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Residual properties of free groups II

Stephen J. Pride

In this paper it is proved that non-abelian free groups are

residually [x, y \ x =1, yn=l, x = y ) if and only if

min{(m, k), (n, h)} is greater than 1 , and not both of (m, k)

and (n, h) are 2 (where 0 is taken as greater than any

natural number). The proof makes use of a result, possibly of

independent interest, concerning the existence of certain

automorphisms of the free group of rank two. A useful criterion

which enables one to prove that non-abelian free groups are

residually G for a large number of groups G is also given.

1. Introduction

For unexplained concepts and notation the reader is referred to [51.

Let A and B be groups. A is said to be residually B if and

only if for each non-identity element a of A there is a homomorphism n

which maps A onto B and is such that n(a) is not the identity of B .

If A is a set of groups then A is said to be residually B if and only

if each element A of A is residually B .

This paper reports on further developments in the program of studying

residual properties of free groups. As is well-known (see [31) non-abelian

free groups are residually B if and only if F^ is residually B , where

F- is a free group of rank two. Let ix, y) be a generating set for

F2 •
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I 14 Stephen J . Pride

In [7] Katz and Magnus showed that F is residually

(x, y | x = l ) , and in [4] Poss proved that F is residually

[x, y \ x = 1, y = l ) if n > 6 . In this paper a more general question

is considered: for which of the groups

{x, y | xm = 1 , yn = 1 , xk = yh) = \\m, n, k, h\\

i s F2 residual ly ||m, n, k, h\\ ? (Here m and n are non-negative

in tege r s , and k and h are integers.) I t i s possible to adapt the

proofs of the resu l t s of Katz and Magnus and of Poss to show that F i s

res idual ly ||m, n, k, h\\ for a large number of values of the quadruplet

(m, n, k, h) , but a complete answer does not seem possible using [7] and

141.

THEOREM 1. The free group F is residually ||m, n, k, h\\ if and

only if min{(m, k), (n, h)} is greater than one, and not both of (m, k)

and (n, h) are equal to two.

Here 0 should be taken to be greater than any other natural number.

The proof of Theorem 1 makes use of the following theorem, which will

be proved in Section 2.

THEOREM 2. Let w be a non-identity element of F^ . There is an

automorphism, § , of F^ (depending on w ) such that $(w) has the form

ai E l a 2 E2 % Ct V l
(*) y x y x . . . y x y

where t > 1 , a. ( i < i < t+l) is an integer with | a . | £ 2 and is

non-zero except possibly if i is equal to 1 or t + 1 , |e^| = 1

(1 5 i s t) .

I t should be remarked that in their proof that F^ is residually

||2, 0, 0, 0|| , Katz and Magnus [J] essentially obtain the following weak

version of Theorem 1:

if w is a non-identity element of F , there is an automorphism,

<f> , of F- (depending on w ) such that <j>(w) has the form
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Residual properties of free groups 115

L̂ £1 h £2 % % <W

y x y x . . . y x y

where s > 1 j 3- (1 5 i 5 8+1) is an integer, non-zero

except possibly if i equals 1 or s + 1 , | e . | = l

(1 S i 5 s) .

For the proof of Theorem 1, i t is no loss of generality to assume that

(n, h) 5 (m, k) , since ||m, n, k, h\\ and \\n, m, h, k\\ are isomorphic.

Suppose that (n, h) > {m, k) > 1 and not both of (n, h) and (m, k)

are equal to two. Let N[m, n, k, h] be the normal subgroup of F

generated by {x , y , x y } , so that \\m, n, k, h\\ is the factor group

of F2 by N[m, n, k, h] . If w i s a non-identity element of F then

by Theorem 2 there i s an automorphism, <j> , of F such that <j>(w) has

the form (*). I t follows from Theorem U.I of [2] that <t>(w) does not

belong to N[(m, k), {n, h), 0, 0] . Thus, i f p is the natural

homomorphism of F- onto ||m, n, k, h\\ and IT is the homomorphism of

\\m, n, k, h\\ onto ||(m, k), (n, h), 0, 0|| defined by

•n(gN[m, n, k, h]) = gN[(m, k), ( n , h), 0 , 0 ] [g € F2) ,

then Trp$(u) is not the identity of ||(OT, k), (n, h), 0, 0|| . Thus P0(u)

is not the identity of \\m, n, k, h\\ . This establishes that F is

residually \\m, n, k, h\\ .

Now suppose that (m, k) = 1 or (m, k) = (n, h) = 2 . Then

\\m, n, k, h\\ i s ei ther cyclic or metabelian and so does not generate the

variety of a l l groups. Consequently £"„ is not residually \\m, n, k, h\\

Before giving a proof of Theorem 2 some general remarks re la t ing to

the proof of the ' i f part of Theorem 1 wil l be made.

A normal subgroup, N , of F? i s said to have the trivial

intersection property (Tl-property) if

0 *(tf) = 1 ,
<j)eaut(F2)

or equivalently, if N contains no non-trivial characteristic subgroup of
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Fg . Clearly F^ i s residually F^/fl . Examples of normal subgroups with

the Tl-property are provided by the groups N[p, q, 0, 0] where

min{p, q) £ 2 and not both of p and q axe 2 . I t can also be shown

(for instance by using Theorem 2 [or the weak version of i t due to Katz and

Magnus] and Exercise 12, Section k.k of [2]) that if r > 1 and

\p\, \q\ > 1 then the normal subgroup of F generated by {y ofy x"}

has the Tl-property.

I t is obvious that any normal subgroup of F contained in a normal

subgroup with the Tl-property also has the Tl-property. This gives a

simple method for showing that F« ^s residually the group G .

CRITERION. Let G be a group with presentation

[x, y | r± = 1 , r2 = 1 , . . . )

(where the number of relations can be finite or infinite). Then F? is

residually G if there is a normal subgroup, N , of F- with the

Tl-property such that

It should be noticed that the proof of the 'if part of Theorem 1 is

just an application of this criterion with N = N[(m, k), (w, h), 0, 0] .

2. Proof of Theorem 2

As i s well-known (see Theorem U.2 of [23) every n o n - i d e n t i t y element

of Fp i s conjugate t o an element of one of the following t ypes :

( i ) xk , k * 0 ;

( i i ) yk , k * 0 ;

A u A y A u

( i i i ) y x y x ... y x , where r i l and Â  and u^

(1 5 i S r) a re non-zero i n t e g e r s .

I t may t h e r e f o r e be assumed t h a t w i s of type ( i ) , ( i i ) or ( i i i ) .

The r e s u l t i s c l e a r un less W i s of type ( i i i ) . To dea l with t h i s
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case i t is convenient to introduce the concept of an ending of an element

of F2 .

DEFINITION. Let u be a non-identity element of F . The non-

identity element V of F_ is said to be an ending for u if and only if

there is an element g of F such that u = gv , where g is either

empty or has the property that i f the f i rs t symbol of V is x or x

[y or y ) , then the last symbol of g i's y or y [x or x ) .

2 —2 2

Thus y x is an ending for x y x , whereas yx is not. I t is

obvious that an element may have several endings. The phrases 'v is an

ending for u ' and 'u ends in v ' will be used synonymously.

Let n be an integer with n > 0 , and le t <j> be the automorphism

of F2 defined by

x i—»• (yx) y x ,

y i—• [(yx)ny x) {yx)ny .

The following assertion wil l be proved by induction on r .

A y Xp u

( t t ) If w = y x . . . y x i s an element of F^ of type ( i i i ) ,

and n i s an in t ege r s a t i s f y i n g

n > | u . | , i = 1 , 2 , . . . , r ,

then cj) (u) has the form (*) and ends in one of the following:

x ,

y((yxfy
2^r (if M < 0 ),
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I t will be convenient in the following to denote the elements

y[(yx)ny x) r ,

- 1 -2r - 1 -l^n-1, -1 -2/- -1 -l}n-,
* y I* y ) [x y [x y x) )

by Yr, <$r , ° r > u r respectively. (whenever Ŷ  or 6̂  is mentioned

i t is to be understood that \ip < 0 .} It will also be convenient to

YI 2denote the element (yx) y x by p , and the element

[(yx)ny x)n(yx)n y x by q . Hotice that p and q are both of the

form (*) and both have y as first symbol and x as last symbol.

If X and U are non-zero integers, then i t is not difficult to

verify that $ [y x ). is equal to

(1) p^V^V-V"1 i f A > 0 , u > 0 ,

(2) pn(yx)V i f X = 1 , u < 0 ,

(3) pn+\yx)n~V«lX~%n-1iy*fvPV i f X > 1 , y < 0 ,

w y-H'-VYbr1)™ if * - -i .
,,_> -If -1 -li«f -l-in-lr -li-X-2 -1 -2r -1 -l\n-ir -l-v(5) y [x y ) (p j [q ) x y [x y ) (p J

if X < -1 .

Using (l)-(5) it is easy to check that (tt) holds when r = 1 .

Xl yi Xr y
Now assume that r is greater than 1 . Let w = y x . . . y x

be an element of type (iii), and let n be an integer satisfying

n > |u | , i = 1 , 2 , . . . , r .
i

n • l l VlVl ,
Denote y x . . . y x by u
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By t h e i n d u c t i o n h y p o t h e s i s <j> [u ) h a s t h e form (*) and ends i n one

o f x' V l 1 6r-l' V l ' V l • I f *nK^ ends i n X' yr-i ' or- 6r-l
then using ( l ) - (5) i t can be shown, without too much difficulty that <J>M(w)

has the form (*) and ends in one of x, Y , <$ , °r, <*>r ; when <j> [w )

ends in o or u _ the verification is more complicated. Thus,

suppose that cj> (u,) ends in o . Then

nK 1J a r -1

where g is either empty or has x or x as las t symbol.

Straightforward computations show

Vl n-1 2 V1 V 1

(yx) y ax? p i f X̂  > 0, u^ > 0, P r_x + 1 > 0 ,

i f X > 0 , u > 0 , M + 1 = 0 ,
-1 -1 V1

(yx) yp

0, Vr > 0,

0 ,

o ,

o ,

i f

V l , ,n-l 2 V 2 n-l, ,n Vigyxp (yx) y xq p .(yx) yp

i f x r > i , vr < o, urL_1 + i > o ,

\ -2 U
r pn~'L(yx)nyp V i f X̂  > 1, y r < 0, M ,̂̂  + 1 = 0 ,

- l r -1 -l inf - l - )"Vl"2 -1 -2 -1 r"2 n-l, .n V

y \x y ) [P J x y x yxq p [yx) yp

i f

i f

0 , 0 ,

-1 -2f -1 -l)B-lf - l ^ + ^ r
x y lx y ) \p )

< 0 .
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120 Stephen J . Pride

Hence <j>̂ (w) has the form (*) and ends in one of x, y^, 6 , w .

The case when <j> [w ) ends in to is similar to the case just

considered, and de ta i l s wi l l be omitted.
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