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We cons ide r the following p r o b l e m : Let G be a group with 
d i s t inc t a u t o m o r p h i s m s (3 and cr and an a n t i - a u t o m o r p h i s m a such 
that 

(1) x e G ^ o-(x) = (3(x) or a(x) . 

What can be said about G? 

If o" = a, cr is both an a u t o m o r p h i s m and an a n t i - a u t o m o r p h i s m 
so tha t G is abe l i an . Hence we a s s u m e that cr f a. In th is c a s e , we 
show that G i s non-abe l i an , but has an abe l ian subgroup of index 2 . 
Converse ly , for such a group G t h e r e a lways ex is t d i s t inc t 
a u t o m o r p h i s m s (3 and cr and an an t i - au tomorph i sm a such that (1) 
h o l d s . 

The c a s e when (3 is the ident i ty mapping and a i s the mapping 

x -*- x was the content of a p r o b l e m (W 5471) in the Monthly. 
It was r e q u i r e d to p rove that G is so lvab le . Theo rem 4 shows what 
s t r u c t u r e G m u s t have . 

THEOREM 1. Let G be a group, a an a n t i - a u t o m o r p h i s m of 
G, and cr ^ a a n o n - t r i v i a l a u t o m o r p h i s m of G and a s s u m e 

(Z) x e G ^ cr(x) = x or cr(x) = Q'(x). 

Then G has a (normal ) abe l i an subgroup H of index 2 . a induces 
- 1 

a n o n - t r i v i a l a u t o m o r p h i s m on H. If G = < H, g >, g hg = a(h) for 
h € H. F u r t h e r m o r e , cv(g) = bg, whe re 1 / b € H and a(b) = b~\ 

Proof . Let H = {x e G | <x (x) = x} . Then H i s a p r o p e r 
subgroup of G. If h € H, g g H, cr (hg) = c*(hg) = a(g) a{h) = 
cr (h) cr (g) = h cv(g). Hence we have 

(3) or(h) = or(g)"1har(g)> for h € H, g / H. 

Canad. Math . Bul l . vo l . 11, no . 3, 1968 

367 

https://doi.org/10.4153/CMB-1968-040-6 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1968-040-6


F r o m (3) we see tha t for x and y in H, tf(xy) = a(yz) <?(y), but 
<*(yx) = c*(x) a(y). Hence xy = yx and H i s abe l i an . 

If t h e r e ex i s t s an e l e m e n t g in G \ H such that a(g ) e H, 

we have : a(h) = a{g ) h a(g ) = h, for a l l h ç H. This i m p l i e s that 

°" (g) = Q'(g) f ° r a l l g « G, or that cr = a, c o n t r a r y to h y p o t h e s i s . 
- 1 - 1 

Hence a (H) £ H. Applying a to (3) we get 

(4) c*~4(h) = g _ 1 h g for h € H, g f H. 

Since a (h) e H, (4) shows that H i s n o r m a l in G. 

- 1 
Now let x, y € G \ H. Then for h e H, (xy) h(xy) = 

- 1 - 1 -2 - 1 
y a (h)y = a (h) s ince a (h) e H. On the other hand, if 
xy < H, (xy)" 1 h(xy) = oT^h) so that a"4(h) = oT2(h) $ a(h) = h for 
h ç H. But th is i m p l i e s that a - cr , c o n t r a r y to hypo thes i s . 

Hence if x, y € G \ H , xy e H and a (h) = h for h € H. Thus 
G / H h a s o r d e r 2, and a i nduces an a u t o m o r p h i s m of o r d e r 2 on H. 

2 - 1 
If we le t G = < H , g> , then g = a e H; and by (4), g hg = or(h) 

for h € H. C l e a r l y a^a) = a. Since a(g) / H, we have o^g) = bg, 
w h e r e b e H. If b = 1, cr (h) = h and cr (hg) = cr (h) cr (g) = h a(g) - hg 
for h € H , i . e . cr i s the t r i v i a l a u t o m o r p h i s m of G. Hence b / 1. 

2 2 2 2 - 1 
Now a = ttfa) = a{g ) = a(g) = (bg) = bg g bg = ba a(b). 

Thus a (b) = b " . 

THEOREM 2 . Le t G be a non-abe l i an group with an abe l ian 
subgroup H of index 2 . Then t h e r e ex i s t s an a n t i - a u t o m o r p h i s m a 
of G and an a u t o m o r p h i s m cr _of G such that 

(5) cr(h) = h for h € H 

{ 
cr (x) = a(x) X x for x / H . 

2 - 1 
Proof . Le t G = < H, g>, and let g = a € H. Let a(h) = g hg 

for h € H. We note next that t h e r e ex i s t s an e l e m e n t b t 1 such that a(b) 
- 1 - 1 

b . In fact , if we choose h c H with g hg / h (h ex i s t s s ince G is 
non -abe l i an ) and let b = h <*(h), then b j? 1 and 

- 1 2 - 1 -1 
a[b) = a{h) a (h) = a(h) h = b s ince H is abe l i an . Define 
o-(hg) = bhg for h € H. Then a(hg) = bg"^ hg = a(g) a(h). Define cr 
by equa t ions (5). 
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We have to ver i fy that a i s an a n t i - a u t o m o r p h i s m and or an 
a u t o m o r p h i s m of G> i . e . for x , x e G we have to show that 

a ( x , x ) = ff(xj a ( x j and o-(x.x0) = o- (x . ) cr(x_). T h e r e a r e four c a s e s 
1 2 Z 1 1 Z 1 Z 

to d i s t ingu i sh : 

(i) x , x 2 e H. 

(ii) x e H, x 2 j H. 

(iii) x / H, x € H. 

(iv) TL± y H, x 2 y H. 

It is a s imp le m a t t e r to compute that the r e q u i r e d equat ions hold 
in each of t he se c a s e s . We p rove c a s e (iv) as an e x a m p l e : Let 
x = h

1 g » x
2 = h

2 g w h e r e h , h 2 e H. Then x x 2 = h ^ ^ g = h a « O ^ ) ; 

or(x x 2 ) = a (h 1 ) a h 2 ; 

of(x ) a(x. ) = bh gbh g = bh 2 a g ( b h ^ g = bh 2 a a(b)or(h ) 

= bh ab « ( h ) = « ( h ) a h . 

Hence a(x x ) = a(x 0 ) <*(x. ). <r (x x_) = x x s ince x x € H. 
1 Z Z 1 1 Z 1 Z 1 Z 

<r(x ) cr(x ) = or(x ) <*(x ) = or(x x ) = or(h ) a h = x x . Hence 
1 2 1 Z Z l Z 1 1 2 

o"(x1x2) = cr(x1) °"(x2). 

Note: If H i s an abe l ian group of o r d e r ^ 1 and ^ 2, then H 
has a n o n - t r i v i a l a u t o m o r p h i s m of o r d e r 2, and hence t h e r e ex i s t s a 
n o n - a b e l i a n ex tens ion G of H such that G/H has o r d e r 2 . 

THEOREM 3 . Let G be a group with d i s t inc t a u t o m o r p h i s m s 
P a n d °" and an a n t i - a u t o m o r p h i s m ap'cr such that 
(1) x € G =>> cr (x) = (3(x) jor_ c*(x). Then G is non -abe l i an and has an 
abe l i an subgroup H of index 2. 

P roof . Let p = p cr. Then p i s an a u t o m o r p h i s m of G and 
-1 - 1 

p (x) = x or p (x) = p «(x). p ff i s an a n t i - a u t o m o r p h i s m of G and 
- 1 

p / p a, s ince cr /a. The t h e o r e m follows by applying T h e o r e m 1. 

THEOREM 4 . Let G be a group and a s s u m e that G has a 
n o n - t r i v i a l a u t o m o r p h i s m cr such that (6) x € G =£ cr (x) = x or 

cr(x) = x . Then e i t h e r : (a) cr(x) = x for a l l x in G, G i s 
2 

abe l i an and G / 1? or : (b) G = < H, g>, whe re H i s an abe l ian 
2 

group which conta ins an e l e m e n t a of o r d e r 2, and H j i . 

369 

https://doi.org/10.4153/CMB-1968-040-6 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1968-040-6


2 - 1 - 1 
g = a and g hg = h for a i l h e H. Then: 

cr (x) = x for x e H 

cr (x) = x for x ^ H 

Conve r se ly , if G is defined by (b) the mapping given by (7) i s an 
a u t o m o r p h i s m of G. 

P roof . If cr(x) = x for a l l x in G, then G i s abe l i an ; 
2 -1 

G ^ 1 s ince cr i s not t r i v i a l . Le t a be defined by a(x) = x and 
a s s u m e that af cr. By T h e o r e m 1, G = < H, g>, w h e r e H is abe l ian , 

- 1 - 1 2 2 
g hg = h , g = a e H. Since a is n o n - t r i v i a l on H, H / 1. Also 

- 1 - 1 2 2 
a = a(a) = g a g = a so that a" = 1. If g = 1, cr(hg) = cr(h) u(g) = 

- 1 
h g = hg for a l l h € H and this i m p l i e s that cr is t r i v i a l , c o n t r a r y 
to h y p o t h e s i s . Hence a has o r d e r 2 . (7) holds f r o m the def ini t ion 
of H in T h e o r e m 1. 

Conve r se ly , suppose that G = < H, g> , w h e r e H is abe l ian , 
- 1 - 1 2 2 

g hg = h , g = a e H has o r d e r 2, and H 7/ 1. Then by T h e o r e m 
2 t h e r e ex i s t s an an t i - a u t o m o r p h i s m a of G and an a u t o m o r p h i s m 
cr of G such tha t (5) ho ld s . To show that (7) holds i t is only 

- 1 
n e c e s s a r y to show that a(h) = h . But in the proof of T h e o r e m 2, we 

defined a so tha t a(h) = g hg. Hence a(h) = h for h e H, and 
the t h e o r e m i s p r o v e d . 

R e m a r k . If ins tead of s tudying the p r o b l e m s ta ted in the 

in t roduc t ion , we r e q u i r e tha t a and p both be a u t o m o r p h i s m s and cr 
an a u t o m o r p h i s m such that (1) ho lds , i t i s e a sy to s ee that cr = a. F o r 
let A = {g € G I <r<g) = *(g)} and B = {g € G | <r (g) = p(g) } . Then 
A and B are subgroups of G and G = A l i B . This i m p l i e s that 
G = A o r G = B . But G / B and hence G = A, cr = a. 

If on the o the r hand, we r e q u i r e both a and (3 to be 
a n t i - a u t o m o r p h i s m s , the a n s w e r s e e m s to be m u c h m o r e difficult . 
I was not able to d e t e r m i n e when th is could happen . 
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