
A GENERALIZATION OF THE REGULAR MAPS OF TYPE 
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D i e t m a r G a r b e 

( rece ived D e c e m b e r 25, 1968) 

1. In t roduc t ion . In [1], Coxeter gave a comple t e e n u m e r a t i o n of 
the r e g u l a r m a p s on a t o r u s . The m a p s c o n s i s t of two f a m i l i e s of type 
{4 ,4} and {3 ,6} (and the i r dua l s ) , b and c a r e non -nega t ive 

i n t e g e r s , which d e t e r m i n e the m a p s uniquely . The m a p s a r e i r r e f l e x i b l e 
if and only if bc(b - c) t 0 . 

On s u r f a c e s of genus h > 1, i r r e f l e x i b l e r e g u l a r m a p s a r e 
r a t h e r excep t iona l . The s i m p l e s t su r face of negat ive c h a r a c t e r i s t i c 
which a d m i t s i r r e f l ex ib l e r e g u l a r m a p s is the o r i en t ab l e su r face of 
genus 7 . This was shown by the au thor [4, T h e o r e m 3 . 1 ] . The 
c o r r e s p o n d i n g m a p was d i s c o v e r e d by J . R . Edmonds [2, p . 388] . 

In the p r e s e n t note we sha l l show that every r e g u l a r m a p on a 
t o r u s a l so leads to a family of r e g u l a r m a p s on s u r f a c e s of h igher 
g e n u s . We sha l l denote the induced m a p s by {4 (2n- 1), 4 ( 2 n - 1)} 

b, c 
and { 3 ( 2 n - 1), 6 ( 2 n - 1 )} r e s p e c t i v e l y . I r re f lexibi l i ty of these m a p s 

b, c 
wil l be c o m p l e t e l y c h a r a c t e r i z e d by the condit ion bc(b - c) ^ 0 . As was 
shown in [4, T h e o r e m 6 . 6 ] , N = 5 is the s m a l l e s t n u m b e r of polygons 
which is r e a l i z e d by i r r e f l e x i b l e r e g u l a r m a p s . Thus the family 
{4 (2n - 1), 4 ( 2 n - 1)} conta ins the s i m p l e s t of a l l i r r e f l ex ib l e r e g u l a r 

m a p s . 

F ina l ly , F . A. Sherk [5] deduced a family of type {6, 6} f rom 

the m a p s {3 ,6} , fo rming the d i r e c t ex tens ion of the ro t a t i on group 

of {3 , 6} by a group of o r d e r 2 . Using S h e r k ' s me thod , we obtain 

r e g u l a r m a p s of type { 6 ( 2 n - l ) , 6 (2n - 1)} 
b, c 

2 . B a s i c s t a t e m e n t s on r e g u l a r m a p s . A deta i led in t roduc t ion 
of the concept of a r e g u l a r m a p can be found in [2] or [3] (cf. a l so [4]). 
We need the following s t a t e m e n t : 
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Let [p> q] be the p o l y h e d r a l group which is defined by 

(2 .1) R P = S q (RS) (p, q i n t e g e r s _> 3) . 

The r o t a t i o n group (J of a r e g u l a r m a p {p, q} on a c losed o r i e n t a b l e 

s u r f a c e is a finite fac tor group of [p, q] . The c o r r e s p o n d i n g n o r m a l 

subgroup IT, of [p, q] conta ins no e l e m e n t s of finite o r d e r . Conve r se ly , 

e v e r y n o r m a l subgroup h of f inite index N in [p, q] , h conta in ing 
no e l e m e n t s of finite o r d e r , e s t a b l i s h e s a r e g u l a r m a p {p, q} on a 
c losed o r i e n t a b l e s u r f a c e of genus 

( 2 . 2 ) 
N 1 1 1 h = 1 + * é - - - -) 
2 2 p q 

The r o t a t i o n group G is i s o m o r p h i c to 

subg roups lead to d i f ferent r e g u l a r m a p s . 

[P. q] Different n o r m a l 

A r e g u l a r m a p is said to be r e f l ex ib le if it has m o r e than one 
v e r t e x and m o r e than one face and if i t s group of a u t o m o r p h i s m s conta ins 
an e l e m e n t which i n t e r c h a n g e s two v e r t i c e s of an edge without i n t e r ­
changing the two inc ident f a c e s . O t h e r w i s e the m a p is cal led i r r ef l ex ib l e . 
It wil l be useful to t r a n s l a t e the g e o m e t r i c a l def ini t ion of r e f l ex ib i l i ty 
into a p u r e l y g r o u p - t h e o r e t i c a l one . 

LEMMA. A r e g u l a r m a p is r e f l ex ib le if and only if for eve ry 
-1 -1 

word W(R, S) e h s i m u l t a n e o u s l y W(R , S ) f h . 

P roof . Let R and S be the r o t a t i o n s which a r i s e by r e v e r s a l of 
the d i r e c t i o n s of R and S r e s p e c t i v e l y . A r e g u l a r m a p is r e f l ex ib le 

[p. q] / if and only if the c o s e t s , c o r r e s p o n d i n g to R and S in 

fulfill the s a m e r e l a t i o n s as R 
the c o s e t s c o r r e s p o n d i n g to \ VÎy^ 

ft and & (F ig . 1) . But we 

and 
-1 

have R = R 
-1 -1 

S = RS R . This i m p l i e s 
the a s s e r t i o n of the L e m m a . 

F i g . 1 

n 
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The r e g u l a r m a p s of genus 1 a r e the m a p s {4, 4} and {3 ,6} 

(and the i r dua l s ) . The c o r r e s p o n d i n g ro ta t ion g roups of o r d e r 
2 2 

m[b + c -I- (4 - I )bc] a r e given by 

* m 2 -\ 9 h - 9 c 
(2 .3) R = S m = ( R S r = (R S ) (RS £ ) C = E 

w h e r e b, c a r e non-nega t ive i n t e g e r s , (b, c) ^ (0, 0) and 1 - 4 or 3, 
m = 4 or 6, r e s p e c t i v e l y . The m a p s a r e i r r e f l e x i b l e if and only if 
b c ( b - c ) =j= 0 [3, pages 103-108] . 

3. The r e g u l a r m a p s {4(2n - 1 ), 4(2n - 1 )} , {3(2n - 1 ), 6(2n - 1 )} , 

and {6 (2n- 1), 6 (2n - 1U . 
b, c 

THEOREM. The r e l a t i o n s 

R i ( 2 n - l ) = s m ( 2 n - l ) = ( R S ) 2 = R n y n = £ 

(3 .1) 

i - 3 — — 
R i n ( b - C ) ( R - 1 S i ) b ( R S l f = E 

with b, c, i , m as in (2.3) and n a pos i t ive in teger , define a family 
of r e g u l a r m a p s { i ( 2 n - l ) , m ( 2 n - l ) } on o r i en t ab l e s u r f a c e s of 

b, c 
genus h = 1 + — ( n - 1) [b + c + (4 - i )bc] . The m a p s a r e i r r e f l e x i b l e 

if and only if bc(b - c) î 0 . 

P roof . (2 .3) is a fac tor group of ( 3 .1 ) . The c o r r e s p o n d i n g n o r m a l 

subgroup of (3 .1) is cycl ic and is gene ra t ed by R . Thus the o r d e r of 
the n o r m a l subgroup is at m o s t 2n - 1 . Compar ing the factor g roups 
with r e s p e c t to the c o m m u t a t o r subgroups of (2 .3) and (3 .1) and using 

the i s o m o r p h i s m t h e o r e m , we see that the o r d e r of {R } is exac t ly 
2 2 

2 n - l . Hence the o r d e r of (3 .1) is m ( 2 n - l ) [ b + c + (4 - I )bc] . 
Observ ing (2. 2) and 2(i + m) = jfm, we get the f i r s t p a r t of the a s s e r t i o n . 

If b c ( b - c) = 0, the condit ion of the L e m m a is sa t isf ied as can 
be seen i m m e d i a t e l y f rom ( 3 . 1 ) . Hence the m a p s a r e r e f l ex ib l e . Let 
us a s s u m e that { i ( 2 n - l ) , m ( 2 n - l ) } is re f lex ib le and bc(b - c) ^ 0 

b, c 
for a c e r t a i n quintuple i , m, n, b, c . Accord ing to the L e m m a we can 
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-1 -1 
r e p l a c e R and S in (3 .1) by R and S r e s p e c t i v e l y . Of c o u r s e , 
th is is a l so t r ue for the fac to r g roup ( 2 . 3 ) . But the L e m m a aga in 
i m p l i e s that {i , m ) , is r e f l e x i b l e . This is a c o n t r a d i c t i o n to 

^ b, c 
b c ( b - c) + 0. 

R e m a r k : One wil l look in vain for r e g u l a r m a p s {& *2n, m * 2 n } 

4 - i 2 2 
which ex i s t for a l l t r i p l e s b , c, n and have 2 [b + c + ( 4 - i ) b c ] 
f a c e s . The c a s e b -2, c = 1, for i n s t ance , which is the s i m p l e s t to 
yield an i r r e f l e x i b l e m a p , cannot be r e a l i z e d for n = 1 as t h e r e e x i s t s 
no m a p {8, 8} of genus 6 [4, Sect ion 7 ] . 

Using S h e r k ' s method , as has b e e n outl ined in [5], we get two 
i m m e d i a t e c o n s e q u e n c e s of the T h e o r e m . 

COROLLARY 1. The r e l a t i o n s 

b, c 

(3.2) 

R 6 ( 2 n - 1 ) = s 6 ( 2 n - l ) = ( R g ) 2 = R 6 g 6 = ^ 

( R 3 , S ) = ( R ~ V 2 ) b ( R 2 S 2 ) ° = E 

define the r o t a t i o n g roup of a r e g u l a r m a p { 6 ( 2 n - l ) , 6 ( 2 n - l ) } 

2 2 
of genus h = 1 + (6n - 5)(b + c + b e ) . A n e c e s s a r y and sufficient 
condi t ion for the i r r e f l e x i b i l i t y of the m a p is bc(b - c) ^ 0 . 

COROLLARY 2. Only for (b, c) = (2 ,0 ) and_ (b, c) = (1 ,0 ) is 
it p o s s i b l e to deduce a r e g u l a r m a p { 6 ( 2 n - l ) , 4 } of genus 

h = 1 + ( 6 n - 5)(b 2 + c 2 + be) f r o m { 6 ( 2 n - 1), 6 ( 2 n - 1)} by the 

p r o c e s s of t r u n c a t i o n . 
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