A NOTE ON NORMAL MATRICES

R. C. THOMPSON

1. Introduction. Let U, be an n-dimensional unitary space with inner

product (u,v). For vectors u1,...,%, € Uy, r < m, let uy A ... A u, denote
the Grassmann exterior product (4) of the u;; it is a vector in U, where
m = ,C,. If also vy,...,v, € U, then (uy A ... A y,v1 A ... A 9,) is the

determinant of the r X r matrix ((#;,v;)),1 < 4,7 < r. If 4 is a linear trans-
formation of U, to itself, the »th compound of 4 is defined by

C.(Dus N ... Nu, = (Au)) A ... N (Au,).

For1 < r < k < n,denote by Q. , the set of all ;C, sequences w = {1y, ..., 1,}
such that 1 < 2; < ... <1, < k. For a set of vectors x;,...,x: € U, set
Xo =Xy N\ oo o N\ X4y,
gr = gi(xlr v ’xk) = ; (CI(A)x‘l" x,,,).
WeQk,r

Let E.(ay, ..., a;) denote the elementary symmetric function of aj, ..., a
of degree r and let Ay, ..., \, denote the characteristic values of the linear
transformation 4. In (2) it was shown that if 4 is Hermitian, then

max g, = E.(¢1, ..., &),

ming, = E, (91, ..., M),
where {£1,..., &} and {91, ..., n:} are certain subsets of {Ay,...,A,} and
where the max and min are taken over all sets of 2 orthonormal vectors
%1, ...,% in U, In this note we offer the following generalization of this
fact.

THEOREM 1. If A is normal and if x1, . . ., Xx are orthonormal vectors in U,,

then g,(x1, ..., xx) lies in the convex hull H, of all the complex numbers

E:(\jy ooy Ni)s (v -« -, 3k} € Que

In Theorem 2 we identify the complex numbers which are of the form
gi(x1, . .., %) for orthonormal vectors xy, ..., %z € U,.

THEOREM 2. If A is normal, the set of all sums (Axy, x1) + ...+ (Axg, xx)
for orthonormal vectors %1, . . ., xx € U, is Hi.
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We shall give an example to show that the analogue of Theorem 2 for
r > 1 is, in general, false.

2. Proofs. Let |X| and ||X|| denote, respectively, the determinant and

the absolute value of the determinant of the matrix X. If w = {44,...,4,}
and 7 = {j,...,Jj,} are in Q,,, then X[w|r] denotes the submatrix of X
which lies in the intersection of rows 4y, ..., ¢, and columns jj, ..., j, of X.
Set o(r) =j1+...4+j, and let Q. — 7 denote the set of sequences
{my,...,mg € Qu,s for which {my, ..., ms N{j,...,j.} is empty. If
w € Q,,5, then o’ will denote the only element of Q,,—s — w; ' contains the
integers 1, ..., n which are not in w.

LeEMMA. Let B = (b4,4),1 < 4, < m, be a unitary matrix. Let v = {jy, ..., j,}

be a fixed member of Qy.ryand u = {k + 1, ..., n} be a fixed member of Q, n—z.
Then, for 1 <r < k <mn,
m 2 Bkl = 3 lIBlkeI

weQy,y Qpn—k—T

Proof. For 1 < s < n let v, § be two elements of Q,,,. Let B;,; denote the
cofactor of b;,; in B and let (B,,;) denote the » X » matrix with B, ; in row
1 and column j, 1 < 4, j < #n. For any matrix B (not necessarily unitary) the
following identity is known (3, Eq. 8.6):

) [(Bevloll = (=1)sm+@|Bly'|¢']] |B]*~"

If B is unitary, then B, ,/|B| = b, the complex conjugate of b, ,. Hence
(2) becomes

3) |B] |Bly8]] = (=1)s@+® |B[y'[8"].
Let C = (c4,5), 1 < 1,7 < n, where

_{0 if1 € pandj € 71,
Cog = b,;  otherwise.

4)
Then, using (3),
> |IBlel]l|* = ; |Blw|r]| |Blwl]|

weQy . WeQy ,»

= 1B X (=1 Blolr]| Blo'[+].
WeQp ,y

But this expression, apart from the factor |B|~, is just the Laplace expansion
of |C| down columns jy, . . ., j; the other terms that would normally appear
in this Laplace expansion are all zero because of (4). Hence the left member
of (1) is just |B|~YC|.

On the other hand, if we expand |C| across rows 2 + 1,...,% and use
(4) and (3),
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|BI7!|C| = 1B|™ e (=1)™*P|Blulp]| [Blw'|o]|
= 2 |Blulell [Bllo]
= 2 lIBll™
PEQn,n—k

Proof of Theorem 1. Throughout the rest of this paper ey, ..., e, denotes
an orthonormal set of characteristic vectors of 4 belonging to the charac-

teristic values Ay, ..., A, respectively. We are given orthonormal vectors
X1, ..., % € Uy If B = m, the result is clear since the vectors x, for w € Q, ,
form an orthonormal basis in U, so that g, = trace C,(4) = E,(\y, ..., ).
Suppose £ < n and choose %41, . . ., %, so that xy, ..., x, is an orthonormal
basis for U,. Let B = ((x4 ¢;)), 1 <4, j < n. Then B is a unitary matrix.
Now

n

vi= 2 (o ene, 1<i<k,
=

Axi= 25 N(xy e5)es, 1<i<k
=1

Hence, using the multilinear and alternating properties of the Grassmann

product, it follows that if 7 = {ji, ..., },
KXo = T% , |Blw|r]le-,
Crd)xe = 20 M- MylBlalrllen,
so that

&= 2 2 NN l|Blelrll?

WEQy . TEQn,r

Z Njp oo Ny, NZ ||B[w|‘r]|l2.

T€Qn,r €Qp,r

For p = {my, ..., m} € Quux, let b, = |Blu|p']|, where u = {k 4+ 1,..., n}.
Then we claim that

(5)

(6) gr = Z lh912Er()‘mn sy Amg).
PEQn,k

To see this, note that the coefficient of

M) Nijp - Njy

in (6) is

2 Bl

P €Qn,n—k~

By the Lemma, this is the same as the coefficient of (7) in (5).
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The proof of Theorem 1 will now be complete if we can show that

Z lhp|2 =1L

PEQn,k

This is immediate since the |Bu|p’]| for p' € Q.. are the co-ordinates of
the unit vector xx41 A ... A x, relative to the orthonormal basis e, in the
space U, with t = ,Cy—y.

Proof of Theorem 2. Since any point P € H; may be written as a convex
combination of three of the vertices of H; and since the vertices of H; lie
among the numbers

(8) T S RO {jl: cee 7Jk} € Qn.k’
it is enough to show that any point P in the convex hull of three of the num-
bers (8) is of the form P = gy(xy, ..., x;) for orthonormal vectors

X1y .oy X € U

Suppose we are given three sums (8), say Si, S, S;. With a proper choice
of the notation we may assume that

Si= A4 FN) A+ Qg+ F Ay
+ ()‘p+q+l +...+ )\p+q+r) + (>\w+1 +...F )‘uH—t)y

S2: ()\1+...+)\p)+()\p+1+...+>\p+q)
F+ MNorgrrer F oo Nppgrrts) T Quororr + -0+ N rpa)s

Si=M+...+7N) + ()‘p+q+1 + oo Natr)
-+ (>‘z)+q+r+1 +...+ )\p+q+r+s) + (>\w+t+u+l + ... + )\w+t+u+v),
where, for brevity, we have let w = p + ¢ + » + 5. Here some of p, ¢, 7,

s, t, %, v may be zero, in which case not all of the types of terms indicated
need actually appear. We have

9) prat+r+i=rk,

(10) p+qg+s+u=k,

(11) p+r+s+v==~.

We may suppose that ¢ > u > v. Let o, 8, 6 be three real numbers with
a? + B2 + 62 = 1. We have to find orthonormal vectors x1, ..., x, € U, such
that

(Axly xl) + ...+ (Axkr xk) = a5 + 6252 4 6%S;.
If p>0,setx; =¢;for 1 <7< p. Then
(Axy, x1) + ... 4+ (Axy, x) = M+ .0+ A,

If >0, set xp4; = atyri + Bewri+i + 0epiirur: for 1 <7 <wv. Then
(%p+ 4 Xp+1) = 1 and
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(A%psry Xp41) + o+ (A%ppo Xppo) = @2 Nipr + - - o 4 Niogo)
+ Bz()\w+t+1 + LECIR + )\w+l+v) + 02()\m+t+‘u+1 + ... + )\w+t+u+v)'

From (10) and (11) it follows that r = ¢ + (# — v); hence r > u — v. If
u >, let

Xptrott = Bewtrrori + (@ + 02)%€p+q+¢ forl1<i<u—w
Then (x,,+,+i, x,,+,,+i) = 1 and

(A%t 011, xp+v-l-l) + oo+ (A% pra)
= BNt tdob1 + - oo F Morrrn) + (@2 + 02 Opiorr + - - o F Aprgru—s)-

It follows from (9) and (11) that s = ¢ + (¢ — v). If £ > v, define
Xptut+i = Olptyti + (ﬂ2 + 02)*ep+q+,+¢ for 1 <1 <t —o
Then (Xpiut o Xptuts) = 1 and

(A%prutts Xpgus1) + « o+ (AXprut im0 Xprut1—0)

= az()‘w+v+1 + L + )\w+'t) + (62 + 02) ()‘p+q+r+1 + e + )‘p+q+r+t—o)-

Up to this point p 4+ # 4 ¢t — v vectors x, have been constructed; these
vectors are automatically orthogonal because, when expressed in terms of the
e;, o two x; involve the same e; There remain £ — (p +u +t —v) = 2¢
vectors x; to be constructed. Let G be the subspace of U, spanned by

fi=en - o= o for1 = eprotu—vity - -y f20 = €pioin
frar1 = €prgrrii—oity « o s fag = €prqirts
and let ¢y,..., {3, be the N belonging to fi, ..., f3,. Let ¥, = 0f; + Bf s+t + af2gs
for 1 <7 < q. Choose xy—2441, ..., % such that y1, ..., ¥4 Xr—2¢41y -+« Xk

is an orthonormal basis of G. Then if we compute the trace of the restriction
Agof A to G we get:
tracedg =1+ ...+ 3
= (Ayl, yl) + e + (qu’ yq) + (Axk—2q+l» xk—24+1)
+ . + (Ax)c, xk)
= 02(?1 + ... +§'q) +B2(§-q+l + ... +§‘2q)
+ @ (Cagir + o oo F $30) F (AXr—setr, Xa2g1) + oo+ (A, ).
Hence we find that

(Axk~2q+1» xk—2q+1) +...+ (Axky xlc)
= (@ + B MNpt1 + -+« + M) + (@ 4 %) Mprgru—vrr + - o o+ Nptgrr)
+ (B + 0%) Mprgtrdt—ot1 + « o o Npggrts)-

Then x4, ..., x; are orthonormal vectors in U, such that

(Axy, 1) + ..o+ (Axg, x2) = 251 + 8252 + 6%Ss.
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We now give an example to show that the set of all numbers g,(x1, . . ., %)
for orthonormal x3, . .., x; need not be a convexsetif r > 1. Letr = &k = 2,
n =4, and take \; = \g = 1, \s = \y = 1 = (—=1)}. Let p,, = |B[1, 2|4, ]|,
where B is the matrix ((x4¢;), 1 <7< 2,1 < j < 4. Then, from (5),

go(x1, X2) = [p1.2]? — [ps.a|? + i([pra]? + [p1,4]? + [p2,5]2 + [p2.4?).

Now gz(e1, e2) = 1 and ga(es, es) = —1. If ga(x1, x2) = 0, then we must have
[p1.2] = |ps.al, P13 = P14 = P2z = paa = 0. However, it is known (1) that
D1.2Ps.a = P1,3P2,4 — P1,4P2,3- Combining these facts, it follows that also
p1,2 = P34 = 0. This is a contradiction, since

> 1pagl® = (@1 A 2a,00 A xg) = 1
IKi<i<4

if x; and x; are orthonormal.
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