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Abstract

The so-called triangular Hilbert transform is an elegant trilinear singular integral form which
specializes to many well-studied objects of harmonic analysis. We investigate L” bounds for a
dyadic model of this form in the particular case when one of the functions on which it acts is
essentially one dimensional. This special case still implies dyadic analogues of boundedness of the
Carleson maximal operator and of the uniform estimates for the one-dimensional bilinear Hilbert
transform.

2010 Mathematics Subject Classification: 42B20

1. Introduction
1.1. Motivation. In this article we begin the study of a dyadic model of the

so-called triangular Hilbert transform. In order to motivate its definition, consider
the family of trilinear forms (dual to two-dimensional bilinear Hilbert transforms)

2oL o odt .
Ao (Fo Fi ) = [ | po. RHF,«(x—ﬁ,-t)de, (1.1)
3 i=0
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where Ei € R? are distinct points. When all three points B,- lie on the same line,
these forms reduce to integrals of one-dimensional bilinear Hilbert transforms,
and by the results of [LLT97, LT99] we have the L” bounds

| Ago i (Fo. Fiu P S H 1F; 1, (1.2)

forall 1 < p; < oo with

2
Zai =1, o=—. (1.3)

By scaling, condition (1.3) is necessary. _

Bounds of the form (1.2) in the more general situation when the B; are in
general position (that is, not on the same line) would unify some of the central
results in time—frequency analysis.

(1) From the general case, one could recover L” bounds for the Carleson
maximal operator by making an appropriate choice of the functions F;; see
Appendix B.

(2) From the general case, one could also recover the uniform bounds for the
one-dimensional bilinear Hilbgrt transform in [GL04]. In fact, if the estimate
(1.2) is true for any triple of B; in general position, then it is true for every
triple of §;, and the implied constant does not depend on the triple. This
calculation is carried out in Appendix B, where it is verified that the constant
will be the same as in the corresponding estimate for the trilinear form,

Ax(Fo, Fi, Fy) i= p.v. //f Fo(x. )F, (v, 2) B>z, x) :yf), (1.4)

which can be called the triangular Hilbert transform.

(3) By the method of rotations, a hypothetical estimate for (1.1) also implies
L? estimates for the ‘less singular’ bilinear singular integrals from [DT10]
uniformly over all choices of the ‘direction matrices’, at least for odd two-
dimensional kernels; see Appendix B.

Unfortunately, the desired estimates for the triangular singular form (1.4) still
seem to be out of reach of the current techniques and, from what we have said,
they are expected to be highly nontrivial. In this paper we work in a dyadic model
instead of the classical one, and we consider a particular case when one of the
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functions Fy, F), F, takes a special form. This case still turns out to be general
enough to imply (dyadic versions of) both the L? bounds for the Carleson operator
and uniform bounds for the bilinear Hilbert transform. In this sense our result has
stronger one-dimensional consequences than the dyadic version of the argument
from [DT10] which appears in [Dem15]: the latter does not contain the uniform
bounds for the bilinear Hilbert transform.

1.2. Notation. Let us now introduce the dyadic model for the triangular
Hilbert transform. In this model, the real line is replaced by the (Walsh) field
W = F,((1/¢)) of one-sidedly infinite power series with coefficients in the two-
element field IF,. The field W is traditionally identified with [0, oo) via the map
Yocaxtt > Y @27, where T, is identified with {0, 1}. This map is one-to-one
on a conull set, and we normalize the Haar measure on W in such a way that this
map becomes measure preserving. Under this identification the addition & and
the multiplication ® on W correspond to addition and multiplication of binary
numbers without carrying over digits. We refer for instance to [Thi95, Section 1]
for more details.
The sets
A :i=10,2Y, keZ

then become additive subgroups, and their cosets are simply dyadic intervals of
length 2¥, the collection of which will be denoted by I. Some dyadic intervals
(typically denoted by Latin letters, such as I') will be interpreted as time intervals,
and they will always be subsets of the unit interval [0, 1). Other dyadic intervals
will be interpreted as frequency intervals (typically denoted by Greek letters, such
as w), and they will have integer endpoints. For a dyadic interval I, we write /'
for its left half and 7! for its right half. The unique dyadic parent of I will be
denoted par /. When we mention a dyadic square we will always mean a dyadic
square contained in [0, 1).

We work with real-valued functions, which is no restriction, since all systemic
functions under consideration, most notably the Haar functions, are real valued.
Let us then reserve the letter i to denote an index i € {0, 1, 2}. It is convenient to
regard i as an element of Z/3Z, and interpret i + 1 and i — 1 correspondingly.
We shall also consider the set Z; of all triples I = (ly, I,, I;) of dyadic intervals
contained in [0, 1) such that

ol =Ll =1L =2 0el®l®L,
and the set Z = |J, ( Z. We write
(lo, I, 1) C (Jo, J1, J2)
if I; C J;fori =0,1,2.
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Any function F on the unit square shall be interpreted as the integral operator

1
(Fo)(x) = / Fr o0 dy
0

on L2([0, 1)), denoted by the same letter. For any dyadic interval I, we normalize
the Haar function h; in L*°, so that h; = Zje(:l:l} j1,;. We shall also write h; for
the spatial multiplier operator acting on L?([0, 1)) and defined by

(h;9)(x) :=h;(X)p(x).

The dyadic triangular Hilbert transform can be written as

AS(Fy, Fi, F,) = Zel‘llil_ltr(hl,-FiflthlFihl,-,1Fi+l)7 (1.5)
IeT
where (€7) 7.7 1S an arbitrary sequence of scalars bounded in magnitude by 1, and
i € {0,1,2} is a fixed index. The expression does not depend on the specific
choice of i by cyclicity of the trace. If the reader prefers an explicit integral
representation, then (1.5) can be rewritten as

A (Fo, Fi, F)
=Y el /// hy, () Fo(x, y)hy, (0) Fi(y, 2)hy, (2) Fa (2, x) dx dy dz,
w3

IeT
(1.6)
but we will continue to use the convenient ‘trace-operator’ notation. We note that
(1.6) is a perfect Calder6n—Zygmund kernel analogue of (1.4); that is,

> €1l " hy, (x)hy, (1)hy, (2)

iez
replaces 1/(x 4+ y + z). It is necessary to insert the coefficients €5, as otherwise
the above kernel would telescope to the Dirac mass §, evaluated at x + y + z,
and the form would become trivial. Informally speaking, the Walsh model
cannot distinguish between p.v.1/¢ and §y(¢), so it becomes faithful only after
breaking the form into scales. We obtain the following strong type estimates (see
Section 2.1 for the definition of the character ¢).

THEOREM 1.7. Let Fy, Fy, F, be functions supported on A%. Suppose that either

Fo(xi, x2) = f(xa @ (@ ® xy)) forall xi,x; € Ay (1.8)
holds with some a € W \ Ay and some measurable f : W — R, or
Fo(x1, x2) = f(x2)e(Ny, ® x1) forall xi, x; € Ag (1.9)
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(1,0,0)

0,0, 1) - 0,1,0)

Figure 1. Ranges of exponents satisfying the scaling condition (1.3) in coordinates
(a09 oy, a2) = (l/p(), l/pl’ 1/p2)

holds with some measurable N : W — W and f : W — R. Then
| A“(Fo, Fi, B2 S Follpo 1 Fr 1y 21, (1.10)

forany 1 < p, < ocoand?2 < py, p; < oo with (1.3). The implied constant does
not depend on a, N, or the scalars |€;| < 1 with €; = 0 whenever some I;  A,.
In case (1.9), we can relax the restriction on pyto 1 < py < oo. In case (1.8),
a € A\ Ay, we can relax the restrictions on both py and p, to 1 < pgy, p; < c0.

Since conditions (1.8) and (1.9) (with a and N fixed) describe subspaces
of L7 (W?) that are themselves L” spaces, Theorem 1.7 follows by real
interpolation from (generalized) restricted weak type estimates. Such estimates
also hold for certain negative values of p;, the precise range of which is
summarized below with the aid of Figure 1. Theorem 1.7 is the restriction of
our results to the Banach triangle ¢ U by U b U b, in Figure 1.

The local L? case (triangle ¢ in Figure 1) is covered by Proposition 2.4. In this
case, the localization I € Z;, k < 0, in definition (1.5) can be removed using the
Loomis—Whitney inequality

'/f/ Fo(xs Y)Fi (v, D) Fa(z, ) d(x, 2 2)| < [ Follall Fi ]| Bl
]R3

to estimate contributions of scales k > 0.

Triangle dy, is covered by Theorem 5.1; this gives the lower half of the solid
hexagon in Figure 1. Triangle dy, in cases (1.9) and (1.8),a € A, \ Ay, is covered
by Theorem 5.2; together with the previous result, this gives the full solid hexagon
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in Figure 1. Finally, case (1.8),a € A \ Ay, is symmetric in indices 0, 2; in this
case, we obtain estimates in the dashed extension of the solid hexagon in Figure 1.

Cases (1.8) and (1.9) are treated in a unified way, and they cover all types
of function used to recover algebraically defined dyadic models for the
Carleson operator and uniform estimates for the bilinear Hilbert transform; see
Appendix A. However, note that already one type, namely case (1.8),a € A;\ Ay,
suffices to recover the bounds for both these operators. In particular, we recover
the full range of exponents for which uniform estimates for the (dyadic) bilinear
Hilbert transform are known (triangles a;, a, have been treated in [Li06], and
triangles d,, d»; in [OT11]). This range seems to be the best possible, because for
oy < —1/2 there are indications that even nonuniform bounds for the bilinear
Hilbert transform fail, whereas for oy < O the bounds fail in the limiting case of
the 1-linear Hilbert transform.

2. Tile decomposition

In this section, we describe a time—frequency decomposition for the form (1.5)
that is well adapted both to diagonal functions (1.8) and to fiberwise characters
(1.9). While the decomposition of the form is the same in both cases, the time—
frequency projections of (one of) the functions differ. However, in both cases the
time—frequency projections satisfy the same localization and scale compatibility
properties, summarized in Definition 2.1. The proof of the local L? bounds uses
only these properties and a single tree estimate. We will have to come back to
the definition of time—frequency projections in the multifrequency Calderén—
Zygmund decomposition in Section 5.

2.1. Wave packets. The characters on the Walsh field W are the Walsh
functions
wy(x) :=e(N ® x),

where N € Wand e: W — R is simply the periodization of hy ;. Their particular
cases are the Rademacher functions r, := wy—«, k € Z. The Walsh wavepacket
associated with a dyadic rectangle I x w of area 1 is

Wi (X) = 1721 (x)e (@) ® x),

where /(w) is the left endpoint of w. This definition satisfies the usual recursive
relations

Wp, = (wPlefl - wPrigh«)/\/z’ W pyon = (wpleft + wPrigm)/\/z

on every dyadic rectangle P of area 2, and therefore coincides with the usual
definition; see [Thi95, Section 1].

https://doi.org/10.1017/fms.2015.25 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2015.25

Dyadic triangular Hilbert transform 7

2.2. Tile decomposition. Our time—frequency analysis is 1%—dimensional in
the sense of [DT10]. We define tiles as dyadic boxes

p=1lox lnxw, where|lo| = |la| = o]
A bitile is then any dyadic box of the form
P=1IpoxIpyxwpy where|lpg|=|Ips] =2lwp,|".

We will omit the subscripts p, P if no confusion seems possible. For notational
convenience we will throughout write I} = I, ® 1,.
Dyadic boxes are partially ordered by
P<P/:<:> I,-EI;, Cl)l:_)(,l):

Writing one of the Haar functions in (1.5) as a difference of two characteristic
functions, we arrive at

AS(Fy, F\, F,) = ZEI Z j|11|_1tr(11]flli/'FohlelhIUFz),
T Jje{£1}

where 1; denotes, along with the characteristic function of the interval I, also the
projection operator

(L) (x) = 1;(x)p(x).

Inserting identity operators (expanded in the Walsh basis) between characteristic
functions, we obtain

Yoy i > 2ALTu(lwy, @ w)ly Fohy Fihy F).
I Jelxl} oo =211
Changing the order of summation, we obtain
A (Fy, Fi, Fy) = Z 6i,,AP(Fm Fi, Fy),
P bitile

where

Aj 5 (Fo, Fy, Fy) = Z j2|11|_2tr(11{(w1 ® wl)llifFohlelhI[,F2)~

jel£1}

Note that each / can be replaced by any frequency from w, since this only
multiplies the corresponding character by a constant on each of the intervals 1.

2.3. Time-frequency projections. We begin by collecting desirable proper-
ties of time—frequency projections.
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DEFINITION 2.1. We call orthogonal projections [T, acting on L*(x;_1, X;11)

and indexed by tiles p, time—frequency projections if they satisfy the following
conditions.

(1) (Orthogonality) The projections H;i) corresponding to disjoint tiles are
orthogonal.

(2) (Scale compatibility) Bitile projections IT ,(f) are well defined (there are two
ways to write a bitile as a disjoint union of tiles, and the corresponding sums
of tile projections are equal).

(3) (Support) supp IT"F; C Iy X I

A collection of bitiles P is called convex if P, P” € P, P < P’ < P” implies
that P’ € P. The union of any finite convex collection of bitiles P can be written
as the union of a collection of disjoint tiles p (this is proved by induction on the
number of bitiles; see [Thi95, Lemma 1.7]). Given time—frequency projections,
this allows us to consider the projections

IF, =Y MI"F.
pep

The scale compatibility property 2.1(2) implies that these projections do not
depend on the choice of p; see [Thi95, Corollary 1.9].

DEFINITION 2.2. We call time—frequency projections adapted to Fy if, for every
choice of F, F,, every bitile P, and any convex collection of bitiles P 5 P, we
have

Ap(Fy, Fi, ) = Ap(ITY Fy, IV Fy, ITP ). (2.3)

The existence of adapted time—frequency projections suffices to establish
restricted type bounds on the dyadic triangular Hilbert transform in the local L>
range.

PROPOSITION 2.4. Let E; C A2, i € {0,1,2}), be measurable sets, and let
|F;| < 1g be functions for which there exist time—frequency projections adapted

to Fy. Then
1/2 172 ao
|A(Fy, Fy, Fy)| < a)a) <1 + log a—),
1
where a; = |E, ;)| is a decreasing rearrangement; that is, o is a permutation of

{0, 1,2} and ay > a, = a,. The implied constant is independent of the choices of
the scalars |€;| < 1.
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We finish this section with the construction of time—frequency projections
adapted to (1.8) and (1.9). For indices 0 and 2, we use the projections

I Fy (x0, x1) 1= 145 (x0) (Fa (X0, *), Wiy ooy ) Wi,y (X1) 2.5
and

H;O)Fo(xz, xy) = 112(x2)(F0(x2, ), wllxw]>wll><w1 (x1). (2.6)
The structural information given by (1.8) and (1.9) is encoded in the projections
oo,

2.3.1.  One-dimensional functions Suppose that (1.8) holds. Then we have

HEO)F()()C], x2) = 1’1 (-xl)(nlz><0®a)1 FO('? xl))(-x2)v

where the projection on the right-hand side is a one-dimensional time—frequency
projection (as defined for example in [OT11]) with a possibly multidimensional
range. In this case, we define

T Fy(x2, %0) = 11,(x0) (M iy awn F1 (- X0)) (2).
2.3.2.  Fiberwise characters Suppose that (1.9) holds. Then we have

Héo) Fo(xi, x2) = 11 (x1) 11, (x2) 1, (Ny,) Fo(x1, X2).
In this case, we define

Hél)Fl (x2, x0) = 110(x0)112 (x2) 14, (Ny,) Fi (x2, X0).
The projections ITV constructed above satisfy (2.3) only for bitiles with I; C A,,
which explains the truncation in Theorem 1.7.

3. Single tree estimate
A tree T is a convex set of bitiles that contains a maximal element
Pr=1Ip x & =lrg % Irs X or,.

Equivalently, a tree can be described by a top frequency &r; and a convex
collection of space boxes ZIr. The corresponding tree T then consists of all bitiles
P—I XCl)WlthI EITandéTl € w.

For a convex collection P of bitiles, define

size” (P, F;) := sup |Ip|”"| T Fl.. 3.1)

T CP tree
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For a collection P of bitiles, write
Ap(Fo, Fi. B) ==Y €, Ap(Fy. Fy, Fy).
PeP

The objective of this section is to show that Definition 2.1 implies that

2
|AG(Fy. Fi. F)| S |I7| | [ size® (T, Fy), (3.2)
i=0

where 7 is a tree and the implied constant is absolute. It follows from
Definition 2.1 that

\Ip |~ 2D Fi| 2, < size® (T, F,) forall P eT.

i—1,pX1it1,P) ~S
Thus in view of (2.3) it suffices to show that

2

| AL (Fo, Fi, F2)| < |yl 1_[ sup 172Ul 2 xaign)- (3.3)
i=0 ieITU,CT

where L7 denotes the collection of leaves of a tree, that is, maximal elements
of Z contained in a member of T that are not themselves members of Z;. By
modulation, we may assume that &7 | = 0. The tree operator can be written as

D elh 7w ((1 @ D1y, Fohy, Fihy, Fahy,) + (1 ®@ Dhy, Fohy, Fihy, Fal)).

iEIT

The two summands are symmetric (under permuting the indices 0 and 2), and we
consider only the first of them. With the convention that the domain of integration
is x;, y; € I; and the dyadic intervals have size |I;| = 2, we have

tr((l (Y 1)111 F()h]z FlhIOFZhll)
= f Fo(xr, x2)re(x2) Fy (x2, x0) 11 (x0) Fa (X0, yOTe(01) dxy dxp dxody;.
The change of variables x; = x> + Yo, Y1 = X + Y gives
/ Fo(x2 + yo, x2)ri(x2) Fi (X2, X0) 7 (x0)
X F5(xo, X0 + y2)ri(xo + y2) dyo dx, dxo dy,

= / Fo(yo, x2)7(x2) Fy (x2, X0) By (X0, y2)7i (v2) dyo dxy dxo dys,

where Fy(yo, x2) := Fo(x2 + Yo, ¥2) and Fa(xo, y2) := Fa(x0, Xo + ¥2).
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Thus the first half of the tree operator can be written as a single tree operator
from [Kov12, Section 3] with square-dependent coefficients. The first step in
the proof of [Kov12, Proposition 4] is an application of the Cauchy—Schwarz
inequality in the sum over squares, so it still works in our situation. This, together
with [Kov12, (2.2)], gives the required estimate.

4. Tree selection and local L? bounds

4.1. The tree selection algorithm. We organize bitiles into trees closely
following the argument in [OT11, Lemma 2.2]. Here and later we use coordinate
projections 7y : W? — W2, (x; 1, x;, Xip1) = (Xio1, Xig).

PROPOSITION 4.1. Letn € Z, i € {0, 1,2}, a function F;, and a system of (not
necessarily adapted) time—frequency projections IT® be given. Then every finite
convex collection of bitiles P can be partitioned into a convex collection of bitiles
P’ with

size;(P', F;) < 27"
and a further convex collection of bitiles that is the disjoint union of a collection
of convex trees T with

S <921, i F13. T el (4.2)

TeT,Irc]

The latter bound includes both an L' estimate (taking J large enough to contain
all time intervals in P) and a BMO estimate (noting ||1, ;Fi||3 < ||| F;||%) for

(i )]
the counting function ),y 1;

Proof. We will remove three collections of trees, each of which satisfies (4.2)
with a smaller constant. At each step we remove a tree that is also a down-set, thus
ensuring that both the remaining collection P’ and the collection of all removed
tiles are convex.

Replacmg F; by 2"F;, we may assume that n = 0. We write every bitile P as
P*'U P!, where the tiles P/, j = 41, are given by Ip x wp ;-

For a tree T, write

T,:={PeT:P <P}, j==I

OPF =MpF+ Y Y M) F,

j=%1 PeT;

Then

and this sum is orthogonal by Definition 2.1(1).
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Let {Py, ..., P,} be the collection of maximal bitiles in P that satisfy
TR 113 > 37" | I .

These bitiles are necessarily pairwise disjoint, so we have

Y Unl <3 Y TR FI3 <30, iR 3

kilp, T kilp,cJ

for every J e Z, where the last inequality follows from parts (1) and (3) of
Definition 2.1. Thus, removing the bitiles P < P, from P, we may assume that

IO F 3 <371, PeP.

The next step will be done twice, for j = £1. In each case, we remove a collection
of trees T; such that for every remaining tree 7" we have

A FP <37 I (4.3)
PETI'
The collection T; = {T}, T5, ...} is selected iteratively. Suppose that 71, ..., T}

have been selected, and suppose that (4.3) is violated for some remaining tree
T CcP\T,U---UT,. Choose one such tree for which either the left endpoint of
wr, 1s minimal (if j = —1) or the right endpoint is maximal (for j = 41), and
let i+, C P be the down-set spanned by the chosen tree.

We claim that the tiles of the form P i, P, e (T, j» are pairwise disjoint. This
is clear within each tree, so assume for contradiction that P,/ < P/, k # I.
In particular, we have P, < P, and this implies that k < L, since otherwise P
should have been 1ncluded in 7;. On the other hand wp! | 2 wp’, implies that

=

a)Pk,1 D wp 2 a)P | 2 w51, wWhereas wg, | C a)P - Thus wr, ; is either to the

=

right (if j = —1) or to the left (if j = +1) of wy, 1, in both cases contradicting the
choice of T;.
Violation of (4.3) for T, € T, and parts (1) and (3) of Definition 2.1 give

Yol < Y0 3> I FAR <3, i F

kg, cJ kil cJ  Pei);

as required. For each remaining tree, we will have

OPFIP+ Y > I FIP < 37 +37 4371,

j=*1 PeT;

and this gives the required estimate for size; (7, F;). O]

https://doi.org/10.1017/fms.2015.25 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2015.25

Dyadic triangular Hilbert transform 13

4.2. Local L? bounds (triangle c).

Proof of Proposition 2.4. Normalizing F; = F;/| E;|"/2, we have to show that

Y e - _ a
|Ap(Fo, Fr. B)| S aq ”2(1 + log a—") (4.4)

1
with a constant independent of the (finite) convex collection of bitiles P. We have
size” (F) < ||Fillo < |Ei|™? = a}![} and || F]l, < 1. Fix integers n; such
that 2"~! < a; 172 < 2"; note that in particular ny < n; < n,. Running the tree
selection algorithm (Proposition 4.1) iteratively at each scale n < n, for each

i € {0, 1, 2}, we obtain collections of trees T, with

Do s

TeT,

and A ~
size” (T, F;) < min(2",2%'0), T €T,.

Summing the single tree estimate (3.3) over all trees, we obtain

2
|A*(Fo. Fy, B)| £ Y 27" [ [ min(2", 2").

n<ny i=0

The sum over n is an increasing geometric series for n < ny and a decreasing
geometric series for n > n;. In particular, the sum is dominated by the terms
ny < n < ny; that is, we have the estimate

_ a
20(1 4 ny —ng) S ag ‘”(1 + log —°>,
a

as required. 0

5. Fiberwise multifrequency Calderén—-Zygmund decomposition and an
extended range of exponents

In order to extend the range of exponents in our main result, we perform a
fiberwise multifrequency Calderén—Zygmund decomposition. Here, in contrast
to the local L? range, we have to use the special form of the time—frequency
projections 17 and IT®.

Our decomposition unites the main features of the one-dimensional
multifrequency Calder6n—Zygmund decomposition in [OT11] and the fiberwise
single-frequency Calderén—Zygmund decomposition in [Berl2, Kov12].
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A useful simplification with respect to [OT11] is that we do not attempt to
control the size of the good function; this corresponds to the observation that the
argument on [OT11, page 1709] works directly for a in place of a,,.

5.1. Triangles b, and d,.

THEOREM 5.1. Let0 <y < 1/2 < oy < land —1/2 < oy < 1/2 satisfy (1.3).
Then for any measurable sets E; C A2, i € {0, 1,2} there exists a major subset
E| C E, (which can be taken equal to E, if oy > 0) such that for any dyadic test
Sunctions |F;| < 1g, |Fi] < lEi with (1.8) or (1.9) we have

2
|A€(F0’ Fl! F2)| sao,al,az 1_[ |Ei|aia
i=0

where the implied constant is independent of the choices of the scalars |e;| < 1
with e; = 0 whenever I; ¢ A,.

Proof. The required estimate is invariant under rescaling by powers of 2, so we
may normalize | E;| &~ 1. The localization changes to E; C A? for some k € Z, but
all previous results still apply by scale invariance. When | E,| 2 |E||, the estimate
with E] = E; follows from the local L? case 0 < o, a1, @y < 1/2, which is given
by Proposition 2.4. Thus we may assume that | E,| < 272,

Define the exceptional sets

By = (M, (|Eg| ™" 1,) > 2%

and 5
By :={M,,(|E,|""/71p,) > 2"},

where M », 18 the directional maximal function (in direction x;). The set
Bl = JT(I)((JT(B)IB() U ﬂ(;)le) N A), A= {X() Dx Bx, = O} C W3,

has measure < 1/2 by the Hardy-Littlewood maximal inequality. Consider the
major subset E| := E; \ B,.
Define normalized functions

Fi=|E7"F,.
By construction of the major subset, only the bitiles P with
7yl € B

contribute to the trilinear form A, so consider a finite convex collection P of
such bitiles. Since the M, maximal function dominates the M, maximal function
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pointwise, and by Definition 2.1(3), we have
size” (P, Fy) <1, size" (P, F}) < 1.

By the tree selection algorithm in Proposition 4.1, we partition P into a sequence
of pairwise disjoint convex unions of pairwise disjoint trees Py = (J;.y, T and a
remainder set with zero contribution to A in such a way that

size” (P, Fy) <27*
and
INell, Sp 2N Bl NEILYP, Nee= ) 17, 1< p <oo.
TeTy
Choosing p = py/2, we obtain the bound
INell, <p 2.
For a fixed k we will show that
| A, (Fo, Fr, Fy)| S 27

for some § > 0, depending only on the p;, to be determined later.

Let Zp denote the collection of the maximal one-dimensional dyadic intervals
of the form {x,} x J; C B,. For each one-dimensional interval J = {xo} x J, € I3
let

2, ={w:||J|=1,3T €T, : Iy D J, 0 D wr}.
Let
G:=Y G; Gylxo,x) = 1,000, %) Y (M0 Fr(xo, ) (x1).

Jelp weRy

The sum defining the function G is pointwise finite, and G is measurable since F,
is a dyadic test function. .
We claim that for every P = I X w; € P, we have

AP(ﬁOv ﬁl’ ﬁz) = AP(ﬁO’ ﬁh G)~

Since E; C B, by construction, and the collection Zp covers B,, it suffices to
show that

/ Fy (x0, X2)hy, (x0) Fa (%o, XDy, (x1) dx,
Ji

=/Emmmmmammmmeml
Ji

for every J = {xo} x J; € Iy, every xo € I, and every j € {£1}. If I, x I} N
J = 0, then both sides vanish identically. therwise we must have x, € I.
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If now I; C J;, then, by construction, Fl vanishes on {xy} x I, so both sides

again vanish identically. On the other hand, if J; C I, then, by construction, 2,
contains an ancestor of wy, so the integrals coincide again. This finishes the proof
of the claim.

Now we estimate ||G||,. By Holder and Hausdorff—Young inequalities, we get

G152y = D 1{F2(x0, ), wiod

a)E.QJ

. ) 2/p)
< |9,|‘2“’l( > {Fa(xo. ), whxww’l)

wEQI

1=2/p\ 11 12112 1-2
< |-QJ| n ||F2||LF2(j)|J1| /pl-

Maximality of J C B, gives an upper bound on the above L”?(J) norm, and we
obtain

L2(J) ~

2 1-2/p) 1-2/p;
1Gy 1%, < 1921 ”’-ungfzvk 3
J

Integrating these bounds, and using monotonicity of L? norms (recall |B;| < 1),

we get
1-2/p}
, 12/, ) (1=2/py)/p
IGI;S | N "7 %S N
Bz BZ

1-2/p} _2/p.
<INl 72 S 22K,

Normalize
G = 27 H0-2G,

so that |G|, < 1. We claim that
| A, (Fo, Fi, G)| < 275(1 + ph),

which would finish the proof. By the tree selection algorithm in Proposition 4.1
(beginning at some scale [y < 0 with size® (P, G) < 271), we partition

[Pkl
=) rup,
I=lp T€Tk,
where y 3
size® (T, G) <27, size®"(T, F;) < min(1,27)
forT € Tk,la

> 2%,

TeTy,
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and N 5
size® (P, G), size' (P, F}) < 277

By the single tree estimate (3.3), we obtain

[pk]
> AR, G)‘ < Y 227 min(1, 2727 S 2751 + ph).
I TeTy, |=—00

The remaining term can be written as

| A}, (Fo, F1, G)| =

Z AGTQPI’((FO’ ﬁl? G)‘

TeTy

Each T N P, is the disjoint union of a set of trees the union of whose top squares
has measure bounded by |I7|. We have

Z |7T| < Z 11}

TeTk TeTk

p
2pk
<27,

p

so, again by the single tree estimate (3.3),
|A;L(F0, Fy, G)| < 22rkp—kppkp=rk — o=k

finishing the proof of the claim. O

5.2. Triangles by and d,.

THEOREM 5.2. Let 0 <y < 1/2 < a9 < 1 and —1/2 < oy < 1/2 satisfy (1.3).
Then for any measurable sets E; C A2, i € {0, 1,2} there exists a major subset
E| C E| (which can be taken equal to E, if a; > Q) such that for any dyadic test
Junctions |F;| < 1g, |Fi| < 1g; satisfying either (1.8) witha € A, \ Ag or (1.9),

we have
2

|A“(Fo, Fi, F2)| Saparan | [ 1EiI
i=0
where the implied constant is independent of the choices of the scalars |e;| < 1
with e; = 0 whenever I; ¢ A,.

Proof. We can assume that |E,| < 272°|E,|, since otherwise the conclusion
follows from the local L?* case with E| = E|.

In case (1.9), we can also without loss of generality assume that Ey = Ay X Eo.
Setting E} = E, \EO X Ag, we get that the left-hand side of the conclusion vanishes
identically.
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In case (1.8), we argue as in the proof of Theorem 5.1, with the roles of indices 0
and 2 interchanged. The main difference from the previous case is that the time—
frequency projections in general need not be adapted to the good function G.
However, under the additional condition a € A, \ Ay, we may assume that

I, (x1, x2) = 13 (x2 ® (@ ® x1)),

and then the directional maximal function M » 1B, coincides with the two-
dimensional maximal function M, 1,. It follows that for every J € Z and every

bitile P = I x w; € P we have either / N [} x I, = @ or J; C I}, which in turn
implies that _
) Fy = 1Ty G.

Thus we may replace Fy by G in the single tree estimates. O
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Appendix A. Known special cases

Let us discuss briefly how our main result specializes to some cases that have
already appeared in the literature in a very similar form.

A.l. Maximally modulated Haar multiplier. Since the ordinary Haar
multipliers

(H f)(x) =Y el17' (£, hi)hy (x),
1

where |€;| < 1 for each dyadic interval I, constitute a good dyadic model for the
Hilbert transform, the maximally modulated Haar multipliers

(H; f)(x) == SlAl]PI(HGMNf)(X)I (A.1)

provide a reasonable algebraic model for the Carleson operator, albeit different
from the model of truncated Walsh—Fourier series considered for example in
[Bil67]. Here My simply represents the Walsh modulation operator,

My f)(x) = wy (x) f(x).

Let €; = €. 1,.1,) depend only on the interval /), and take two functions f and
g on Ay. Suppose that N: Ay — {0, 1,2, ...} is a choice function that linearizes
the supremum in (A.1). If we substitute

https://doi.org/10.1017/fms.2015.25 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2015.25

Dyadic triangular Hilbert transform 19

Fo(xy, x2) :== f(x; @ x2),
Fi(x2, x0) := sgn g(x0)y/18(x0) | W () (X2),
Fy(xq, x1) := /18 (x0)| Wi (xy) (X1 D X0)

into (1.6), we will obtain for A€ (Fy, F, F>) the equal expression

|€IIO| // S0 @ x2) 8 (X)W () (X1 B X0) Wiy (xg) (X2) 1y, (X1, (x2) Dy, (X0) dX.
o

Here and later in this appendix we use the convention that x;,y; € I; for
integration domains, unless specified otherwise. By the character property of the
Walsh functions and the fact that the Haar functions are simply restrictions of the
Rademacher functions to the corresponding intervals, this equals

€
|110| /f / £ 01 @ 128 (10) Wiy (61 B 12 B X0)r (61 B 32 B x)
0

By changlng the variables yy = x; @ x, (for fixed x,) and observing yo € I, & I, =
Iy, the above equals

€
|110| /_/ J (50)8 (X0) Wi (x) (Yo  X0)ri (Yo & Xo) dyo dx dxo.
0

Observe that at each scale k the integral ), . fx1 <, can be disregarded, as it
simply integrates over the union of intervals /;, which is Ay. Using the character
property once again, we obtain

Z IIIO| / J (0)& (X0) W (x) (Vo) W (xp) (X0) o (Yo hyy (xo) dyo d xo

€
/;N Z |110| (W) S DY (X0) W) (X0) 8 (X0) dxo

= /(MN(XQ)HEMN(xo)f)(x(J)g(xO) dxo.

From the established bound for A€ in Theorem 1.7 using duality, we deduce that
IH, fll, S I1fll, foranyl < p < oo.

A.2. Walsh model of uniform bilinear Hilbert transform. Theorem 1.7
implies a bound for the trilinear form

A (f. 8. h) = f Z > e UTwers )T ot 8) Tt vsosr-th).

1€l
w:|w|=2"%
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where € = (€;); is a sequence of coefficients indexed by dyadic intervals and
satisfying |€;| < 1, while L is an arbitrary positive integer. This observation is
interesting, because a single estimate for the triangular Hilbert transform implies
bounds for a sequence of one-dimensional trilinear forms A§y, with constants
independent of € and L.

This form is similar to, but different from, the trilinear form studied in [OT11].
As in Appendix A.1, the discrepancy is due to the fact that our model is based on
the algebraic structure of the Walsh field rather than on the order structure.

In order to apply Theorem 1.7, substitute

Fo(x1, %) := f(x1 ®x, ®2 5 xy),

Fi(x2, x0) := h(27"x, & xo),
F>(x0, x1) := g(xo ®2 "xo 27" xy)

into (1.6) to obtain

AR =Y 20 Y [[[ re oo
k

iEIk
X g(xo & 27Lx0 [ 27Lx1)
x h(275x, @ x0)ri (X1 @ x2 @ x0) dx; dxy dxo.

Observe that x; € I;,i =0, 1, 2, implies that

PO 2 e @ L®2 L =12 "D,
X ®2 ' @27t ey @27 D L) =L, &2 "D,
271‘)62 D xy € 10 D 27L12,

so we should expand f, g, h into the Walsh—Fourier series on the dyadic interval
I = I, ® 2711, of length 2, that is, into the wave packets with fixed eccentricity:

fxi®x, @ 27bxy) =27F Z (s Liwpmga—+ ) Wygo+ (X1 D X2 @ 27 xy),
m0=0

g(xo @2 x0 @27 x1) = 2753 (g, 1wyt )Wy (0 B 27 g @ 27Fxy),

mo=0

hQ27 0 @ x0) =27 (R, 1w o) w2+ (27 X2 & Xo).

m1=0
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Inserting these into the previous expression for A€ (Fy, F|, F,), we obtain

D2 e Y (LW} (8 L) (e, 1wy, 05

k ey mo,my,mp

(/ e((my@d@m2 o127 ® xl)dx]>

I

(/ e(my@®m2tem2te1)2*® xz)dx2>

I

(/ e(mdm2omo1)2*® xo)dxo).

Iy
Since we are integrating over intervals of length 2%, the above summands vanish
unless
Mmo®m2 1, medm2 tdom2td1l, and my@d®m2tdm o1
all belong to A, which is easily seen to be equivalent to the conditions
mo®m,®m; =0 and me®m2 L d1 € A,

Moreover, in that case the three functions under the integrals over Iy, I,, I, are
precisely the constants

zke((mo @ m227L @ 1)27]( @ l(Il))7 l = la 2’ 07

where /(I;) is the left endpoint of ;. Because 0 € Iy & I, & I,, they multiply to
23k, Allow the coefficients €; to depend on I = Iy @ 27X I, only, and observe that
each interval I € I appears for exactly 2% choices of I as they range over Z.
(Indeed, I, is arbitrary, and Iy, I, are then uniquely determined.) We end up with

D273 e DY (A W) (8 W) (A 1wy pes):
k

Il mo,ma,nt|
mo®modm;=0

mo®ma2-LdleAy
that is, by substituting m = mo @ 1 and n = m, @ (my @ 1)2F,

22_% Z €/ Z (fs 11w<me91)2—k)(87 llw(m2"€Bn)2‘k>
k

Il m,n
ogn<2t

(h, llw(mZLeBn@meBl)Z*"')- (A2)

On the other hand, we can start from A%, and write the dyadic interval w
explicitly as w = [m27%, (m + 1)27%). The three time—frequency projections
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appearing in the definition can be expanded using vertical decompositions into
tiles as

—k
n]x(weﬂ*")f =27/, llw(meBl)Z*k)llw(meal)Z*kv
2L

—k
Hlx(sz)g =2 Z(g, 11w(m2L@n)2’k>11w(m2L@n)2’kv
n=0
2L

—k
I}y otwseer-Hh =2 E (h, Liweotenemenz+) LiWmot e emeiy2—+ -
n'=0

Observe that the integral

/ (I (w27%) HUI; (2Lw)8) (I (2Lw®w€92—")h)

is equal to
2L
—2k
2 Z(f, llw(meal)sz)(g, 1Iw(m2L€Bn)2*")(hs 1Iw(m2LEBn€Bm@l)2*k>7
n=0

since the terms with n # n’ disappear. That way we arrive at (A.2) once again,
completing the proof of A°(Fy, F|, F») = A;ﬁT(f, g, h).

A.3. Endpoint counterexample. The observation from the previous section is
also useful to explain the failure of some estimates at the boundary of the Banach
triangle. By formally taking L — oo, we are motivated to substitute

Fo(xi, x20) i= f(x1 @ x2), Fi(xa, x0) := h(xp), Falxo, x1) := g(xp),

in which case (1.6) becomes
Z €nllo]™ (/ [ @ x2)hy, (x)hy, (x2) dx, dx2> (/g(xo)h(xo)hlo(xo) dx())
IeT

= eIl (f. hy)(gh, hyy) =/f(X)H€(gh)(X)dX-

Iy

Since Haar multipliers are generally not bounded on L!, we see that estimate
(1.10) cannot hold when p, = co.

The positive results in this limiting case do not reveal the true structural
complexity of A€. Indeed, when one of the functions depends on a single
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variable alone (such as Fy(x, y) = x), then the triangle ‘breaks’ immediately. No
techniques from time—frequency analysis are required to bound such degenerate
cases, even though they correspond both to the limiting case a — oo and to the
special case N = 0 in Theorem 1.7.

Appendix B. Real triangular Hilbert transform

In this appendix we show the equivalence of (1.1) and (1.4), and indicate how
to obtain the Carleson operator from (1.4).

B.1. Equivalence of the definitions. For 50, El, ,52 € R? in general position,
consider the change of variables

t X0
ul=B|x1], B=(~1~1—1»)
v X2

If 7r; denotes the projection 7; : R® — R2, 1;(x0, X1, X2) = (X;41, X;_1), then, for
arbitrary functions Fy, Fi, F,, we have

2
1
A (Fy, Fi, F) = F;(m;(xg, X1, X)) ———— dxodx, dx
A(Fy, Fi, F)) ///E (i (x0, X 2))x0—|—x1—|—x2 odx;dx;
2 dt
= |detB|™! Fi(m;B~'(t,u,v))—dud
|e|//fg (1B, u, v)— dudv
2 dt
— |detB|™" Fo((u, v) — Bit)— dud
|detB| ///1:! (G, v) = Bit)— du dv

= |detB|71AEO»Bl,/§2(ﬁO’ ﬁl’ ﬁZ)’

where y
Fi(u,v) := Fi(m;:B~'(0, u, v)). (B.1)

Here we have used the fact that

w()-6)

The surprising observation is now that

IFill,, = IdetB| P ||l .
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Indeed, the change of variables in the definition of F is given by the 2 x 2
submatrix of B~! obtained by crossing out the first column and the ith row. By
Cramer’s rule, the determinant of that submatrix equals det B~! times the (1, i)th
entry of B, up to the sign. Since the latter entry of B is 1, the determinant of
the change of variables is +(det B)~'. The ratio of L” norms equals the absolute
value of the determinant to the power —1/ p;, as required.

This shows that an L7 x L”' x L”? estimate for A, cannot be worse than the
corresponding estimate for Aj 7 5. Running the above argument backwards, we

also obtain the converse. Finally, a uniform (in Bi) estimate for Aj 7 5 with B,» in

general position implies the same estimate for the Ei lying on a line by a limiting
argument.

B.2. Less singular two-dimensional forms. The trilinear forms introduced in
[DT10] can be written as

2
A8 o 5 (Fo, i, Fy) 1= f/ p.v./ [[FG - BDOK @) didi,
R? R* o

where B, B,, B; are now 2 x 2 real matrices (interpreted as linear operators
on R?) and K is a two-dimensional Calderén-Zygmund kernel. If K is odd and
homogeneous of degree —2, then it takes the form

. £2(0)
K(rcosf,rsinf) = S
r

O+7m)=-20) forO<r <o0,0 e R/2n7Z).

Observe that

2

V. F:(x — Bi1)K () dr
pv/Rl_[ (x ?)(t)t

2
i=0

2 o 2
- . 26
=p.v./ / [ [ F (% — Bi(rcos, rsin6)) ©, ara
00 iz

r2

T 2 dr
=/ Q(G)p.v./HE()?—rBi(COSQ,sinO))—dG,

0 R0 4

SO

g
K .
ABO,31,32 = / 9(9) ABQ(COSG,SiﬂG),B] (cos 0,sinf), By (cos 6,sin ) d@,
0
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that is, Ago, 5.5, 1 @ ‘superposition’ of the forms (I1.1). Consequently, L?
estimates for all cases of the matrices studied in [DT10] and the remaining case
from [Kov12] would follow from a single estimate for (1.4), even uniformly over
all choices of By, B, B,.

B.3. Carleson maximal operator. Analogously to the dyadic case, but with

an additional smooth cutoff, we consider

F(x,y) := f(—x — y) D'¢(x),
G(y,2) = eney (») sgng()V1g @) DY ¢ (v + 2),
H(z,x) = en (2 + 0)V12(2)| DY ¢ (x)

for f € L?(R) and g € L” (R), 2 < p < oo, where ey(x) = ¥ N is a
measurable linearizing function for the Carleson operator, ¢ is a smooth positive
function with compact support, and D7 ¢ (x) = L="/?¢(x/L). Then

Ap(F,G,H) = // f(=x —yeno(x +y+2)g(2)

d(x,y,2)

x DI¢(x)D}” ¢ (x) DY (v + D

The change of variables t = x + y + z gives

’ / d , ,
f/ fz— I)EN(Z)(t)g(z)quﬁ(x)Di" d)(x)Dip bt — X)M’

which converges to a constant times

1
// ;f(Z — ey ()g2)d(z, 1)

as L — oo, and yields an L? bound for

(Cyv ) = p.v./ fz— t)ezmlN(Z)t?'
R

B.4. Multilinear generalization. For any positive integer n, one can also
consider the straightforward (n 4 1)-linear generalization of (1.1) given by

L. s odt
Ao Fos Fioo o F) = | puv. R]—[Fj(x —Bin—di, (B2
j=0
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where this time ; € R" and the functions F; are n-dimensional. This object is
expected to be even more difficult, as conjectured bounds for the one-dimensional
trilinear Hilbert transform

d
Asur(fo, i, fo, f3) = /p~V-/ Jo) filx — 1) fo(x = 20) f3(x — 31)% dx
R R

(B.3)
and its variants would follow from bounds for (B.2) when n = 3. No positive
results are known for this operator; see [Dem08] for some negative results.
However, an interesting observation is that the linearized polynomial Carleson

operator
) a1y dt
C X) = p.v. % — 1) NN O 4Ny (0 20
(Cryay X)) =p /Rf( ) ;
can be encoded into (B.2). Let Eo be the origin, and let E Lo eves En constitute the

standard basis for R". The identity

Xk:(—l)k‘j(k>"”— 0 form=0,1,...,k—1,
i=0 ] = k' fOI'm:k

can be shown easily by induction on a positive integer k, and its immediate
consequence is that

n—1 n—1 1 /k k k n—1
>y (—DJE(].)N;((xn)(le,—jr) =D Nelx)tt.
J=0 k=max{;j,1} =1 k=1

It follows that, with

n—1 1 [k k k
Fj(xi,..ox) =gix) [ exp (i(—l)fﬁ(j)Nk(xn)(le,) )
’ =1

k=max{j,1}

forj=0,1,...,n—1and

Ez(-xl» “e axn) = f(xn)7

the form (B.2) formally becomes f(CN1 ,,,,, Ny F)8081 - - - 8n—1. To be precise we
should also include appropriate cutoffs of the functions F;, similarly as we did in
the previous subsection. It would be interesting to investigate which particular
cases of Az 5 5 can be resolved using the techniques from [Lie09] and
[Liell].
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