has at least one divergent proper subtree, so that #L(7) > 2. In particular, 7 is
not the exceptional case from the first part of the proof.) We let cpr : V(T) = V(T) be the map defined

in formula (A.1), and we write ¢ := ¢¥|N(.;) : N(T) — N(1) for the restriction of this map to the set
of nodes N(7T) C V(7).

Let now Pbe a tight partition of N (T'), and write again P* € P for the element such that £(7)UL(7) C
P*. We define a partition Q of N(7) by setting

Q:={¢'(P): PeP}.
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Since L(7) € ¢~!(P*), the partition Q is tight, and by the first part of the proof one has deg,, Q < 0.
It thus remains to note that deg,, P < deg,, Q, which follows from the definition of deg,, P in formula
(4.12), the fact that one has K(P) = K(Q), #P = #Q and the fact that by definition, >, cp (7)1 ()]s =

Zuen (7)1 (u) = E(u)ls. o

Remark 4.22. The statement fails for trees T € V. For such trees, however, one has YZ"”T =YY"t =
—g'(7) = 0 for any n € M:,, where the first equality holds if R = 0, and ¢ = 1 in a large enough
neighbourhood of the origin (compare Lemma 4.44), and the last equality holds by Assumption 5.
Using the homogeneity of the integration kernels, it is possible to find a sequence R,, — K — K so that
YZ:/’ vanishes for any 7, so that at least for this particular choice of R,, and y a statement analogous to
formula (4.14) holds. We will make use of this fact in the proof of Lemma 4.71.

The statement of Lemma 4.21 does clearly not hold in general for trees 7 € 7 with positive homo-
geneity if we assume only £(1) € Ly (7). Keeping track of the ‘location’ of contracted subtrees (and
thus a sufficient criterion for the positions at which we have to attach legs) is the only reason we keep
track of the extended decoration o instead of working directly with 7. As mentioned in Lemma 4.21,
this is irrelevant for trees 7 such that [|[7[]_ < 0, so that there is no need to keep the extended decoration
when working with the Hopf algebra 7_. It will therefore be convenient for us to work with the two
spaces 7= (keeping the extended decoration) and 7_ (dropping the extended decoration), and we will
view the operator A_ as acting between these spaces,

AT ST T,

by dropping the extended decoration on the left component.

4.3. An algebraic construction

We want to work with a Hopf subalgebra (resp., subalgebra) of 7_ (resp., 7A’_ex) generated by trees T
such that Theorem 4.19 can be applied. In other words, we want to work with trees that contain enough
legs so that the large-scale evaluation is well-defined. Also, we would like to work with trees that are
properly legged (see Definition 4.23). Roughly speaking, we want every leg to have a unique ‘partner’.
For this we assume that we are given atype map i : L —» £_x £_ and an involutionL 31— 1 € L
that switches the components of i in the sense that if i(1) = (t,t’), then i (I) = (t/,t). To avoid case
distinctions, we also assume that I # 1.

With this notation, we make the following key definition. Recall the notation [-, -] for multisets from
Section 2.1.

Definition 4.23. We call a tree T € F ** properly legged if [|7]), < 0 and the following properties hold:

1. Any leg type appears at most once — that is, one has [Ly (7),t] < 1.

2. For any noise-type edge u € L(7) and any leg e € Ly (7) with e! = u!, one has i;(t(e)) = t(u).

3. For any leg e € L (), there exists aleg &€ € Ly (1), which we call the partner of e, with t(&) = t(e),
and one has el # &,

4. For any distinct u, iz € L£(1), there exists a unique leg e with et=uand el =i

5. Forany u € £(7) and any i € £(7),? there exists® a leg e € Ly (1) such that e} = i and & = 7.

Remark 4.24. The leg e referred to in Definition 4.23(5) is not assumed to be unique (as opposed to
in (4)): Given a tree 7 and a subtree o= C 7, then after contracting o-, we obtain a tree ¥ = 7/0". Let
w € L(7) be the vertex generated by contracting o-. For any u € £(7)\L(c") and any v € L(0), there
will be a pair of legs e, & in 7 with el =y and &l = w.

8Recall that our assumptions imply £(7) N L(7) =@, so that u # ii.
9Note that we do not impose uniqueness here.
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Example 4.25. Consider the following example of a properly legged tree:

2

where straight lines denote kernel-type edges, circles denote noises (elements of £(7)) and coloured
coiling edges denote legs. Here, we have coloured legs which are partners with the same colour, but
with different wavy patterns to make them distinguishable. Note that we could remove only the gray
edges without losing the property of being properly legged.

We will mainly work with algebras 7' and 7A:ex’pl formed by properly legged trees. But if we simply
defined these spaces as the algebras generated by properly legged trees, then they would not be closed
under the action of the coproduct A_. The main problem here is that Definition 4.23 enforces the

existence of a partner for any leg e € L (1), and this property is not preserved under the coproduct. To

circumvent this problem, we will define 7' and 7A'_ex’pl as subalgebras of factor algebras 7_© and 7A'_ex’o,

which are defined in the following way:

Definition 4.26. Let Z C 7_ and Z € 7 denote the ideals generated by the set of trees 7 € 7_ or
rel”, respectively, such that there exists a leg e € Ly (1) without a partner. (Recall from Definition
4.23(3) that € € Ly (1) is a partner of e if t(&) = t(_e) and e! # ¢l.) Then we define

7O .=7)T and T :=797,

. c . 5,0 4 ~ ex,0
and the canonical projections P© : 7= — 7-© and P77 : 7% — 77,

Concerning 7_© and ’Af_ex’o, we can now show the following lemma:
Lemma 4.27. The ideal T forms a Hopf ideal in T_, so that in particular T_° is a Hopf algebra, and
the factor algebra 7A:cx’o forms a comodule over the factor Hopf algebra T_°.
Proof. The lemma follows once we show the identities

ATCIQ®T_-+T-®1I, (4.17)
ATcIeT +T. 1. (4.18)

We show only formula (4.17), since formula (4.18) follows with almost the same proof. Let 7 =T € Z
be a tree and fix a leg e € Ly (7) such that all legs ¢ € Li(7r) with the property that t(¢) = t(e)
satisfy el = él. By equation (A.2) we are left to show that for any forest F € div(r), one has
[TserSe7™7 ® (T/ﬂ§+;1f’[°]T € Z® 7- + 7_ ® I for any choice of decorations n, ¢ . For this we
distinguish two cases. In the first case, writing F for the set of connected components of F, there exist
S € Fsuch that e € E(S). From this it follows that whenever t(&) = t(e) for some edge é € E(S), then
one has e! = &l and thus SgF ¢ € T. In the second case, one has e ¢ E(F). In this case it suffices to
note that whenever é ¢ E (F) is a leg with the property that e! = &! in 7, then this identity remains true
in T/ F as well, so that in this case one has (T/F)" """ . e o

e+er,[o]F

The canonical embedding i : 7_ — 7" induces an embedding i_ : 7© — 7A'_ex’o. We denote by

i©:7° 5 7-and i : 7% = 7 the obvious embeddings, so that the range of {© is the algebra
generated by trees with the property that any leg has at least one partner. We now have the following
analogue of [BHZ19, Proposition 6.5] in this setting:

Proposition 4.28. There exists a unique algebra homomorphism AP : 79 — 7O with the property
that the identity

M (2\‘;"’9' ® Id) Ai=1* (4.19)
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holds on T_°. Moreover, in terms of the usual twisted antipode A%, this operator is uniquely determined
by the relation

Aex,0 ~

AP pO = pT e (4.20)

on T, or equivalently by the relation
APl = PO Zexjo (4.21)

on T°.

Proof. The fact that equation (4.19) determines a unique algebra homomorphism follows easily via
induction in the number of edges (see also the proof of [BHZI9, Proposition 6.5]). Since PO is
surjective, equation (4.20) defines a unique operator .A°P! so that we are left to show that this operator
also satisfies equation (4.19). For this we use the identities A_P™C = (P° ® ) )A on 7" © a
i_P© = p™ OI_, from which it follows that
M (A2 @ 1d) A_i_PO = M (AP0 & P™C) A i
holds on 7_°. Using equation (4.20), we can rewrite the right-hand side of this identity as
PO (M(A o 1) Ai) =1,

and since P is a surjective homomorphism, the statement follows. The equivalence with equation
(4.21) follows at once from the fact that P©i® = Id on 7_°. O

ex,pl

Later on we will mostly work with subalgebras 7*' and 7~ of 7.© and 7A’_ex'o, which are generated

by properly legged trees.

ex,pl

Definition 4.29. We denote by 7' ¢ 7. and 7_ c 7 the subalgebras generated by properly

legged trees.

Remark 4.30. Note that by definition, any tree 7 € 7 satisfies 70, < 0. By the definition of 7],

and the coproduct A_, one has A_ Tex’pl TPe 7A’_ex'pl, so that 7A’_ex’pl is a comodule over 7.

One of the facts that motivate the definition of properly legged trees is that for any tree 7 € n ’pl
there exists a one-to-one correspondence between forests F € div(n7) and forests G € div(r) with the
property that F and G give nonvanishing contributions to the coproduct (see equation (4.23)). To state
this correspondence we introduce the following notation: Given atree T € 7 * and a forest F € div(n),
we write F for the forest of T induced by the edge set

E(F) =E(F U u L.(S), (4.22)

SeF

with Li.(S) € Li(T) defined as the set of legs e € Ly (T) with the property that el el e N(S), where
€ € Ly (T) denotes the partner of e in T as before. Here and later, we write F for the set of connected
components of F. We sometimes write [ 7] if we want to emphasise the tree 7.
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With this notation, we have the following lemma, the proof of which is postponed to Appendix A.2:

Lemma 4.31. The space T*' forms a Hopf subalgebra of T.°, and 7A'_ex’pl forms a comodule over TP'. In
particular, one has AP TP — Feoel Moreover, one hasi_ : TP — Feoel Finally, the coproduct

A Tcx’pl TP ® 7A-_cx’pl is explicitly given by

Age Z Z ( ) 1—[ Sn.r+7ref T/‘F):+en}—]: DJF (4.23)

Fediv(nt) ni,e]: =

forany treet =T,"" € Foop!

We will work with embeddings ¢ : 7= — 7' with the property that any tree 7 € 7_ is mapped onto
a tree (r € 7' with the property that 7.7 = 7, and ¢7 is in some sense as simple as possible with this
property. There is some freedom as to how to construct such embeddings, and many of the statements
to come do not depend on the choice of embedding, as long as certain conditions are met, which we
summarise in the following definition. We choose this way, rather than simply fixing such an embedding,
because it will be convenient in the coming proofs to have some flexibility in this choice.

Definition 4.32. We call an algebra monomorphism ¢ : 7 — 7' an admissible embedding if all of the
following properties hold for any 7 € I_:

o The tree (7 is constructed by attaching legs to 7 — that is, one has ¢ = Id on 7_.
o There are only legs attached to nodes in £(7) — that is, one has £ (¢7) = L(t7).
o The derivative decoration vanishes on legs — that is, all legs e € Ly (1) satisfy e(e) =0

We denote by 7°¢ the subalgebra of 7! generated by all elements of the form (7 for some admissible
embedding ¢ and some T € 7. Note that 72 is not closed under the coproduct, so that in particular 72¢
does not form a Hopf algebra. We will write 7o u c Ttw

the property that A_i_7%4 ¢ 7' ® 7% 1t follows from the definition of 7% and equation (4.23) that
one actually has

for the smallest subalgebra of 7A'_Qx’pl with

A ex ad

B e

Example 4.33. The following is an example of an admissible embedding:

@H%‘

The construction so far does not mirror the fact that noise types might appear multiple times on a
given tree. In such a situation, the cumulants built between noises satisfy certain symmetry constraints,
and we want to mirror these symmetries at the level of the legs. To this end, we perform the following
construction:

Definition 4.34. We denote by G the group of all permutations o of L such that i is invariant under o
and with the property that (1) = o (1) for any 1 € L.

We will often abuse notation and view elements o of G as maps o : £ UL — £ LI L by extending

o as the identity on £. There exists an action S of G, onto 7*' and 7A’_ex’pl given by linearly and
multiplicatively extending the map (g, (7,1)) — S8(7,1) := (1, S81), and this action has the property
that S8 is an algebra automorphism on 7A'_EX’pl and a Hopf algebra automorphism on 7! It will be useful
to denote for 11,1, € L with i(1;) = i(1;) by 1} & 1, € G| the group element given by sending 1,
to 15, I; to I, (and vice versa), and letting (1; < 15)(t) :=t forany t € L\ {1;, 15, 1;, I,}. Note that
elements of the form 1; < 1, generate G.
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Example 4.35. As an example, with g = ({ < ) one has

With this notation we introduce the following definition:

4-€X, P!

Definition 4.36. We denote by & € 7' and & ¢ 7.

~ex,pl .
form S87 — 7 forsome 7 € T and 7 € T_ex P , respectively, for some g € Gp.
We then denote by

' the ideals generated by all elements of the

A _ex,sym ~ ex,pl

T- =778 and T :=TPS

. . s , A ex,pl 4_€X,Sy)
the factor algebras with the canonical projections P5¥™ : AN

As before, we define the natural embedding i*¥™ : 7™ — g

following lemma:

and psym . 7Pl _, sym
"™ induced by i—. We have the

Lemma 4.37. The ideal 8 € T forms a Hopf ideal in TP\ so that in particular the factor algebra
TY™ is a factor Hopf algebra. The algebra 1. is a comodule over T-™.

Proof. This follows from the facts that S% is a comodule and a Hopf algebra automorphism on 7A'_Ex’pl

and 7!, respectively. O

. . . . . - A _€eX,Sym )
It will sometimes be convenient to view basis vectors 7 € 7™ (resp., 7 € 7_ ) as basis vectors

7 € TP (resp., 7 € 7P"). For this we simply fix, once and for all, a right inverse ggymy, : 7™ — 7!
~ € 9 . ~ € 9. l . . . .
(resp., Psym : TN ) of the canonical projection, with the property that ¢y, maps trees

onto trees. Concerning the twisted antipode, we have the following analogue of Proposition 4.28:

Proposition 4.38. There exists a unique algebra homomorphism A%™ : 755 — 75N quch that the
identity

M (lts_y“‘ ® Id) Ai=1* (4.24)
holds on T*¥™. Moreover, in terms of the operator AP\, this operator is uniquely determined by the
relation

;lsympsym — Pex,sym;‘ex,p] (4.25)
on TP,
Proof. The proof is identical to the proof of Proposition 4.28. O

Finally, we have the following result:

Lemma 4.39. The map Y™ := PY™y . T_ — T¥™ is an algebra monomorphism and independent of
the choice of admissible embedding v = T — TP,

Proof. The fact that Y™ is independent of the admissible embedding follows directly from the definition.
By definition, (%™ is a homomorphism of algebras, and the fact that (Y™ is one to one follows from the

fact that & C ker 7. O

4.3.1. Hopf algebra isomorphism

We will now factor out a final ideal from 7™ to obtain a factor Hopf algebra 7,”™ which is isomorphic
as a Hopf algebra to 7_. There are two reasons why 7™ is not already isomorphic to 7_. The first is
that trees may contain more legs than necessary to be properly legged, thus making 7°'™ larger than 7_.
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The second reason is that legs may have nonvanishing derivative decoration, and thus the decoration of
trees in 7Y™ is richer than in 7_.

To tackle the first issue, we denote for any tree 7 € 7P! by Ot the tree obtained from 7 by removing all
legs which are not needed in order for 7 to be properly legged. More precisely, suppose that 7 = (73", t)
is a properly legged tree. Then there exists (by the definition of properly legged trees) for any pair of
distinct vertices u,v € £(t) aleg e € L () such that e! = u and &' = v. We then call e and é essential
legs, since we cannot remove them from 7 if we want the resulting tree to be properly legged. On the
other hand, any leg e € Li (1) such that either e! ¢ £(7) or &' ¢ L£(7) is called superfluous, and we can
remove it, together with its partner, while remaining properly legged. We then set Ot := (Te“, t), where
T C T denotes the subtree of T obtained by removing all superfluous legs, and we extend O to a linear
and multiplicative map, so that O : 7P' — 7*! becomes an algebra homomorphism. (Note that O acts
as the identity on the image of any admissible embedding ¢ : 7~ — 7!.) Composing to the left with
the natural projection 7"' — 7™ and to the right with ¢gym : 7™ < TP, we obtain an algebra
homomorphism Q : 7Y™ — 759,

Similarly, we write Py : 7-P' — 7! for the multiplicative projection that kills trees with nonvanishing
derivative decoration on legs, formally given by

7 ife(e)=0foralle € L (1),

Po(r) := {0 otherwise,
for any tree 7 € 7P\ As before, we use the same symbol for the map Py : 7™ — 7™ given by
composing Py with the natural projection and the embedding ¢y, .

Finally, we denote by Oy : 7-*' — 7P! the multiplicative projection given by Oy = OPy. (Note that
the order of the operators matters here.) With this notation we now have the following straightforward
result, the proof of which is postponed to Appendix A.2:

Lemma 4.40. The ideal ker Oy C 7™ is a Hopf ideal, so that in particular 7,”™ = T*¥™ [ker Qg is a
Hopf algebra.

We now recall the projection 7 : 7- — 7_ given on a tree 7 by simply removing all legs from 7,
which we naturally view as a projection r : 7,°" — 7_. Conversely, composing the embedding (Y™ :
T- — T of Lemma 4.39 with the canonical projection P} : 7Y™ — 7™ yields an embedding
T- — 7.™. The next lemma shows that these two maps are actually Hopf algebra isomorphisms:

Lemma 4.41. The maps
T ST and =P T > T

are Hopf algebra isomorphisms, and one has ¢ = .

Proof. By construction, the map 7y is the identity on 7_. It is not hard to see that for any tree 7 € 7T_,
the tree ¢ € 7,”™ is the unique tree in 7,”™ with the property that 7o~ = 7. Note for this that any tree
o€ 7':‘“" with the property that 7o~ = 7 is the image of 7 under an admissible embedding. The claim
then follows from Lemma 4.39. It follows that  : 7,”™ — 7_ is an algebra isomorphism with inverse
given by ¢. The fact that these maps are Hopf algebra isomorphisms follows from the explicit formulas
for the coproducts in equations (4.23) and (A.2), respectively. O

It will be useful to introduce the notation P, := P/ P™ : TP — 7™ for the canonical projection.
A s ] A ,“‘/v
Also, for later use we point out that the projection Py is also well defined on 7% and 70, (Note,

however, that O is not!) Note also that one actually has O : TP 724 and Oy is the identity on 72,

4.3.2. Evaluations and characters
We start by rephrasing the statement of Theorem 4.19 into a form that is more suited to our analysis.
First we introduce the following terminology: We say that a typed set (A, t) witht : A — L is properly
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typed if t is injective and such that every a € A has a partner @ € A such thatt(a) = @. We also call a
subset A C L properly typed if for any 1 € A, one has I € A. A multiset 7 with values in L is properly
typed if it is a properly typed set. Note that (L. (7),t) is properly typed for any properly legged tree 7.
For the next definition, we fix R > max,cg #K(7), and fix an element ¢y € ¥ such that /., (X.,) = 1
for any x,, € DA™ such that |xp - xq|s < Rfor any p,q € d(m).

Definition 4.42. We denote by %t the set of all families (¢1)1¢. of smooth functions with the property
that ¢ € C2° (D/g) and ¢1 = ¢1(—-) for any 1 € L. We also impose that ¢, is supported in a centred
scaled ball or radius R around the origin. Any such family ¢ € 9% determines an element ¢ € ¥ given by

$alxa) =data) [] ¢10a-x), (4.26)

{1,I}cA

for a properly typed set A C L. We simply set ¢, := 0 if m is not properly typed.

In formula (4.26) there is one factor for leg type 1 and its partner 1. Note that the right-hand side is
well defined, since ¢1 = ¢1(—-). Without the function ¥, one would not have ¢ € ¥, since ¢ would not
be compactly supported in the differences of its arguments. Note, however, that ¢ plays no role in the

definition of the evaluation YIZ’¢, since by formulas (4.10) and (3.1), only the function

(xu)uellL '_)/deL(T)é(xLL(T)) 1_[ 6o (xe_xel)

eel; (1)

enters the definition of YZ’¢, and by the support properties of ¢; this expression does not depend on the

choice of i for any properly legged tree . Finally, R is chosen such that one can find a tuple ¢ € R with
the property that equation (4.31) holds (recall that the truncated integration kernels K; are supported in
the centred ball of radius 1). We first have the following consequence of Theorem 4.19:

Corollary 4.43. Let 7 € T be a properly legged tree, and set ¢ € N. Then for any 77 € MX, the

evaluation R — Y" ¢T extends continuously to K, and the evaluation (n, R) YR ’r defined in
formula (4.14) extends continuously to the space im(’)' x ICJ.

We will abuse notation a bit and simply write Y7 := Y1 *, and similarly for Y24 Y9 and YO
Given a smooth noise 7 € IMX, an element ¢ € N and a large-scale kernel assignment R € K, we

want to define a character g',’e"p on 7' which is defined analogously to the BPHZ character g,.,,, but
where the kernel assignment in the evaluations is replaced by K + R, and where we introduce a cutoff
according to ¢.

A ex,pl
To this end, we first define a character on 7op by linearly and multiplicatively extending the
evaluation Y" " We then define a character gr 79 on 7' via the identity

g'III-fP(T) = Yg’¢.2le_x’pl‘l'. 4.27)

Let Msym be defined as the set of families ¢ € M which are invariant under Gy in the sense that
$g(1) = ¢1 for any g € G1. This definition ensures that one has the identity

o/ g__'7’¢
Yoss =]

for every g € G, and hence the character Yg’ ¢ vanishes on the ideal & which we used in Definition 4.36
to define the factor algebra T 1t follows that YZ’¢ is well defined on 7" for any ¢ € Rsym,
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and thus we can define a character g}'{"f’ on 7Y™ via the identity
ghl (1) =Y P A, (4.28)

(Comparing this with formula (4.27) and Proposition 4.38, one has g;](’(stym = g?fj on 7P)
The following lemma shows the relation between the characters gﬁ"p on 7' on the one hand, and
the usual BPHZ character g,%,, on 7- on the other hand:

Lemma 4.44. Set ¢ € N and assume that for any 1 € L, one has that ¢1 = 1 in a large enough
neighbourhood of the origin. Then for any n € M, one has the identities

)" =g"xP"  and  g'i=gp, (4.29)

on TP and T_, respectively, for any admissible embedding ¢ : T_ — TP
Moreover, one has

Yome"i© =) o pee” (4.30)
on 7A’_ex’p]. Here on the left-hand side we view G_ C G_ as in Section 4.1.

Proof. Let ¢ € 3t be such that for any 1 € L, the test function ¢; is 1 in a neighbourhood of the origin
which is large enough so that one has, for any smooth noise 7 € M., the identity

Y7t =Y"nr 4.31)

sex,pl . L . .
for any tree 7 € 7 with the property that the derivative decoration e vanishes on the set of legs
Li(7).
We first show equation (4.29). Note that with the same arguments that show equation (4.31), it also

~ ~ex,pl . L .
follows that one has Yg’d’r =0 for any tree 7 € 7P with the property that the derivative decoration
ex,pl ~ ex,pl for

N

.ol
the multiplicative projections onto the respective subalgebra generated by trees T € 7' and 7 € TP,
respectively, with the property that the decoration e vanishes identically on the set of legs of 7, the two
previous observations are equivalent to the identity

¢ does not vanish identically on the set of legs. Writing P* : 7P — 7P and P : 7

17 =110 = Y1np (4.32)
~ ex,pl
on/_ .
Noting that one has 7P, = Id on 7_, we are left to show that gg’¢ = g""zP" on T*!, which, with the
aid of equation (4.32) and the definition of the respective character, follows once we show the identity

Atx,pl Aex P PO

on 7' In order to see this, apply the operator on either side of this identity to some tree 7 and proceed
inductively in the number of edges of 7. We then have the identities

A%nP'r = -M (A% ® 1d) (A_i —1d® )7 P'r
= - M (A% @ 1d) (nP" ® nﬁ") (Ali_ —ld® )7
- 2P’ M (;lﬁx’p' ® Id) (Aii-Id® )T = nISO;\C_X’plT,
and the claim follows.

We now show equation (4.30). Denote by q : 7 — 7_ the algebra homomorphism such that for any
tree T € 7_, one has q7 = 77 if Ly (1) = ¢ and q7 = 0 otherwise. Furthermore, denote by Q : 7 — 7_
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the multiplicative projection which on a tree 7 € 7_ acts by removing all legs e € Ly (7) without a

partner and such that e(e) = 0, and set Qg := P P OQ Then one has

Ypome'i = (g7q @ Yi?) A-i® = (s7a @ Y1 *Qo) A-i° (4.33)

on 7. eorl . The first equality is a consequence of the embedding G- C G_ (compare in Section 4.1). The

second equality is a consequence of the fact that the only legs e appearing in the right component of this

tensor product which do not have a partner are such that there exists a leg € with t(é) = % and e! = él.

Since ¢ = 1 in a neighbourhood of the origin, if the derivative decoration of these legs is zero they do

not contribute to the evaluation Yg’ ¢, whereas in the case that the derivative decoration does not vanish,

they kill the evaluation YZ"”. Either way, inserting the projection Qg does not change equation (4.33).
Next we note that one has

Yreme” = (g”ﬂPo ® Yg"") A (4.34)

on 7A’_ex’pl, where we used equation (4.29), and combining equations (4.33) and (4.34), we are left to
show that

(q® Qo)A_i® = (7P @ Id)A_ (4.35)

A (,X,pl

on 7_

For this we use the forest expansion of A_ on 7 given by equation (A.2) and on 7A’_cx’pl given by
equation (4.23). First, due to the projection q on the right-hand side of equation (4.35), the first sum in
equation (A.2) can be restricted to F € div(zt). The sum over all polynomial decorations is already
identical, but equation (A.2) includes a sum over edge decoration put on legs e € Ly (F), where F is
as in formula (4.22). Any term where e does not vanish on such legs gets killed by Qo, so that we can
restrict the sum over ¢ in equation (A.2) to er as in equation (4.23).

Now fix F € div(n7) and decorations 1z and e . We show that

[ e Qur/AL T = [ [ ahos™ ™ @ (122, @36)

SeF SeF

which concludes the proof.

If there exists a leg e € Ly (F) with e(e) # 0, then both sides of equation (4.36) vanish. On the other
hand, if e(e) = O for all legs e € Ly (F), then one can remove the projection Py from the right-hand
side of equation (4.36), which then becomes

n+7re]: nr 11]_-
1_[ S T/'F)Q-I-e]:
SeF

so that we are left to show that
n-ng,[o]r F—1r, 7;
QO(2 /-; )e+e7: (] /-; ):.,_efn Lo]

which is a consequence of the definition of Q. O

4.4. An analytic result

In this section we are going to show an analytic result, Proposition 4.49, which we will then use as a

black box in the next section. Our goal is to study how the evaluations YZ’¢T for ¢ € N behave when the
smooth functions ¢; for 1 € L are rescaled to small scales. More concretely, assume that we are given a
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degree assignment deg : L — R_ U {o} that is invariant under conjugation. For any family ¢ € N, we
define a rescaled family ¢® € N by setting

4.37)

s grdeeM glel g, if deg(1) € R_,
P e if deg(1) = o,

forany 1 € L and & > 0. Here, we define the rescaling operator &'1¢! by setting
(cS’[s]go) (x) := ¢ (%)

for any ¢ € C2° (D).

We will now describe a particular way to choose degree assignments deg : L — R_ U {o}. We fix an
arbitrary homogeneity assignment |[||-|; on £_ with the property that one has |Z]|; < [||E]lls < [E[, for
any noise type E € £_. For any set I C L of leg types which is closed under conjugation, we define a
degree assignment deg’ : L — R_ U {o} by setting

5 (s + M2 (Dls)
—L 4[5 +HI

and deg® (1) := o if 1 ¢ I. The factor in formula (4.38) is chosen in such a way that one has for any tree
7 € T the identity

deg(1) := iflel, (4.38)

Ddeg' ()= > it (4.39)

lel eeL(1)

with T = {t(e) : e € L (1)} the set of leg types appearing in 7. Let us sketch the argument for why
equation (4.39) is true. Since T € 7*%, there are no superfluous legs in 7, so that #I = #L (1) (#L(7) — 1).
It follows that the denominator in formula (4.38) is simply given by #L(7) — 1, which is equal to
{e €Li(r):el= u} for any u € L(7), and one has

Dldegfmy= > %= D it

lel ueL(7) eeLy (7):el=ul eeL(T)

More generally, assume that we are given a system 8 of nonempty, disjoint subsets of L such that
each I € P is invariant under conjugation (we allow P = ¢», but we impose ) ¢ B). Then we define a
degree assignment degq3 by setting

deg¥ := )" deg’, (4.40)
IeP

with the convention that @ + o := @ for any @ € R_ U {o}. We write P for the set of all systems P.
We define for any 98 € P, any smooth tuple ¢ € % and any large-scale kernel assignment R € K a

character h;g ron7’ Pl by setting

hy o7 == > YRPrT (4.41)
IeP

for any tree T € 7' and extending this linearly and multiplicatively. Here, we introduce the linear (but
not multiplicative!) projections P1 : 7P' — 7' onto the subspace of 7! spanned by all trees 7 € 72¢

with the property that t(Ly (7)) = I. In analogy to earlier, we write h¢ = h; K
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Remark 4.45. We could make Pr multiplicative without changing formula (4.41). However, we will
later introduce the notation Py, where % is a system of subsets of L, in a similar way, projecting onto
a subspace spanned by products of trees (see equation (4.52)). At this point we really want to consider
the linear and not multiplicative projection, so we choose the definition introduced to be consistent.

The goal of the present section is to obtain bounds on the quantity
¢ o Y O°
(rg &Y ) AT

as & — 0 for any 7 € 7*, where ¢¢ is defined as in formula (4.37) for the degree assignment degm.

Example 4.46. Set B := {{, : },{¢, : }}, and consider the following example from the generalised

KPZ equation:
\ ¥
(g © ") ANW = W\t\'\\f/ﬁ -Y¢* VWW
- D) Y‘Z’S\j‘WsDeﬁé‘w.

ec{i,i, it}

Here D ;, etc., is a shortcut for putting a derivative decoration (0, 1) on the respective edge. We also

colour a node u blue if it contains an X-decoration — that is, n(u) = (0, 1). One has #{ :, : } = 2 so that
Is]

formula (4.38)) gives deg‘B( ) = =5 — k. It follows that

wi ~ g2 wi) ~ g 2K

as € — 0. Note that the counterterms precisely cancel out the subdivergence in the big tree. The fact that
one has { i, ¢ } € P changes nothing, since there is no subtree of negative homogeneity in the image of
P

{8}

There are some technical subtleties in the proof that require us to put certain assumptions on the
test tuple ¢ in order for good bounds to hold, and we summarise these assumptions in the following
definition:

Definition 4.47. Given a system P € P, and § > 0, we define the set N (P, §) C N as the setof ¢p € N
such that both of the following properties hold for any 1 € L:

o If 1 ¢ | |‘B, then one has that ¢; = 0 in the §-ball of the origin.

o If deg®l < —%, then one has that f ¢1(x)dx = 0.

We write 9t () for the union of (P, &) over 6 > 0.

Let us briefly comment why these assumptions will play a role later on. The first assumption ensures
that under rescaling ¢ as in formula (4.37), all subtrees o~ of a tree 7 € 7°¢ that trigger a divergence have
the property that t(Lp (o)) € . Without this assumption, one would have to consider additionally any
subtree o with the property that (L. (o)) can be written as t(Ly (o)) = | |;<,, I; for some sets I; € *B.
In particular, this assumption means that we never have to deal with nested divergences. The second
assumption simply ensures that the test functions ¢ converge to 0 in the distributional sense under the
rescaling (4.37). One always has 2 degS 1 > —|s| — 1 for any 1 € L, which follows from the assumption
that |E], > —% forany 2 € £_.

In order to state the next result, we need a final piece of notation. Let 7 € 7% be a tree. Given
M C L(7), we denote by L(1, M) the set of leg types t(e) € L with e € L; (7) such that both ¢ and ¢
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are incident to M. (Note in particular that L (7, M) is closed under conjugation.) We also write A(t) for
the set of all systems M of disjoint, nonempty subsets of £(7). (Note that one has @ € A(r), but for
any M € A(t), one has ¢ ¢ M.)

Definition 4.48. We write P(7) for the set of all B € P of the form
PB={L(r,M): M e M} (4.42)

for some M € A(7).
With these notations, we will show the following statement:

Proposition 4.49. Let T € T*! be an admissible tree, let B € P(1) and let ¢ € R(P) be a tuple of
smooth functions. Define the rescaled family ¢ as in formula (4.37) for the degree assignment deg‘B
defined in formula (4.40). Finally, let R, R’ € {0, K-K } be large-scale kernel assignments. Then there
exists 8 > 0 such that one has the bound

|(h$,R 4 ) A_i_r( < &P (4.43)

uniformly over & > 0.

We will show Proposition 4.49 by applying the results of [Hail8], which ultimately comes down to
comparing the character i with the BPHZ character for a suitable space of Feynman diagrams. Since
this proof is largely technical, we postpone it to Appendix B.

4.5. The ideal Jis a Hopf ideal

We will construct an ideal 7in 7' that is related to the ideal .7 given in Definition 3.3 via the projection
7 (Lemma 4.58). We will work with the space Vec it of formal linear combinations of elements of .
The notation (4.26) can be linearly extended to an operator * : Vec .t — ¥, where W is as in Definition

4.16.

Remark 4.50. For a fixed properly typed set A C L, the set {(;3 A @ € Vec ER} is dense in C° (D4/q)
(say with respect to the topology of C'i , for any k > 0). Note, however, that the definition of ¢ puts
nontrivial constraints between ¢ 4 and ¢ whenever A C B.

Definition 4.51. Given a linear combination ¢ € Veci, say ¢ = 3, , ¢i¢; withc; € Rand ¢; € N, we
define the character Y# on 7. by setting

Y%7 = Z ciY%r,

i<r

for any tree 7 € 7A’_ex’pl, and extending this linearly and multiplicatively.

We now fix a partition & of the set of leg types L with the property that for any fixed P € &, the
noise type t(P) := i;(1) € £_ does not depend on the representative 1 € P. We then introduce the
following terminology:

Definition 4.52. We call atree r € 7" or 7 € ’Af_ex’pl good if there exists an injection ¢ : L(T7) —» P
with the property that for any leg e € Ly (1) with el € £(7), one has t(e) € ¢ (el). We write 7P [ 2]

~ ex,pl

and 7_

[97] for the subalgebras generated by good trees.

We can (and will) assume without loss of generality that L is large enough and & is such that there
exists an admissible embedding ¢ : 7= — 7! mapping any tree 7 € 7_ onto a good tree (7 € TP\, We
also note that these subalgebras are stable under the coproduct — namely, one has

A TPP] - TP 2] © TP 9]
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and

~ ex,pl

AT

~ ex,pl

(2] - TP 2l T " [2].

Moreover, the following simple lemma will be helpful, which contains the motivation for the preceding
definition:

Lemma 4.53. Assume that 7,7 € T°% are good trees such that t(Ly (1)) = t(LL(T)). Then P(t) = P(7),
where P(71) is as in Definition 4.48.

Proof. Let ¢ : L(1) — P and ¢ : L(T) — P be the injections used in the definition of good trees.
Observe that the condition of the lemma implies that £ and £ have the same range, so thatn := /! o ¢
defines a bijection from £(7) to £(7). This induces a bijection from A(7) to A(T), and the result follows
immediately from Definition 4.48. O

With this notation, we define the following ideals:

Definition 4.54. We define .7 C 7P as the ideal generated by all o € 7'[ 2] with the property that
Y?Qpo =0 for any ¢ € Vec, 4.44)

with O as in Lemma 4.40. We also let 7,4 C 7' denote the ideal generated by all o € 7P'[2] n T2¢
such that equation (4.44) is satisfied.

Finally, we define .7 € 7" as the ideal generated by all o € 7'

] with the property that
Y?0 =0 forany ¢ € VecR. (4.45)

Note that these ideals depend on &, but we think of & as fixed from now on and hide this dependence
in the notation. One has Q)7 = Q¢ 7ad, and since P, = P, O, on 7!, one has the identity

T = PaT = Paaa (4.46)

. Sym
as idealson 7,7 .

Remark 4.55. We use Qo instead of just o in equation (4.44) to ensure that formula (4.46) holds. If
Y?(tr + %) = 0 for two trees 7, ¥ and all ¢ € Vec R, we easily infer that 7 and ¥ contain the same leg
types (unless the evaluation vanishes on both trees individually), but there is no reason for 7 and 7 to
contain the same ‘essential leg types’ (i.e., the set of types of essential legs), so that there is no obvious
relation between Oyt and Qy7. We cannot use O in equation (4.45), since this projection is not well
defined on 7A‘_ex’p]. In particular, it does not hold that 7 = p_j. However, if 7 = ), ¢;1; € Jis a linear
combination of trees with |7;|- < 0, and we know a priori that all the 7; contain the same essential leg
types, then we can conclude that p_7 € J.

We use ¢ € Vec %t in the preceding definition rather than ¢ € 9 so that Lemma A.2 can be applied,
which ensures that the ideals (7 and 7 are generated by linear combinations of trees (see Lemma 4.57).

Note thatif o € 7 or o € 7A’_ex’pl is a linear combination of trees, then equation (4.44) for all ¢ € N is
equivalent to equation (4.44) for all ¢ € Vec . More generally, one has the following:

Lemma 4.56. Let o € 7A'_cx’pl (resp., o € TP') be of the form

o= | ], (4.47)

i<r Jj<m

. ~_ex,pl .
for some collection of trees 7; ; € T_ex P (resp., 7 j € 7P ) and some m,r > 1. Assume that the multisets
m; ;= [LL (T,-,J-) , t] of leg types have the following two properties:
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1. For fixed j < m, the trees 7; j contain the same leg types for any i < r — that is, one has that
m; = m; ; is independent of i < r.

2. Any leg type appears at most once — that is, one has that . ; ., m; < 1 (in other words, the multisets
m; are really sets, and one has m; Ny = @ for any j # k).

If equation (4.45) (resp., equation (4.44)) holds for o for any ¢ € W, then one has o € T resp.,
o e ).

Proof. We show only the statement for 7; the one for J follows in the same way. Assume without loss
of generality that Qpo- = 0. Let [y > 1 and let ¢ = ) y1¢' for some y; € R and ¢! € N for any
[ < lp. Given a finite sequence « : [m] — [lp], we define the tuple ¢ € N by setting

o7 = ¢’ iflem;,j<m,
1o otherwise,
for any 1 € L. Note that this is well defined, since it follows from Lemma 4.56(2) that the relation

1 € m; holds for at most one j < m. It follows from a simple application of the binomial expansion and
the representation (4.47) that one has the identity

Yqj(f:ZCil_[Z?’le’lTi,j:ZCl Z 1_[7a % Ti,j = Z Yo

i<r Jj<ml<ly i<r —[lp] j<m a:[m]—[l]
In the last equality we used the fact that one has Yo T = Y1, jforanyi <randj<m. O

The next lemma is crucial, since it shows that the ideals 7, j and J,q are generated by linear
combinations of trees:

Lemma 4.57. The ideals T (j Jaa) are generated by all o € T_p][Q’]

(o € 7A’_ex’pl [2],0 € TPUP] N T, such that o can be written as a linear combination of
good trees and such that equation (4.44) holds for any ¢ € N.

Proof. This follows from Lemma A.2 applied to the algebras 7' [2] (7 pl[ 2], TP[2] N T*Y). Note

that, for example, the set {Y¢ Oy : ¢ € Vec ‘Jt} is indeed a linear space of linear functionals when
restricted to Vec(J_ N 7P'[2]). This was the motivation for using Vec % in the definition of these
ideals. O

We now have the following lemma:

Lemma 4.58. Let J be the ideal defined in Definition 3.3. Then one has the identity
= r " = n 4.49)

Proof. Since r is an algebra homomorphism and both ideals are generated by linear combinations of
trees (for jiym this follows from Lemma 4.58 and formula (4.46); for 7 it follows from Definition 3.3),
it suffices to show that for any linear combination of trees o € 7,”", one has o~ € 7,”™ if and only if
no € J.

Let first o € TP'[2] N7 be, as in Lemma 4.57, a linear combination of good trees o = 3 jel CiOj €
Jaa such that equation (4.44) holds. We assume without loss of generality that Ogo = .

We first claim that it suffices to consider o~ such that the set of leg types L := [L(7;), ] does not
depend oni € I.Indeed, assume that the claim holds for all o with this property and let o = Y;¢; c;0; €
Jaa be as before a linear combination of trees, but assume that [ Ly (17), t] is not independent of i € 1.
We claim that there exists a proper nonempty subset J C I such that 3’ ;c; ¢jo; € Jaq, from which the
result follows by induction. For thislet 1, € L,letJ := {i € I : 1, € Ly (07)} and assume that I # J # Q.
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Consider for any family ¢ € R the family ¢, 1 > 0, defined by setting q)fo = A1, zf)’il = A¢1, and
¢t == ¢y forany 1 € L\ {1, I}. It follows that

YWLO} =YY%, Y‘b'laj -0,

asd — 0,foranyi € I\ Jand j € J, which implies that 3’ ;c; c;07; € Jad-

Hence, we also have that [L(7;),1] is independent if i € I. Let now ¢{; : L(1;) — 9 be the injection
as in Definition 4.52, denote by @ its range (which is independent of i) and write as before t(P) € £_
for the ‘type’ of P € P. Let H C Gy be the subgroup of those g € G with the property that g(1) =1
forany 1 ¢ L. For 1 € L, let P(1) € & be such that 1 € P(1). One has m = [@, 1], so that for any
¢ € N we can define a function y? € C° (D™/g) by

v’ (xq) = Z l_[ $e) (Xxp1) —Xp(1)) - (4.49)

g€H 1,1eL

Recall that in the definition of multisets of the form [@, t], we ‘forget’ the domain @, so that one has
indeed [@,1] = [L(t;),t] for any i € I. Furthermore, y? is invariant under those perturbations of @
which leave the noise type t(P) invariant for any P € @. Hence y® can indeed be viewed as having
the domain D™. Finally, in the product on the right-hand side of formula (4.49), we have one (and only
one) factor for each pair leg 1 and its partner 1. Since by definition g commutes with conjugation and
¢1 = ¢1(—-), there is no ambiguity in this notation.

We claim that the linear space Y generated by functions of the form ¢ ¢ for some ¢ € R is dense in
the space X of functions ¢ € C (D™ /g) which are supported in the set of x4(m,) with |xp - xq| <R
for any p,q € d(wm) with respect to uniform convergence. Then Y is the linear space generated by
functions ¢ € X such that there exist functions yz 5 € Cy’ (D/g) with

U (xm) = [1 Uz (v 3z

(B.K),(E,1)ed(m), (E,k)#(E.1)

The claim now follows from Arzeld and Ascoli’s theorem.

For any fixed compact K € D™ and any 7 € 7_, the evaluation ¢ — Y¥7 is continuous on the
subspace of those ¢ € C (l_)m) with suppy C K with respect to uniform convergence. This follows
from the second part of Assumption 2, which implies a bound on the small scales, and Lemma 4.21 and
[Hail8, Section 4], which imply a bound on the large scales. It now suffices to show Y¥’ o =0 for
any ¢ € N. This follows from

Yo =1 Z S0 =0,
geH

so that ro- € J.

The converse direction follows in almost the same way. Let o = }};; ¢;0; € Jbe alinear combination
of trees and let ¢ : 7- — 7! be an admissible embedding taking values in the set of good trees. Assume
without loss of generality that the set of leg types L := Ly (t0;) does not depend on #, and let H C G
be as before. It then suffices to show that

Y? Z Sgto =0

geH
for any ¢ € . Reversing the previous arguments, we see that

Y? Z Sgto = Yo = 0,
geH

which concludes the proof. o

https://doi.org/10.1017/fmp.2021.18 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2021.18

66 Martin Hairer and Philipp Schonbauer

We want to use Proposition 4.49. For this we need the following technical lemma, which shows that
the ideals (7 and 7 can alternatively be defined by considering only ¢ € 3 (%B) for some B € P, where
N(P) is as in Definition 4.47:

Lemma 4.59. Ser 7 € TP [P](r € TP 2] n T, 1 € ’Af_cx’pl [2]) and assume that T can be written as
a linear combination of trees T = 3;_, ¢;T; withr > 1, ¢; € R and trees 7; such that I := [L1(7;),t] is
independent of i < r. Assume that there exists some system B € P such that Y?¢ Oyt = 0 (resp., Y7 =0

ifte ﬁex’pl[@])for any ¢ € R(P). Then one has t € J(t € Jaa, T € ).

Proof. We show only the statement about 7.

By Lemma 4.56, we need to show that equation (4.44) holds for any ¢ € 9. For this we recall the
definition of Y? (formulas (4.26) and (4.10)). It suffices to consider the case that the 7;s contain only
essential legs, and we naturally identify the sets of legs Ly (7;) with I for any i € I. This identification
induces a natural identification of the sets of noise-type edges L(t;) with a subset @ C & as in the proof
of Lemma 4.58. Then for any P, Q € @ with P # Q, there exists a unique leg type 1(P, Q) € I such
that 1(P,Q) € P and 1(P, Q) € Q. Conversely, for any leg type 1 € I there exists a unique P(1) € @
such that 1 € P(1).

For ¢ € CX (DY/g), letITp € C (D?/g) be defined by setting

Mg () = [ deeg ) [ [ 661 = xp0).

lel

It follows that
0=Y%= <ICKT, DelI(ﬁI) = <’CI€7TT, HDequ§I>

for any ¢ € (PB). We need to show that this identity holds for any ¢ € %.

Assume first that #I > 2. We first claim that one has (K g7, I1¢;) = 0 for any ¢ € R(P) — that is,
one can get rid of the derivative decoration. Indeed, let R > 0 be such that supp ¢; is included in the
centred ball of radius R for any 1 € I. Note that since g 77 is homogeneous we may assume that R is
as small as we want, so that in particular, we may assume that 2R < R. Fixing 1* € I, we see that for any

¢ € CX (D/4g) such that ¢ vanishes inside the ball of radius 2R, one has [ID*1$; =TI (Deh(ﬁI + ﬂ),

where ¢]. = $ and ¢} := ¢1 for 1 # 1*. Since any smooth function ¢ which is compactly supported
in the centred ball of radius R agrees with a function of the form Dty + & (for ¢ as before) inside
the ball of radius 2R, the claim follows. With precisely the same argument we can remove the second
constraint coming from Definition 4.47, so that the equality (Kg a7, TI¢;) = 0 holds for any ¢ € R
such that ¢1 vanishes in a neighbourhood of the origin. At this point it remains to note that Kp 77 is a
locally integrable function, so the condition that the ¢s vanish around the origin can be removed by a
limit argument in L* (D).

The remaining case I = {1g, Iy} € B, so that deg$lo < —%, needs a slightly different argument.
Using a simple rescaling argument, it is clear that it suffices to consider the case that & := [|J7;[, < 0
is independent of i < r. (Note that in the case @ = 0, one has Y#7 = 0 by Assumption 5, so that there
is nothing to show.) Our integration kernels are homogeneous, so that we can write <IC 2T, Dehq?I) =
[ K(x)¢1,(x)dx for some function K € C* (D \ {0}) satisfying K(Ax) = A°K(x) for all 2 > 0,
x € D\{0}. (Here we have removed the derivative decoration by an integration by parts.) Since & > —|s|,
the function K is locally integrable, and we remove the constraint that ¢1, vanishes around the origin by
a limit argument in L™ (]_)) We still have the constraint f ¢1, = 0 coming from Definition 4.47, which

implies that K is a constant, and since a < 0, this actually implies that K = 0, as required. O
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With these preliminaries we can now show the following proposition, which is the main result of this
section:

Proposition 4.60. One has the identities

~ ex,pl

AT € (Tue T+ (778 ) (4.50)
A_Jaa C (jad ® T_"') + (T_"' ® j) . (4.51)

Proof. Lett = 3!_, ¢;T; € Jaq be alinear combination of trees with 7; € 7! PlI] N 724 and ¢; € R for
i < r. As before, we can assume without loss of generality that the trees 7; are such that the set of leg
types L := t(Ly(1;)) is independent of i < r, and thus so is P := P(1;) (recall equation (4.42) for the
definition of this set). By the definition of the coproduct A_, it follows that one has the identity

AliT= Z Py ®Id|A_i_t. (4.52)
PeP

Here Pg is the linear (but not multiplicative) projection of 7°! onto the linear subspace 7P [B] spanned
by all products of trees of the form 7 = [[1cq 71 With 71 € rng Pr (thatis, t(Ly(71)) = I). The projection
Pg is uniquely defined if we specify additionally that it diagonalises on the basis (in the sense of linear
spaces) B C P! containing 1 and all possible products of trees.

The crucial step is to show that for any fixed B € P and any fixed ¢* € RN(P) and ¢R € N(P),
one has

w = (Y 0 YO (Py @) Air =0 (4.53)

Actually, since no leg type appears in both the left and the right factors of this tensor product simulta-
neously, it is enough to show this claim for ¢ = ¢R € N(PB).

More precisely: Assume we have shown this special case. Then we construct a tuple ¢ € () by
setting ¢ := ¢f if there exists P € 9P such that one has 1 € P, and ¢; := ¢f otherwise. It follows that
¢ € N(P), and one has the identity

N = QI"’L"/’RT,

where A? := A, so that formula (4.53) follows indeed from the special case ¢* = ¢%. In order to
continue, we fix a family ¢ € 3 (%B). For £ > 0 we define a rescaled family ¢¢ € R (P) as in formula
(4.37) for the degree assignment degq; defined as in formula (4.40). With this notation, we define a
function f : (0, 1] — R by setting

fle) =A"7

for any € € (0, 1]. The proof of formula (4.53) is finished once we show that (1) = 0.
Lemma 4.61. One has

lf (@)= [f(D)] (4.54)

for & > 0 small enough.

Proof. We first note that one can write
f(e) =A"01.
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This follows from the fact that there is a projection Pg hitting the left component of formula (4.50),
which ensures that no leg type 1 € [J B appears in the right component, together with the definition
of degqs in formula (4.40). On the other hand, by a simple change of variables one can exploit the
homogeneity of the kernels K, which implies that

Yo = glolsyts

for any fixed tree o € rng P1 for any I € 9. This is a consequence of the definition of Py after formula
(4.41) and degiB. As a consequence, f (&) can be written as a finite sum of terms ). ;; f;(&) such that
fj(g) = &% f;(1) for some y; < 0and & > 0, from which the statement of the lemma easily follows. O

We now proceed to show equation (4.52) by induction over #8. For #8 = 0, one has the identity
(qu ® Id) A_i_t =1®i_7, so that formula (4.53) follows from the fact that 7 € J,q. Let now #P8 > 1
and assume that formula (4.53) holds for any Q with Q C B. Then, using the induction hypothesis, we
can rewrite f(&) as

fe) = Z (-1)* (Ws ® Y‘f"‘) (P ®Id)A_i_T= (h;{; ® Y¢‘°’) Ai_t, (4.55)
QcP

where 12" denotes the character on 7! defined in formula (4.41) (compare also formula (B.15)). Since

¢ € N(P) by assumption, we conclude from Proposition 4.49 that there exists 8 > 0 such that one has
the estimate

1f(e)] s &8
uniformly over & € (0, 1). Comparing this with formula (4.54), it follows at once that one has f (1) = 0,

and this concludes the proof of formula (4.53).
Since the left factor of formula (4.53) is an element of Tld, one also has

(Y¢L Q) ® Y¢R) (Py ®1d) A_i_t = 0. (4.56)

To see formula (4.50), we draw on the following simple lemma:

Lemma 4.62. Let X and Y be linear spaces and let ( f;)ier and (g j)j o, be families of linear functionals
on X and Y, respectively, for some index sets I and J. Then one has

ﬂker(ﬁ@gj) = (ﬂkerﬁ)®Y+X®
ij i

ﬂkergj)
j

as subspaces of the algebraic tensor product X @ Y.

Proof. Denote the right- and left-hand sides by R and L, respectively. Let first z € R. Then by definition
we can write z = z; + 22, with (f; ® Id)(z1) = (Id® g;) (z2) =0 foralli € [ and j € J. It follows that
(fi®gj) (zx)=0foralliel, jeJandk =1,2, and thus z € L.

Let now z = Zf:] Xk ® yx € L. We proceed inductively in K. For K = 1, one has f;(x1)g;(y1) =0
forall i € I and j € J. Thus either f;(x;) = O foralli € I or g;(y1) = 0 for all j € J, and hence
X1 ® y1 € R. For K > 0 we can assume that xg ® yx ¢ L. In particular, there exists i, € I such that

fi. (xg) # 0. Define by := J{: ((;‘;)), so that by assumption one has

K
brgi(yx) =0 forall jeJ. (4.57)
k=1
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We can write

K-1

z= Z(xk —bixk) ® yx +xg ®
=l

K
Z bkyk) .
k=1

From equation (4.57) we deduce xg ® (Zle bkyk) € R C L, so that Zf:_ll(xk —brxg) @y € L.
We conclude using the induction hypothesis. m}

Applying this lemma to the families of linear functionals on 7P and 7A‘_ex’p1 — given by Y? O, and
Y, respectively, where ¢ ranges over () (and recalling Lemma 4.59) — we conclude that formula
(4.50) is a consequence of equation (4.56).

In order to see formula (4.51), we now use the identity

A_=(Id®p_)A_i_

on 7P, We still fix B € P. For 1 € L, denote by P(1) € 2 the set such that 1 € P(1) (recall from before
Definition 4.52 that & is a partition of the set of leg types). Let L* denote the set of leg types 1 € L
with the property that 1,1 ¢ Uye g P(1’). It follows that the right factor of (P ® p-) A_i_7 takes
values in the algebra generated by trees o~ such that the set of essential leg types of o is given by L*.
Letting ¢ — ¢®, where we rescale ¢ as in formula (4.37) for the degree assignment deg]‘*, shows that

(Y?®Y?) (QoPy ®p-) Ai_T =0 (4.58)

for any ¢ € .
Finally, letting ¢1 — 1 forany 1 € I :=L\ (L* U |JB), we can show that

(Y?®Y?) (QoPg ® Qop-) A_i_T = 0. (4.59)

Indeed, recall that Oy = OPy. From Assumption 2 it follows that divergent subtrees o never touch
noise-type edges e — that is, one has either e € L(o) or el ¢ N(o). It follows from this that the
coproduct never produces a derivative decoration on noise-type edges. In precisely the same way, we
see that the coproduct does not produce a derivative decoration on essential legs on the right-hand side.
Hence every tree on the right-hand side of (Pg ® (Id — Py)p_) A_i_7 contains at least one nonessential
leg e such that e(e) > 0. Assume now that ¢; = 1 in a neighbourhood of the origin for 1 € I, and define
¢S = 7 (N"1) for 1 € T and ¢V := ¢ for 1 € L\I. We see that

(Y @ Y*™") (QuPy @ (1d - Po)p-) Aiit > 0 asN = co.
In exactly the same way, we see that
(Y @ Y*"") (QuPy @ (1d - QPyp-) A-it = 0.
On the other hand, the quantity
(Y @ Y*") (QuPy @ Ap-) Az

for A € {Id, Qy} is independent of N € N (for A = Id this quantity vanishes, by equation (4.58); for
A = 9y, the independence of N follows because the projection Oy removes nonessential legs on the right
factor, but these are the only ones that come with a type which we rescale). This concludes the proof. O
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Finally, the key result of this section is the following corollary, which finishes the proof of
Assumption 7:

Corollary 4.63. The ideal T is a Hopf ideal in T_.

Proof. By Lemma 4.58, it suffices to show that 7' is a Hopf ideal in 7,”™. This in turn follows from
formula (4.51) and the identity (4.46). |

4.6. Rigidities between renormalisation constants

In this section we are going to prove Assumption 8. We first build for any smooth shifted noise 7 € M
characters §"7 € H and f7 € G_ such that g7 = f7 o §". Recall that H is the annihilator of the ideal [
defined in Definition 3.3. We also recall for this the notation introduced in Section 4.2, which we will
use heavily in this section. As before, we always set deg,, t := [t[}, — |s| for any kernel type t € £.,
and we fix from now on the homogeneous large-scale kernel assignment R; := R — K for any t € €.
Recall that with this definition, one has (Ry)ieg, € K.

Furthermore, we fix a smooth, compactly supported function ¢ € C° (f) /4), symmetric under g,
such that ¢ = 1 in a neighbourhood of the origin. Given this function ¢, we build an element ¢ € Rsym
by setting ¢1 = ¢ forany 1 € L.

With this notation we introduce for any smooth noise 7 € M., a character §”7 € G_ by setting

51 . /1P sym
g7 = gt

where g;’e"’) is the character on 7Y™ defined in formula (4.28), and we define f7 € G_ by
gh=f"T0g" (4.60)

¢
R

1 T- — TP We assume that ¢ = 1 holds in a large enough neighbourhood of the origin, so that
Lemma 4.44 applies.

One has the identity g7 = g;’z’qst, where g, is as in formula (4.27) for any admissible embedding

S

Lemma 4.64. For any smooth shifted noise n € M., one has that §" € H, where H denotes the
annihilator of [J (see Definition 3.3).

Proof. Fix an admissible embedding ¢ : 7= — 7*'. We have to show that §7 = g'}(’qj

so that it suffices to show that g;’;’) vanishes on 7 € TP. Recalling that 7 = 7P, 7.4, We see that
PSY™ 7 = PSY™ 7.4, and since the character g'I’e"p
to show that gZ’¢ vanishes on 7,q. For this we use the fact that AP! 7., C 7 (compare Proposition

4.60), and the fact that by definition the character Yz’¢ vanishes on 7. O

¢ vanishes on 7,

is invariant under the symmetry group G, it suffices

We are left to show that the map n — f” extends continuously to n € M3. A possible approach to
show such a statement would be to use an inductive argument in the number of edges of a tree 7 € 7_,
and the fact that we can rewrite the definition of 7 in equation (4.60) as

'7T:g'7‘r— (f77®g"77) (A_—Id®1)‘l'. (4.61)

One could then exploit the properties of the coproduct, from which it follows that the character /7 on
the right-hand side of equation (4.61) gets hit only by trees that have strictly fewer edges than 7, so
that one could try to match the diverging terms coming from g”7 and ¢” on the right-hand side. At this
point, however, this approach leads to relatively complicated expressions, and our arguments are greatly
simplified by bounding the linearised expression and using an integration argument.
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We first recast the problem into a problem of characters acting on 7Y™,

Lemma 4.65. For n € IS, let f' be the character of T*™ defined by
floght =glt (4.62)

If the map n — f " extends continuously to M, then so does the map n +— f'.

Proof. For n € M2, let 77 := (f7)!, where the inverse is taken in the character group G_ of 7_.
The operation of taking inverses is a homeomorphism of G_, so that it suffices to show that 7 extends
continuously to 5. We claim that one has fq fysym = £, which concludes the proof, since the map
g — G_, g — g™, is continuous. To see this claim, we are left to show that f’]Lsym ogh=2g"
Recall that one has

fMTogh=2g" and g = g7llz,¢tsym’ g’ = gg,lﬁtsym’ (4.63)

so that we are left to show that
(7 ecy’)@memma = (/g aem (4.64)

Note that this identity does not follow immediately, since ¢*¥™ is not a Hopf algebra homomorphism.
However, using Lemmas 4.40 and 4.41, we can show that

A_Y™ € (Y™ @ (M) A_ + ker Qp ® TV + 7™ @ ker Oy, (4.65)

Indeed, note first that ker Oy = ker Piym, so that with Lemma 4.62 we are left to show that
(P @P)™) (ALY™ — (Y™ @ (Y™)A_) = 0 on 7¥™. By Lemma 4.41, the map P."/¥™ is a
Hopf isomorphism, and by Lemma 4.40 and the definition of a Hopf factor algebra, one has
(PY" @ P)™) A = A_P.™ on 7Y™, and hence formula (4.65) follows.

We now show equation (4.64), which concludes the proof. By the definition of admissible embeddings,
the definition of A_ and O, one has (Qy ® ID)A_Y™ = A_(%™ on 7_, so that we deduce from
formula (4.65) the stronger inclusion A_¢™ € (Y™ ® (Y™) A_ + TV ® ker Q. It remains to note

that ker 9y C ker gg"/’, which follows because we chose ¢ = 1 in a large neighbourhood of the origin
(compare Lemma 4.44). O

In order to continue, we define for » > 0 the family of large-scale integration kernels R = (R t(r) )tee,
by setting

R (x) = Reg ((r+ 1)) — Ky

for any t € £, where ¢ is as in Section 2.2.2. This particular way of removing the cutoff has the
advantage that Rt(r) + K; = Ki¢p ((r+ 1)) for any r > 0, which will be helpful in the proof of
Lemma 4.71. We also denote by g, the character of 7°¥™ defined by

n._ 9
8r = 8pi:

Note that one has lim, o R = 0 and lim, ..o R") = R, so that it follows from Corollary 4.43 that one
has g, — g’ll( as r — oo for any fixed n € M.,. We define the character 1 analogously via the identity
flo g:]’ = g It follows from the continuity of the group operation that one has fg =1*and f — f7
as r — oo. Moreover, it follows easily from the fact both Ry and ¢ are smooth that the maps » +— g,/
and r — f are smooth functions in r > 0 for any fixed smooth noises 17 € MS,. We are going to study
a differential equation that £ satisfies for r > 0. To this end, we introduce the following notation:
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Definition 4.66. We call a linear map k : 7°'™ — R an infinitesimal character if for any 1, 7, € 7™,
one has k(1112) = 1* (1)) k(12) + k(71) 1" (12).

Note that an infinitesimal character k vanishes on elements which are not linear combination of trees.
In particular, one has k(1) = 0, where 1 is the unity for multiplication. We extend the operation o to
act on any pair of linear maps g, h : 7°'™ — R by setting g o h := (g ® h)A, where A denotes the
coproduct of the Hopf algebra 7°"™. With this definition, g o A is in particular well defined whenever
g and & are characters or infinitesimal characters, and in the case that both are infinitesimal characters,
then g o h — h o g is again an infinitesimal character. The following is well known:

Lemma 4.67. Let g denote the space of infinitesimal characters of T ™, and define the bilinear map
[,-] :axg —> gby[k,l] :=kol—1ok. Thengis the Lie algebra of the character group G¥™ of 7Y™,

Proof. See, for instance, [BDS18, Theorem 3.9]. m]

It is well known that the Lie algebra g is naturally isomorphic to the tangent space Ty G*™ of G*¥™ at
the counit 1* € G*¥™, and for fixed & € G¥™, both right and left translations k +— ko hand k — ho k
induce isomorphisms between g and the tangent space of G*¥™ at h. We are going to study the differential
equation

O f1=kl'o f, forr >0, (4.66)
with initial condition £/ := 1*. Note that the identity (4.66) defines an infinitesimal character k' € g*¥™.
The reason for studying equation (4.60) is the following lemma:

Lemma 4.68. Assume that for any fixed n € ML, the map r +— k! is an element of L'(0, c0), and
assume that this map extends to a continuous map 1 +— k' from My into L'(0, c0). Then the map

N f" extends continuously to ‘JRB.

Proof. Let ||| denote a norm on g and let d(, ) be the induced metric on 7-™. Then one has, for any
1,7 € M, the estimate

d(f”n,fﬁ) < exp(/ K- k1 dr),
0
from which the statement follows immediately from the assumption of the lemma. O

Fix from now on a rough noise n € M and let n® € I, be any sequence such that n® — n in M3 as

& — 0. We will use the simplified notation g := g/ **, k? := k" and similar for the other characters.

By Lebesgue’s theorem it is sufficient to show that the sequence k2 converges as € — 0 for any fixed
(o]

r > 0, as well as the estimate fO. Sup .~ ||k,"‘f“nxn dr < oo. This is equivalent to showing that there exist

infinitesimal characters k, € ¢*¥™ such that one has

Vr>0:ki(t) > k,(1)ase >0 and / sup |kf (‘r)| dr < o (4.67)
0 &>0

for all T € 7™, In the remainder of this section we show formula (4.67), which completes the proof.
For simplicity, we are going to write

ye ._ynt.é
Y7 = YR(r)

for the character on 7.~ from now on. With this notation, we have the following representation of
the infinitesimal character k7:
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Lemma 4.69. One has the identity
KE(7) = — (k;‘? ® irfMgf) (Ali_—1d® )7 - (gf ® a,if) Ali_t

for any tree T € T™,

Remark 4.70. The significance of this formula is that the right-hand side depends only on the character
k¢ on proper subtrees of 7. This identity is thus well adapted to an inductive argument; see the proofs
of expressions (4.69) and (4.70).

Proof. The key point is that by the definition of the character g2 in 7Y™ and the definition of the twisted
antipode A%™, one has

YEME M =0 (4.68)

on 7Y™ for any r > 0, where we use the usual notation M8 := (g ® I[d)A* on 7

g of 7Y™ Differentiating equation (4.68) with respect to r, one obtains

m
for any character

0=0, (Yemeiam)
- (argf ® l:ff) Ai_+ (gf ®0,Y7) A i
- (kf ® YfMgf) Ai_+ (g;? ® arl?f) Ali
on 7Y™ Tn the last equality we use the fact that

058 =0, ([ ogf) = ki o frogf =k ol

As a consequence, we have the following sufficient condition for formula (4.67) to hold:

Lemma 4.71. Let 7 € 7™ be a tree and assume that formula (4.67) holds on the Hopf subalgebra
TYM[1] generated by all trees o € T>Y™ with strictly fewer edges than t. Then one has that

g ®,YF)AliT (4.69)
(e ©0.1)

converges to a finite limit € — 0 for any r > 0, and its supremum over € € (0, 1) is moreover bounded
o Lo Aex,sym .
in L" (0, 00) as a function in r. Furthermore, for any properly legged tree o= € T_ with || < 0

and with strictly fewer edges than t, one has that
YEME o (4.70)

converges to a finite limit as € — 0, and is moreover bounded uniformly inr > 0 and € € (0,1). In
particular, formula (4.67) holds for t.

Remark 4.72. The relative simplicity of expressions (4.69) and (4.70) over the corresponding expres-
sions one would get in the strategy outlined in equation (4.61) is the main motivation for choosing this
approach.

Proof. Using Lemma 4.69, it is clear that expressions (4.69) and (4.70) imply formula (4.67). Note
that in expression (4.70) it is sufficient to consider o with strictly fewer edges than 7, since k¢ is an
infinitesimal character and vanishes on the unit element 1.
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In order to see the converse, we first show expression (4.70). Recall that the large-scale integration
kernels K") converge to K — K in ICy as r — oo, and the smooth noises 7° converge to ;7 in I as
&g — 0. Since o is properly legged by assumption, the convergence of the expression

. iy &
lim Y M8 o
e—0

and the uniform boundedness of Yf MEoineg > 0andr > 0 are a consequence of Theorem 4.19,
Lemma 4.21 and equation (4.30). (If o € ), then this expression vanishes for any &, > 0.) The
remaining obstacle is therefore the presence of the character g7 instead of gjj in expression (4.70).
However, by definition one has fZ o g, = &7, so that it suffices to show that the character £ restricted to
T5Y™ 7] is uniformly bounded in &, r > 0 and converges as £ — 0 to a finite limit. This is a consequence
of formula (4.67), which holds on 7™ [7] by assumption.

In order to derive the bound (4.69), we make the following construction: Consider the extended set
of kernel types =L, 10L,, where 4, := {0t : t € &, }isa disjoint copy of £,. We let |0t]s := |t|s
for any t € £,, and we extend the rule R to a rule R by allowing any kernel type t to be replaced by dt.
We denote by 7, 7¥™ and 7™ the respective spaces constructed in Section 4.2 starting from the
rule R. Finally, we introduce a linear operator D : 7* — T “* by setting for any tree 7 = (7;"°, 1)

Dri= ) (T°0%),

eeK (T)

where 0°t : K(T) U L(T) — £, U 8_ is defined by setting (0°t)y ==ty forany f € K(T)\{e} U L(T),
A eX,sym A ex,sym

and (9°t), := dt.. We extend this to a linear operator D : 7_ - T_ by imposing that the
Leibnitz rule D(ro) = D(t)o + vD(0) holds.
Finally, we define the kernel assignments Ks; = 0 and Ré;) = 6,Rt(r) for any t € £,, and we write

again Yf = Ygfr’)(b for the character on 7. It follows that expression (4.09) is equal to

YfMgf Dr,

where we view g? as a character on 7%™ by setting gZ(7) := 0 for any tree 7 € 7%™ which contains an
edge e € K(7) such that t(e) € 0&,. B
Using the induction hypothesis and an argument identical to before (using the identity f;” o gf = g7

and the fact that by formula (4.67), the sequence f; is bounded), it is now sufficient to bound
Yf M&iDr,

which is again bounded uniformly in & > 0 and r > 0 as a consequence of Theorem 4.19. It remains
to show that this expression is absolutely integrable over r € (0, o) and that this integral is uniformly
bounded in £ > 0. For this, note that Dt satisfies the conditions of Theorem 4.19 with the degree
assignment deg,, dt := deg,, t = |t|s — [s| = [Jt], — Is| — « for t € £,. With this degree assignment,
however, it follows that one has HR;)H/O ot <r* Al uniformly in » > 0, and we conclude with
formula (4.15). ’ O

5. The construction of the shift

We fix a character i € f¢ oH, and we finally construct a sequence /s € IS, for & > 0 such that formulas
(3.5) and (3.6) hold. Let us first motivate the construction to follow. The convergence in formula (3.5)
requires us to choose s in such a way that for any t € £_, one has

&+ (s — 0 (5.1
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in 7. This could simply be accomplished by setting ({s) = —ff , where &9 is a §-regularisation of
&. However, with this choice there is no hope of satisfying equation (3.6) as well. At this point we
make the observation that introducing a perturbation of —ft‘s, which lives on scales much smaller than
6, may not destroy the convergence (5.1). On the other hand, such small-scale perturbations of —.ff
generate resonances in expressions of the type of equation (3.6), and the fact that a tree 7 has negative
homogeneity implies that perturbations weak enough not to destroy formula (5.1) might at the same
time give nonvanishing contributions to equation (3.6).

Let us briefly compare this idea to the strategy used in [CF18] to show a support theorem for
the 2D multiplicative heat equation with purely spatial white noise, known as the 2D PAM equation.
Although the setup in that paper differs slightly from ours (those authors use the theory of paracontrolled
distributions rather than regularity structures, and hard cutoffs of the noise in Fourier space rather than
regularisations via convolution), the spirits of the two approaches are similar. At this stage the authors
of [CF18] use deterministic perturbations of —£° at a fixed frequency in order to generate the required
resonances. Deterministic perturbations do not fall in our setting, since we assume our noises to be
stationary and centred (one could of course use randomly shifted oscillations at a fixed frequency, but
this does not seem to generalise well). There are two major reasons why we prefer to use perturbations
which are random instead of deterministic.

The first reason concerns the type of expression one gets when calculating expected values in the
form of equation (3.6). By considering random stationary shifts, we ensure that these expressions are
constant (as opposed to space-time dependent). Moreover, by choosing the shift to be non-Gaussian,
we have freedom to control the cumulants built between the original noise and the shift. This will be
crucial in controlling the expected value of all T € T_ (see Definition 3.18) simultaneously.

The second reason concerns the bound of variances of the shifted model, once the expectation can
be controlled. This argument was carried out in Proposition 3.20. The proof of this proposition uses
crucially the results of [CH16], which in turn requires the shift to be stationary and centred.

Both of these points were carried out in [CF18] by hand, and the success of this strategy seems to
rely heavily on the fact that the corresponding regularity structure is relatively simple (in particular, the
set T_ contains only a single tree).

5.1. Enlarging the regularity structure

Following the foregoing discussion, we will choose the shift 5 = —£¢+k for some random perturbation
k?® living on scales much smaller than ¢. The random smooth function k¢ in turn will be written as a
sum over functions kaJ), where (E, 7) runs over all pairs of noise types & € £_ and trees 7 € T_ with
the property that 2 € t(L(7)). In order to keep the notation clean, we will introduce an extended set of
noise types as follows: For any type Z € £_, we let Z be a new symbol such that Z ¢ £_. We then define
for any type E € £_ the set (recall that _ C Jif one identifies elements of £_ with elements of 7_ —
see Definition 3.3 — so that 7 € T_ implies |L(7)| > 2)

2_[E] :=={E,E} U{(E,7) : T € T_ such that Ju € L(7) with t(u) = E}. (5.2)

Consider then the construction given in [CCHS20, Section 5], in particular the class of natural
transformations considered in their Remark 5.18, the direct sum decompositions of their Section 5.3
and the construction of regularity structures and associated spaces in their Sections 5.5-5.8. Recall that
the purpose of this construction is the following: Take a set of types & and a rule R as before, as well as
a ‘space assignment’ V, namely a collection of finite-dimensional vector spaces V=, one for every type
2 € L. Then [CCHS20, Section 5.6] describes a way of using this data to build regularity structures
T, T, spaces T, 7-, and so on, which is analogous to the construction of [BHZ19] but with a copy
of Vg ‘attached’ to every edge of type E, so that a tree 7 now is not a basis vector of 7 but defines a
subspace 7[7] that is isomorphic to a suitable symmetrisation of (X), .- Vi(e), Where E denotes the edge
set of 7 and t(e) is the type of an edge e. (Symmetrisation is needed, for example, for T = Z2, which is
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isomorphic to the symmetric tensor product V= ®, Vz.) The ‘classical’ construction of these spaces is
then obtained as the special case of the space assignment R which simply assigns R to every type.

The construction is functorial in the sense that one constructs ‘abstract’ counterparts 7, 7; and so on
of the spaces 7, 7; and so on, as well as of the various linear maps A, A, and so on between them as
objects and morphisms of a monoidal category of ‘symmetric structures’. Every space assignment V then
yields a functor Fy, mapping the abstract objects to their ‘concrete’ counterparts. Furthermore, given
two vector-space assignments V and W, as well as a collection of linear maps Az: Ve — Wg, [CCHS20,
Remark 5.18] yields a natural transformation from Fy to Fyy . In other words, for any ‘abstract’ space A,
A determines a linear map A: Fy (A) — Fw (A) (note the symbol overload here) intertwining Fy (f)
and Fy (f) for any morphism f: A; — A,.

Note now that formula (5.2) yields a vector-space assignment V by setting V= = R*[E] for 2 e 8_
and Vz = R for E € £,. We henceforth use the convention that 7 = Fy (7), and similarly for 7_, 7" and
so on. For every E € £_, we have a natural embedding t=: R — V= mapping 1 to E, so that the natural
transformation of [CCHS20, Remark 5.18] yields natural embeddings ¢: 7 — 7 and so on, which we
henceforth simply write as 7 C 7 and so on. We also write (£ : V= — R for the ‘adjoint’ obtained by
mapping = to 1 and all elements of £_[Z] \ {E} to 0. Similarly, this yields projections ¢*: 7 — 7T and
so on. In particular, ¢* yields an embedding G- < (_ obtained by mapping any G_ 3 £: 7_ — R to
fot"e(_.

One important remark is given by the ‘direct sum decomposition’ verified in [CCHS20, Section 5.3].
‘When combined with the construction of [CCHS20, Sections 5.5, 5.6], it yields a canonical identification
of 7(and 7, 7 “* and so on) with the regularity structure built from the set of symbols £_ = | |gce £-[E]
with the rule R obtained from R by allowing the replacement of any given instance of = by an arbitrary
element of £_[Z].

Our construction comes with a natural ‘summation map’ 8=: R — Vz given by

Szl = ZE_ (=], (5.3)

which yields linear maps &: 7 — 7 and so on that also commute with all the operations built in
[CCHS20, Sections 5.5, 5.6], so for example

(SRSHA=AS, (S®S)A_=A_S (5.4)

and so on. Similarly, we have its ‘adjoint’ 8*: 7 — 7T defined from the linear maps §%: V= — R
mapping every element of £_[E] to 1. It will be convenient to write &'[7] for the collection of those
canonical basis vectors 7 € 7 such that *7 = 7.

We denote by 9i?, := IS (L) the set of smooth noises as in Definitions 2.13 and 2.20, and
Wi = ME(L-) for its closure under the norm (2.21). Since Vec(£-) = Pz V=, we can define
§* M, — Mo by §*n =n o &, and similarly for ¢*.

The following lemma connects the construction of this section to the discussion of the previous
section:

Lemma 5.1. Let ¢ € Mo, be a smooth noise, let n € Vi’ be a smooth noise extending & in the sense
that o'n = & and let { € M, be defined by { .= §*n — &. Then one has, for any T € T,
(T_{ﬂf) =M M r =TS M 7. (5.5)

Proof. This follows from Theorem 2.4. O

We will show that there exists a double sequence n";"S e M, &,6 > 0, of smooth, random noises
with the property that n%¢ extends £%; one has §*%°¢ — 0 in Wi} in the limit & — 0 and 6 — 0; and
one has limg_0 lims_0 Y7 ° M8 St = h(t) for any T € T_. Setting ¢ := §*n — & then concludes the

proof of Proposition 3.20.
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We now identify those trees o € &[] that have the property that their expected value depends
linearly on the shift. They will give the dominating contribution to Y7 M ST

Definition 5.2. For any 7 € T_, we define $'[7] as the set of o € &[r] such that there exists a
noise-type edge u € L(o") such that

o one has t(u) = (E,7) forsome ZE € &_and T € T_ with ¥ ~ 7, and
o for any noise-type edge v € L(o)\{u}, one has t(v) € £_.

Recall Definition 3.17 for the definition of the equivalence relation ~ used here. We also set S4[7] :=
S\ (T[] u {r}). With this notation, we define

str = Z o and sl = Z o.

oest1] oest(t]
Note that one has the identity & = &1+ &' +1d.

Example 5.3. We visualise this construction on the example of the tree L\‘!’/ from the generalised KPZ
equation. Here the set & [%Nof] is given by
Vo, Vo, Vo Vo Vo W, o Vo Vo, Vo, Vo, Vo Vo Ve, Vo, V0
‘A A AAA A A A A A A A
Here a leaf drawn as square o is a placeholder for an element in £_[o]\{ e}, and similar for e and =.
Hence every tree drawn here (except the first one) is really a placeholder for a finite family of trees. The

set ST \}*| is then given by

[ ] [ ] E\?
] [e] [e]
N Vg N Vg,
where now = runs only over extended noise types = € £_[o] of the form = = (o, 7), where 7 € T_ is

a tree with exactly two noises of type o and two noises of type e (and no other noises); and similar for
mand e

5.2. Construction of the shift as Wiener chaos

We will choose the perturbation nf:"i in a homogeneous Wiener chaos of fixed order, so that r]f:’i) is

)
£,0

(E,7)’

determined by specifying a kernel K
Example 1.20).

The kernels will be constructed by fixing a smooth, compactly supported function and rescaling it to
scales much smaller than ¢ at some homogeneity s(E) (see formulas (5.8) and (5.9)). It will be crucial
that we choose this homogeneity s(Z) carefully in such a way that shifted trees o~ as in Example 1.20
(i.e., where exactly one noise E of some tree 7 € T_ is replaced by (&, 7)) have just slightly negative
homogeneity. For this, we fix £ > 0 small enough and we define a homogeneity assignment s : £ — R
in the following way:

(To clarify the idea behind the construction to follow, consider

Definition 5.4. Set (&) := s (E) := (&) for any noise type E € £_, and s(t) := s(t) for any kernel
type t € £.. For any noise type of the form (2, 7) € £_, set
s(B, 1) :=s(8) - 7], - .

s
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We now have two homogeneity assignments s and 5, withs > s —kon £_. Forany & > 0and 6 > 0,
we are going to define a random smooth noise 7%°° € 9i° satisfying the following:

o For any noise type E € £_, one has 1758’6 = ¢£ and ng"; =-£3.

o For any noise type = € £_\2_, the noise ng"s is independent of €.

o For any noise type of the form (E, 1), the noise nfE’fST) is a random centred stationary smooth
function that takes values in the m (E, 7)th homogeneous Wiener chaos with respect to &, where

m(E, 1) := [L(1),t]\{E}. (Note that [L(7),t]\{E} denotes the multiset where exactly one instance
of E is removed from [L(7),1].)

We also write m(Z) = m (Z) := {E} for any E € £_. We now define for any (Z,7) € £_ a smooth
kernel K({ o € V) where m(t) = #L(1) — 1, depending only on § > 0 (compare equation (2.13)
for the notation used here). We define K (2. by rescaling a fixed kernel ® = ;) € ﬂ(ﬂ, independent
of § > 0, which will be determined in Lemma 5.10. In order to avoid case distinctions, we also define
for any noise type Z € £_ the kernels

Oz = p, Oz = —p,

[
[11

so that @z, @z € VL. Recall that p is a compactly supported smooth cutoff function integrating to one.
Before we choose the kernels @z 1), we describe how we rescale them in order to obtain the kernels
K (‘SE ey Let us first define for any n > 1, any scale 4 > 0 and any homogeneity @ € R the rescaling

opefator S, a): Yo - Yo
S, @) (Ko ® -+ ®K,) =A%l (Ko (17%) @ - - ® K, (17°4)) . (5.6)
Note that UK transforms as
(US(A, )K) (x1, ..., xn) = AYUK) (A75x1, ..., A xp)

for any K € V.
The correct homogeneity to rescale a kernel ® (g ;) so that the random variable ’7?5’57) is of order 1
for the homogeneity s(E, 7) is given by

oz =5E,1) - m(T)ﬂ 6.7

for any (E,7) € £_. (Recall that m(7) = #L(7) — 1.) This follows from the fact that the co-
. &£,0
variance of 7](” ) is given by ‘E I:U(E,T)(Z)n(: T)(Z)” V de(: T)(Z x)K T)(z 0| < |z -
Z|>@Eo*m(D)lsl We will later choose for any 6 > 0 and any tree 7 € T_ a scale A% € (0,1) and a
real constant ¢ € R. Set A := R¥- and denote by AT the set of scales A € (0, 1)¥-"} such that A,

depends only on the equivalence class [T]~ of 7. (ThlS property will be useful in the proof of Lemma
5.10.) For fixed scales A, € A and constants a, € AT, we now make the following definition:

Definition 5.5. For any (a,1) € A x A" and any (2, 7) € £_ with [J7] s < 0, we define the kernel

K(“J )= arS(Ar @z ) Pa.o)- (5.8)

https://doi.org/10.1017/fmp.2021.18 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2021.18

Forum of Mathematics, Pi 79

For 7], = 0 we use a slightly different definition

| NE-1

Kl mar— Y 2782 0 amn | Dz, (5.9)
’ Nt =

where N7 is the smallest integer larger then (1,)7.

We also set

K& :=S(e,~Ishp  and K2 :=S(6,-Is))p, (5.10)

where we write ¢ := A, and € 1= A;.

Remark 5.6. We include £ and ¢ in the data A in order to avoid case distinctions in some expressions to
follow. Sometimes it will be useful to make & explicit. In these cases we write %+ and K%, with
ac€Aand A €A = (0, 1)T-HH},

Example 5.7. To understand formula (5.9), consider first a tree 7 € T_ with |7}, < 0, and assume
for simplicity that 7 does not contain any divergent proper subtree. Consider two trees 7,7 € &[],
where in 7 (resp., T) exactly one noise type Z (resp., two noise types Z, £) is replaced by (Z, 7) (resp.,
(E,7), (2, 7)), so that in the notation of Definition 5.2, one has ¥ € &T[r] and T € &![7]. It then
follows from a simple scaling argument and formula (5.8) that one has

g,a,A _

‘Y”g’a’lf ~a-A7" and |Y'7 7 < a3 (5.11)

The second bound follows from the fact that |T|; > 0. We will choose a, such that Y7 =% is of order
1 as 1; — 0, and hence a, ~ A%. Thus, one has Y7 0.

This argument uses crucially the fact that |7|; > 0, which fails in the case that HTHS = 0, where one
has ], = —& and [[7[}, = —2&. It follows that if we simply defined K"  via formula (5.8) in this

(E.7)
case, we would get that |Y’7£’a'/l‘z_’| is of order 1. In order to continue, we ‘spread out’ the kernel K aE”IT
in frequency space via formula (5.9). One can readily check that the first relation in formula (5.11) still
holds, while for the second relation essentially only the resonant terms contribute (compare the proof
of Lemma 5.23, where this is made precise), and we obtain the bound

1 az & 2&k (~2kk 32 a7}
nead - T 2 : -2R I3
|Y i (N’l)2 k=0 ’ (2 /lT) s (NT) ’
i —

which converges to 0 as N7 — oco.

We are now given a family of kernels Kg e 3/:;(3) and a multiset m (=) for any noise type = € £_,
where m(E) := #m(E). (Think of m(Z) = m(E, 1) as being defined as discussed after Definition
5.4.) With this notation we now make the following definition, for which we recall Definition 2.13:

Definition 5.8. Let R € 9 be defined by setting (Ra”l)fn = K& e (=) for any multiset = with
values in £_ and any = € £_. We then define the smooth noises n%* € 9i°, by setting, for any noise

type = € £_,

n&t = J(RSY. (5.12)
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From formula (2.20) it follows that r]‘E"’l = Jm@E) (Z/{Kg’/l). Recall from equation (2.16) that the
operator U is given by

UK (x1, o) = /D dyKo(») K1 (1 = ¥) - Knxn — ). (5.13)

The following is then a simple consequence of this definition:

Lemma 5.9. For any (a,1) € A" and any 2 € £_, one has 77;”1 = ¢ and ng”l =-£2.

In order to determine our shift, we are left to choose for any (E,7) € £_ a compactly supported
kernel @z 7, and for any § > & > 0 a choice of parameters (a, 1) € A X AT with Ay =gand A, = 6.
The following lemma determines a choice of smooth kernels @ (z t):

Lemma 5.10. Let ST be the operator from Definition 5.2 and let g% be the BPHZ character for the noise
&% as in Section 2.2.3, which we view as an element of G_ as in Section 5. 1. Then there exists a choice
of kernels ® = 1) € yz;’f;(” Jor any (B, 1) € £_ such that the following holds: For any tree T € T_ and
any C > 0, one has the identity

lim Y7 M8 STt = ar (A1) +0 ((A:)7F),

e—0

where the constant o ((12)™) is such that

as A — O uniformly over A € A and a € A, with |als < C.

Proof. Fix for the entire proof an equivalence class® € T_/..Sett € @and o = (SI', t) € § T[7], and
let w € L(o) be the unique noise-type edge such that t(w) = (&, 7) for some E € £_ and some 7 € 0.
It follows that

&g,a,4 &,a,d

ME =YY"

= /D o e Kk (e o) ES [((ff(u) (xu) ,nfg‘;f(xw))] .

ueL(T)\{w}

Y']

g,a,4

(Both equalities are consequences of the fact that r; )

m(t) = #L(7) — 1.) In the limit £ — 0, we obtain

is in a homogeneous Wiener chaos of order

L) dx (K:KT) ((xu)uEL(T)) E° [(gt(u) (xu))ueL(‘r)\{w} 5 [m(E,T) (UKaE’jl.;) ('xW’ ))] .

For [|7]] < 0 this expression is equal to

affr,E/ dx (K1) ()8 (A7, @(z,7)) UDP (5, 7) (Xw;x o ¢_1) , (5.14)
DL

where we use the facts that A; = Az and @(5,r) = @z 7)), where {; = € N denotes a symmetry
factor and where ¢ : L(1)\{w} — d(m(E, 1)) denotes an arbitrary bijection with the property that
t(u) = ¢1(u) for any u € L(7)\{w}. It follows from the definition of m (E, 1) that such a bijection
exists, and from the symmetry properties of @z #) that the integral is independent of this choice. (Here
we assume without loss of generality that ® (= ) is symmetric under all permutations of [m(7)] which
leave the noise type t invariant, where t : [m(7)] — L_ is the unique order-preserving map such that
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[[m(7)],t] = m(E, 7).) Recall now the definition of a(z ) from formula (5.7), and note that after a
change of integration x — A5.x, we obtain the expression

azlrz(A7)7F / dx (Kgw7) (0)UD (= 7) (xw;x o ¢‘1) ,
DL(7)

where R = (1;)~! and the assignment K ® is given by Kt(R) (x) = RIEIFIts Ky (R™5x) for any t € £,.
As A — 0, the integral in the last expression converges to

/ dx (Kg7) (X)UD (= 1) (xw;x o ¢_1) ) (5.15)
DL

(The integrand is absolutely integrable. The fact that this integral is finite on small scales is easy to
see; the bound on large scales follows from the assumption that U® z z) is compactly supported and
Lemma 4.21. One could also see this directly from a simple power-counting argument, or equivalently
from [Hail8, Theorem 4.3].)

For [|7]] = 0, expression (5.15) follows almost identically. Indeed, in this case expression (5.14)

should be replaced by
| Ni-1
arbezgy 2, 2% [ a0k WS (2 0 ) Uz (nives ). G0
Nz = DL(T)
which as before gives az{; z(1,) ¥ times an integral expression which converges to
| Nt
— Z 2 Rkpkk / dx (Kgt) (0)U®D 5 7) (xw;x ° ¢—1) , (5.17)
N7 = DL(T)

so that we recover expression (5.15).

It remains to argue that there exists a choice of ®(z ) € )f,;'ﬁ(m for any (2,7) € £_ such that for
any 7,7 € I_ with 7 ~ 7, the expression in expression (5.15) is equal to ¢ ;‘15675 For this we recall
that 7N Vec T_ = {0} by Definition 3.18. Moreover, the space of functions of the form U® € C (f)m)
for ® € )/S;;f'i(T) which is symmetric under permutations of [m] which preserve the noise type in the

same sense as before is dense in @z" (]_)""' / g). The claim now follows from the definition of the ideal 7
in Definition 3.3. ]

Finally, we want to bound the norm Hn"”l”§ for homogeneity assignments 5 : £_ — R_ (compare

formula (2.21)). As long as § < s, with s as in Definition 5.4, we obtain a bound uniformly in A € AT If
this condition is violated, a uniform bound of this form is in general not true. However, it is still possible
to derive a bound on this quantity in terms of the scales A, in the following way:

Lemma 5.11. Let & : 2. — R_ be a homogeneity assignment. For any scale 1 € AT, we define the
quantity

A(5) :=min{Az : 2 € L_,5(5) >s(E)} A L.

For any natural number N € N and any A > 0, there exists a constant Cy (4) > O such that the
following holds: For any A > 0, one has the bound

I, < Cn (2(3)) (5.18)

uniformly for 1 € A" and a, € R, with the property that |ale < A.

In particular, the convergence (3.5) holds, provided that a(Té) —0asd - O0foranyt e T_.
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Proof. We have to bound ||K§"’l||:(:) m(z)t for any = € £_, and ||R“*||yar (compare formula (2.18)).
= S=)— =)73
Fix £ = (E,7) € 2_ and assume first that [|7[, < 0. We treat only the slightly more difficult case

m(7t) > 2in detail. We show bounds uniform in @ as in formula (2.14),sothat@; € R_,i =0, ...,m(E),
is such that @y > —[s| — 1, @; > —|s| and };50 @ =5(5) — m(E)% — |s|. For the purpose of this proof,
we assume for notational simplicity that ® = ;) is a simple tensor product (in general, it is a linear
combination of such terms, but since the number of summands does not change under rescaling, one can
repeat the argument given here for each summand individually). Write ®(z 1) := ®9® - - - ® ®y,, so that

Kot = a0 oy (1) @ @ @y (17

Since /(@;”1)0 = 0 by definition, one has ||(K;’/1)0||(;0 < A7% and for i > 1 one has ||(Kg”l)o||p;,. <
A~% both uniformly over all @ as before. It follows that
(@) +m(7) Belslraz o -lsl _

< A /l:;(E,T)—S(E,T).

i(@-m(n)d "~

a,A

e

Since s (8, 7) — §(8, 1) < 0 implies A1, > A (5), the required bound follows.
In the case that [|7[], = 0, one proceeds in the same way, using the fact that 3, .o 2%k is finite.

Finally, bounding the ‘variances’ (2.19) is a simple exercise using the facts that (Qg’ﬂ)o integrates to
zero and 25 > —|s| — 2k — 2k > —|s| — 1. m|

5.3. A recursive strategy for choosing /lf"s

Our shift ¢4 is defined up to specifying a sequence of constants a® € A and a sequence of scales 1% € A
with 1% = 6 for any 6 > 0.

The constants a® will be chosen in the subsequent section as solutions to a fixed point problem which
we will show has a solution, provided that the scales 12 are chosen in a good way. We will choose
the scales 12 depending only on the homogeneity 7]}, and the number of leaves of 7. (In particular,
the scale depends only on the equivalence class [7]. of 7, so that 1% € A.) To this end, we write
(1) == (7, #L(7)), and we define the set

T={i(r):7TeT_}.
On Z we define the total order
(v, < (B,r)

if and only if either y < S or y = B and [ > r. (Note the reversed direction of the second inequality!)

Example 5.12. Consider as an example the KPZ equation, where one has

z={m%¢“¢%@%}-

By the definition of 7, one has T_ = {‘V, %, W, %}, and 7 = {(—1, 2), (—%, 3) , (0, 4)}.

It will also be convenient to introduce the set 7% := ZU {*}, where we extend the total order < to Z*
by setting i < x for any ¢ € Z. As before, we always set 1 := § for any § > 0.
The arguments showing the existence of a solution to the fixed point problem we will be looking

at (compare equation (5.25)) will in general only hold if one chooses the scales /lf(T) such that /lfy )
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is ‘small enough’ compared to /lfﬁ " whenever (y,[) < (8,r). In order to make the arguments more
systematic, we introduce the set
A= {A € (0, )T : ¢ < 7 implies 4; < /ll} . (5.19)

We will view A as a subset of A by setting A, := A7) forany 7 € T_and any 4 € A.

S

Remark 5.13. It follows that in our notation we have 1% = 1 (Eo) =

2 € £_suchthat (B, 1) € £_.

/lf(T) for any 7 € T_ and any

We also introduce a bit of notation for general finite totally ordered sets (I, <). For notational
convenience, we formulate statements for (1, <) = ([M], <), where M € N is given by M = #I.

Definition 5.14. Let ([ M], <) be a finite totally ordered set and let § = S(1) be any statement depending
on A € (0, 1)™. We define recursively in the number of elements M the notion of an attainable statement.
If M = 1, then we call S an attainable statement if there exists 1; > 0 such that S(1;) holds for any
A € (O,Zl). For M > 2 and any fixed A3 > 0, we denote by (S | Aar) (4, ..., Anm—1) the statement
depending on A1, ..., Ay -1 defined by

S1Aam)(A1,...,Am-1) = S(A1, ..., Am).

We then call the statement S attainable if there exists 137 > 0 such that for any 1p; < A7, the statement
(S | Apr) is attainable.

We will often use the following lemma, which is a direct consequence of the definition of attainable
statements:

Lemma 5.15. Let I be a finite, totally ordered set and let R, S be attainable statements on 1. Then the
conjunction R A S is attainable.

The strategy of the following sections will be as follows: We will show various lemmas whose
statements are attainable statements for the family A € (0,1)%". These (finitely many) statements in
conjunction imply that equation (5.25) can be solved, so that the existence of a solution is an attainable
statement. This in particular implies that there exists a choice of scales 1° € A for any § > 0 small
enough such that the statement holds true, and this concludes the proof.

5.4. A fixed point argument

Our goal is to find a family (a5, /1‘5) € A x A for § > 0, converging to 0 as 6 — 0, such that

lim lim Y7"(¢°2°) 8" 1 = h(7)
0—0 &0

for any 7 € T_. Here and later, we write n%(a, 1) := %% in order to make some expressions more
readable. For 7 € I_ we introduce the function F; : A X A — R by setting

F(a,Q) = lim Y7 (@ pe” o7 (5.20)
£
Note that restricted to 7 € T_, we obtain a map
F:AxA—A.

We also define the functions F! and F! in the same way, with & replaced by §T and &, respectively
(see Definition 5.2). Since & = ST+8v+Id and Y77 (@D p8° 1 = O for any7 € J_onehas F = FT+F!L.

https://doi.org/10.1017/fmp.2021.18 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2021.18

84 Martin Hairer and Philipp Schonbauer

Remark 5.16. For fixed (a,1) € A x A, the noise nZ(a, A) is independent of & unless = € £_. On the
other hand, the expression M&" §'t coincides with the BPHZ renormalisation, if the homogeneity of the
noise types = € £_ \ £_ is viewed as zero (or more precisely, as —k for some « small enough; compare
Lemma 5.21 for a precise statement). In this sense, the right-hand side of formula (5.20) is just the
expectation of Il7(0), where Il denotes the BPHZ-renormalised (in the sense of the previous sentence)
canonical lift of ¢ (a, 2). It follows in particular that the right-hand side of formula (5.20) is indeed
convergent.

Note, however, that this expression does not vanish. This is not a contradiction to the characterisation
[BHZ19, Equation 6.25] of the BPHZ character, since with respect to the homogeneity constructed in
the previous paragraph, & does not leave homogeneity invariant. In fact, any tree o € S[r]\{7} is of
positive homogeneity in this sense. The identity [BHZ19, Equation 6.25], on the other hand, is only
guaranteed to hold for trees of negative homogeneity.

Our intuition behind this definition is that FTL should be small compared to FTT , in the sense that a
statement of the form FTl(a, 1) < FTT (a, 1) is an attainable statement. It turns out that this is not quite
true, since in general there will be subdivergences of 7 that cause FTl to become dominant. However,
assuming that we have good bounds on these subdivergences, this statement becomes attainable. More
precisely, we have the following result:

<T
I

Lemma 5.17. For any T € _, there exists a smooth function G : R¥ x R X A — R such that

Gr (@ (F2(a, ) segr . 4) = FH@, D) (5.21)
Jorany (a, 1) € A X A, and such that for any fixed p > 0 and B > 0 the following bound is attainable:
G, b, )| < B, (5:22)

uniformly over all (a,b) € A x R7-" such that maxzex_|az| V maxzeg < |bz| < p.

Before we prove this lemma, we show how to use it to finish the proof of Proposition 3.20. We first
argue that one can strengthen the statement of the lemma:

Lemma 5.18. For any T € T_ and p > 0, there exists a continuous function G, : AXR¥" x A —» R
such that

Gr (. (Fr(a, ) sex=r . A) = FH(a, ) (5.23)
holds for any (a, A1) € AX Awithsupzcy |az|Vsupzcg< |Fz(a, )| < p, and for any 8 > 0 the bound
|G+ (a,b, )| < BAf,, (5.24)

uniformly over (a,b) € A x R¥"" such that maxzex_|az| vV maxzey<- |bz| < p is attainable.

Proof. Let A, denote the set of a € A such that Supzc¢_|az| V sup;zeq<c |Fz(a, 2)| < p. We first argue
that there exists R > 0 such that one has |Fz(a,1)| < R forany ¥ € 7 and any (a,1) € A, X A.
Once this is shown, it is not hard to see that the function

Gr(a,b,) = G (a, (be) rexer U (F2(@, ) A R)pegrnizr - )

has all the properties we are looking for.
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We denote by g° = g“(a,d) € G_ the BPHZ character for the noise ¢(a, 1), and we define
h® = h®(a, ) € G_ via the identity /° o g° = g¥, so that one has

Fr(a,2) = lim YT ME MY S
E—

for any 7 € J_, where we suppress the dependence on (a, 1) in the notation on the right-hand side. By
Lemma 5.11, the noise 7°(a, 1) is uniformly bounded with respect to ||-|ls—z over (a,1) € A, X A and
g > 0, and it follows from [CH16] that

|Y'7‘°'Mf~"“a( <1

for any o= € 7 uniformly over (a,1) € A, X A and £ > 0. We recall at this point (Lemma 5.4) that §
commutes with the coproduct, so that it remains to show that /°§'7 is bounded for any ¥ € 7_ uniformly
over (a,A) € A, X A and &€ > 0. We denote by h%% e G_ the character from Proposition 3.21 for the
shift 75 1= $*n®(a, 1) — &2, and we claim that one has /°S§ = h®% on 7_. Indeed, one has

Mg S @Y 5 ) Ai= M (g @ Y7 ) AiS =178 = 1%

on 7, and since this relation characterises the BPHZ character, one has g°$§ = g, It remains to argue
that

Il}:(g)ogg’é — IIECS)OchS) — (hb‘ og*;)eS’ngoS’ :gs

on 7_. We can now argue inductively with respect to < in the same way as in the proof of equation (3.8).
The only difference is that in equation (3.8) we showed convergence based on the assumption that
Fz(a, ) converges for 7 € T=7. Now we show boundedness based on the assumption that these
quantities are bounded. O

With this we can finish the proof of Proposition 3.20. We recall at this point that we fixed 7 € ¢ o H
at the beginning of Section 3.3 (see also equation (3.6)).

Proposition 5.19. For any 6 > 0, the following is an attainable statement: There exists a family of
constants a € R*- such that sup, .y |a.| < & and such that

Fe(a, ) = h(t) (5.25)

forany Tt e I_.
In particular, one can choose a sequence of scales 1° € A and a sequence of constants a® € A, both
converging to 0 as 6 — 0, such that the statement of Proposition 3.20 holds for the corresponding shift

{s=8"n%(a, 1) - &°.
Proof. The key step is to find a solution a € A with max,cg_|a;| < 6 to the system of equations
Fl(a, ) + G, (a, (h(%))sexer ,z) = h(r), TeT, (5.26)
where G is as in Lemma 5.18 for p := 2max,cg_ () A 28. We then argue inductively: Fixing 7 € T_
and assuming that F;(a, ) = h(7) for any ¥ € T=7, then the assumptions of equation (5.23) are met
for 7, so that the left-hand side of equation (5.26) is equal to F(a, 4).
We rephrase equation (5.26) slightly into a fixed point problem. Define the function
g:AXA—> Aby
ge(@) = =25 ) (FN@,2) + G (a, (h(P)rex=r, A) = h(7)) + ar (5:27)
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for any 7 € T_. Then a € A with max,cg_|a,| < ¢ is a fixed point of g(+, A1) if and only if (a, 1) is
a solution to equation (5.25). It follows from Lemma 5.10 that —/lf(T)FTT(a,/l) +a; > 0asd—0
uniformly over a € A, as before, and from Lemma 5.18 that for any 8 > 0 the bound

/liE(T)GT (a, (h(f))feiff,/l)) <pB

for any a € A as before is an attainable statement.
It follows that the statement

max|a.| < 6§ implies max|g.(a,)| <6
TeT_ TeT_

is attainable, and by Schauder’s fixed point theorem there exists a solution a to equation (5.27) in the
o-neighbourhood of the origin. O

It remains to show Lemma 5.17. We fix « > 0 with the property that K > « and such that |7|; > — % +x
for any tree T € 7 with #K (7) > 1. For fixed ¢ € Z we introduce a homogeneity assignment s on £_
which treats noises regularised on scales larger than A;, as smooth. More precisely, we set s (E) := s(E)
and 5° (E) := —« for any E € £_, and we define

. s(8,7) ifi(r) < o,
S(ET) = BN
—K if ¢(7) > 1o,
for any noise type (E, 7) € £_. Here we use the total order < on Z introduced in Section 5.3.

Lemma 5.20. Set i € T and set i := min{j € 7" : j > i}. For any A > 0 there exists a constant
Cn(4;1) > 0, such that for any N € N the bound

7% (a, Dl < Cn (A1)
holds uniformly over all families 1 € A and a € A with max,cx_|a.| < A.
Proof. This follows directly from Lemma 5.11. O

We denote by 7; C 7 the unital subalgebra generated by trees of negative |-|.:-homogeneity. Note
that « was chosen small enough so that for any tree 7 € 7_, one has 7 € 7; if and only if for any noise-
type edge e € L(7) one has either t(e) € £_ or t(e) = (E, 1), with 1(7) < 9. We denote by p" the
multiplicative projection of 7_ onto 7;, and we define g% := 2°p’ (we usually suppress the dependence
of (a, A) in this notation).

It follows that g* restricted to 7. is just the BPHZ character for the homogeneity assignment s* and
the evaluation ¥. Applying the results of [CH16] to the homogeneity assignment s°, we obtain the
following estimate:

Lemma 5.21. For any i € I, there exists a constant Cy (A1) > 0 such that for any T € 7, the bound
v v | < o (2)

holds uniformly over all families A € A and a € A with max,cx_|a.| < A.
Moreover,

gi(a, )7 = lim YT M ¢
e—0

exists and is a continuous function in (a, A).

Proof. Both statements follow from Lemma 5.20 and [CH16, Theorem 2.31]. O
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We are finally in a position to prove Lemma 5.17.

Proof of Lemma 5.17. We fix from now on a tree 7 € T _ and assume that the statement of Lemma 5.17
holds for any ¥ € T=7. We set j := 1(7) and we define a character k‘; € §_by

kS ogh=g". (5.28)
It then follows that for any ¥ € <7, one has
Y7 ME ST = (K o Y1 M) ALis
- (k"j%os’ ® Y”SM’*'foS’) (Ai-ld@ DF+k ST,

It follows from this identity and the definition of the coproduct that there exists a fixed polynomial P
in 77 x I variables such that

kST =Y M ST+ P: (k’}os’f, Y'MO St FeT T teT ) : (5.29)
We prove inductively in < that for any ¥ € J_~7, there exists a continuous function
£, )7 AXR7 " xA >R (5.30)

such that £(a, (Fz(a, A))zeg <, A) T is equal to equation (5.29) in the limit e — 0 for any (a, 1) € AXA,
and such that for any C > 0, the estimate

|ﬁ(a’ b’ /l)fl < CN (/IJT)

holds uniformly over all (a,b) € A x R7-" such that sup; .y |az| V sup;cg<- |bz| < C and & > 0
small enough (where ‘small enough’ may depend on (a, b)). We can write

lin}) S ST = Fz(a,A) + Pz(f(a, (F+(a,))seg=r, )T, g, (a, ) : T€ T, 2 € T)
£
=: f(a, (Fz(a,))zeg<, )T,

which is bounded in the required way by Lemma 5.2 1 and the induction hypothesis. In order to continue,
we now make the claim that for any tree ¥ € 7_, one has k’;.f = ( if at least one of the following three
properties is satisfied:

1. One has ¥ € 7_.
2. For any partition 7 € P(L(7)), one has

[1E 7000, o

Pern

for any (xe)eer(z) € (l_))u%), where t : L(f) — £_ denotes the type map of 7.
3. One has |7],; > 0.

The first claim follows from the fact that 7_ is a Hopf subalgebra of 7_, and on 7_ the characters g*
and g*} agree. For the second claim, we denote by 7 C /_ the ideal in 7_ generated by all trees ¥ € 7_
with the property that equation (5.31) holds. Then Z forms a Hopf ideal, and by the definition of the
BPHZ character it follows that both g€ and g‘/ vanish on Z. The claim now follows from the fact that the
annihilator of any Hopf ideal forms a subgroup of G_. The third claim follows similarly, noting that A_
preserves the |-|,,-homogeneity, in the sense that [A_7|,; = |f|.,, where on the left-hand side we add up
the homogeneities of products of trees. It follows that the ideal I; in 7_ generated by trees T € 7_ such

https://doi.org/10.1017/fmp.2021.18 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2021.18

88 Martin Hairer and Philipp Schonbauer

that |7|,; > 0 is a Hopf ideal. Moreover, since g*/ and g® vanish on Z7, the claim follows again from the
fact that annihilators of Hopf ideals are subgroups.
As a corollary, we obtain the identity

(kji ® Y”M) (Ai-1d®1) (ST + Id) r=0. (5.32)

Indeed, set ¥ € $T[7]. Then there exists a unique noise-type edge e € L(¥) such that t(e) ¢ £_, and
for this edge nf(e) is an element of the m(7)th homogeneous Wiener chaos. It follows that whenever
7 # 1 is a proper subtree of 7, so that in particular L(T) € L(7), then either the first or the second of
the foregoing properties is satisfied. The claim then follows, since on the one hand 7" M* Xk =0 for
any k € N9\{0}, and on the other hand ||.; < 0 implies that Y7"M? % = 0. Here we use the fact that
5/ was chosen in such a way that |#|,; < & < 0 for any ¥ € $T[7].

As a second corollary, we get that if 7 is such that 7], < 0, then

St =0. (5.33)

To see this, let ¥ € S1[7]. It is clear that whenever there exists e € L(7) such that either t(e) = = for
some E € &_or t(e) = (E, T) with ¢(¥) > 4, then one has |7|.; > 0, and by the third of the foregoing
properties it follows that £° ¥ = 0. Thus, we can assume that t(e) € L ort(e) = (E,T) with i(7) < 1
forall e € L(7).

Assume now that in addition there are two distinct e, f € L(T) such that t(e),t(f) ¢ & — say
t(e) = (E,7) and t(f) = (&, 7). Then the assumption i(7) V i(#) < j implies that [ [, V [#[, < [7].-
Upon choosing « small enough, one has

|7-|:“ 2 |T|5 - (I]‘Fl]s +’?) - ([I‘?I]s +I?)

> |tls =2 ([, + &) > 0. (5.34)

In the remaining case there exists a unique e € L(7) such that t(e) ¢ £_, say t(e) = (E, 7). We
distinguish the case [|7[|, = 7], and [T, < [7[, (by the earlier discussion, we have i(7) < j, so
that the case [|7[, > 7], is ruled out). In the first case, we have by the definition of < and & that
#L(T) > #L(1), so that r]t’s(e) takes values in a homogeneous Wiener chaos of order strictly greater than

m(7), so that the second of the foregoing properties applies. In the second case it follows similarly to
before that

I7],; > |tls = [T[s — k>0,

so that the third of the foregoing properties applies, and this finishes the proof of the claim.
We now conclude that in the case |7, < 0, it follows from equations (5.32) and (5.33) that

Fr(a,d) = lim ("7 ® Y"‘SM‘QQ“;) (Ai-lde DSt +i°ste
E—

= lim (kj& ® Y'l”‘M"f&) (A_i—Td® D)7,
and using the definition of £ in formula (5.30) together with Lemma 5.21, this can be rewritten as

Fi(a,/l) = (/3 (a, (Fz)reg=r (a),/l) ® g(a,/l)) (Ai-Id® D7,
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so that
G:(a,b,Q) .= (f(a,b, ) ® g(a,))(A_i-1d® )T

has the desired form (5.21).

It remains to treat the case |]T[|S = 0, where the estimate (5.34) fails in general. However, we will
show that a slightly weaker statement than equation (5.33) still holds — namely, there exists a constant
Cn (’liT) such that

[koStr] < Cn (). (5.35)

Proceeding identically to before, this suffices to finish the proof of Lemma 5.17.

To show formula (5.35), we recall that by Assumption 5 one has for any ¥ € V and any T € §[f]
that g7 = g*/ 7 = 0. It follows from this, equation (5.28) and the fact that the unital algebra generated
by U,ep &[] is a Hopf subalgebra of 7_ that one also has k*/’"f =0 forany T € &[7] and any 7 € V.
In particular,

0=g°Str= (K @ 2)A Sl =k Slr+ ¢St

The estimate (5.35) now follows from formula (5.36), using the fact that one has the identity g*/ T=g°T
for any tree 7 € 7_ such that g7 # 0. O

Remark 5.22. The last step of this proof, relating k/oS’ I and g*/ &', does not need Assumption 5,
although the argument is greatly simplified. The assumption is, however, needed in the proof of formula
(5.36).

Lemma 5.23. Let T € I_ satisfy 7], = 0, and let ¥ € S[7] be such that 7], < 0. Then for any
noise-type edge e € L(T), one t(e) = E ort(e) = E for some E € £_, ort(e) = (E,T) with T € T_
such that ||7[), = 0.

Moreover, setting j := 1(7), for any p > 0 the bound

lg°F] < C(A,), (5.36)

uniformly over a € A with max;cx_la-| < p, is attainable.

Proof. The first statement follows directly from the definition. For formula (5.36) we distinguish three
cases.

~

First case. There exists e € L(¥) with A(t(e)) > A; — that is, one has either t(e) = & € €_ or
t(e) = (8, 7) with |7, = 0 and #L(7) < #L(7). In this case, consider the homogeneity assignment 5
given by

g(t) = S(t) + glt:t(e)

for any t € 2_, where 6 := —|T|, + k. Then one has |7|;: > 0. Let ° be the BPHZ character for this
homogeneity assignment and the noise 7°. From Assumption 5 it follows that

S (B =(e" oY) (ai-Me D= (2 0 Y7 ) Air
=Y M < At (e)IT < cay). (5.37)

Here we use the fact that by construction, 2°7 = 0. We also use the fact that whenever 7 C 7 is a

proper subtree such that for some polynomial decoration fi one has Ik l.=0 and t(e) € t(L(7)), then
\‘F;‘L > 0, so that 2°7 = 0. On the other hand, by Assumption 5 one also has g*7; = 0.
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Second case. There exists a unique noise-type edge e e L(7) withe(e) ¢ £_. We only need to consider
the case that t(e) is of the form (5, T) for some 7 € _ with [|7[), = 0 and #L(T) > #L(7); otherwise
either the first case applies or 7 € &T[7]. In this case, however, we recall that n(H 9 takes values in the
(#L(T) — 1)th Wiener chaos, and since #L(T) — 1 > #L () and all other noise-type edges (there are only
#L(T)— 1 such edges) carry Gaussian noises, there is no nonvanishing cumulant, and one has g () =

Third case. In the final case there exist r > 2 distinct noise-type edges ey,...,e, € L(T) with
t(e;) = (Ei,7;), and one has [|7;[|, = 0 and #L(7;) > #L (). At this point we recall the definition (5.9)
of K (2,.7:)° from which it follows that these two kernels are sums over N; := Nz, kernels respectively,
and we write

K(Ei,‘r: = _/1_ Z K"
with (recall that ¥(z,.7) = _#L(Ti)% - R

m._ y-kmg (Z_m/lri,#L(Tt)u) (I)( i Ti)

In order to simplify the argument to come, we assume that the noise types (E;, 7;) are all different.
(If this is not the case, extend the regularity structure at this point by introducing sufficiently many
distinct copies of the noise types (E;, 7;), and extend ¢ such that it acts identically on each copy of any
given noise type. The argument to follow can then be applied to the extended regularity structure and
the extended set of noise types.)

Given n = (ny,...,n,) with n; € {0 — 1}, we write 7 for the noise defined by formula
(5.12), but with K (&i.71) replaced by K and we write g for the BPHZ character for the noise n7.

It follows that with a = az, - - - az,, one has

. QR Nizl Np-l
o°(7) =t Z ! (5.38)
n1=0 n,=0
By Corollary A.24, there exists 8 > 0 such that
160 ()| < (i 27"y | (5.39)
T .
En ~ \max; 27% A,

We can assume that 4 < A < - < A, and hence also N; > N > --- > N,.. At this point we recall that
the scales are ‘well separated’, and in particular there is no loss of generality to assume that whenever
Az; > A, One also has 2~Ni Az > Ae;. Then one has the bound

-rk Ni-1

4]
(T)l Z Z 2~ 0 (max; n; —min; n,) (540)

n1—0 n,-=0

Up to a combinatorial factor, we can restrict the sum to the regime n; > --- > n,. Changing variables
in the sum so that k = (max; n;) — (min; n;) = n; — n,, we obtain the bound

Ni-1  N,-1 Na-1  N,-1

Z Z - 6 (max; n; —min; n;) < Z Z Z 2—0k <N,--

n1=0 n,=0 ny=0 n,-=0
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With formula (5.40), we obtain
|g‘((f)| < N]—l/lIr/?’

and recalling that Ny ~ /l[l, it remains to choose « small enough so that 7k < 1, where 7 denotes the
maximal number of noise-type edges appearing in any tree 7 € I_. O

A. Technical proofs and notations
A.l. The coproduct via forests

In some of the arguments we are going to perform a construction for which it will be important to first
derive certain identities involving the coproduct. The proofs of some of these statements are relatively
straightforward but turn out to be a bit fiddly; these arguments become clearer using some notation that
we introduce in this section.

Definition A.1. For a rooted, typed tree (7, t), we say that F is a subforest of T if F is a subgraph of 7
without isolated vertices. We call F a subtree if F is nonempty and connected. We write T/ F for the
rooted, typed tree obtained by contracting any connected component of 7T to a single vertex.

We write F for the set of the connected components of . In a natural way, one can view any connected
component of § € F again as a rooted, typed tree (S, 1), where the type t is simply taken over from T.
The set of vertices V(T /F) can now be naturally identified with the set (V(T)\V(F)) U {uA tAe ._F},
where us € V(T/F) denotes the vertex obtained by contracting the subtree A of T. It follows that there
exists a map 3. : V(T) — V(F/T) defined by

us ifueV(A) with A € F,
o7 (1) :={ A () (A1)

u ifueV(T\V(F).

Given a tree T € T, 7 is of the form 7 = Te""J for some rooted, typed tree T, and we say that Fis a
subforest of 7 if F is a subforest of 7.

Given atree T = T,"° € T, we write div(7) for the set of subforests F of 7 with the property that
for any S € F, one has |SSLS < 0. We write 7E(t) C E(7) for the set of ¢ € E(7) with the property

that e ¢ E(F) but el € N(F). Foramap @ : E(1) — Z¢ @ Z(£), we write 7 : N(1) — Z¢ & Z(8)
for the map defined by

ne(u) = Z 2(e).

ecE(1),el=u

Finally, if m : N(r) — Z¢ @ Z(8), then we define m/F : N(t/F) — Z? ® Z(L) by setting
(m/F)(u) := m(u) of u € N(t)\N(F) and

/P = > m)

veN (S)

if u € N(t/F) was generated by contracting the subtree S € F. With this notation we have the following
formula for the coproduct A_ : T — 7_ ® T from [BHZ19, Definitions 3.3, 3.18]:

_ 1 n nr+mer n-ng,[o]F
A_t= Z Z o (n;) ]_[ st ® (T/ P 1"V, (A2)
Fediv(t) nr,er SeF

where [0]r = (0 +nr+7(er—e|r+tlgxm)) /F. Here we use the same convention as in [BHZ19,
Definition 3.3]: Given a typed tree T and a subforest F of 7, the notations nr and -er always denote
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decorations 1z : N(t) — N¢ and er : E(t) — N with the property that
suppnr C N(F) and supper C drE(T). (A.3)

We furthermore use the convention that a sum over nz and er ranges over all decorations satisfying
formula (A.3).

A.2. Some technical proofs

Proof of Lemma 4.31. Note first that for an undecorated tree S, one has that S € 7 holds either for all
choices of decorations n, ¢ or for no choice of decoration; for the purpose of this proof we write S € Z*
in the first case.

In order to see that equation (4.23) holds, we only need to show that for any forest F € div(7) which
is not of the form g for some G € div(n7), one has

[]se7 7 e (/PG eTe T+ T o I (A4)
SeF

If there exists S € F such that E(S) = Ly (S) (i.e., such that S consists only of the root with a finite
number of legs attached to it), then formula (A.4) follows at once. Otherwise, we write w.F for the
subforest of F given by removing all legs — that is, 7. is the subgraph of 77 induced by the edge set

E(nF) = E(H\LL(7).

Then one has n.F € div(nt), and since F # n.F by assumption, there exists S € F with the property
such that Ly (S) # Ly (nS). Assume first that Ly (S) contains a leg e with the property that e ¢ Ly (xS).
Then, since 7 is properly legged, the leg e has a unique partner & € Li (T) in T and one has &' ¢ N(S)
(since otherwise one would have et,éele N (S)and hence e, é € Ly (@) by the definition of 7). Thus,
e does not have a partner in S, and hence S € Z*. Otherwise, Ly (S) € L (@ ) Then there exist legs
e,& € Ly (nS) such that {t(e),t(&)} € L and such that at least one of these two legs is not an element of
Li(S).If e € Lp(S) but € ¢ L (S) (or the other way round), then one has S € Z*. If e, é ¢ L. (S), then
one has et = &' in T/ F (since the vertices e! and &' in T belong to the same connected component of
F),and thus T/ F € 7

We now show that 7' is a Hopf subalgebra; the claim that 7A’_ex’pl is a comodule follows very
similarly. We need to show that A_7®' ¢ 7P' ® 7. For this it is sufficient to show that A_P®1 =
(P° ® P®) A_t € TP ® T for any properly legged tree 7 = T;* € 7, which in turn follows once we
show that any subforest F = G for some G € div(n7) has the property that the trees S € F and the tree
T/ F are all properly legged.

It follows from the definition of the coproduct that if 7 is properly legged, then Definition 4.23(1)
carries over to any subtree S € F and also to 7'/ F. Moreover, Definition 4.23(2) also immediately carries
over to subtrees S € F. To see that this point is inherited also by 7'/ F, we note that by assumption on the
regularity structure, it follows that whenever S is a subtree of 77 with [|S0[] s <0, then forany u € L(7)
one has u € L(S) if and only if u! € N(S). Applying this fact to the trees S € G, it follows that one
has L(7/F) = L(7)\N(F), and moreover, for any u € L(7/F), the sets E(u,t/F) and E(u, ), given
respectively as the sets containing all edges e € E(7/F) and e € E(t) with el = u, coincide. Together
these imply that Definition 4.23(2) holds with i = i|;(¢/ 7).

The fact that Definition 4.23(3) and (4) hold for any S € F follows from the definition of 7 = G. The
fact that (4) holds for 7'/ F follows from the fact that E(u,7) = E(u,7/F) for any u € L(7). A very
similar argument shows that (3) holds also for 7/ F. Finally, note that Definition 4.23(5) holds trivially
for the left component of A® 7, since by definition this component does not contain coloured vertices.
The fact that (5) holds for 7'/ F can be argued very similarly as for (4). m|

https://doi.org/10.1017/fmp.2021.18 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2021.18

Forum of Mathematics, Pi 93

Proof of Lemma 4.40. Using Lemma 4.62, it suffices to show that A_ker Oy C ker(Qy ® Qy), which
follows once we show that (Qy ® Q¢)A_ = (Qy ® Qp)A_Qy. This in turn is a consequence of

(Py @ Po)A_7m = (Py @ Pg)A_Op1 (A.5)

forany t € TP Since both sides are linear and multiplicative, it suffices to show this for trees 7 € TP
In the case that the derivative decoration ¢ of 7 does not vanish identically on legs, identity (A.5)
follows directly from the fact that the coproduct A_ never decreases the decoration e, so that either the
right or the left component of A_7 contains at least one leg with nonvanishing derivative decoration.
Hence, both sides in equation (A.5) vanish.
In the remaining case one has ¢|;, (r) = Oand thus Qg7 = Ot. Recall thatonehas A_ = (Id®p_)A_i_
on 7', We then note that one has 77 = 7O, so that from equation (4.23) we infer

aior= 3 3 o[]S e e

Fediv(nT) le,e.r SeF

where F = F[ Ot]. If we compare the second sum in this identity to the corresponding sum in equation
(4.23), we see that they differ only by the range of the decoration ¢z, since the sum here puts derivatives
also on superfluous legs. If we write L] (7) € Ly (7) for the set of superfluous legs of 7, it follows that
one has the idenity

At Or= Z Z ( ) 1—[ anﬂ"””f (T/‘F):+et;f [”]f

Fediv(nt) Nr.er SeF
ezlpy (=0

where this time F = F[t]. Since any term on the right-hand side of equation (4.23) with ez non
vanishing on L{ (7) yields an element of TP @ ker Py, the claim follows. m]

Lemma A.2. Let A be the symmetric algebra of a finite-dimensional vector space BB, and let ® C B* be
a linear subspace of the dual space B* of B. For any f € B*, denote by f. € A" the unique character of
A extending f. Finally, for any C C A, write J(C) for the ideal in A generated by C.

Then one has T := j(ﬂwe(p ker <p) = Ngea ker g, = T

Proof. The inclusion Z C 7 is trivial, so we only need to show that IcT.
Define @ C Bby @+ := (¢ ker ¢. Let X be a basis of @+, let ¥ be a basis of a complement of
L in B and observe that X U Y generates A freely as a commutative, unital algebra. So for any a € A,
there exist » > 0, ¢; € Rand b;: X UY — N such that

a:Zci l_[xbi(x) nyb"(”. (A.6)

i<r xeX yey

We will always assume that this sum is minimal in the sense that ¢; # O and i # j = b; # b;, which
makes the representation unique, modulo a permutation of the index set {1, ..., r}.

The ideal Z consists precisely of those elements a € A such that in the representation (A.6), one has
b;i1X # 0 for all i. For a € Z, we can therefore write @ = ag + a; with a; € Z and ag belonging to the
subalgebra Ay C A generated by Y. Assuming by contradiction that ag # 0, one can find a character ¢ of
Ay such that ¢(ag) # 0. If we extend ¢ to all of A by setting ¢(x) = 0 for x € X, then ¢ € (®4)* = D,
so that ¢(ag) = 0 and therefore ¢(a) # 0, in contradiction of the assumption that a € Z. m]
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A.3. Feynman diagrams

We state and sketch the proof of (a slight generalisation of) [Hai18, Theorems 3.1, 4.3]. For this, let £
be a nonempty set of types and set £ := £, U {¢}. In analogy to [Hail8, Definition 2.1], we make the
following definition:

Definition A.3. A Feynman diagram is a finite directed graph I' = (V, E) endowed with the following
additional data:

o An ordered set of distinct vertices V = {[1], ..., [k]} C V such that each [i] has exactly one outgoing
edge called a ‘leg’ and no incoming edge, and such that each connected component of I" contains at
least one leg. We write V, := V \ V and E, C E for the set of internal edges — that is, edges which
are not legs. For each [i] € V we denote by i, the vertex such that ([i],ix) € E.

o A distinguished vertex v, (f) for every connected component I” of I". For any u € V we write uy for
the distinguished vertex v, (I') of the connected component I" which contains u.

o Decorations t : E — £ such that t(e) = § if and only if eis aleg, e : E — N¢ and 1t : V,, — N<.

We write I';' whenever we want to make the decorations explicit.

This definition differs slightly from [Hail8, Definition 2.1] because we include a polynomial deco-
ration 1.

As in [Hail8, Definition 2.7], we define a vacuum diagram as a Feynman diagram I" such that each
connected component contains exactly one leg. We write D for the linear space generated by all Feynman
diagrams, and we write D_ for the algebra of all vacuum diagrams such that each connected component
contains at least one internal edge. As in [Hail8] we factor out a subspace (resp., an ideal) on which
the valuation (which we will define) vanishes. We define 9D (resp., dD_) as the smallest subspace of
D (resp., the smallest ideal in fD_) which contains the expressions [Hail 8, Equations 2.16, 2.17, 2.18]
for any connected Feynman diagram, and we set

‘H :=D/dD and H_=D_joD_.

Degree assignments

In [Hail8] it was assumed that we are given a degree assignment deg : £ — R_, and for any C > 0,
bounds were derived uniformly in kernel assignments K such that [|Kt||gegt < C for any t € £. We will
generalise this setting slightly to allow some of the kernels to ‘exchange’ homogeneity. This is possible
from the fact that the bounds we are interested in depend only on the product [[,c£(r) ||Kt(e) || degt(e)”

Example A.4. As a typical example, consider two edges ¢, f € E(I") and two smooth, compactly
supported functions ¢, ¥, and assume that

Ki(e)(x) := 2% (17°x) and  Ki(s)(x) = Py (17%x)

for some @, B < 0 and A € (0, 1). While degt(e) = @ and degt(f) = 8 seem the most natural choices,
if we are interested in bounds uniformly in 2 > 0 we could make any choice of the form degt(e) = a -0
and degt(f) =B+ 0 forsome 6 € R (aslongasa —6 <0and 8+ 6 <0).

Tweaking the degrees in this way may alter the renormalisation structure (i.e., the degree of a
subdiagram may cross a nonpositive integer), so that one could try to find a degree assignment which
minimises the number of subdiagrams that need to be renormalised. Unfortunately, in the situations
we are interested in, this turns out to be impossible: Given any ‘tweaked’ choice of degrees, there are
always subgraphs which appear divergent but are actually completely fine.

To overcome this issue we consider the following construction: Assume that we are given a partition
L = | e, £1 of the set of types. We then call a type t € L strong if {t} = £ for some 1 € L, and weak
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otherwise, and we write L¢ and Ly, for the subsets of strong and weak types, respectively. We always
assume that ¢ is a strong type.

Definition A.5. A Feynman diagram I" is called admissible if any weak type t appears at most once in
I', and for any 1 € L with t(E(T")) N £y # @, one has £; C t(E(I")) and there exists a vertex u# with the
property that all e € E(T") with type t(e) € L are connected to u.

The last part of this definition rules out the possibility that for somel € L there are two nonoverlapping
subgraphs which contain the edges e € E(I") with t(e) € £ (in which case we may be able to avoid
either subdivergence, but possibly not both at the same time).

Example A.6. A typical example to which we apply this setting is given by a Feynman diagram where
the ‘strong’ edges are the kernel-type edges of an underlying tree 7 € 7T and the ‘weak’ edges represent
kernels of noises living in fixed homogeneous Wiener chaoses. For instance, one could look at the
following Feynman diagram:

Here we draw bold lines for strong edges and dotted lines for weak edges, and we colour weak edges
according to the partition | |jr, £y-

We assume we are given a degree assignment Deg : L — R_, such that Deg(6) = —|s|. Here and
later we write Deg(t) := Deg(l) if t € Ly is a strong type such that £; = {t}. Finally, we assume we are
given a homogeneity assignment deg L — R_ such that degt = Degt for any strong type t € L. We
then write

Deg := {deg L — R_:deg> @and for alll € L, one has Z degt = Degl} ,
tel

and for any Feynman diagram I'{' we define the quantity

Degl':= sup Z (degt(e) —le(e)ls) + Z [n(u)ls + 5| (#V(I) = 1).
degeDeg , cp (T uev (D)

(Note that the expression inside the sup does not depend on deg € Deg for admissible Feynman
diagrams.)

Example A.7. Consider two nonadmissible, overlapping (but not nested) subdiagrams I'j, I’y with
DegI'; > 0. Consider furthermore a spanning tree T such that I'; collapses for T (i.e., for some interior
node u of T, one has that V (f 1) is given by the set of u € V(') such that u > p with respect to the tree
order). By definition we can find a degree assignment deg € Deg such that I'; is of positive degree, and
since I, is overlapping with T'j, it does not collapse. Consequently, neither of these two subdiagrams
needs to be renormalised. An identical argument works in the case that I, is collapsing. However, there
may not exist a fixed degree assignment deg € Deg such that both statements are true at the same time.

Finally, we fix another degree assignment deg,, : £ — [—oo, 0] with deg.,(6) := —

Kernel assignments and valuations )
We write C; for the space of smooth functions ¢ € C’ (D) supported in the s-unit ball of radius 1. We
then write K, for the set of kernel assignments (K )i, such that Ky € C; for any t € £, and K}, for the

set of kernel assignments (Ry)ie. such that Ry € C2° (D) for any t € £ and Rt := 0 for any weak type
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t € Ly. We also set ; :=e([i],ix) fori = 1,..., k, and with this notation we define an valuation ITX-R

on H by setting

(HK’RF) (p) = /V l_[ D) (K + R)t(e) (xe, = Xe_)

DV ecE,

l—l (2 — 20, )" (Dzll ...DZ‘Q@) (Xyys .o os Xy ) d,

ueVy

for any (K, R) € K, x K.

Recall that we want to allow types t, € £) to ‘exchange homogeneity’, and as a consequence there
is no natural norm on K, which we can use. Instead we are forced to work with tensor products, which
is very similar to Definition 2.7. For any 1 € L we define the space

INCL’O_ = ® C

tel

together with the norm

K lpegt == sup [ 11Ktllaeets (A7)
degeDeg tel,

where |[|-||gegt is as in formulas (2.11) and (2.12), and we define I~C:)’7 as the closure of INC!;{ under this
norm. We also write

fC; = @ I~C!;o_ and I~Ca = @ I~C:)’_.

leL leL
We next note that for admissible Feynman diagrams I", one can define ITX-RT" for any (K,R) €

K=, x KC%, in a canonical way by imposing this to be linear on each component INCE;O_. To be more precise,
for fixed K € K, define K € K, by setting

K = ®Kt (A.8)

tely
for any 1 € L. Then if I" is admissible, the quantity
&R .= mKRE
is well defined (recall that Ry = O for any weak type t € £,,) and can be linearly extended to K € K.

We finally define ICg analogously to [Hai 8, Section 4] as the closure of K, under the norm || R ||, deg,.
given by the smallest constant such that

|D* Rt (x)] < [IRloo deg,, (1 + Jx]) 48"
forallt e £,x e Dand |k|s <.
Renormalisation

We denote by H_ the algebras of Feynman vacuum diagrams defined as in [Hail8, after Remark
2.9]. Recall that H_ can be identified with the factor algebra H_/J., where 7, C H_ denotes the
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ideal generated by connected vacuum diagrams of positive Deg-degree. We introduce a coproduct
_X->H_@Xfor Xe {7—[, H-, 7—[_} in analogue to [Hail8, Equations 2.19, 2.24] by setting

|outé|
AT = ZZ( D ( ) [ @ (I/) {1, - (A.9)

where we use the convention that the first sum runs over full subgraphs'® T" of I" with the property that
any connected component of I is of negative degree, and the second sum runs over all decorations
¢:0rE(T) — N4 and it : V(I') — N such that suppit € V (f) Here we write 0pE(I") for the set of
half-edges (e, v) with e € E(I)\E ([') and v € e NV ('), and we write [€](e) := Y, c. &(e, u). We call
a subgraph I of T full if it has the property that E (T') is given by the set of all e = (u,v) € E(I") such
that {u,v} € V (T). This definition agrees (apart from the fact the we restrict to full subgraphs) with
[Hail8, Equation 2.24] in the case that X’ € {7—[,, ”H,,} and is a slight generalisation of [Hail8, Equation
2.19] in the case that X' = H, since we include polynomial decorations.

We moreover write A _ for the coproducts acting between the same spaces, which are defined similarly
to equation (A.9) but where I ranges also over subgraphs which are not necessarily full. We define
the twisted antipode A : H_ — H_ as in [Hail8, Equation 2.28] as the unique multiplicative map

satisfying M (.Zl ® Id) A_T" =0 for any I' € #{_ such that DegI" < 0, and we write A : H_ — F{_ for

the operator that satisfies the same identity with A _ replaced by A _. It follows with arguments identical
to those carried out in [Hail8] that the spaces #_ and H_ equipped with the full coproduct A _ form a
Hopf algebra and a comodule, respectively. When we refer to H_ as a Hopf algebra, and in particular
when we refer to the group product in the character group of H_, it is always the full coproduct A_ that
we have in mind.

Finally, given a smooth kernel assignment K € K_,, we write g(K) and g"™!'(K) for the respective
BPHZ characters, defined as characters on the Hopf algebra 7_ via the identities

g(K):=TIKA and g(K):=TKA.
It then follows from [Hail8, Proposition 3.11] that one has

G (g(K)®nK)A_ - (g(K)eaHK)A_ (A.10)

on H. We first show a simple lemma that extends formula (A.10) to the situation where one has
nonvanishing large-scale kernel assignments.

Lemma A.8. Assume that R is a smooth, compactly supported large-scale kernel assignment as in
[Hail8, Section 4] and assume that T € F_ is a connected vacuum diagram with the following property:
Whenever I C T is a connected subgraph such that Deg I < 0, then for any e = (u,v) € E(I')\E (')
with {u,v} C V (T), one has Ry () = 0. Then one has

1 i (g(K) ® HK’R) AT = (g(K) ® HK’R) AT.

Proof. We only sketch how to adapt the proof of [Hail8, Proposition 3.11] to our situation. Using that
notation, the difference from our case is that in [Hail 8, Equation 3.16] the evaluations I1_ and IT are built
on different kernel assignments (since the former ignores the large-scale kernel assignment). Without
the extra assumption made in the statement of our lemma, [Hail8, Equation 3.16] is not independent of
B whenever there is an element y* € B which is a root of the forest 77 U F'!! U B. By definition, y*
is the closure of some root y of 7. Thanks to the additional assumption made in our lemma, the two

10Recall [Hail8, p. 7] that by definition a subgraph does not contain legs or isolated vertices.
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evaluations ITX and ITX-R act identically when applied to an edge e € E (y*) \E(y), and the proof can
be finished as in [Hail8, Proposition 3.11]. O

Finally, note that as before, for admissible Feynman diagrams I'" the quantity 1% is well defined
for K € K, by linear extension.

Remark A.9. The character g(K) is in general not well defined for K € K. This is because diver-
gent subgraphs I" of an admissible Feynman diagram I" need not be admissible. However, the map
K — (g(K) @ TIK-R) A_T, for K € K, has the multilinearity property previously described, and can
therefore be extended uniquely to K, by linearity.

A slight generalisation of [Hail8]

We now state a generalisation of the results of [Hail8]. For this we recall that for any Feynman diagram
I" with legs 1., . .., ky, we call a partition P of V, tight if #P > 2 and all legs are contained in the same
element — that is, there exists P, € Psuchthatforall 1 <i < k, one has i, € P,. For any such partition,
we introduce the notation Ep for the set of edges e € E, such that e is not a subset of any P € P, and the
notation Vp for the set of vertices u € V, such that {u, u4} is not a subset of any P € P. We then define

deg,,Pi= ) deg t(e) —le(e)ls+ ). In(u)|+|s|(#P~1).

ecEp ueVp

This differs slightly from [Hail8, p. 43], since we include polynomial decorations.

Theorem A.10. Let I be an admissible Feynman diagram such that deg,, P < 0 for any tight partition
of V. Then for fixed K € K, the map R — X-RT extends continuously to the space KC§ and the map

(K,R) — R extends continuously to the space I~C6 x K.

Proof. We only sketch the difference from [Hail&]. Let us first discuss the bound on small scales — that

is, the continuous extension of K +— f[K’OF to I~C5 . There are two differences from the case treated in
[Hail8, Section 3]. One is that we allow I" to have polynomial decoration 1; the other is the presence of
weak types.

It is straightforward to convince oneself that the proof given in [Hai 18] works without any changes for
nonvanishing polynomial decoration. To see that weak edges cause no problem, we recall a few pieces
of notation. We write ‘&F‘ for the set of all forests F of I'. Recall [Hail8, Section 3.1] that a forest F is
a family of divergent subgraphs of I" such that any two elements of J are nonoverlapping (i.e., either
node-disjoint or nested). Recall further that a forest interval M is a subset of ‘&13 with the property that
there exist M, M € &1 such that M contains exactly those forests 7 € §r such that M C F C M. The
bound in [Hail8] is then obtained by fixing a Hepp sector T [Hail8, Definition 3.5], which allows us to
partition the set of forests into a family of forest intervals indexed by safe forests for T. The main step
of the proof [Hail8, Equations 3.9, 3.10; Lemmas 3.7, 3.8] is then performed for each of these forest
intervals separately. The only difference in the present setup is that we have a set Deg of possible degree
assignments to choose from. By our definitions, a subgraph I" is divergent if and only if deg I” < O for any
deg € Deg, so that the definition of the set of forests & does not depend on a choice deg € Deg. Neither
do the notions of a forest interval or a safe forest. We can then use exactly the same proof as in [Hail8].
The only difference is that we first fix a Hepp sector T and a safe forest 75 = M. Only afterwards do we
choose deg € Deg in such a way to make sure that for any subgraph I" of I" which is unsafe for Fy, one
has deg I" = Deg I". This is always possible, since by definition, for any weak type 1, all edges e € E(I")
of type t(e) € L) are connected to the same vertex. If we denote by E; C E (I') the set of these edges and
Ve € T the node of the spanning tree at which e collapses, then the fact that all e € E} have a vertex in
common implies that {v, : e € E}} is a totally ordered set with respect to the tree order. It follows that
one can recursively choose deg € Deg to optimise the degree of subdiagrams containing edges e € Ej.

We finally discuss the bound on large scales. In [Hail8, Section 4], the analogous statement was
shown again without polynomial decorations and weak types. It is again easy to convince oneself that
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polynomial decorations pose no problems. Furthermore, the proof of [Hail8, Theorem 4.3] uses the
bound on small scales (i.e., the continuous extension of fIK’O to K € I~C6) as a black box; otherwise
only the a priori bounds on large-scale kernel assignments are used. It remains to point out that since
Ry = 0 for weak types t € Ly, it suffices to consider in [Hail8, p. 45] subsets E of the set of edges E
such that each e € E has a strong type, and for such sets U (T, E ) constructed in [Hail8, p. 45] is again
an admissible Feynman diagram. O

An important application of the previous theorem is the proof of Theorem 4.19 (see the end of
Appendix A.3.1).

A scale-dependent bound

We also show that one can infer a scale-dependent bound from [Hai 18] (even though this is not explicitly
stated in this paper). Given a Feynman diagram I' € H, we write ‘fy; C & for the set of all forests
J € §p of I such that I" ¢ F. To any forest interval M we associate a linear combination of Feyman

diagrams 7A2MF as in [Hail8, Equation 3.7].

Remark A.11. A reader who is not familiar with [Hail8] should think of 7A2MF as a sum over all
possible ways of ‘pulling out and contracting’ the divergent subdiagrams in M, with the restriction that
any element of M is always pulled out, and adjusting the sign according to the number of subdiagrams
which are pulled out. One specific property of Ry is that we view the vertex set of every Feynman
diagram that we sum over in Rwl as equal to V(I"). This can be obtained by ‘reattaching’ one vertex of
the pulled-out subdiagram to the vertex which has been created by contracting it. (This is not canonical,
but depends on a choice of distinct vertex in the pulled-out diagram. The ambiguity can be removed by
fixing an arbitrary total order on V(T").) Note that this last property forces us to abstain from viewing Ry
as an operator acting on the algebra H (the operator viewed in this way is denoted by Ry in [Hail8]).

We then write R := D MeP Rm, where P is some partition of ‘{_’;1: into forest intervals (the definition

of Ris independent of this choice), and we write WK for the map defined after [Hail8, Equation 3.7],
so that

WKL e ¢ (1‘)””)

for any K € K. The function WXT should be thought of as introducing for every edge ¢ € E(T) a
factor D*(®) Ky, evaluated between its endpoints. Note that by the definition of R, one has WX RI" €

Ccr (f)v(r)). It follows as in [Hail 8, Lemma 3.4] that one has

(KT = / dxo (xy,) (w’(fzr) (x) (A.11)
BY®

if deg" < 0, whereas in the case that degI" > 0, the right-hand side of equation (A.11) is equal to

fIfPHZF. We define the ‘scale’ m(x) of x € D\{0} as the largest integer smaller than — In, (|x|s) (so that
|xs is of order 27™™)), and we set

K. ._ K £ - _ _
Vo= /I_)V(r) dxs (xy, ) W R (x)1 {u’vnel%/n(r) m(jx, —x,]) = n} . (A.12)

The indicator function ensures that we integrate only over point configurations x such that the maximal
distance |x,, — x| for u,v € V(I') is of order 27", and the sum

ZyK,r

n=0
is equal to the right-hand side of equation (A.11). The following result follows as in [Hail8]:
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Theorem A.12. Let I" be an admissible Feynman diagram. Then one has the bound

|y’If,F|S I_l HKt(e)”degt(e) Z_nDegF (A.13)

ecE(I)

for any deg € Deg. (Note that the right-hand side does not depend on deg € Deg.) Here the implicit
constant depends only on T" and Deg, but is uniform in n and K € K.

Proof. Given a decorated spanning tree (T, n) for V(I") withn : T N, we denote by Dt n) C pv®
the Hepp sector associated to (T,n) defined via [Hail8, Equation 2.10], and for n € N we write
Dt = Un n(pr)=n D (T.n)- Given furthermore a forest interval M of %r, we write yT M for the
constant given by

M= /D |dx6 (x,,) WX RMT(x)] (A.14)
T.,n

so that it follows from the definitions that

n+ngy

N

T MePr m=n-ny

where nyp € N depends only on the choice of C in [Hail8, Equation 2.10]. Here Pr is the partition of
{_’;1: defined as in [Hail8, p. 29]. It suffices to show the bound (A.13) for jifnl; M for any spanning tree
T,any m € Nand any M € c&r_ separately. :

We now choose a degree assignment deg € Deg with the property for that any subgraph I" of I which
collapses for T, one has [deg I'| = [Deg I']. Identically to [Hail8, Equation 3.9], we obtain the bound

FM<Z Z 1_[2'71(\))%

iel nm(pr)=m ,

where 1; (v) is defined as in [Hail8, Equation 3.17] for the degree assignment deg. We can show [Hail8,
Equation 3.10] for any v € T\{pr} exactly as in [Hail8, p. 34], and it follows that

FM Z 1_[2 ni(v)m < Z—DegFm

ZEI

where we used the fact that ZVE% ni(v) =DegI foranyi € I. O

One application is the following corollary, which shows the absence of logarithmic divergences in
certain situations. Before we state the next definition, we introduce a piece of notation. Given a Feynman
diagram I'"" and a subgraph I" C T, we want to identify all polynomial decorations i : V (f) — N9
such that I! appears on the right-hand side of the coproduct A_ applied to I'?". For this we write N/ (I ~)
for the set of decorations i : V (T') — N9 such that for any u € V ([') with the property that there does
notexist e € E(I) \ E (I') with u € e, one has fi(u) < n(u).

Definition A.13. Let I' = I'{' be an admissible Feynman diagram such that DegI'y = 0 and set1 € L.
We say that a kernel assignment K € K, is log-avoiding for T and 1 if £y C t(E(T)) and, for any
proper subgraph I € T with Ll Nt (E (T)) # @ and any polynomial decoration fi € A/(I") such that
Deg " = 0, one has g(K)[* =

https://doi.org/10.1017/fmp.2021.18 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2021.18

Forum of Mathematics, Pi 101
Givenl € L and 0 > 0, we also introduce the seminorm

IKll,H = ”lKl”lDegHH |”Kl|||Deglf(9

forK € Kg . We then have the following statement:

Corollary A.14. In the foregoing seiting, let I" be an admissible Feynman diagram, set 1o € L and let
K € K, be a kernel assignment which is log-avoiding for T and 1. Then for all 6 > 0 small enough,
one has

lg(K)T| < [IKllg; + Klh,,0 (A.15)

uniformly over all K € KCZ,.
Moreover, if I € L is such that K is also log-avoiding for T and 1y, then for all 8 > 0 small enough,
one has

lg(K)T| < K, (A.16)

”|Deg L.+6 |||Kll |||Deg I1-0
uniformly over K € K2, such that ||K||fc5 < L

Proof. First note that formula (A.15) is a consequence of formula (A.16) with 1, = 1;. We consider two
degree assignments Deg, and Deg_ on L such that Deg, 1 = Degl except for 1 = 1, and Deg_1= Degl
except for 1 = 1j, which are defined by Deg, 1, := Degl, + 8 and Deg_1; := Degl; — 6. If we denote by
g+(K) and g_(K) the BPHZ characters for K and the degree assignments Deg, and Deg_, respectively,
then it is not hard to see that for 6 > 0 small enough, one has

K o, (K
g-(K)IY = g(K)Iy = X &5y,

Indeed, the first identity follows from the fact that |-Deg f-| = [Deg_ f-| for any Feynman diagram
I and for any 6 > 0 small enough. The second identity is a bit more subtle, since in general the
‘divergence structure’ of I" is not the same for the homogeneity assignments Deg and Deg, . But writing
APee and AP*®* for the coproducts obtained from the respective homogeneity assignments, one has
APE = (p ® Id)AP®2, with p the projection onto the algebra generated by diagrams of nonpositive
Deg, -degree, so that it suffices to show that g, (K)pI'" = g(K)T! for any subdiagram " of T such that
Deg I < 0. If we assume inductively that this is true for all proper subdiagrams of I, then we observe
that if 6 > 0 is small enough, then Deg, fg‘ > 0 implies Deg l:f = 0, and hence also g(K )ff‘ =0 (by
assumption), and otherwise

g(K)IT = —(g(K) ® 1d) (A‘Beg —ld® 1) = — (g, (K) ®1d) (A?eg+ e 1) i
= g.(K)IT,

which proves the claim.
Let now A > 0 be such that |||K| Degl+6 = 179 5o that one also has |||K11 |||Deg11—9 < C(9)/19, where

C(6) denotes the right-hand side of formula (A.16). Moreover, set m € N such that 27l <y < 2™,
We estimate the sum over large scales using formula (A.13) for the degree assignment Deg_, so that

K, I" mé 4,0 _
> VT 5 2m0a% = (o),
n<m
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and the sum over small scales using formula (A.13) for the degree assignment Deg,, so that

Z iyrlf,rl < 27"19/179 ~ 1’

nzm
where both estimates hold uniformly over K € K, such that || K|| kg < C. m|

A.3.1. Application to trees

We want to apply the result of Appendix A.3 to models obtained from smooth noises 7 € M, (see
Section 2.4). In Sections 4 and 5 we consider two different enlargements of the regularity structure
(by including legs and enlarging the set of noise types, respectively). We want to use the construction
carried out in this appendix in both cases, so we simply formulate our results on the regularity structure
which is enlarged in both ways. We write £_ for the enlarged set of noise types (not including leg types)
and L for the set of leg types, and we write £_ := £_ LI L. We then use the notation 7 and so on as in
Section 4.1, with £_ replaced by £_. (Note that this is not really a generalisation, since all assumptions
which Section 4 puts on £_ and 7T are satisfied for the enlargement £_ and 7 as well.)

Moreover, in order not to overcomplicate the presentation here, we assume that for any = € £_ we
are given a multiset m = with values in £_, and we write 92 (£_, m.) for the set of kernels & € YV (£_)
such that for any = € £_ one has an = O unless m = m=. For & € YN (2_,m), we simply write
K7 = K, Weset mz= = #mz=.

Define the set of labels

Lo=8,UL:=8U{(Z,k):Lyoy <k <mz,Z€f_},

and write H for the linear space of Feynman diagrams as before. We also define the partition L of £
given by

L={{l}:Te}u{l=: =€ }, (A.17)

where l= := {(E,k) : 0 <k <m=}ifm= >l andlz := {(E, 1)} if m= = 1.

Trees 7 € 7 contain a finite number of legs ¢ € Ly (7) and a finite number of noise-type edges
f € L(7). The formulation of this appendix will be cleaner by focusing on trees 7 € 7 with the property
that any leg type 1 and any noise type = appear at most once in 7, so that [Ly (7),t] and [L(7), 1] are
proper sets. We write 7* C 7 for the subspace generated by such trees. We will also work with the Hopf
subalgebra 7* C 7_ generated by such trees. We also fix an arbitrary total order < on L, and we note
that < induces an order < on Ly () for any tree 7 € T*.

Given & € 9Y (see Definition 2.11), we always write 57 := J& for ease of notation. We first construct
continuous linear operators

W:T"—>H and L:95(2.,m)— Ky (L)

with the property that for any tree 7 € 7*, Wr takes values in the span of Feynman diagrams I" with
exactly k(1) := #Ly (1) legs, and such that

(HLR,RWT) W) = YZ’!#T (A.18)

forany 7 € 7%, & € YN (2_,m) and ¢ € W. Here we write Y+ = ¥ (x(r)t,) € C> (DF(), where
tr : k(1) > t(Lp(7)) denotes the unique order-preserving map.

Fix a tree T € 7* and denote the legs of T by ey, . . ., ek(r) in increasing order. Set A := {(u, k) : u €
L(1),1 <k <m(t(u))}.
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Definition A.15. We denote by P the set of pairings P of A with the property that for any {(u, k), (v,[)} €
P, one has u # v and my(,) [k] = my(,)[l]. For u € L(7) and P € P, we write P[u] C P for all
elements of the form {(u, k), (v,1)} € P for some v € L(t) and k,! € N.

For any pairing P € P, we now construct a connected, direct graph 'Y = (Vf ,EP ). Let Lo (7)
denote the set of noise-type edges u € L(7) such that m(t(u)) > 1and L= (7) := L(7)\ L>. We first set

VP =N@UuPUW tue ()} u{[1],...,[k(D)]}.

We define for any u € L. () the set E,, := {(q,u*) : ¢ € Plu]} U {(u*,ul)}, and for u € L (1)
we simply set E,, := {(q, ul) 1q € P[u]}. To avoid case distinctions, we also set u* := u! for any
u € L_i(7). (As always, ul € N(r) denotes the unique node to which the noise-type edge u is
connected.) We then set

Ef=K(mu | | E.u {([i],e}) 1<is< k(‘r)}.

uelL(T)

We also fix an edge decoration ¢ : EF — N and a node decoration 1 : vl — N by extending the
corresponding decorations coming from 7 and setting them to zero everywhere else. We choose as the
‘special” vertex the root u, (I'Y) := p, € N(7).

Example A.16. To illustrate this construction, we take the following tree as an example, where nodes
u € L(7) are coloured and legs are drawn as short thick grey edges:

‘W:
We then have k(1) = 4, and we assume that m(e) = m(e) = 1 and m(e) = m(o) = 3. In particular, we

have L. (7) = {e*, o*}, and for the current example we will write « := e* and - := o*, Finally, we fix
a pairing

P:={{(o, 1), (o, D} {(e. 1), (o, D} {(2,2), (2, 2)}, {(2,3), (2, 3)}} .

The resulting diagram 'Y’ can then visualised as

N
It remains to specify a type map t : (EX), — L to obtain an element of H. On K(7) we define
t to be equal to the type map of 7. On edges (q,u*) € E, for u € L(t) and ¢ € P[u], we set
t(q,u”) := (t(u), k), where k < m(t(u)) is the unique integer such that (u, k) € q. Finally, we define

t (u*,ul) := (t(u),0) for any u € L. (7).
We then set

Wr = Z re, (A.19)
pepP

and we extend WV to a linear operator W : 7% - H.
Next we define a kernel assignment LK € K, (L) for any & € 9L (2_, m). For this we set, for any
= e withm(E) > 1,

(L) = 87,
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where we identify {0, ..., m(Z)} with {(£,0), ..., (£, mz)}, so that the space (A.8) with 1= is naturally
isomorphic to equation (2.13) with n = m=. For = € £_ with m(E) = 1, we set (LK), := Rg *RIE. We
extend any element K € K, (ZZ) to a kernel assignment K € K, (£) by defining K; to agree with the
truncated integration kernel (see Section 2.2.2). Finally, we fix a degree assignmentdeg,, : £ — [—co0,0]
such that deg, t := —co for any t € L. It then follows directly from the definition that one has the
following identity:

Lemma A.17. One has

(HLR’RWT) (1//7) = YZ"”T

forany t € T%, any & € YN (2_, m), any R € K, and € V. Here + is as in equation (A.18). Here
we write, as before, n := JK.

Proof. This follows almost directly from the definition. See the proof of Lemma B.5 for a very similar
statement. m]

Our next goal is to show that a similar identity holds for the BPHZ-renormalised evaluations.
(Actually, this will only be true modulo an order 1 change in renormalisation; see later). As in Section
2.4, we fix a homogeneity s : £ — R_ with s(Z) > —% — k (for some k > 0 small enough), and we
define a degree assignment Deg : L — R_ by setting

Degt := —|s| + |t]s, Degls :=5(5) — m;% —|5|Ln=>1, (A.20)

forany t € £, and = € £_. We also set deg(Z,0) := —|s| — 1 + x and deg(Z, k) := —|s| for any k > 1.
The degree assignments Deg and deg give us a natural norm on Ky, as in formula (A.7), and with
respect to this norm and formula (2.18), the map L : M (L-, m) — fCL’; (Z) constructed becomes
a bounded linear map. We extend s to £_ by setting s(1) := 0 for any leg type 1 € L. Then a quick
computation shows the following:

Lemma A.18. For any tree T € T* and any pairing P € P, one has DegI'Y = |1|., and T'Y is an
admissible Feynman diagram.

We still fix a tree 7 € 7* and a pairing P € P.

Definition A.19. We call a subtree o C 7 closed for P if for any {(u, k), (v,l)} € P one has either
{u,v} € L(o) or {u,v} N L(c) = .

Let o C 7 be a closed subtree. Then we denote by I'? (o) C T the full connected subgraph of 'Y
which is induced by the vertex set

% (rf(cr)) = N(@)U{u* ueLay()}U{q: qePlul,uc L)}

We show next that divergent subgraphs I" of 'Y’ correspond (almost) to closed divergent subtrees o of 7.

Lemma A.20. Set P € P and let o C 7 be a closed subtree of T. Then one has |0'e0 - = Deg (re (a'))g
Conversely, if T' € T is a connected full subgraph such that Deg T0 < 0, then either T' = T'E (o) for a
closed subtree o C T or there does not exist an edge e € E (f) with t(e) € L.

Proof. The first statement follows from Lemma A.18. For the second statement, let Ey.es denote the
set of edges e € E := E (f) with t(e) € £, and assume that Eees # (). Moreover, let E, (resp.,
Enoise) denote the set of edges e € E (I') with t(e) = (Z,0) (resp., t(e) = (=, k), k > 1) for some
= € 2. Set also V := V(I'). The set V induces a subforest ¢ € 7 with N(c) := V n N(7),
K(o):={e€K(t) :e CN(0)},and L(0) := {u € L(7) : ul € V}. We also set Ly (o) := .

Special case. Assume that E, contains all edge e € E witht(e) = (=,0) forsome = € £_andenV # .
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Let N > 1 denote the number of connected components of 0. Furthermore, let H C E 5 denote the
set of edges e € Ejpise Which are ‘hanging’ in the following sense. Since e € Ejse, One has e = (g, u™)
for some u € L(7) and ¢ € P[u], say ¢ = {(u, k), (v,1)}. Consequently, (g,v*) € E (I'Y), and we set
e € Hif (q,v") ¢ Enoise. Finally, let 0 C L(o) denote the set of noise-type edges u € L(o) such that
ut € V but there exists ¢ € P[u] such that (g, u*) € Epoise. The proof of the first step is finished if we
can show that N = 1 and H = Q = (. We have the bound

Deg 0 > Z deg(e) + Z b(t(u))+u#H+|b|(#N(0') 1)

e €Eees uel(o)

=|o|s + %#H+ [s|(N - 1),

where |o|; denotes the sum of the homogeneities of each connected component & of o. Since |5|, >
IS‘ — k for any tree 6~ € 7, one has |o|; > %N — kN, so that, provided « and k., are small enough, one
has has N = 1, since the left-hand side is nonpositive by assumption. It follows that o is a tree, and since
o contains at least one kernel-type edge by assumption, one has |o|; > —u . Hence one has #H = 0.
Now denote by a > 0 the number of edges of the form (g, u*) for some u € Q and g € Plu] such

that (g, u") ¢ Enoise- Then we have the bound

Deg [0 > Z deg(e) + Z b(t(u))+ua+|b|(#N(O')—l)

€ €Ejrees uelL(o)\Q

Z|U|q+—a

so that with the same argument as before one has @ = 0 and hence Q = .

General case. Define ' C ' P as the subgraph induced by the edge set
E(f) =E([)u {e EE(Ff) :t(e) = (Z,0) forsome =€ 2_ande NV # (Z)}.

Then [ is a connected subgraph of I" and one has Deg I' < Deg I". Hence I satisfies the conditions of the
special case, so that in particular [= I'? (o) for some closed subtree o C 7. Now set e € E (f) \E (f)

Then necessarily t(e) = (=, 0) for some = € £_, and from the definition we infer degl= < —|s|. The
first part of the proof shows that e C V (f‘), hence DegI" > Deg[" + |s| > 0, in contradiction to the
assumption. Hence we must have I" = T, and this concludes the proof. O

We denote by g(LK) BPHZ characters on H_ and by g/® € G_ the BPHZ character on 7_. We
introduce furthermore a character gyees(LK) on H_ which corresponds to g”7. For this we introduce
the canonical projection p_ : H_ — H_. We write i : H_ — F{_ for the embedding which is a right
inverse of p_ such that the range of i is given by the subalgebra of #_ generated by Feynman diagrams
of nonpositive homogeneity. Furthermore, we write H"*** for the unital subalgebra of H_ generated by
connected vacuum Feynman diagrams I" such that there exists an edge e € E(I") with t(e) € 4, and

we denote by Jnoise and H ¢ (resp., Tnoise and ™ ) the ideal and unital subalgebras of H_ (resp.,
#1_) generated by Feynman vacuum diagrams I" with the property t(e) € L for any edge ¢ € E(I).
Finally, we define pyees : H- — H" as the multiplicative projection which is the identity on H"**
and annihilates Jpoise-

With this notation we define gy.ees (LK) as the unique character on 7 _ which satisfies the two relations

(gtrees(LR) ® HLR) A_i=0 on Hyees, (A.21)

Gurees (LK) =0 on Tnoise- (A.22)
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Let finally #(L&) be the character defined by
h(LK) o girees(LY) = g(LKY).

We would like to show that 4 is bounded in the character group uniformly over & € 9 (2_, m) such
that ||]|s < C. This is not quite true, but it is true if / is restricted to the Hopf subalgebra H® C H_
generated by all connected vacuum diagrams of the form I'? for some 7 € 7* and some P € P.

Lemma A.21. Let T € H"5 N H® be a connected vacuum diagram. Then either T contains exactly
one edge e, and one has t(e) = (Z,1) for any = € £_ with m= = 1, or I ‘represents a covariance’ in

the sense that T is of the form
<>— (A.23)

Here we have coloured edges e with weak types t(e) belonging to the same element of the partition L)
in the same colour.

r=-.

Proof. Set T € T* and fix a pairing P € P. Assume that we are given a family L = (L;);<, of

disjoint subsets L; € L(t), i = 1,...,n, such that each L; is ‘closed’ under P in the sense that
whenever {(u, k), (v,I)} € P for any u € L; and k,I € N, then one has v € L; as well. Each
set L; defines a connected subgraph I'; C Ff ,i =1,...,n, induced by the vertex set V(I;) :=

{u,ul,q:u €L qe Plu]}. Then we define the ‘contraction’ I'Y | L € H"™* by contracting each
subdiagram L; to a single vertex.

We claim that the unital algebra H* C H_ generated by connected vacuum diagrams of the form
I'? | L, where L is as a (possible empty) family as before and diagram (A.23) forms a Hopf algebra.
This immediately concludes the proof.

Fix 7 € 7% and P € P and let F be a forest of Ff — that is, F is a collection of node-disjoint
subgraphs T € T'P such that Deg[? < 0. We first show that for any ' € F and any polynomial
decoration n : V(I') — N9, one has f§ € H*. First it follows with the same arguments as in the
proof of Lemma A.20 that I is admissible. If I" € H", then I = ['¥ (o) for some subtree o C 7 by
Lemma A.20, and the latter is an element of H* by definition. Otherwise there exists L. C L such that
t (E (T)) = et £1, and it follows that

Degl > -n (% +K) +(n-1)|s],

where n := #L. This can only be negative if n < 2. If n = 1, say L= {l=}, then Degf =s5(E)+m= %, SO

that m= = 1 and hence I contains a single leg. Otherwise n = 2, and hence I" is of the form of diagram
(A.23).

Now let I" be the Feynman diagram generated by contracting each graph I € F'to a single vertex. Since
the operation of contracting node-disjoint subgraphs is commutative, we can first contract those elements
[ of Ffor which I € H"***. By Lemma A.20, for any such I" there exists a closed subtree o (I') € 7 such
that I = 'Y (o ([')). The Feynman diagram resulting from this contraction is then again of the form
F’: , where * € T* is the tree obtained by contracting each o~ (I) to a single vertex and P is the pairing
induced by P. To proceed, we can hence assume that each connected component I" of F is an element
of "¢, Then each I induces a subset L (') € L(7) by setting L (T') := {u € L(7) : u! € V ([)} and
thus [ = Ff | L, and this concludes the proof. m]

The next lemma shows that when restricted to H°, the character & is uniformly bounded:

Lemma A.22. For any C > 0 the character h(L8) restricted to the Hopf subalgebra H* is bounded
uniformly over all noises & € YL (2_, m) with ||K]]s < C.
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Proof. By the definition of the BPHZ character g(L&R), one has

0= (g(LR) ® nLR) A= (h ® guees(LR) ® nLR) (A_®@Id)A_i

= (1® (gres (LK) @ TTXY) A AL

Since (guees (LK) ® TTEY) A_ = TTE8 on H™™, it follows that i = g on 7"°*°, The fact that [g(LK)T| <
1 for any I' € H"*® N is straightforward from the definitions.

We now show inductively in the number of edges of connected Feynman diagrams I, and in the
quantity 3, ¢ (|1 (u)[s, that one has 2(LK)T = 0 for any ' € H"**. Indeed, one has

A(LK)T = — (h(L.R) ® (glrees(LR) ® n”‘) A_) (A_ —1d® 1)il (A24)

=- (h(LR)pnoise ® (gtrees(LR) ® H”‘) A_) (A_ —1d® )il (A.25)

where we have used the induction hypothesis to get the projection ppeise onto A" in the last line.
One has

~ trees

(Proise @ Id)(A_ —Id ® 1)il’ € H™Se @ H{_ . (A.26)

(Note that the second component contains an edge e of type t(e) € £,; otherwise such an edge would be
in the left component, and thus the term would be killed by the projection.) Since (gtrces (LR]) ® HLR) Ai
vanishes on H"®* by definition, it remains to show that the right component of formula (A.26) is of
nonpositive degree. But this follows for x > 0 small enough, since any connected diagram I € H{"***
satisfies DegI" > —nk, where n > 0 denotes the number of nodes w € V(I') of the form w = u* for
some u € L(7). (We omit the details of this argument, which is very similar to the one carried out in
the proof of Lemma A.20.) O

Finally, we have the following relation between the renormalised valuations on H and 7*:
Proposition A.23. One has the identity
Gurees(LR)Wq = g (A.27)

on T*. Here q : T* — T_ denotes the projection which kills trees T € T* such that L1 (t) # ¢, and we
write as before n .= JK]. Moreover, one has

(M8 Rageos E0Yr) () = Y M e (A.28)

forany T € T*, any K € QN (£_,m), any R € K, and ¢ € V. Here /. is as in equation (A.18).

Proof. We show equation (A.27). The character g7 when viewed as a character of the Hopf algebra 7*
is determined by the relations

(g"®Y")A_i=0 onT7_,
g"=0 onjl:gs,

where legs S T* denotes the ideal generated by trees T € 7 that contain legs. The second identity

holds for the character gyees(LR)WWq by the definition of q. To see the first one, note that
(Buees LROWA® YN A = (guees (LK) © TTH) (W ® W)A i
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on 7_. From Lemma A.20 and the definition of the respective coproducts, we infer that
Wq ® W)A_i = (Pyees ® IA)A_IWY

on /_, which together with equation (A.21) concludes the proof.
The proof of equation (A.28) is very similar. One has

YV Me" e = (gtrees(LR)Wq ® n“‘w) A

on 7*, where we use equations (A.18) and (A.27). Using the identity
Wq @ W)A_ = (Puees ® AW
on 7* concludes the proof. O
As an important application of this construction, we prove Theorem 4.19.

Proof of Theorem 4.19. We fix a tree T € 7 and assume without loss of generality that leg types and
noise types are unique in 7, so that T € 7*.
By Lemma A.17, the continuous extension of R +— Yg’d’ to ICS is a consequence of the continuous
extension of the evaluation R — IT"Y7-R_which in turn is the content of the first part of Theorem A.10.
The continuous extension of the map (7, R) +— YZ’%’ to the space EIR(;‘ x KC§ is a consequence of
equation (A.28), Lemma A.22 and the second part of Theorem A.10. O

Another consequence is the following corollary, for which we assume as in Section 2.4 that we are
given a set of types £_ such that 8_ C £_ and a homogeneity assignment s : £_ — R_:

Corollary A.24. Assume that Assumption 5 holds. Set N € N and let ] = (R,En) € YV, and assume the
following:

o One has 8, € of:"‘ forany = € £_\ £_ and any mulitset m (see Definition 2.19 for the definition
of this space), and
o one has 8Z, = 0 for any E € 8_ and multiset m with #m > 1.

Fixt € Tsuchthat 7], = 0and set £° := (2_\L_)Nt(L(7)). Finally, setn := J(]) € M and denote
by g € G_ the BPHZ character for n. Then for any 2, = € 2° there exists 0 > 0 such that one has

(A.29)

a [

|g777-| < SUPPy, 1, ||R$’L“'[)’fn+(i |S{ HB‘E_ _o
uniformly over all ] as before such that |R||s < C. Here the supremum runs over all multisets m,
with values in £_ and such that #m Vv #m < N. (See Definition 2.11 for the definition of 8,.)

Proof. Fix atree T € 7. We can assume that any noise type = € t(L(7)) is unique, so that t(L(7)) is
a proper set. Note that & can be written as a finite sum & = ), [R]m, where the sum runs over all
families m = (mz=), E € 2_, of multisets m = with values in £_ and such that #m= < N, and where
[K]m € DY (2_,m) (see Appendix 1.3.1). Since one has g7 = 3., gl t, where []m = J([K]m),
it suffices to assume that & € Y (£_, m). By equation (A.27), it then suffices to bound giees (LK) Wr,
and by the definition of W in formula (A.19), it suffices to fix a pairing P € P and bound gyrees (LK)T'E.

We want to use the second statement of Corollary A.14, which is formulated in terms of g(L{)
rather than gyees(LR). We recall that one has

8trees (LK) = h(LR)_l o g(LR),
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and by Lemma A.22 the character 2(L&) is uniformly bounded when restricted to . It follows from
the proof of Lemma A.22 that #( L&) vanishes on H™ N3 . Moreover, #(LK)I" = 0 for any subgraph
[ € H5 N H " which contains a type 1= € L with = € 2_\ £_. To see this, recall from Lemma
A.21 that T represents a variance as in diagram (A.23), so that I" has no proper subdivergences, and
8(I") = 0 = guees (T"), where the first equality follows from &7, € V37 and the second follows from
equation (A.22). It follows that the only subgraphs I of 'Y on which h(LK&)T does not vanish have the
property that every edge e € E(T) is of type t(e) = (0, E) for some Z € £_. We denote by £ € E(T'F)
the set of edges e € E(I'F) with the property that {t(e)} = (E,0) with Z € £_, and we write A(r, P) for
the collection of diagrams of the form '}, |€ which are obtained from I' p by fixing & C £ and contracting
each edge in & to one vertex. Then this paragraph implies in particular that one has

(h(LR) ® Id)A_ Vec A(1, P) C Vec A(1, P). (A.30)

It now remains to show that for any fixed I € A(7, P), one has that g(LK)I" is bounded by the right-
hand side of formula (A.29). For this we note first that ||LR||,~<6 < |IK]ls < 1. Fix now =, = € 2° and
setl, := 1= and Iy := 1= (see formula (A.17)). Then one has Degl, = 8;, — || and Degly ,En s,
and by definition (A.7) and formula (2.15), one has

(s 5, and LRl = [ %5 H

|||Deglo+9 ||ﬁ;n +60

It remains to show that LK is log-avoiding for I and 1= € £ for any = € £°. First note that
Degl" = DegI'Y = [|7[l. = 0. (In the first equality we use the fact that Degt(e) = —|s| for any e € &;
the second equality holds by construction, and the third by assumption.) Fix a type = € £° and let
[ € T be a subgraph with t (E ([')) N £, # @ and let it € A'(I) be a polynomial decoration such that
Deg ' = 0. We have to show that g(LK)TT = 0. If T € H® N H™¢, then g (TT) = 0 with the same

argument as before. Otherwise, note that " can be written as [ | (E‘ NE (f )) for some subdiagram I°

of I'? and & as before, where E (f) =E([)u{eec&:ecV(l)} By Lemma A.20 there exists a

closed subtree o= C 7 such that " = Ff (o'), and it follows that F;‘ €A (a‘eﬁ, P). We can assume that o
is connected to its complement in 7 with at least two nodes (otherwise one has g(LKR)I" = 0 and there
is nothing to show). By formula (A.30), it suffices to show that irees (LK) vanishes on A (o7 i ,P). By
equation (A.27), one has gtrees(LR)l“e =g" o'e = 0, where the last equality follows from Assumption 5,
which shows the required identity for £ = . In general, we obtain the identity via a limit argument. Set

E=EnE (f‘) and let R % be defined by setting, for any E € 8_ such that (E,0) € t (&),

(RE) s =",
where p® — 6¢ as & — 0 (note that #mz = 1 by assumption). For any = € £_ which is not of this type,
we set (R¢),,. := K&, Then one has
8trees (LR ) ‘ﬂ O-eﬁ =0

for any &£ > 0, where n* := J (&), and on the other hand one has
8trees (LR‘C) f: - gtrees(LR)l&‘lI | g ase — 0,

which concludes the proof. o
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B. Proof of Proposition 4.49

We will work with Proposition 4.49, although this proposition is not formulated in the most natural way
and is not well adapted to the proof we will give. We will now state a more general (but essentially
equivalent) formulation. For this we start with the following definition:

Definition B.1. Given a system B € P, a compact set K C D and § > 0, we define the set R (P, K, 6) C
N as the set of ¢ € N(P, §) such that additionally one has supp ¢1 € K for any 1 € L. On the space
N(B, K, 6), we introduce the norm ||-||3, given as the smallest constant such that

|D* g (x)] < bl e ™2 K (B.1)

forany 1 € L, k € N¢ with |k|s < r, and x € D.
With this notation, we will show the following proposition:

Proposition B.2. Ser 7 € 7°Y and B € P(t), let K C D be a compact set, let § > 0 and let degq} be the
degree assignment defined in formula (4.40). Then one has for any C > O the bound

‘(h%R ® Y¢R) A_i_T| <1 (B.2)

uniformly over ¢ € (P, K, 5) and R, R € K with ||l V [|R||xc+ V HRHIC+ <C.

The proof of this proposition is the content of the next three sections (see in particular Appendix
B.3). We end this section by showing that Proposition 4.49 follows from Proposition B.2.

Proof of Proposition 4.49. We apply Proposition B.2 for |||~|||§B) = |lI-lls — B, where 8 > 0 is small
enough that one still has |||E|||§ﬁ) > |g|, forany E € £_. We denote by deg®P : L — R_U{0} the degree
assignment defined as in formulas (4.38) and (4.40), but with [||-|||; replaced by |||-|||éﬁ >, and we write
l¢llss,5 for the norm defined as in formula (B.1) with deg® replaced by deg®-#. We choose a compact
set K C D that supports the functions ¢ for any 1 € L and & > 0, so that one has ¢* € N(B, K, ¢) for
any ¢ € (0, 1].

Let now I € L be such that I € t(Ly(7)) and I € I € B, and define for 0 < & < 1 the tuple
$° € N(PB, K, 6) by setting ¢¢ := s_gqﬁis and ¢ := ¢¢ forany 1 € L\ {I}. It follows that H(ZS'S”gBﬁ < L.
Since, moreover, deg,, was chosen in such a way that ||K -K |
that one has

i+ 18 finite, it follows from formula (B.2)

&

’(h%R ® Y‘f“") A_i_‘r‘ <1, (B.3)

for R € {O,K —K}.
It remains to show that the left-hand side of formula (B.3) is equal to &% times the left-hand side

of formula (4.43). For this, let F be a subforest of 7 and choose decorations nr and e as in formula
(A.3). We then distinguish two cases. In the first case, one has I € t(Ly(T/F)), and it follows that

YO (T/ PN = e 5y (T F)irey” - In the second case, there exists S € F such that I € t(L.(S)),

F
. . . € _B . ¢*®
and in this case it follows that h% RSeL =&72 hy o SeT. m

PR
B.1. Feynman diagrams

We are going to show Proposition B.2 by applying the results of [Hail8]. To this end, we recall the
notation of Appendix A.3 about Feynman diagrams, which we are going to apply to the type set
L := MU L, where we define M as the set of all (1,I) € L x L with 1 < I. Fix a system P € P.
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We then define a degree assignment deg® on £ by setting deg® (1, 1) := 2deg® (1) for (1,I) € M and
deg®t := |t|s — |s| for any kernel type t € £,.
Given an element ¢ € 9 and a large-scale kernel assignment R € K7, we define

K, ifteg,, R ifteg.,
K= 0t HEE R and Ry=q4t DEEL (B.4)
¢ ift=(11)en, 0 iftem

In the notation of Proposition B.2, let K = K(¢) be defined as in formula (B.4) from some tuple
¢ € N(P, K, ), and let R and R be the large-scale kernel assignments defined as in formula (B.4) from
R and R. Then we have the following result, which is an immediate corollary of [Hail8, Theorem 4.3]:

Theorem B.3. Assume that I € H_ is a connected vacuum diagram that has the property described in
Lemma A.S, and let KC = KC(¢p) be as before. Then for any C > 0, one has the bound
|(gf““(/C) ® n’Cﬁ) Af,““r) <1 (B.5)

uniformly over ¢ € N(B, K, 6) and R € KL, with ||p|lp v “7:‘)’”/0 <C.

Proof. Comparing this formulation to [Hail8, Theorem 4.3], we only need to note that one has
IK(9) - < |I¢llp uniformly over all ¢ € (B, K, §), where the norm ||-||x- is defined as the smallest
constant such that

|D*KCt(x)| < 11Kl o t 1k

for any t € £ and k € N¥*! with |k|s < r (compare [Hail8, Equation 2.2]). O

B.2. Embedding the tree algebra into the Feynman-diagram algebra

We now construct for any properly legged tree 7 € 7A’_ex’p] a Feynman vacuum diagram I'(7) :=
(Vi (1), Er(1)) together with the necessary decorations [ : Er(t) — £ and n : Vi-(r) — N<. To this
end, we first introduce the notation that for e € Er(7), we write e*, e~ € V(1) for the two vertices such
that e is an edge from ¢~ to e*.! The total order < on L induces a total order < on L; (1), and we define
&L(7) as the set of all ordered pairs (e, €) with e < é (recall that € denotes the partner of ¢). We interpret
any (e, ) € & (1) as an edge by setting (e, &)™ := e! and (e, &)* := &l, and with this notation we set

Vr(t) :=N(r) and Ep(7):=¢& (1) UK(7).

The decoration n is then taken over from 7, and the decoration [ : Er(7) — L is defined by setting
I(e) = t(e)©) for any e € K(7) and I(e, &) := (t(e),1(&)) )+ for any (e, &) € E(1). We
finally specify that the distinguished vertex in Vi (7) is given by v, := p(7) € Vr (7). This specifies a
Feynman vacuum diagram, and we summarise this in the following lemma:

Lemma B.4. For any properly legged tree T € 7A'_ex’pl, the vacuum diagram T'(t) = (I'(7),n,L,vy) isa
connected vacuum diagram and an element of the algebra H_.

In plain words, we can view I'(7) as the Feynman diagram obtained from 7 by killing the noise-type
edge e € L(7) and marrying each leg of T with its respective partner. We also set

Vr = (=)™ (1), (B.6)

I'We do not identify an edge e with the pair (e~ e*), since we will have to consider multiple edges between the same pair of
vertices.
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where we define for any properly legged tree 7 € 7A’_ex’p] the quantity

m(t) := Z e(e).
(e,e)e&L(T)

~ ex,pl . .
If we extend V multiplicatively to a map on 7", we obtain an algebra monomorphism

~ ex,pl

VT SR

A s A ex,pl .
We now have the following relation between the evaluations IT on H_ and Y on TP, respectively:

Lemma B.5. For any ¢ € W and any large-scale kernel assignment R € K., one has the identity

K.Ry)y_ ¢
Ry =19 (B.7)

on 7A:ex’pl, where IC and R are constructed from ¢ and R as in formula (B.4).
Proof. Lett € 7A’_cx’pl be a tree. We have to compare the definition of Ylle"ﬁr in formula (4.10), with
given by equation (4.26), to the definition of [TVt in [Hail8, Equations 2.15, 4.3]. We rewrite the

integrand in [Hail8, Equations 2.15, 4.3] as

(1" 60 (x5p) [ | DK +R)yqe) (xer —xe)
ecK (1)
D@y (xu—xz) [] ™. (B8
e,e€€L(T) ueN ()

Moreover, we have the identity

[T 29" @gu (xr = x0)

e,ecEL(7)

=(—1)'”(T)/L( )dx [T D60 (v = xu) b1, () (rre(r)» (B9)
{7 eel(7)

where ¢ L.(r) I8 as in equation (4.26). Comparing this with equation (4.26), the lemma follows at
once. m]
In a the next step, we would like to understand the relation between the coproducts A_ and A_ on
A ex,pl A . . . ex,pl .
7" and F_, respectively. This in general quite messy, as for general trees 7 € 7" there is no
obvious relation between the homogeneity ||, and the degree deg'T" () for subtrees ¥ of 7. However,
the situation is much nicer for trees of the form i_7 for some 7 € 72 with the property that B € P(1).

Lemma B.6. Let 7 =T € 74 set B € P(t) and set (T,n,1) := ['(7). Then the set of full, connected
subgraphs T of T with deg‘Bf“g < 0 coincides with the set of subgraphs T of T that satisfy one of the
following two criteria:

1. There exists a subtree t = T of T with ||, < 0 such that T is the full subgraph of T induced by N (%).
2. The graph T contains a single edge e with the property that \(e) = 1%%) for some 1 € Mand k € N€.

In the first case one has |||Te0 ms = deg$Vfg and =T (JT_‘T'), where 1 is, as before, the projection that
removes legs and nt is as in formula (4.22). Finally, there exists M C M such that L (f) = || M,
where M is as in equation (4.42) for B.

Proof. Let T be a connected, full subgraph of I'(t) such that deg®¥T?¥ < 0, and let # be the subgraph
of 7 induced by the edge set E (7) := K(t) N E (F) We first argue that either 7 is a subtree of 7 or
criterion (2) applies. For this we denote by Ty,..., T, for some m > 1 the connected components
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of 7, so that ¥; is a subtree of 7 for any i < m. We obtain another tree 7; from 7; by adding all
noise-type edges e € L(7) incident to ;, so that 7; is the subtree of 7 induced by the edge set
E (%) = E(f)) u{e € L(r): ¢! € N(#;)}. It now follows from a counting argument identical to
equation (4.39) that deg®I"0 is given by

DT k@)l — le(e)ls) + (m = 18|

i=1 eEK(‘f',')

D degPt(e) +degPt@) + D In(wls

(e.e)eéL()nE(T) uev (T)

> Z NG, + (m = Dlsl. (B.10)
i=1

Now, by our assumption on the regularity structure one has M(fi)gms > —% unless T; = E for some

Ee 8 with 2], = —%. It follows that this expression can only be negative for m = 1 or form = 2, and
in the second case one has necessarily that 7; is the trivial tree for i = 1, 2, so that criterion (2) applies.

Assume for the rest of the proof that m = 1 and hence 7 is a subtree of 7. It then follows that I is
the full subgraph of T" induced by set N(7) of nodes of 7. Moreover, from formula (B.10) we infer that
”|‘FS Ms < 0. We are left to show that £(#) can be written as a disjoint union of some M C M. Assume
this does not hold. We distinguish two cases. In the first case there exists u € L£(7) such that one has
u || M.Lete € L (F) be the noise-type edge with e! = 1, and observe that similar to formula (B.10),
one gets the estimate

deg¥T? > |||‘Fe0|||5 = litCe)llls > 0.

The last inequality follows again from the assumptions made on the regularity structure. In the
second case there exists M € M such that M N L(F) # @, but M ¢ L(F). Then we set
a :=max {|[|t(e)llls : e € L(¥), e* € M N L(%)}, and similar to formula (B.10), we have the estimate

~ #M —#(M N L(T
ded T, - Y HIDLDD oy, ®.11)
ecL(7),eleMnL(F)
> 7], - 2= HMOLEO) 401 0 £(5))a. (B.12)

#M — 1

Since 1 < #(M N L(T)) < #M — 1, we can bound this expression by
Izl - > o.

The last inequality follows again from the assumption on the regularity structure and the fact that there
exists a noise-type edge e € L(7) such that ||t(e)]|s = a. O

We are now in a position to show an identity between the coproducts on the respective spaces. For this
we introduce the canonical projection p_ : F_ — H_, and we define the projection Pyees : H- — H-
as the multiplicative projection onto the subalgebra of H_ generated by connected vacuum diagrams
(T, 1) € H with the property that there exists an edge e € E(I") such that [(e) € £,. With this notation,
we have the following lemma:
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Lemma B.7. One has the identity
(P-V @ V)ATi_ = (Puees ® Id)A_Vi_ (B.13)

on T4,

Proof. Since the expressions on both sides are multiplicative and linear, it suffices to show this identity
for trees, and we fix for the entire proof a tree 7 = T' € 724, We start with the expression given by
applying the right-hand side of the equation to T and transform it into the left-hand side.

By definition one has

A Vi T—( l)m(T)ZZ( 1)|0Ut2( )I_,n+7r2 (r/r‘)[e]ie

&n

where we use the convention that the first sum runs over subgraphs I" of I := Vr with the property
that any connected component of T is divergent, and the second sum runs over all decorations € :
OrE(I') — N and #i : V(I') — N¢ such that supp#t € V (I'). Here we write pE (") for the set of
half-edges (e,v) with e € E(T)\E (') and v € e n V (I'), and we write [¢] (e) := Yuee Ele,u).

After applying Pyees ®1d to this identity, we restrict the first sum to those subgraphs I" with the property
that each connected component of I is of the first type in Lemma B.6. In this case we can write this
graph in the form T = [[g.#T'(S) for some forest F € div*(77), where we write div*(n7) C div(n7)
for the set of forests F € div(nt) with the property that each tree S € F satisfies the first condition of
Lemma B.6. We can now write

(ex)
(oA V= (0" S Y R (e (r /2

Fediv* (ni1) 6ENE

- Y Y e vy,

erl\n
Fediv* (n7) eFNE £ £

where (er) = |Z(u V)€€ (1) e;(u)\ The sums here run over all decorations nz and e satisfying
nNr+mer

the condition that deg I'(S),
n£+7re£

‘

S
F e div(t)\ div*(r) for any choice of decoration, so that we can rewrite this expression further as

1 n FHmer n-n
i)z

er:

< 0 for any S € Z-', which, due to Lemma B.6, is equivalent to

< 0. Moreover, again with Lemma B.6, it follows that this condition is violated for any

(Prees ®IDA Vit = (p-VOV) > >

Fedivrerng

Comparing this with the definition of the coproduct A% in equation (4.23), and noting that the extended
o-decoration is irrelevant due to the definition of the operator V, concludes the proof. O

We now construct a character 42(C, R) on #H_ in an analogous way to formula (4.41). Given a set
I C L which is closed under conjugation, we write HX C #_ and ”HE C H_ for the linear subspaces of
H_ and 7L_, respectively, spanned by all connected Feynman diagrams I' = (V, £) with the property that
for any e € £ one has either t(¢) € £, ort(e) = (1,1) € L/_ with 1 € I, and we write P; : H_ — H?I
for the canonical projection.

With this notation we define a character £(XC, R) on H_ by setting

(I, R)T := — Z nmeRpr (B.14)
IeP
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for any connected vacuum Feynman diagram I', and extending this linearly and multiplicatively. We
leave the set S implicit in this notation, since it is fixed for the entire proof anyway.

Before we state the next lemma, let us give an equivalent definition of the characters h(J, ¢, R) and
h(KC, R) defined in formulas (4.41) and (B.14).

First note that we introduce linear projections Py : 7P' — 7P and Py : H_ — H_. We generalise
this notation to systems Q € P in the following way: We write 7°'[Q] € 7' (resp., H® € H_) for the
linear subspaces spanned by all products of trees [[1cq 71 (resp., vacuum diagrams [[1cq 'g) with the
property that t(Ly (11)) = I (resp., I'1 € H1) for any T € Q. We then write Pg for the linear projections
onto 7P'[Q] and H=, respectively. We overload the notation Pg here because these projections are
closely related (compare equation (B.18)). With this notation, we have the following identities:

hy o= Y (1Y Pg, (B.15)
QTP
WK, R) = > (-)*¥*Rpg, (B.16)
QP

on 7" and H_, respectively.
Lemma B.8. Ler K, R and R be constructed from ¢, R and R as in formula (B.4). Then one has the
identity

(h;g i YI‘;’) Ai_= (h(IC, R) ® H’Cﬁ) ARG (B.17)

on T,
Proof. We first claim that one has the identity

PoV=VPq (B.18)

on 74 for any Q C %B. By the definition of Pg, it is clear that it is enough to show this identity for
Q = {I}forany I € P. Let r € 7°? be a tree, and observe that one has T € rng Pr if and only if
t(Ly (7)) = I. This implies in particular that Vr € H?I, so that

P1Vr = VPt = V1.

Conversely, assume that t(Ly (7)) # I. Then this implies in particular that Vr ¢ HI by construction, so
that both sides of the claimed identity vanish.
Now using expression (B.15) for 41(‘B, ¢, R), we can rewrite the left-hand side of equation (B.17) as

NS (ngg ® Yi) AT
QcP
Using Lemmas B.5 and B.7, we can rewrite this as
DT (MR Pgp Ve TERY)asi.
QcP

= > (-p* (H’C’RPnptreeS ®H’C’7~3) Al (B.19)
QCP

We now note that the projection pyees On the right-hand side is irrelevant, since the only divergent
connected subgraphs of Vit that get killed by pyrees are of type 2 in Lemma B.6, and thus get killed
by I anyway. Using formula (B.16), we see that this expression is equal to the right-hand side of
equation (B.17), as required. m}
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B.3. Proof of Proposition B.2

For € > 0, let (Kf)t . be a kernel assignment such that K7 € CZ° (D\{0}) forany t € £, and & > 0,
SN

and such that I?f is equal to K f in some neighbourhood of the origin but compactly supported in a ball

of radius % around the origin, where ¢ is as in Proposition 4.49 and M is the maximal number of edges
appearing in some tree 7 € J_. Let also K be defined as in formula (B.4), with K replaced by K. We
first have the following lemma:

Lemma B.9. Under the assumptions of Proposition 4.49, one has
(™ (K) @ IR} ARV = (1 (K. 0) @ IR | ARV

on T4,

Proof. SetT" :=Vi_t. It is sufficient to show that
g"N(K) T = h (K,0) 7 (B.20)

for any connected, full subgraph I of I" and any node decoration fi with the property that deg®I'T < 0.
Assume first that I satisfies Lemma B.6(2), and let e be the unique edge of I". Then £ (K, 0) vanishes
by definition, and one has

P (K)T = - = _/ P1(e)(X)dx = 0,

where the last equality follows from the definition of 9t (B, §). Otherwise, one has that I" satisfies Lemma
B.6(1), and we denote by 7 the subtree of 7 such that I" is induced as a full subgraph of I" by N(#). Then
one has £L(%) = | | M for some M C M with #M > 1. In the case that #M = 1, one has that all full
subgraphs I of " of negative degree are of type (2) in Lemma B.6, so that equation (B.20) follows from

g (K) T3 = - (gf““ (K) ® H’_C) Z Z M(g)f“ﬁ”é ® Fg’ﬁ/(f", né)

é!

In the case that #M > 2, one has h (I_C, 0) l:‘g‘ = 0 by definition. On the other hand, there exist distinct
M,N € M with M # N, and we can choose elements # € M and v € N. There exists a unique edge
ecE (f) connecting u and v. By the definition of M (compare equation (4.42)), one has [(e) ¢ | | B/-,
and by the definition of 9t(*B, 6), one has ¢;(,) = 0 in a §-neighbourhood of the origin. Combined with

the support properties of the kernel assignment K, we infer that one has H’_Cff‘ = 0. The same reasoning
applies to any other Feynman diagram containing an edge of type [(e). It follows thus from the definition

of the coproduct that one has g™!' (K) f‘: =0. O

With this lemma, comparing equation (B.5) and the right-hand side of formula (B.17), we are left to
compare the characters

h(K,R)=h(K,R) and £ (K,0),
where we define R := R — K + K. We first claim that for any 7 € 7% one has
(foh(K,0)) (V1) = f(Vr) + h (K,0) (V1)

for any character f in the character group of H_. This can been seen in a way very similar to the last step
of the proof of Lemma B.9, since whenever I is a nonempty, proper subgraph of I' = Vr of negative
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homogeneity, there exists an edge e € E (I'/T") with I(e) ¢ || /-, sothat h (K,0) (I'/ ([, €)) vanishes
for any such subdiagram.
It remains to show that the expression

FIKR)T:=h(K,R)T-h(K,0)T

is bounded by a constant uniformly over ¢ € R(B, K, ) and R € I such that [|¢[lg Vv ||7_2||,C+ < C for
any I' € H_. By definition, it is sufficient to show this for connected Feynman diagrams I" € H for any
I € $B. In this case one has

fFR.R)T = (H’”2 - H’_C’O) r,

and since I" does not contain any subdivergences in this case, this expression is bounded in the required
way as a consequence of [Hail8, Section 4] and Lemma 4.21.

C. Applications
C.1. The d)g equation

We show that our support theorem applies to the solution to <I>§ started at any deterministic initial
condition ug € C"7 (T3) with . > —%, which then concludes the proof of Theorem 1.12. While it is
known that u is a Markov process which can be started from a deterministic initial condition and is a
continuous function in time [Hail4, Section 9.4], none of these statements follows immediately from
[BCCH17]. In case of %, the process S~ (&) = lim._,0 S, (¢) is the stationary solution to the stochastic
heat equation on T3, so that S_(£)(0, -) is (in law) a smooth approximation of the Gaussian free field.
In order to see that one can start the equation at a deterministic initial condition, one has to use the fact
that the critical regularity for the initial condition is —% [Hail4, Equation 9.13], and hence lower than
the regularity of the Gaussian free field. One can now choose the initial condition for the remainder &-
dependent of the form v(?) — S (£)(0, -), use the fact that this converges in probability in C-3+x (T3) for
any kK < z and argue with the fact that the solution constructed in [BCCH17, Theorem 2.13] is almost
surely contlnuous as a functional of the initial condition. The last statement follows from the second

bullet in [BCCH17, Theorem 2.13], with C'™¢ := " (T3) and n € (—%, —%)

While this procedure provides a robust interpretation of what we mean by a solution to d)‘31 starting
from a deterministic initial condition v(?) € C™8, the process defined in this way fails to be a continuous
function of the model. Note that while S_(¢) is a continuous function of the model with values in

C, 1o (2), evaluating at a fixed time is not well defined on this space, so that S_(£)(0, -) fails to be a
continuous function of the model.

To overcome this difficulty we work with a slightly stronger topology on the space of models (compare
[Hail4, Proposition 9.8]), generated by the system of pseudo-metrics

12, 2], 7 = ||z 2] |k +n?2 - K » %=

+
v,[-T.,T] xT3 | C([—T,T],Cimg)

forany T > 0. Here ||Z,Z]], ;1

Equation 2.17]. With respect to this topology, it is clear that S;(£)(0,:) = (K % HZEE)(O, ) is a
continuous function of the model with values in C™8. The fact that the BPHZ renormalised model
converges in this stronger topology follows from [Hail4, Proposition 9.5]. To show that our support
theorem holds for (D‘S‘, it remains to argue that the proof of the support theorem for random models
also applies in this stronger topology. For this we first note that once Proposition 3.8 is proved, the
arguments carried out in Section 3.2 use only the fact that the shift operator and the renormalisation

XT3 denotes the usual metric on the model space as in [Hail4,
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group act continuously on the space of models, which is still true in this stronger topology. Asin d = 2,
Assumptions 7 and 8 are trivial in this case, so that Section 4 is not needed.

Remark C.1. We outline the proof that 7 is the ideal generated by =. Recall that 7 is generated by
linear combinations of trees with same number of leaves. From this we already infer that the only

\
possible generator of [J other than o must be a linear combination of ¥ and y We can rule out that
such a linear combination is element of 7 by choosing a sequence of test functions v o (x1, X2, x3,x4) =
[Ti<i<j<aWi.j.e (xi —x;) for smooth symmetric functions ¢; j, where we set ¢; j o := g[/i(j) if{i,j} e
{{1,2},{3,4}} and ¥; ; . = ¥; ; otherwise. The divergence structure of the two trees in question then
implies the asymptotic behaviour

\
Kk¥,¢€> ~&? and <Kké\lv,!ﬁg> ~g7 !,

Section 5 is formulated entirely at the level of the space of noises My and never refers to the topology
on the model space. The remaining caveat is Section 3.3. The topology on the model space enters
explicitly in the final step of the proof of Proposition 3.21 via the identity

5 E,0 &
(lsiir})iiir})R& Z.(6° +5) = Z:(0),

so we need to show that this convergence holds also with respect to the stronger topology we are using
here. Using [Hail4, Proposition 9.5], which shows that K * £* — K x ¢ in C ([-T,T],C") almost
surely, we need to provide an additional argument showing that

Kxls—0 inC ([—T, T],cifeg)

as 0 — 0 in probability. This can be shown with an argument very similar to the proof of [Hail4,
Equation 9.15]. Indeed, setting X := C2 ([-T,T],C"™% (T%)), where n € (—%, —%) is as before and
& > 0is small enough that  +2& < —1 it suffices to bound K % £ 5 uniformly in X. Write K = Ym0 Kn,
where K, is supported in an annulus of order 27" as in [Hail4, Assumption 5.1]. By Kolmogorov’s
continuity criterion and the fact that {5 belongs to a Wiener chaos of fixed order and therefore enjoys
equivalence of moments, it suffices to show that for some r > 0 one has

2
E( / Y0 (K L5(x,1) = Ky x L5(x,0))dx | 277 |¢|FH A28 (C.1)

This expression is of the form of [Hail4, Equation 9.17], with white noise & replaced by {s. For the
proof we can now proceed along the same lines as in [Hail4], noting that by definition (s is a linear
combination (with uniformly bounded coefficients) of random stationary smooth functions 77?5 oy with
the property that ’

p fE,T) (x,1) = EnfE’T) (x, t)n?E’T) (0,0)

satisfies the scaling relation

—2[7],-2% (2.,
o _ o 1 (E.7)
Pln = (Nen) (ple) :

The proof is now straightforward in the case that [|7[}; < 0, where the right-hand side can be estimated
by an approximate 6. In the case that |7, = 0, the fact that these covariances integrate to zero comes
to the rescue in the same way as in the proof of formula (2.19).
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C.2. The (I)j_K equation

The d>i_,( equation with k irrational satisfies all our assumptions, except that the noise is not white. Recall
that the space-time scaling is given by s = (2,1, 1, 1, 1), with |s| = 6. We assume that & = P x £, where
£ is space-time white noise on T* x R, the symbol % denotes spatial convolution and P € C2* (R*\{0})
is some integration kernel on R* which is homogeneous on small scales P(1x) = 1~**P(x) for any
A € (0,1) and x € R* with |x| < % (say). Here we assume that « > 0 is irrational (in order to
avoid log-divergencies, which could destroy Assumption 5). There exists a unique homogeneous kernel
P : T*\{0} — R such that P = P in a neighbourhood of the origin. We denote by K the heat kernel, and
we assume that P is such that K x P can be decomposed as in Section 2.2.2. (This is certainly possible
for P(x) = |x|~***, which is a natural choice.)

We fix a set of two kernel types £, := {t,t’}, representing heat kernel K and the convolution K % P,
respectively, with [tk || := 2 and [Jtp[ := 2 + «, and we fix a single noise type £_ := {E} representing
white noise with [E[] = =3 and |E| = -3 — & for some £ > 0 small enough. A rule R is given by the
completion of R, defined by setting

R(t) = {@, [ﬂ] ) [E],{Q] ) [f],fz,ff,] : f,‘ € {f,tl}} and R(t/) = {@, [E]}

Provided that k < «, the rule R (and hence R) is subcritical [BHZ19, Definition 5.14]. We fix truncations
K; and Ky of K and K % P as in Section 2.2.2, we denote by Z° the BPHZ-renormalised canonical lift
of the regularised white noise £ and we write 7 :=lime_oZ “_The existence of this limit follows from
[CHI16] (see also [CMW 19]). Moreover, the solution to the CDfLK equation is path-wise continuous in Z.

We now argue why Assumptions | through 6 hold, which finalises the proof that Theorem 3.14 can
be applied to Z. Assumptions | through 3 are shown in [BCCH17, Section 2.8.2]. The heat kernel is
homogeneous, so Assumption 4 is satisfied. Finally, for irrational « there are no trees of integer degree
(and in particular no tree of zero degree), hence Assumptions 5 and 6 hold.

C.3. Proof of Theorem 1.15

Recall that we are interested in characterising the support of the solutions, in the sense of [BGHZ19,
Theorem 1.2], to

du' = d%u' + Fj.‘k(u)axufaxuk +h' (u) + o, (u)éH. (C2)

As before, i,j,k = 1,...,n, u = 1,...,m, and Einstein’s convention is used. We also denote (as in
equation (1.16)) by V the connection on R” given by I

We first show that the generalised KPZ equation (C.2) satisfies Assumptions 2 through 6. Assump-
tion 2 was shown in [BGHZ19], and Assumptions 3 and 4 are clear. To see Assumption 5 we choose
g = g, and we note that

Y= {x,%,v,v,v,{k }}.

Here, thin black lines denote the heat kernel, whereas thick grey lines denote its spatial derivative. We
write o for an instance of white noise and polynomial label n(e) = (0,0), e for a node with white
noise and polynomial label n(e) = (0, 1) and = for a node without noise and with polynomial label
n(=) = (0,1). We drop the type decoration from the noises, for simplicity, so that any tree in V should
be thought of as a finite collection of trees. I t is easy to see that the kernels Kt for 7 € V are all
antisymmetric under the transformation (7, x) — (¢, —x), and since the covariance of a shifted noise is
symmetric under this transformation, one has EII"’7(0) = 0, as required. Assumption 6 is then trivially
satisfied, since in this example one has Vy = V.
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Write now S,,, € Vec J_ for the linear subspace of dimension 15 generated by the ‘geometric’
counterterms, as defined in [BGHZ19, Definition 3.2] and characterised in [BGHZ19, Proposition 6.11,
Remark 6.17]. We also write Yr »: S,.. — C7(R",R") for the evaluation map defined in [BGHZ19,
Equation 2.6] (but note also the remark just before Equation 6.2 in that article). We can interpret (S, +)
as a subgroup of the renormalisation group G_, and its action on the space of right-hand sides for equation
(C.2) is given by 7 — Yt 7. As in [BGHZ19, Remark 2.9], it will be convenient to introduce on 7
(and therefore also on S,.,) an inner product by specifying that any two trees are orthogonal and their
norm squared is given by their symmetry factor. We will use the suggestive notation of [BGHZ19] for
elements of S,.,, so that, for example,

YroVeo= Y Vo, 00
i

We are now in a position to apply Theorem 1.7. First we have the following result:
Lemma C.2. Let H be the subspace of Vec I_ defined in Theorem 1.7. Then one has H € S,,,.

Remark C.3. The renormalisation group for the generalised KPZ equation is naturally isomorphic to
(Vec I_%, +), so that it is more convenient to work with the linear space Vec J_ instead of the full algebra
7_. The scalar product introduced provides an isomorphism Vec I_ =~ Vec J_" via Riesz identification.
In the statement of the lemma we have made a slight abuse of notation and identified H with a subset
of Vec I_ given by the Riesz identification of the set # viewed as a subspace of Vec 7_*.

Proof. Let 0' and T2, be smooth functions on R™ for i,j,k < m and [ < n. Furthermore, let
¢:R" — R”’ bea dlfi“eomorphlsm and define ¢-I" and ¢-T for any tensor T by the usual transformation
rules for Christoffel symbols and tensors under the dlffeomorphlsm @, see [BGHZ19, Equation 1.6]. By
[BGHZ19, Theorem 1.2] there exists a sequence of elements g¢ € S,, such that g - g2, converges to
a finite limit f, € Vec I_ as & — 0. We set Z° := R8"Z.(¢%) and Z := lim,_,0 Z°.

Fix h € f,+ f¢ +H, where f¢ is the character defined in Assumption 8 (which holds by Proposition
4.1). It suffices to show that & € S,., (note that this proves furthermore that f, + f ¢ e S.), Which by
[BGHZ19, Definition 3.2] is equivalent to the property that Y, .r o.0h = ¢ - Y1, o-h for any I', o and

@ as before. Fix an initial condition v € c: (T) and let v and w denote the images of the model Z(h)
under the solution maps for (I', o) and (¢ - ', ¢ - o), respectively, with initial conditions v(0) = vo and
w(0) = wyp := ¢(vg), so that

0 = 32 + T(1)dxvayv + (Yr.oh) (v), (C.3)
Ow =iw + (¢ - T)(W)0xwdew + (Yyr,p.0h) (W). (C.4)

(Here we omit the indices for simplicity.) Note that ¢(v) satisfies an equation analogous to equation
(C.4) but with counterterm given by ¢ - YT A, so that by a simple special case of [BGHZ19, Theorem
3.5], the proof is complete if we can show that w = ¢(v). By Proposition 3.21 there exists a sequence of
smooth random functions ¢ such that Z&% := Tgéz £ Z(h) as & — 0and 6 — 0. Similar to before,
denote by v and w9 the images of the (random) model Z#-® under the solution map for the data
(T,o) and (¢ - T, ¢ - ), so that v¥>® — v and w®® — w in probability. But since g¥ € S,.,, one has

= ¢ (v#:9), and this concludes the proof. O

Write Moll ¢ Cp (Rz) for the collection of test functions that are supported in the unit ball and
integrate to 1. It then follows from [BGHZ19, Theorem 1.2] that there exist 7, € S, as well as maps
Moll 3 p = 7, € S, and Moll > p = C, € R such that for every mollifier p € Moll and for
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&8 = pg % &M, one has u = lim,_,ou, with

Oug = 6)%“8 +(ug)(Oxttg, Oxtig) + h(ug) + O-,u(us)fg
C, (C.5)
+ (Yr,07p) (ug) + (Yr,o74) (ug) loge + - (Yr,oVeo) (ug).

Combining this with Theorem 1.6 and Remark 1.10, we conclude that there exists 7 € S, such that the
support S, of the law of u is given by the closure in C* of all solutions to

Opu = 02u + T () (8xut, Oyue) + h(u) + oy (u)yH
+ (YF,O'f)(us) + K (YF,O'T*) (ue) + Ko (YF,UVOO) (ue),

for arbitrary smooth controls 7 and arbitrary constants K, and K. Note that Yr V.o is nothing but
the vector field V in Theorem 1.15, and Yr » 7% = Vi. We also write T € S, for the element such that
YroT= V with V as in Theorem 1.15, so that

T=Vy,.Voe.

o

We also introduce the following notation: Given two collections A A c C°(R",R") and H €
C*(R",R"), we write U (H, A, A) for the closure in C* of all solutions to

Opu = 0%u + T(us) (Dxut, Oyut) + H(u) + Z NAA + Z KgB,
AcA BeA

where the 14 are arbitrary smooth functions and the Kp are arbitrary real constants. An important
remark is that one has the identity

UHAA) =UH+H,A AUB) (C.6)

for any H € Vec (AU A) and any B C Vec A.
To complete the proof of Theorem 1.15, it then remains to show that for any 7 € S,,,, there exists ¢
such that

Uh+T,{ou}  {Te, Veo}) =U (h+ é8, {ou}, {Tx, Veo}) (C.7

thus reducing the dimensionality of the unknown quantity from 15 to 1. Here we implicitly identify
elements of S, with elements of C*(R", R") via Yr , to shorten notations. To show equation (C.7),
we will make extensive use of the following result:

Lemma C.4. Let H: R, xTxR" - R" A, B: R" - R" and {,(A,n,ﬁ: R, X T — R be smooth
Junctions and set C € R. Then there exist C. € R and smooth functions n¢,7.: Ry X T — R™ such
that the solution to

Oug = 6)%“8 +(ug)(Oxttg, Oxlis) + I:I(t, X, Ug)
+A(ug)ne + Blug)i, + Ca(VAA)(ue) (C.8)

converges in C% as € — 0 to the solution u to

A = 02u + T (u) (Dyu, Oyu) + H(t,x, u)
+ Au)n + B+ (VaB) ()¢ + (VeA) (u) + C(VaA) (u).

Proof. We consider the singular SPDE given by
Opu = 6§u + () (Oyu, Oxu) + H(t, x, 1)
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+ A(uw)n + B(u)h+ (VaB) ()¢ + (VaA) (u)l + C(VAA) (1)
+ AW +Bu) ({ €.+ -€,),

driven by the three ‘noises’ £, € C<°!, £, € C<! and £, € C™'7*_ If we choose « sufficiently small,
the only symbols of negative degree appearing in the corresponding regularity structure (besides those
representing the noises themselves and the one representing the product of £ . with the spatial coordinate)
are

&N, NN,

where we denote the symbol representing £, by 0, the one representing £ by @ and the one representing
£ & by ©. Thin lines represent the heat kernel and thick lines its spatial derivative, as usual.

One then proceeds as follows: Choose first a symmetric function g € Cj such that
f (p % P) (2)P(z)dz = 1 for P the heat kernel on the whole space and z = (,x) € R?, and set
E.=&7172%p . % £, where ¢ is space-time white noise and j.(,x) = p (t/£,x/¢). One then fixes two
asymmetric Cy functions p and p such that the following identities hold:

/ P(2)(p* p)(2)dz =1, / P(-2)(p* p)(z)dz =0, (C.9)
/P@Mﬁ*@@ﬂz:a /V%ﬂxﬁ*m@mz=L
With this choice, we then set

Ee=e"lpoxe, £ =" p o xeE

Since all of these noises weakly converge to 0, it is immediate from [CH16] (but in this case this is also
a simple exercise along the lines of the examples treated in [Hail4]) that the BPHZ model associated to
this choice converges to the canonical lift of 0.

Furthermore, as a consequence of equation (C.9), the scaling of the noise and the identity

0 P*0P =5 (P+P),

where P(z) = P(-z), the BPHZ character g# for our choice of ‘noise’ is given by

(W) =&, g% () =¢" () =-1,
“(°) =0, g2V =g (V) =-3.
It then suffices to apply the results of [Hail4, BCCH17] to conclude that the BPHZ-renormalised
equation solves equation (C.8) with the choice 7j, =+ - .+ & ¢ and 7z =n+E&,, so that the claim
follows. O
Corollary C.5. One has the identity
UH,AA) =U(H, AU{VAB,VgA}, A),
forany A, B € A such that VA € A.
Define now a sequence of collections of vector fields .4y by setting (for k > 1)

Ai={oulp=1,....m}, Aks1 ={VaAB,VEA | Ac A, B e Ay}
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It now follows for the same reason as in Lemma C.4 that for any two of the noises appearing in equation
(C.2) (denote them by @ and O, say), one has

X -L-Led
and the kernels associated to ¢° and &° are linearly independent. This shows in particular that
{£+ 10, + 10} = {Veo, Veo} € A,

so that first applying Theorem 1.7 (combined with Definition 3.3) and then Corollary C.5 implies that
for any vector field H and any finite collection of vector fields 3, one has

U(H, {ou} . BU{Ve}) =U(H, {ou},BU{Veo} U A)
=U(H, {o,} UAUALBUA,). (C.10)

(We could have added any of the Ays to the right-hand side, but only A, and .44 matter for the sequel.)
Setting

S* = {T € S0 : Y107 € Vec (A U .A4)}

geo

and combining the description of S,., given in [BGHZ19, Equation 1.8] with the definition of the A;,
we see that one has the decomposition

S0 = Sk, ® Vec {Vy,.Veo, Vy, Voo, Vi, Veo} .

geo

Similarly, it follows from [BGHZ19, Equation 3.22] that there exists a constant ¢ such that

Ty —C (ZVVO.VOO - VVO.V.O) eSS

geo*

Setting ¥ = Vy_.V.e and combining this with equations (C.6) and (C.10), we conclude that there exist
constants ¢y and ¢ such that the support of u is given by

U(h+T,{ou} ATa Vool ) =U (R + Eof + 65, {0} U A U Ag, {1} U A)

In order to eliminate ¥, we note that as a consequence of [BGHZ19, Equation 6.19], setting

0-1 = 5 b 0—2 = c b
and writing 7: S, = Vec{o, o»} for the orthogonal projection, we have

aS* =0, =07, Tt =17, = 0.

geo

Furthermore, since o ¢ J by Definition 3.3, there exists & € H with (&, 01) # 0, and therefore, by
Lemma C.2, (&, 7) # 0. We conclude that there exists ¢ such that the support of u is given by

Uh+T,{ou} AT, Vo)) =U (h+ T, {ou} {Ta, Voo, 7))
=U(h+ét, {ou} U AU A {10, T U Ao) =U (h+ 6, {ou} , {Ts, Veo})
thus concluding the proof of Theorem 1.15. Here the last identity follows from the fact that the preceding

sequence of identities holds for any choice of 4.
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D. Symbolic index

Here we collect some of the most-used symbols in the article, together with their meaning and the page
where they were first introduced.

Symbol Meaning Page
[ls Homogeneity used to construct the regularity structure 19
00 ‘True’ homogeneity of the noise 19
~ Equivalence relation on I_ 33
< Total order on I_ 37
1, ¢] Multiset; [1, ¢la =#{i €I : (i) =a} 18
°c Cumulant homogeneity consistent with s 26
Q=1 s(E, 1) —m(‘r)l%I 78
o Functions invariant under translation of all arguments 18
d(m) Set canonically associated to a multiset 7 18
D Domain of definition of the noise 17
D Whole-space extension of D 17
A_ Coproduct 20
deg? Degree assignment on L 60
deg‘B Degree assignment on L 60
div(t) Set of divergent subforests of T 50
fn Character depending continuously on 77 33
Ls Shift of the noise 36
G- Renormalisation group, character group of 7_ 3
g- Renormalisation group, character group of 7_ 47
g Spatial symmetries of the equation 30
g BPHZ character 21
g ‘Tweaked’ BPHZ character (f 7)™ o g7 33
g'l’("” Character on 7_°' and 7_¥™ 57
GL Group of permutations of L consistent with i and ~ 54
H Annihilator of J 32
h\ﬁ’ R Character on 7_P' 60
I, (h) Stochastic integration 23
i Type map on L 51
i Canonical embedding 7_ < 7% and T ’T_ex'pl 52
isym Canonical embedding 7_5¥™ s 7- %™ 55
[’ Admissible embedding 7- — 7' 54
(Sym Admissible embedding 7- — 7™ 55
T Ideal in 7, kernel of Y 32
J Ideal in 7_ generated by :7 and trees with odd number of noises 32
Jm (h) Stationary process in mth Wiener chaos with kernel / 23
Kr Space of smooth simple kernels in n variables 24
K(7) Kernel-type edges 19
Kot ‘Kernel’ DE(T) — R associated to 7 31
K% Compactly supported large-scale kernel assignments 47
K5 Large-scale kernel assignments 48
L(7) Edges of noise type 19
Li(7) Edges of leg type 47
L(T) Nodes touching edges of noise type 47
3(7‘) Nodes with nonvanishing extended decoration 47
2 Space-time domain 17
A Set of possible scales 3
A(T) System of disjoint, nonempty subsets of £(7) 62
L Set of leg types 46
e Enlarged set of noise types 75
[M] Integers from 1 to M 17
Mo Space of smooth admissible models 20
m Map 1 : [#m] — A associated to multiset m 19
My Space of admissible models 20
M3 Matrix acting on 7~ 21
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Symbol Meaning Page
Moo Space of smooth noises 25
Mo Space of singular noises 25
", Space of shifted smooth noises 30
UL Space of shifted singular noises 30
ms, Space of smooth noises for £_ 76
m(E, 1) [L(7),t] \ {E} 78
L1(71) Nodes of 7 touching legs 47
N Families of smooth functions indexed by leg types 57
N(PB) Elements of R satisfying a constraint depending on P 61
Py Projection on T killing trees with nonvanishing ¢ on legs 56
Q Projection on 7_"' removing superfluous legs 56
Qo Projection on 7 ", Oy = OP, 56
P Projection on 7_P' onto trees 7 with t(L (7)) = I 60
y Set of families of test functions indexed by multisets 32
n Projection that removes legs 47
P Smooth mollifier 22
RS Action of G_ onto M, 21
s Scaling on D 18
$ Homogeneity assignment on £_ 77
§ Shift operator § : T— T 76
ST ‘Dominating’ part of the shift operator &1 : 77— 7 71
st “Non-dominating’ part of the shift operator & : T— 7T~ 77
S, a) Rescaling operator 78
T Extended regularity structure 76
T Reduced regularity structure 19
T Extended Hopf algebra 20
T- Reduced Hopf algebra 20
7 Algebra of extended trees 20
T Algebra of reduced trees 20
T Extended regularity structure with legs 47
T Reduced regularity structure with legs 47
T Extended Hopf algebra with legs 47
T- Reduced Hopf algebra with legs 47
T Algebra of extended trees with legs 47
T Auxiliary Hopf algebra 7_/Z 52
e Auxiliary algebra 7-° /2 52
TP Hopf algebra of properly legged trees 53
7A'_C‘\’p] Algebra of properly legged trees 53
T Algebra of admissible trees 54
Ty Symmetrised Hopf algebra of properly legged trees 55
e, Symmetrised algebra of properly legged trees 55
T Hopf algebra isomorphic to 7- 56
T Enlarged regularity structure 76
T Set of trees 19
I_ Set of trees of negative homogeneity 20
g_ Set of trees of negative homogeneity with legs 47
T_ Subset of I_ 37
T Shift operator 21
v Set of trees appearing in Assumption 5 30
Vo Setof 7 € I_ with |7, =0 and #L(7) =2 30
b4 Set of functions indexed by typed sets 48
Yt E(I1"7)(0) 21
Yg’w T Evaluation using large-scale kernel assignment R 42
Y Like Y 7, acting on trees with legs 48
ng T Renormalised evaluation acting on trees with legs 48
) Hopf isomorphism 7_ — 7,*™ 56
Z(I) Model constructed from TT 20
Z.(f) Canonical lift of f to an admissible model 21
Z(g) REZ(0) 33
Qo Space of smooth deterministic noises 21
Q Space of rough deterministic noises 22
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E. Overview of assumptions

# Summary Page

1 Ensures that the general theory of [BCCH17] applies 6

2 Assumption necessary for the BPHZ theorem [CH16] 20

3 Rules out derivatives hitting noises, as well as direct products of noises 20

4 The integration kernels are homogeneous 20

5 BPHZ character vanishes on 0 degree subtrees of 0 degree trees 30

6 BPHZ character vanishes on 0 degree trees with only two leaves 31

7 The ideal Jis a Hopf ideal 33
The BPHZ character is ‘almost’ an element of 33

Assumptions 1, 2 and 3 are needed for the results from [BCCH17] and [CH16] to apply. Assumption 4
on the scale invariance of kernels is crucial for our argument in Lemma 5.10, which gives lower bounds
on the blowup of certain renormalisation constants. Assumption 5 is needed for a technical argument in
Lemma 5.23. Finally, we show in Section 4 that Assumption 6 implies Assumptions 7 and 8. We believe
that the latter two assumptions are satisfied for all naturally occurring classes of SPDEs.
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