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An exact solution of triple trigonometrical equations is obtained by using the finite
Hilbert transform. The solution of these equations is used to solve a two-dimensional electro-
static problem. The problem of determining the electrostatic potential due to two parallel
coplanar strips of equal length, charged to equal and opposite potentials, each parallel to and
equidistant from an earthed strip, is considered. Both the charged strips lie along the x-axis
and they are equally spaced with respect to the ^-axis. Finally the expression for the surface
charge density (per unit depth) of the strip is derived.

1. Introduction. In this paper we study the following integral equations

coth nxA(x) sin xa dx = Fj(a) (0 < a < a), (1)r
Jo

Jo

x~ lA{x) sin xa. dx = F2(a) (a < a < b), (2)

coth JIT^4(T) sin ra dt = F3(a.) (a > d). (3)

The functions F^a), F2(a) and F3(a) are prescribed. These integral equations are to be
solved for the unknown A(x) and can be regarded as the extension of the dual integral equations
studied by Babloian [1]. Srivastava [8] discussed equations of this type using operational
methods; he reduced the set of integral equations to a Fredholm integral equation of the
second kind. Here the exact solution of the integral equations (1), (2) and (3) has been
obtained by using the technique of the finite Hilbert transform, developed by Srivastava and
Lowengrub [7] for the solution of triple integral equations. In the final section an application is
made of these equations to an electrostatic problem. Tranter [4] and Srivastava and Lowengrub
[7] considered the electrostatic potential due to two equal collinear strips charged to potentials
±1. The same problem is solved in [5, pp. 264-267]. In the present paper the problem of
determining the electrostatic potential due to two parallel coplanar strips of equal length,
charged to potentials +1, each parallel to and equidistant from an earthed strip is considered.
Both the charged strips lie along the x-axis and they are symmetrically situated with respect to
the j-axis. The physical quantity of interest, the surface charge density (per unit depth) of the
strip, is found. The analysis given here is purely formal and no attempt is made to justify the
various limiting processes. Tricomi [2, 3] has discussed a theorem for finite Hilbert trans-
forms, but here we shall use the modified Hilbert transform theorem.
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2. The modified Hilbert transform theorem. If peL2(a, b), then the integral equation

cosh x —

has the solution

1 /coshx —coshaV'2 f*/cosh ft —cosh A 1 ' 2 p(y)sinhy dy

n \cosh b—cosh x / J 0 \cosh y—cosh ay cosh y — cosh x

Q
+ [(cosh x - cosh a)(cosh b - cosh x)] l / 2 ' ^

where C is an arbitrary constant and the first term belongs to the class L2(q, b). (JFy is
called the finite Hilbert transform.)

3. Solution of triple integral equations. In this section, we shall consider the triple integral
equations (1), (2) and (3).

Let us suppose that

/4(T) coth 7IT sin TOC dx = ^(cosh a) cosh i<x (a < a < b). (6)f
JoUsing the inversion theorem for the Fourier transform and the relations (1), (6) and (3)

we have

2 f
= - i=",(s) sirA(r)coth7TT = - I Fi(s)sintsds

• — I <7(cosh s) sin TS cosh -Js ds

-\ F3(s) sin Tsds. (7)

Substituting the value of ^ ( T ) from (7) in (2), interchanging the order of integration and
using the result

f
J

00

tanh nx sin TS sin xa. dx = \ log
sinh i s — sin

which can be easily obtained from [6, p. 516, 4.116, (2)], we find that

*6 sinh | s + sinh \<x

(8)

#(cosh.s)coshislog
sinh is — sinh \v.

= R(a) (a<ot<b), (9)
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where
*(«) =

i
sinh^s—sinh^a

- F3(s)log
sinh^s —sinh^a

ds

ds.

Differentiating (9), we see that g must also be a solution of the integral equation

1, „ , . = ^ ^ ^ (a<«<b),
cosh s—cosh a ft cosh #x

(10)

(ID

where, in R'(<x), the prime denotes differentiation with respect to a. (11) is of the form (4).
Hence, on using (5), the function g is given by

2 /coshs-cosha\112 Cb /co^ib-coshaV12 R'(u)sinh jadot
n2 \cosh b—cosh s) ]a \cosh a—cosh a) cosh a—cosh s

[(cosh s - cosh a)(cosh b—cosh s)]! / 2 '
(12)

where C is an arbitrary constant. The special case of most practical importance is the one in
which F1=F3=0, F2 = l. In this case we get

C
#(cosh s) =

[(cosh s - cosh a)(cosh b—cosh s)]1/2 ' (13)

4. The two dimensional electrostatic problem. To illustrate the use of the solution of triple
integral equations, we consider the electrostatic potential due to two parallel and coplanar
strips a<\x\<b,y = 0 charged to potentials ± 1, and parallel to the earthed strip 0 < | x \ <
oo, y = 7i. For convenience we shall choose the unit of length in such a way that distance
between the charged strips and the earthed strip is n. The potential function V(x, y) has to
satisfy the two dimensional Laplace's equation

— — -

The boundary conditions take the form

V = 1 (a < x < fc,

7=-l (-b<x<

3K _ ,_ , ,

(14)

= 0);

( 0 < | x | < o o , y = n).

(15)
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The solution of equation (14) subject to the boundary conditions (15) can be written in
the form

, (16)
0 sinh nx

where the function A(x) satisfies the triple integral equations

f"
A(x) coth xn sin xx dx = 0 (0 < x < a),

Jo
f00

x 1A(x)s'mxxdx = 1 (a < x < b),
Jo

1
00

/4(T) coth T7i sin xx dx = 0 (x > b).
o

The solution of the above equations is of the form

2f"
A(x)cothnx = - I #(coshs)sinTScosh^sds, (17)

i j o

where ^(cosh s) is given by equation (13).

In this case equation (9) reduces to

[' <7(cosh s) cosh $s log
sinh $s+sinh -Ja

sinh ̂ s — sinh -Ja
(18)

Substituting the expression for #(cosh s) from (13) into equation (18) and then evaluating
the integral, we find that

X(sinn^

where K denotes the complete elliptic integral.

The surface charge density (per unit depth) of the strip a < x <b, j> = Ois given by the
equation

1 f *
CT(X) = — A(x) coth nx sin xx dx (a < x < b),

4rcjo

and, using the Fourier inversion theorem, we get

4;r X(sinh ^a/sinh ^b)[(cosh x - cosh a)(cosh b - cosh x)] l '2
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