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Let Q(x) denote the number of squarefree integers < x. 
Recently K. Rogers [l] has shown that Q(x) > 53x / 88 for all x, 
with equality only at x = 176. Define R(x) to be Q(x) - 6/TT X. 

(We observe that 53/88 = 0.6023 and 6/TT =0.6079.) Our 
objective will be to examine R(x). In particular, we show that 
|R(x) |< NTX for all x and observe that JR(x) [ < 1/2 \Tx for 
x> 8. The best result of this type obtained by Rogers was 

(1) |R(x)| < 12/IT2N/"X + 8 /3x 1 / 4 . 

We have 

Q(x) = 2 |»i(d)| = 2 2 )x(d) = 2 ji(d) 2 1 
d<x n<x d |n d <x n < x 

d2 |n 

2 ji(d) [x/d 2 ] , 
d2 <x 

so that 

(2) | Q ( x ) - - | x | < | 2 ^(d) ( 2 . [ 2 ] ) | + x | s H i ^ l , 
TT d^<x d d d >x d 

where x - [x] denotes the fractional part of x. Thus, we have 
almost immediately 

(3) |R(x)| < 2N/"X + 1. 

We direct our attention to improving (3). Let 
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A(x) 2 1, B(x) = 2 1, C(x) = m a x (A(x), B(x) ) . 
d < x d < x 

H.(d) = l n ( d ) = - l 

Then c l e a r l y 

| 2 ^(d) (g(x, d) - [g(x, d)]) | < C(x) for any g . 
d < x 

L e t M(x) = 2 |a.(d). T h e n 
d < x 

C(x) = - | ( A ( x ) + B ( x ) ) + | | A ( x ) - B ( x ) | = ^ Q ( x ) + | | M ( x ) | . 

S ince e v e r y fou r th i n t e g e r i s d i v i s i b l e by 4, and e v e r y n in th by 9, 
we have 

(4) Q ( x ) < [ x ] - [ | ] - [ | ] + [ ^ ] < | x + | for a l l x . 

L e t f(x) = [x] - [ f ] - [ f ] - [ | ] + [ 2 ] . S ince 2 ^ ( d ) [ | ] = 1, 
d < x 

2 n ( d ) P ~ ] = l for x > m , and 2 u(d)f(^) = - 1 for x > 3 0 . 
, m a , d 

d < x d < x 

Now, f(x) = 1 for 1 < x < 6 and 0 o r 1 for x > 6, so t ha t 

|M(x) + 1 | = | S >x(d) {1 - f ( | ) } | < 2 |p.(d) | 

(5) d ^ X d<f 
6 

x 1 4 
= Q ( 7 ) < 7 X + T f o r x > 30. 

H e n c e 

(6) | M ( x ) | < ^ x + ~ for x > 3 0 . 

One r e a d i l y c h e c k s tha t (5) ho lds for x :> 2 and (6) for x ;> 1. 
T h u s , 

C M < \ ( f x + f ) 4 < ± * + | + 1) s^x + ± ± for x > 1. 

(7) 
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and I S n(d) ( j ? - [ ^ Z " ] ) | < C (NTX) < q | ^ x + ^ f o r x > 1. 

d < x 

A l s 0 ( 2 Hid} = s ( M ( d ) + 1 ) - ( M ( d - 1) + 1 } 

d > x d > x d 

= Z {M(d)+1} ( i 2 - - ± - ) _M*L±_L . 
d > x d ( d + 1 ) ([x] + 1) 

Hence 

d > x d V d > x ( d + i r d > x d ( d + l p 

1 1 , 4 1 1 1 , 8 1 
77""" + ~~•" "7 < T"~ + T ~~? f o r x > 2 : 
9 x 3 x^ - 3 x 3 x ~ 

l . e . 

ii^l.UJ (8) x | 2 ™ | < 7 ^ " x + ^ for x > 4 
, 2 d^ ô ô 

d >x 

and 

whence , 

(9) | R ( x ) | < \ T X for x > 2 6 3 . 

We note tha t R(x) = Q(x) - — x is a d e c r e a s i n g function 
TT 

for n £ x < n + 1 and p o s i t i v e for x = 1, 2, . . . , 263, excep t 
at 28, 56, 153, 172, 173, 175, 176, 177, 180 and 181, so that 
i t suff ices to check tha t (9) ho lds for x = 1, 2, . . . , 263 and to 
e x a m i n e R(x) n e a r the t en i n t e g e r s x w h e r e it i s n e g a t i v e . 
T h i s we have done, and (9) ho lds for a l l x >_ 1. 

We o b s e r v e that , u s ing b e t t e r bounds for M(x) in the 
above a r g u m e n t , one r e a d i l y shows 

(10) | R ( x ) | < N T 3 (1 - - ^ )NTX = (0 .6792 . . . ) */x 
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for all x, with equality only at x - 3, and 

(11) J R ( X ) | < T N T X for x > 8 . 

We note that the strong form of the p r ime number theorem, 
which is equivalent (see e .g . Landau [2], p . 157) to 

M(x) = 0 ( ) for each a , 
log x 

implies 

(12) R(x) = 0 ( ^ X ) for each a, 
log x 

while the Riemann Hypothesis implies (Landau [2], p . 161) 

M(x) = 0(x €) for each € > 0 , 

which yields R(x) = 0 (x ) for each e > 0. In the other 
i 1 /4 

direction, Evelyn and Linfoot [3] have proved R(x) =f ° ( x )• 
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