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Abstract. The purpose of this paper is to determine the b-functions of all the prehomogeneous
vector spaces associated to nilpotent orbits in the Dynkin^Kostant theory for all the complex
simple algebraic groups of exceptional type. Our method to calculate b-functions is based on
the structure theorem for b-functions of several variables and the functional equations for them.
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Introduction

The purpose of this paper is to determine the b-functions of all the prehomogeneous
vector spaces of Dynkin^Kostant type for all the complex simple algebraic groups
of exceptional type.

Let G be a complex reductive algebraic group and let g be the Lie algebra of G. For
each nilpotent element N of g, the adðGÞ-orbit of N gives a prehomogeneous vector
space via the Dynkin^Kostant theory. The obtained prehomogeneous vector spaces
are called prehomogeneous vector spaces of Dynkin^Kostant type. Their b-functions
play an important role in the harmonic analysis involving the adðGÞ-orbit of the
original nilpotent element, and therefore we want to know their explicit form.
For classical groups, the b-functions of such prehomogeneous vector spaces have
been studied by F. Sato [19] and Y. Kaneko [9]. In this paper we determine them
for exceptional groups.

For exceptional groups, the list of all the weighted Dynkin diagrams associated to
nilpotent orbits via the Dynkin^Kostant theory is given by A. J. Alekseevsky [1] and
A. G. Elas› vili [3]. We give the explicit form of b-functions for all such weighted
Dynkin diagrams. Our method of calculating b-functions is as follows. First we
determine the characters of the irreducible relative invariants. Next we calculate
the a-functions of several variables de¢ned in Lemma 1.3.1. Then the b-functions
of relative invariants are expressed with some positive rational numbers aj;r in
Corollary 1.3.6. Hence, it is enough to determine these numbers aj;r for our purpose.
We mainly use the following fact to determine them. It is known that a certain func-
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tional equation holds for a b-function of several variables de¢ned in Lemma 1.3.4,
which is due to M. Sato [23]. This equation gives a relation among positive rational
numbers aj;r.

The plan of this paper is as follows. In Section 1, we review some basic results on
prehomogeneous vector spaces. In Section 2, we exhibit our method of calculating
the b-functions by taking up the prehomogeneous vector space represented by
the diagram 0200

0
20. We determine the b-functions of all the prehomogeneous vector

spaces of Dynkin^Kostant type for all the complex simple algebraic groups of excep-
tional type. We summarize these results in the tables of Section 4.

1. Preliminaries

In this section we review basic notions about the theory of prehomogeneous vector
spaces and give some properties used in the later sections.

1.1. PREHOMOGENEOUS VECTOR SPACES

Let G be a connected reductive group de¢ned over the complex number ¢eld C and
let r:G ! GLðV Þ be a ¢nite dimensional rational representation. The triple
ðG; r;V Þ (or simply the pair ðG;V Þ) is called a prehomogeneous vector space if
V has an open dense G-orbit, say O0 ¼ Gv0. Let f be a nonzero polynomial function
on V and f 2 HomðG;C�

Þ. We call f a relative invariant whose character is f if
f ðgvÞ ¼ fðgÞf ðvÞ for all g 2 G and v 2 V . Then ðG;V Þ and f have the following
properties given in Propositions 1.1.1^1.1.6. The proofs are found in the literature
assigned there.

PROPOSITION 1.1.1 ([21, ‰4, Proposition 3]). Let f1 and f2 be relative invariants
which have the same character. Then f1 is a constant multiple of f2.

PROPOSITION 1.1.2 ([21, ‰4, Proposition 5]). Let S1; . . . ;Sl be the irreducible com-
ponents of VnO0 with codimension one and suppose each Si is the zeros of some
irreducible polynomial fi, namely Si ¼ fv 2 V ; fiðvÞ ¼ 0g. Then f1; . . . ; fl are algebraic-
ally independent relative invariants. Every relative invariant f is of the form
f ¼ cf m1

1 � � � f ml
l ðc 2 C;mi 2 ZÞ.

We call the polynomials f1; . . . ; fl the fundamental system of relative invariants.

PROPOSITION 1.1.3 ([21, ‰4, Proposition 19]). Let X�ðG;V Þ be the totality of the
characters associated to some relative invariants of ðG;V Þ and let Gv0 be the isotropy
group at the point v0 of the open orbit. Then

X�ðG;V Þ ¼ ff 2 HomðG;C�
Þ;fjGv0

� 1g:
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PROPOSITION 1.1.4 ([4, Lemma 1.5]). Let r_:G ! GLðV_Þ be the contragradient
representation of r. Then the triple ðG; r_;V_Þ is a prehomogeneous vector space.
It has a relative invariant of degree d :¼ deg f , say f _, whose character is f�1.

PROPOSITION 1.1.5 ([4, Lemmas 1.6 and 1.7]). There exists a polynomial

bf ðsÞ ¼ b0sd þ b1sd�1 þ � � � þ bd

with b0 6¼ 0 such that

f _ðgradxÞf ðxÞ
sþ1

¼ bf ðsÞf ðxÞ
s;

f ðgradyÞf
_ðyÞsþ1

¼ bf ðsÞf _ðyÞ
s;

for all s 2 ZX 0. Here we put

gradx :¼
@

@x1
; . . . ;

@

@xn

� �
and grady :¼

@

@y1
; . . . ;

@

@yn

� �
:

We call bf the b-function of f . We put af :¼ b0. The following fact about the
b-functions is known.

PROPOSITION 1.1.6 ([11, Corollary 5.2]). Let bf ðsÞ ¼ b0
Qd

j¼1 sþ aj
� �

: Then each aj
is a positive rational number.

DEFINTION 1.1.7 (Direct sum of prehomogeneous vector spaces). LetV be a direct
sum of G-submodules Vi � V and assume that any relative invariant f 2 C½V � is of
the form f ðvÞ ¼ c

Q
i hiðviÞ for v ¼

P
i vi 2 V with c 2 C

� and hi 2 C½Vi�. Then we
call V a direct sum of subspaces Vi � V as prehomogeneous vector spaces. It is clear
that bf ðsÞ ¼

Q
i bhi ðsÞ.

1.2. PREHOMOGENEOUS VECTOR SPACES ASSOCIATED TO NILPOTENT ORBITS

Let G be a reductive group de¢ned over the complex number ¢eld C and let g be the
Lie algebra of G. The reference of this subsection is [26, Chapter III, Section 4].

LEMMA 1.2.1. Let N be a nilpotent element of g. Then there exists a ¢ltration
fWWmggm2Z of g satisfying following conditions.

(1) WWm�1g � WWmg.
(2) WWmg ¼ 0 if m � 0, and WWmg ¼ g if m 	 0.
(3) adðNÞðWWmgÞ � WWm�2g.
(4) adðNÞ

m is an isomorphism from grmg to gr�mg, where grmg ¼ WWmg=WWm�1g .

Let WWmG ðmW 0Þ be the subgroup of G whose Lie algebra is WWmg, and put
gr0G :¼ WW 0G=WW�1G.
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PROPOSITION 1.2.2. Consider the action of gr0G on gr�2g induced by the adjoint
action of G on g. Then the pair ðgr0G; gr�2gÞ is a prehomogeneous vector space.

We call the prehomogeneous vector space obtained as ðgr0G; gr�2gÞ a pre-
homogeneous vector space of Dynkin^Kostant type. Since it is known that the generic
isotropy group of gr0G is reductive, these prehomogeneous vector spaces are regular.

It is known that there exists a homomorphism p:SL2 ! G such that
ðdpÞ 0

1
0
0

� �
¼ N. Let T be a maximal torus of G containing p t

0
0
t�1

� �
; t 2 C

�
� �

. Put
h :¼ LieðT Þ, and choose a root basis fa1; . . . ; alg � h_ as in [26, III, 4.24]. Consider
the Dynkin diagram whose vertices correspond to the root basis. It is known that

ai p
t 0
0 t�1

� �� �
¼ tmi ðmi ¼ 0; 1; 2Þ:

Write the number mi on the vertex associated to ai. The resulting diagram is called
the weighted Dynkin-diagram.

1.3. a-FUNCTIONS AND b-FUNCTIONS

We give here the de¢nitions of a-functions and b-functions of several variables and
some properties of them. The references of this subsection are [8, ‰8] and [22,
‰3, 4].

Let f1; . . . ; fl be the fundamental system of the irreducible relative invariants of a
prehomogeneous vector space ðG;V Þ and let f _1 ; . . . ; f _l the irreducible relative
invariants of ðG;V_Þ such that the characters of fi and f _i are the inverse of each
other. We put f :¼ ðf1; . . . ; flÞ, f _ :¼ ðf _1 ; . . . ; f _l Þ, and Vf :¼

Tl
i¼1 Vfi . For each

l-tuple s ¼ ðs1; . . . ; slÞ, we put f s :¼
Ql

i¼1 f
si
i and f _s :¼

Ql
i¼1 f

_si
i .

First we de¢ne the a-functions of several variables and give their properties.

LEMMA 1.3.1 ([22, Proposition 10]). For any l-tuple m ¼ ðm1; . . . ;mlÞ, we have

f mðvÞf _mðgrad log f sðvÞÞ ¼ amðsÞ;

for all v 2 Vf with some nonzero homogeneous polynomial amðsÞ which is independent
of v.

We call amðsÞ the a-functions of f . When m ¼ ei :¼ ð0; . . . ; 0; 1; 0; . . . ; 0Þ, where 1
appears only at the ith place, we write aiðsÞ instead of aei ðsÞ for an abbreviation.
We can easily see that am ¼

Ql
i¼1 a

mi
i by de¢nition. The following theorem about

the structures of a-functions amðsÞ is given in [22, ‰3, 4].

THEOREM 1.3.2 ([22, Theorem 1]). The a-function amðsÞ is expressed as

amðsÞ ¼ Am
YN
j¼1

gjðsÞ
gjðmÞ

� �mj
:
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Here Am :¼
Ql

i¼1 A
mi
i with Ai 2 C

�, N 2 Z>0, and mj 2 Z>0, while each gjðsÞ is a
Z-linear function

Pl
i¼1 gijsi with gij 2 ZX 0 and GCDðg1j; . . . ; gljÞ ¼ 1.

It is clear that af m ¼ amðmÞ by de¢nition. Hence we have the following corollary by
Theorem 1.3.2.

COROLLARY 1.3.3. The leading coef¢cient af m of the b-function bf m ðsÞ of the

relative invariant f m ðm 2 ðZX 0Þ
l
Þ is given by af m ¼ AmQN

j¼1 gjðmÞ
gjðmÞ

� �mj
:

Next we de¢ne the b-functions of several variables and give their properties.

LEMMA 1.3.4 ([22, Proposition 14]). For any l-tuple m ¼ ðm1; . . . ;mlÞ 2 ðZX 0Þ
l , we

have

f _mðgradÞf sþm
¼ bmðsÞf

s

with some nonzero polynomial bmðsÞ.

These polynomials bmðsÞ are called the b-functions of f . We write biðsÞ instead of
bei ðsÞ for an abbreviation. Let a-functions amðsÞ be as in Theorem 1.3.2. The following
theorem about the structures of bmðsÞ is given in [22, ‰3, 4] and [11].

THEOREM 1.3.5 ([22, Theorem 2], [11]). The b-function bmðsÞ is expressed as

bmðsÞ ¼ Am
YN
j¼1

Ygj ðmÞ�1

n¼0

Ymj
r¼1

gjðsÞ þ aj;r þ n
� �

with some aj;r 2 Q>0.

It is clear that bf mðsÞ ¼ bmðmsÞ by de¢nition. Hence, we have the following
corollary by Theorem 1.3.5.

COROLLARY 1.3.6. The b-function bf mðsÞ of the relative invariant f
m
ðm 2 ðZX 0Þ

l
Þ

is given by

bf mðsÞ ¼ Am
YN
j¼1

YgjðmÞ�1

n¼0

Ymj
r¼1

gjðmÞsþ aj;r þ n
� �

:

For any regular prehomogeneous vector space, the b-function of several variables
satis¢es a certain functional equation, which is due to M. Sato [23]. We note that
it is known that a prehomogeneous vector space of the Dynkin^Kostant type is
regular.
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LEMMA 1.3.7. If ðG;V Þ is a regular prehomogeneous vector space, there exists
a relative invariant whose character is detðgjV Þ

2. Let f 2k be such a relative
invariant.

THEOREM 1.3.8 ([23, Theorem 4]). Put bgj ðuÞ :¼
Qmj

r¼1ðuþ aj;rÞ; and let k be in
Lemma 1.3.7. Then for each j, we have the functional equation

bgj ðuÞ ¼ ð�1Þmjbgj ð�u� gjðkÞ � 1Þ

holds for any u.

Comparing zeros of both sides of the equation in Theorem 1.3.8, we get the
following corollary.

COROLLARY 1.3.9. For each j, we have

faj;r ð1W rW mjÞg ¼ fgjðkÞ þ 1� aj;r ð1W rW mjÞg:

2. Method of Calculating b-Functions

In this section, we shall exhibit how we actually calculate the b-functions using the
facts in Section 1.

Consider the weighted Dynkin diagram 0200
0
20 as an example. The pre-

homogeneous vector space arising from this diagram is given as follows. Let

G ¼ GL4 � GL2 � SL2 and V ¼

2̂

C
4
þ

2̂

C
4
þM2;4ðCÞ;

where
V2

C
4
¼ fX 2 M4ðCÞ; tX ¼ �Xg. De¢ne the action of G on V by

gv ¼ ðg1Xtg1; g1Ytg1Þtg2; g3Wg�1
1

� �
for g ¼ ðg1; g2; g3Þ 2 G and v ¼ ðX ;Y ;W Þ 2 V .

The kernel of this action is fðe; 1; eÞ; e ¼ 
1g. Let

v0 ¼

0 1 0 0
�1 0 0 0
0 0 0 1
0 0 �1 0

0
BB@

1
CCA;

0 0 0 1
0 0 �1 0
0 1 0 0
�1 0 0 0

0
BB@

1
CCA; 1 0 0 0

0 1 0 0

� �0
BB@

1
CCA:

Then the isotropy subgroup at v0 is given by

Gv0 ¼
A 0
0 eA

� �
;

1 0
0 e

� �
;A

� �
;A 2 SL2; e ¼ 
1

� �
:

This prehomogeneous vector space has two irreducible relative invariants f1 and f2
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given by f1ðvÞ ¼ det tðWX Þ; tðWY Þð Þ and

f2ðvÞ ¼ discriminant of the binary quadratic form Pf Xxþ YZð Þ

in the variables ðx; ZÞ 2 C. Their characters are

f1ðgÞ ¼ det g1ð Þ det g2ð Þ
2 and f2ðgÞ ¼ det g1ð Þ

2 det g2ð Þ
2:

Let dfi: LieðGÞ ! C be the character of LieðGÞ induced by fi and let
h�; �i: V_ � V ! C be the pairing between V_ and V . Then we have the equation
hgrad log fiðvÞ;Avi ¼ dfiðAÞ for any v 2 Vfi and A 2 LieðGÞ. See [4, Lemma 1.9 (1)].
Solving these equations, we have that

grad log f1ðv0Þ ¼

0 2 0 0

�2 0 0 0

0 0 0 0

0 0 0 0

0
BBB@

1
CCCA;

0 0 0 1

0 0 �1 0

0 1 0 0

�1 0 0 0

0
BBB@

1
CCCA; 2 0 0 0

0 2 0 0

� �0
BBB@

1
CCCA;

grad log f2ðv0Þ ¼

0 1 0 0

�1 0 0 0

0 0 0 1

0 0 �1 0

0
BBB@

1
CCCA;

0 0 0 1

0 0 �1 0

0 1 0 0

�1 0 0 0

0
BBB@

1
CCCA; 0 0 0 0

0 0 0 0

� �0
BBB@

1
CCCA:

We can calculate a-functions a1ðsÞ and a2ðsÞ along the de¢nition in Lemma 1.3.1 as

a1ðsÞ ¼ s41 s1 þ s2ð Þ
2 2s1 þ s2ð Þ

2;

a2ðsÞ ¼ s2 s1 þ s2ð Þ
2 2s1 þ s2ð Þ:

Hence we have that

N ¼ 4;

g1ðsÞ ¼ s1; m1 ¼ 4;

g2ðsÞ ¼ s2; m2 ¼ 1;

g3ðsÞ ¼ s1 þ s2; m3 ¼ 2;

g4ðsÞ ¼ 2s1 þ s2; m4 ¼ 1;

in Theorem 1.3.2. The leading coef¢cient af m of the b-function bf m ðsÞ of the relative
invariant f m ¼ f m1

1 f m2
2 ðm1;m2 2 ZX0Þ is given by

af m ¼ m1ð Þ
m1

� �4 m2ð Þ
m2 m1 þm2ð Þ

m1þm2
� �2 2m1 þm2ð Þ

2m1þm2 :

Since the a-functions are as above, the b-function of the relative invariant
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f m ¼ f m1
1 f m2

2 ðm1;m2 2 ZX0Þ is expressed as

bf mðsÞ ¼
Ym1�1

n¼0

Y4
r¼1

m1sþ a1;r þ n
� �( ) Ym2�1

n¼0

m2sþ a2;1 þ n
� �( )

�

�
Ym1þm2�1

n¼0

Y2
r¼1

ðm1 þm2Þsþ a3;r þ n
� �( )

�

�
Y2m1þm2�1

n¼0

ð2m1 þm2Þsþ a4;1 þ n
� �( )

ð1Þ

with some aj;r 2 Q>0 by Corollary 1.3.6.
For the purpose to determine positive rational numbers aj;r, we use Corollary

1.3.9. Since detðgjV Þ
2
¼ det g1ð Þ

8 det g2ð Þ
12; k in Lemma 1.3.7 is given by

k ¼ ð2; 1Þ. By Corollary 1.3.9, we get that

fa1;rð1W rW 4Þg ¼ f3� a1;rð1W rW 4Þg; ð2Þ

fa2;1g ¼ f2� a2;1g; ð3Þ

fa3;rð1W rW 2Þg ¼ f4� a3;rð1W rW 2Þg; ð4Þ

fa4;1g ¼ f6� a4;1g: ð5Þ

Hence, we get that a2;1 ¼ 1 from (3) and a4;1 ¼ 3 from (5). Now, we show that ðs1 þ 1Þ
divides b1ðsÞ, that is, fa1;r ð1W rW 4Þg contains 1. We have that

b1ðsÞ f
s
ðxÞ ¼ b1ðsÞðf

s1
1 f s22 ÞðxÞ

¼ f _1 ðgradÞ f s1þ1
1 f s22

	 

ðxÞ

¼ ðs1 þ 1ÞQðs; xÞð f s11 f s22 ÞðxÞ þ f s1þ1
1 ðxÞf f _1 ðgradÞ f s22 ðxÞg

with a differential operator Qðs; xÞ whose coef¢cients belong to C½s; x�. Since
f _1 ðgradÞ f

s2
2 ðxÞ is a relative invariant whose character is f�1

1 fs2
2 , we get that

f _1 ðgradÞ f
s2
2 ðxÞ ¼ cf �1

1 ðxÞf s22 ðxÞ with c 2 C by Proposition 1.1.1. On the other hand,
f _1 ðgradÞ f

s2
2 ðxÞ is a polynimial. Hence we have that f _1 ðgradÞ f s22 ðxÞ ¼ 0, and that

ðs1 þ 1Þ divides b1ðsÞ. Thus we may put a1;3 ¼ 1 and a1;4 ¼ 2 from (2). Then (1) yields
that
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bf mðsÞ ¼

(Ym1�1

n¼0

m1sþ 1þ nð Þ m1sþ 2þ nð Þ�

�
Y2
r¼1

m1sþ a1;r þ n
� �) Ym2�1

n¼0

m2sþ 1þ nð Þ

( )
�

�
Ym1þm2�1

n¼0

Y2
r¼1

ðm1 þm2Þsþ a3;r þ n
� �( )

�

�
Y2m1þm2�1

n¼0

ð2m1 þm2Þsþ 3þ nð Þ

( )
ð6Þ

with aj;r 2 Q>0 such that a1;1 þ a1;2 ¼ 3 and a3;1 þ a3;2 ¼ 4.
If we take m ¼ ð0; 1Þ, then bf mðsÞ is the b-function of f2, which is given by

bf2ðsÞ ¼ sþ 1ð Þ sþ 3ð Þ sþ 3
2

� �
sþ 5

2

� �
:

See [13, (15)]. Hence we get that fa3;1; a3;2g ¼ f32 ;
5
2g.

In order to determine the remaining aj;r’s, we consider the localization of f m.
In general, the local b-function of a regular function f in a neighborhood of a point

v0 2 V is de¢ned by the polynomial bf ;v0 ðsÞ of minimal degree such that
Pðs; x; @Þf sþ1 ¼ bf ;v0 ðsÞf s for some Pðs; x; @Þ whose coef¢cients are regular in the
neighborhood of v0.

For any v0 2 V , take a linear subspace W 0 � V such that Tv0 ðGv0Þ �W 0 ¼ V , and
de¢ne a polynomial fv0 ðwÞ in the variable w 2 W 0 by fv0 ðwÞ :¼ f ðv0 þ wÞ. Then
fv0 ðwÞ is a relative invariant with respect to the action of Gv0 on W 0. De¢ne a
map m:G� ðv0 þW 0Þ ! V by mðg; v0 þ wÞ :¼ gv0 þ gw. Then we have that

ðm�f Þðg; v0 þ wÞ :¼ f mðg; v0 þ wÞð Þ ¼ f ðgv0 þ gwÞ ¼ fðgÞfv0 ðwÞ: ð7Þ

Let e be the unit of G. Since the map m:G� ðv0 þW 0Þ ! V is smooth in the
neighborhood of ðe; v0Þ, we have bf ;v0 ¼ bm�f ;ðe;v0Þ: Hence, the local b-function bf ;v0
coincides with the b-function of fv0 . For any v00 in the G-orbit containing v0, the local
b-function bf ;v00 coincides with bf ;v0 from (7). Consider the equation
Pðs; x; @Þf sþ1 ¼ bf ;0ðsÞf s in the neighborhood of 0. Since the coef¢cients of
Pðs; x; @Þ is regular in the neighborhood of 0 and since the above v00 can be taken
in this neighborhood, this equation also holds in the neighborhood of v00. Hence
bf ;v0 ð¼ bf ;v00 Þ divides bf ;0, which is the b-function of f .

Now recall our situation. Let

v0 ¼

0 1 0 0
�1 0 0 0
0 0 0 1
0 0 �1 0

0
BB@

1
CCA;

0 0 0 1
0 0 �1 0
0 1 0 0
�1 0 0 0

0
BB@

1
CCA; 0 0 0 0

0 0 0 0

� �0
BB@

1
CCA;

and take W 0 ¼ fð0; 0;W Þg � V . Then the isotropy algebra gv0 is isomorphic to
gl2 � gl2 � sl2, and its action on W 0 is L1 � L1 � L1. The relative invariant ðf1Þv0
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is the irreducible relative invariant on W 0, whose b-function is

bðf1Þv0 ðsÞ ¼ sþ 1ð Þ sþ 2ð Þ sþ 3
2

� �2
:

The relative invariant ðf2Þv0 is a constant. Hence, the local b-function bf m;v0 coincides
the b-function of the relative invariant f m1

1

� �
v0 . Thus we have that

bf m;v0 ðsÞ ¼
Ym1�1

n¼0

m1sþ 1þ nð Þ m1sþ 2þ nð Þ m1sþ 3
2 þ n

� �2
:

Since it devides the b-function of f m, we get that a1;1 ¼ a1;2 ¼ 3
2.

Therefore the b-function of the relative invariant f m ¼ f m1
1 f m2

2 ðm1;m2 2 ZX 0Þ is
given by

bmf ðsÞ ¼
Ym1�1

n¼0

m1sþ 1þ nð Þ m1sþ 2þ nð Þ m1sþ 3
2 þ n

� �2( )
�

�
Ym2�1

n¼0

m2sþ 1þ nð Þ

( )
�

�
Ym1þm2�1

n¼0

ðm1 þm2Þsþ 3
2 þ n

� �
ðm1 þm2Þsþ 5

2 þ n
� �( )

�

�
Y2m1þm2�1

n¼0

ð2m1 þm2Þsþ 3þ nð Þ

( )
:

3. b-Functions of Prehomogeneous Vector Spaces of the
Dynkin^Kostant Type

The list of all the weighted Dykin diagrams associated to nilpotent orbits via the
Dynkin^Kostant theory is given in [1] and [3] for exceptional groups. Some of
such diagrams are not necessary as far as we are exclusively interested in the
prehomogeneous vector spaces associaed to them.

(1) Suppose that a diagram contains 1. For any root a ¼
P

i ciai, put hðaÞ :¼
P

i cimi

with the same mi as in Section 1.2. Let g0 ¼ h� ð
L

a;hðaÞ22Z gaÞ. Then the pre-
homogeneous vector space arising from ðg0;NÞ is the same as the one arising
from ðg;NÞ.

(2) If a diagram contains two 2’s connected by an edge, consider two diagrams G1

and G2 which can be obtained from G by removing the edge. Then the pre-
homogeneous vector space arising from G is the direct sum of the two pre-
homogeneous vector spaces arising from G1 and G2 in the sense of De¢nition1.1.7.
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Hence, we do not need to consider such diagrams. The remaining diagrams appear
in Subsection 3.1 for type G2; in Subsection 3.2 for type F4; in Subsection 3.3 for type
E6; in Subsection 3.4 for type E7; in Subsection 3.5 for type E8. We determine the
b-functions of prehomogeneous vector spaces of Dynkin^Kostant type arising from
these diagrams.

Some prehomogeneous vector spaces are irreducible or simple. Their b-functions
have been determined. The summaries appear in [13] and [21] for iirreducible cases
and in [10] and [14] for simple cases. For other prehomogeneous vector spaces whose
b-functions have been already determined, the literatures are given there. The
remaining task is to determine the b-functions of the other prehomogeneous vector
spaces. The method of calculating b-fuctions is the same as that for 0200

0
20 in

Section 2.

3.1. TYPE G2

(1^1) Weighted Dynkin diagram 2¯ 0
This is the irreducible prehomogeneous vector space ðGL2; 3L1;C

4
Þ. This pre-

homogeneous vector space has the irreducible relative invariant f of degree 4.
Its b-function is determined by T. Shintani [24]:

bf ðsÞ ¼ sþ 1ð Þ
2 sþ 5

6

� �
sþ 7

6

� �
:

We note that k ¼ ð1Þ in Lemma 1.3.7, and that Corollary 1.3.9 holds in this case.

3.2. TYPE F4

(2^1) Weighted Dynkin diagram 20 ) 00
This is the irreducible prehomogeneous vector space ðSp6 � GL1,L3 � L1,C

14
�CÞ.

This prehomogeneous vector space has the irreducible relative invariant f of degree
4. Its b-function is determined in [13, (14)]:

bf ðsÞ ¼ sþ 1ð Þ sþ 2ð Þ sþ 5
2

� �
sþ 7

2

� �
:

We note that k ¼ ð72Þ.

(2^2) Weighted Dynkin diagram 00 ) 02
This is the irreducible prehomogeneous vector space ðSpin7 � GL1, spin rep:� L1,
C

8
�CÞ. This prehomogeneous vector space has the irreducible relative invariant

f of degree 2. Its b-function is determined in [13, (16)]: bf ðsÞ ¼ sþ 1ð Þ sþ 4ð Þ: We
note that k ¼ ð4Þ.

(2^3) Weighted Dynkin diagram 02 ) 00
This is the irreducible prehomogeneous vector space ðSL3 � GL2, 2L1 � L1,
C

6
�C

2
Þ. This prehomogeneous vector space has the irreducible relative invariant

b-FUNCTIONS OF PREHOMOGENEOUS VECTOR SPACES 59

https://doi.org/10.1023/A:1021768026536 Published online by Cambridge University Press

https://doi.org/10.1023/A:1021768026536


f of degree 12. Its b-function is determined by T. Kimura and M. Muro [16]:

bf ðsÞ ¼ sþ 1ð Þ
4 sþ 3

4

� �2 sþ 5
4

� �2 sþ 5
6

� �2 sþ 7
6

� �2
:

We note that k ¼ ð1Þ.

(2^4) Weighted Dynkin diagram 02 ) 02
This prehomogeneous vector space is given as follows. Let

G ¼ GL2 � GL2 and V ¼ S2C
2
þ S2C

2
þC

2;

where S2C
2
¼ fX 2 M2ðCÞ; tX ¼ Xg. De¢ne the action by

gv ¼ ðg1X tg1; g1Y tg1Þtg2; tg�1
1 p

� �
for g ¼ ðg1; g2Þ 2 G and v ¼ ðX ;Y ; pÞ 2 V .

Let

v0 ¼
1 0
0 1

� �
;

1 0
0 �1

� �
;

1
1

� �� �
:

Then the isotropy group at v0 is given by

Gv0 ¼
1 0
0 1

� �
;

1 0
0 1

� �� �
;

0 1
1 0

� �
;

1 0
0 �1

� �� �� �
:

We can see that this prehomogeneous vector space has two irreducible relative
invariants f1 and f2 given by

f1ðvÞ ¼ the discriminant of the binary quadratic form det Xxþ YZð Þ

in the variables ðx; ZÞ 2 C
2 and

f2ðvÞ ¼ det Xp;Ypð Þ

¼ x11y12 � x12y11ð Þp21 þ x11y22 � x22y11ð Þp1p2 þ x12y22 � x22y12ð Þp22:

Their characters are

f1ðgÞ ¼ det g1ð Þ
4 det g2ð Þ

2; f2ðgÞ ¼ det g1ð Þ det g2ð Þ:

De¢ne the pairing between V_ and V by

hv_; vi :¼ PðX_;X Þ þ PðY_;Y Þ þt p_p

for v_ ¼ X_;Y_; p_ð Þ 2 V_ and v ¼ X ;Y ; pð Þ 2 V . Here

P
x_11 x_12
x_12 x_22

� �
;

x11 x12
x12 x22

� �� �
:¼ x_11x11 þ x_12x12 þ x_22x22:

Then the relative invariants f _1 and f _2 are given by

f1ðv_Þ ¼ the discriminant of the binary quadratic form h_ X_xþ Y_Zð Þ
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in the variables ðx; ZÞ 2 C
2, where h_ X_ð Þ ¼ 4x_11x

_
22 � x_212 , and

f2ðv_Þ ¼ x_11y
_
12 � x_12y

_
11

� �
p_21 þ 2 x_11y

_
22 � x_22y

_
11

� �
p_1 p

_
2þ

þ x_12y
_
22 � x_22y

_
12

� �
p_22 :

We have that

grad log f1ðv0Þ ¼
1 0

0 1

� �
;

1 0

0 �1

� �
;

0

0

� �� �
;

grad log f2ðv0Þ ¼

  
1
2 1
1
2

1
2

! 
1
2 0

0 � 1
2

! 
1

1

!!
:

Hence we get that

a1ðsÞ ¼ s1 s1 þ s2ð Þ 2s1 þ s2ð Þ
2; a2ðsÞ ¼ s22 s1 þ s2ð Þ 2s1 þ s2ð Þ:

We have k ¼ ð1; 1Þ.
Therefore the b-function of the relative invariant f m ¼ f m1

1 f m2
2 ðm1;m2 2 ZX 0Þ is

given by

bmf ðsÞ ¼
Ym1�1

n¼0

m1sþ 1þ nð Þ

( ) Ym2�1

n¼0

m2sþ 1þ nð Þ
2

( )
�

�
Ym1þm2�1

n¼0

ðm1 þm2Þsþ 3
2 þ n

� �( )
�

�
Y2m1þm2�1

n¼0

ð2m1 þm2Þsþ 2þ nð Þ

( )
:

3.3. TYPE E6

(3^1) Weighted Dynkin diagram 002
0
00

This is the irreducible prehomogeneous vector space ðGL6;L3;C
20
Þ. This pre-

homogeneous vector space has the irreducible relative invariant f of degree 4.
Its b-function is determined in [13, (5)]:

bf ðsÞ ¼ sþ 1ð Þ sþ 5ð Þ sþ 5
2

� �
sþ 7

2

� �
:

We note that k ¼ ð5Þ.

(3^2) Weighted Dynkin diagram 200
0
02

This prehomogeneous vector space is the direct sum of two irreducible
prehomogeneous vector space ðSpin8 � GL1; vector rep:� L1;C

8
�CÞ and

ðSpin8 � GL1; half spin rep:� L1;C
8
�CÞ in the sense of De¢nition 1.1.7. The

former prehomogeneous vector space has the irreducible relative invariant f1 of
degree 2, whose b-function is bf1 ðsÞ ¼ sþ 1ð Þ sþ 4ð Þ: The latter prehomogeneous
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vector space has the irreducible relative invariant f2 of degree 2, whose b-function is
bf2 ðsÞ ¼ sþ 1ð Þ sþ 4ð Þ: Hence the b-function of the relative invariant
f m ¼ f m1

1 f m2
2 ðm1;m2 2 ZX0Þ is given by

bmf ðsÞ ¼
Ym1�1

n¼0

m1sþ 1þ nð Þ m1sþ 4þ nð Þ

( )
�

�
Ym2�1

n¼0

m2sþ 1þ nð Þ m2sþ 4þ nð Þ

( )
:

We note that k ¼ ð4; 4Þ.

(3^3) Weighted Dynkin diagram 002
0
00

This is the irreducible prehomogeneous vector space ðSL3 � SL3 � GL2,
L1 � L1 � L1, C

3
�C

3
�C

2
Þ. This prehomogeneous vector space has the

irreducible relative invariant f of degree 12. Its b-function is determined by T.
Kimura and M. Muro [16]:

bf ðsÞ ¼ sþ 1ð Þ
4 sþ 3

2

� �4
sþ 4

3

� �
sþ 5

3

� �
sþ 5

6

� �
sþ 7

6

� �
:

We note that k ¼ ð32Þ.

(3^4) Weighted Dynkin diagram 200
2
02

This prehomogeneous vector space is the direct sum of the irreducible pre-
homogeneous vector space ðGL4;L2;

V2
C

4
Þ and the simple prehomogeneous vector

space ðSL4 � GL1 � GL1;L1 þ L�
1;C

4
þC

4
Þ in the sense of De¢nition 1.1.7. The

former prehomogeneous vector space has the irreducible relative invariant f1 of
degree 2, whose b-function is bf1 ðsÞ ¼ sþ 1ð Þ sþ 3ð Þ: The latter prehomogeneous
vector space has the irreducible relative invariant f2 of degree 2, whose b-function
is bf2ðsÞ ¼ sþ 1ð Þ sþ 4ð Þ: Hence the b-function of the relative invariant
f m ¼ f m1

1 f m2
2 ðm1;m2 2 ZX 0Þ is given by

bmf ðsÞ ¼
Ym1�1

n¼0

m1sþ 1þ nð Þ m1sþ 3þ nð Þ

( )
�

�
Ym2�1

n¼0

m2sþ 1þ nð Þ m2sþ 4þ nð Þ

( )
:

We note that k ¼ ð3; 4Þ.

(3^5) Weighted Dynkin diagram 202
0
02

This prehomogeneous vector space is given as follows. Let

G ¼ GL2 � GL2 � GL2 and V ¼ M2ðCÞ þM2ðCÞ þC
2
þC

2:
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De¢ne the action by

gv ¼ ðg1Xg�1
2 ; g1Yg�1

2 Þtg3; tg�1
1 p; g2q

� �
for g ¼ ðg1; g2; g3Þ 2 G and v ¼ ðX ;Y ; p; qÞ 2 V .

The b-functions of this prehomogeneous vector space are determined by A. Gyoja
[8, ‰8]. This prehomogeneous vector space has three irreducible relative invariants f1,
f2, and f3 given by

f1ðvÞ ¼ the discriminant of the binary quadratic form det Xxþ YZð Þ

in the variables ðx; ZÞ 2 C,

f2ðvÞ ¼ det tXp;t Yp
� �

; f3ðvÞ ¼ det Xq;Yqð Þ:

We have that

a1ðsÞ ¼ s1 s1 þ s2ð Þ s1 þ s3ð Þ s1 þ s2 þ s3ð Þ;

a2ðsÞ ¼ s22 s1 þ s2ð Þ s1 þ s2 þ s3ð Þ;

a3ðsÞ ¼ s23 s1 þ s3ð Þ s1 þ s2 þ s3ð Þ:

We have k ¼ ð1; 1; 1Þ.
The b-function of the relative invariant

f m ¼ f m1
1 f m2

2 f m3
3 ðm1;m2;m3 2 ZX 0Þ

is given by

bmf ðsÞ ¼
Ym1�1

n¼0

m1sþ 1þ nð Þ

( ) Ym2�1

n¼0

m2sþ 1þ nð Þ
2

( )
�

�
Ym3�1

n¼0

m3sþ 1þ nð Þ
2

( ) Ym1þm2�1

n¼0

ðm1 þm2Þsþ 3
2 þ n

� �( )
�

�
Ym1þm3�1

n¼0

ðm1 þm3Þsþ 3
2 þ n

� �( )
�

�
Ym1þm2þm3�1

n¼0

ðm1 þm2 þm3Þsþ 2þ nð Þ

( )
:

3.4. TYPE E7

(4^1) Weighted Dynkin diagram 2000
0
00

This is the irreducible prehomogeneous vector space ðE6 � GL1;L1 � L1;C
27
�CÞ.

This prehomogeneous vector space has the irreducible relative invariant f of degree
3. Its b-function is determined in [13, (27)]: bf ðsÞ ¼ sþ 1ð Þ sþ 5ð Þ sþ 9ð Þ:We note that
k ¼ ð9Þ.
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(4^2) Weighted Dynkin diagram 0000
0
02

This is the irreducible prehomogeneous vector space ðSpin12 � GL1,
half spin rep:� L1;C

32
�CÞ. This prehomogeneous vector space has the

irreducible relative invariant f of degree 4. Its b-function is determined in [13, (23)]:
bf ðsÞ ¼ sþ 1ð Þ sþ 8ð Þ sþ 7

2

� �
sþ 11

2

� �
: We note that k ¼ ð8Þ.

(4^3) Weighted Dynkin diagram 0000
2
00

This is the irreducible prehomogeneous vector space ðGL7;L3;C
35
Þ. This pre-

homogeneous vector space has the irreducible relative invariant f of degree 7.
See [15]. Its b-function is determined in [13, (6)]:

bf ðsÞ ¼ sþ 1ð Þ sþ 2ð Þ sþ 3ð Þ sþ 4ð Þ sþ 5ð Þ sþ 5
2

� �
sþ 7

2

� �
:

We note that k ¼ ð5Þ.

(4^4) Weighted Dynkin diagram 0200
0
00

This is the irreducible prehomogeneous vector space ðSpin10 � GL2,
half spin rep:� L1, C

16
�C

2
Þ. This prehomogeneous vector space has the

irreducible relative invariant f of degree 4. See [12]. Its b-function is determined
in [13, (20)]: bf ðsÞ ¼ sþ 1ð Þ sþ 4ð Þ sþ 5ð Þ sþ 8ð Þ: We note that k ¼ ð8Þ.

(4^5) Weighted Dynkin diagram 2000
0
02

This is the simple prehomogeneous vector space ðSpin10 � GL1 � GL1,
vector rep:� L1 � 1þ half spin rep:� 1� L1;C

10
þC

16
Þ. This prehomogeneous

vector space has two irreducible relative invariants f1 such that deg
C

10 f1 ¼ 1 and
deg

C
16 f1 ¼ 2, and f2 of degree 2 on C

10.
The b-function of the relative invariant f m ¼ f m1

1 f m2
2 ðm1;m2 2 ZX 0Þ is determined

by S. Kasai [10, (13)]:

bmf ðsÞ ¼
Ym1�1

n¼0

m1sþ 1þ nð Þ m1sþ 8þ nð Þ

( )
�

�
Ym2�1

n¼0

m2sþ 1þ nð Þ

( ) Ym1þm2�1

n¼0

ðm1 þm2Þsþ 5þ nð Þ

( )
:

We note that k ¼ ð8; 1Þ.

(4^6) Weighted Dynkin diagram 0000
0
20

This is the irreducible prehomogeneous vector space ðSL6 � GL2, L2 � L1,
C

15
�C

2
Þ. This prehomogeneous vector space has the irreducible relative invariant
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f of degree 12. Its b-function is determined by T. Kimura and M. Muro [16]:

bf ðsÞ ¼ sþ 1ð Þ
2 sþ 2ð Þ

2 sþ 3
2

� �2
sþ 5

2

� �2
�

� sþ 7
3

� �
sþ 8

3

� �
sþ 5

6

� �
sþ 7

6

� �
:

We note that k ¼ ð52Þ.

(4^7) Weighted Dynkin diagram 0020
0
00

This is the irreducible prehomogeneous vector space ðSL5 � GL3, L2 � L1,
C

10
�C

3
Þ. This prehomogeneous vector space has the irreducible relative invariant

f of degree 15. See [7]. Its b-function is determined in [13, (10)]:

bf ðsÞ ¼ sþ 1ð Þ
3 sþ 2ð Þ

3 sþ 3
2

� �3 sþ 4
3

� �2 sþ 5
3

� �2 sþ 5
4

� �
sþ 7

4

� �
:

We note that k ¼ ð2Þ.

(4^8) Weighted Dynkin diagram 0200
0
02

This prehomogeneous vector space is the direct sum of two irreducible pre-
homogeneous vector space ðSpin8 � GL2, vector rep:� L1;C

8
�C

2
Þ and

ðSpin8 � GL1, half spin rep:� L1;C
8
�CÞ in the sense of De¢nition 1.1.7. The for-

mer prehomogeneous vector space has the irreducible relative invariant f1 of degree
4, whose b-function is

bf1ðsÞ ¼ sþ 1ð Þ sþ 4ð Þ sþ 3
2

� �
sþ 7

2

� �
:

The latter prehomogeneous vector space has the irreducible relative invariant f2 of
degree 2, whose b-function is bf2 ðsÞ ¼ sþ 1ð Þ sþ 4ð Þ:Hence the b-function of the rela-
tive invariant f m ¼ f m1

1 f m2
2 ðm1;m2 2 ZX 0Þ is given by

bf mðsÞ ¼

(Ym1�1

n¼0

m1sþ 1þ nð Þ m1sþ 4þ nð Þ m1sþ 3
2 þ n

� �
m1sþ 7

2 þ n
� �)

�

�
Ym2�1

n¼0

m2sþ 1þ nð Þ m2sþ 4þ nð Þ

( )
:

We note that k ¼ ð4; 4Þ.

(4^9) Weighted Dynkin diagram 0002
0
00

This is the irreducible prehomogeneous vector space ðSL4 � GL3 � SL2,
L1 � L1 � L1,C

4
�C

3
�C

2
Þ. Denote it by ðG;V Þ and let f be its irreducible relative

invariant.
Consider the irreducible prehomogeneous vector space ðSL2 � GL3 � SL2,

L1 � L�
1 � L�

1, C
2
�C

3
�C

2
Þ, which is isomorphic to the irreducible pre-

homogeneous vector space ðSO4 � GL3;L1 � L1;C
4
�C

3
Þ, and denote it by

ðGc;VcÞ. Then ðG;V Þ is the castling transform of ðGc;VcÞ. The irreducible pre-
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homogeneous vector space ðGc;VcÞ has the irreducible relative invariant f c of degree
6, whose b-function is given by

bf c ðsÞ ¼ sþ 1ð Þ
2 sþ 2ð Þ

2 sþ 3
2

� �2
:

See [13, (15)]. We see that f is of degree 12, and that b-functions of relative invariants
f and f c satisfy the relation

bf ðsÞ ¼ bf c ðsÞ
Y2
i¼0

Y4
j¼3

3sþ i þ jð Þ

by the transformation formula for b-functions given in [25]. Hence the b-function of
the irreducible relative invariant f is given by

bf ðsÞ ¼ sþ 1ð Þ
3 sþ 2ð Þ

3 sþ 3
2

� �2 sþ 4
3

� �2 sþ 5
3

� �2
:

We note that k ¼ ð2Þ.

(4^10) Weighted Dynkin diagram 0020
0
02

This prehomogeneous vector space is given as follows. Let

G ¼ GL4 � GL3 and V ¼

2̂

C
4
þ

2̂

C
4
þ

2̂

C
4
þC

4;

where
V2

C
4
¼ fX 2 M4ðCÞ; tX ¼ �Xg. De¢ne the action by

gv ¼ g1X tg1; g1Y tg1; g1Ztg1
� �

tg2; g1p
� �

for g ¼ ðg1; g2Þ 2 G and v ¼ ðX ;Y ;Z; pÞ 2 V .
Let

v0 ¼

0 1 0 0
�1 0 0 0
0 0 0 1
0 0 �1 0

0
BB@

1
CCA;

0 0 1 0
0 0 0 1
�1 0 0 0
0 �1 0 0

0
BB@

1
CCA;

0 0 0 1
0 0 1 0
0 �1 0 0
�1 0 0 0

0
BB@

1
CCA;

1
0
0
0

0
BB@

1
CCA

0
BB@

1
CCA:

Then the isotropy group at v0 is given by

Gv0 ¼
1 0
0 A

� �
; tA�1

� �
;A 2 SL3;A

1 0 0
0 �1 0
0 0 1

0
@

1
AtA ¼

1 0 0
0 �1 0
0 0 1

0
@

1
A

8<
:

9=
;:

This prehomogeneous vector space has two irreducible relative invariants. Let

f1ðvÞ ¼ the discriminant of the ternary quadratic form Pf Xxþ YZþ Zzð Þ

in the variables ðx; Z; zÞ 2 C
3. Here the discriminant of the ternary quadratic form

x1x
2
þ x2Z2 þ x3z

2
þ x4xZþ x5Zzþ x6xz
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is given by

4x1x2x3 þ x4x5x6 � x1x25 � x2x26 � x3x24:

Then f1 is an irreducible relative invariant of degree 6, whose character is
f1ðgÞ ¼ det g1ð Þ

3 det g2ð Þ
2: The other irreducible relative invariant f2 of degree 5 is

explicitly constructed in the same way as in [27]. Let S ¼ S4 �S3 � G be the group
which permutes the bases. Then s ¼ ðs1; s2Þ 2 S acts on the polynomial ringC½V � as
s1 permutes the subscripts of x, y, z, and p, and s2 permutes the set fX ;Y ;Zg. The
irreducible relative invariant f2 is given by

f2ðvÞ ¼
X0


x23y24z34p21 �
X0


x13y24z34p1p2:

Here
P0


m means the sum of the distinct terms of

X
s12S4;s22S3

sgnðs2Þðs1; s2Þm:

Its character is

f2ðgÞ ¼ det g1ð Þ
2 det g2ð Þ:

We have that

grad log f1ðv0Þ

¼

0 1 0 0

�1 0 0 0

0 0 0 1

0 0 �1 0

0
BBB@

1
CCCA;

0 0 1 0

0 0 0 1

�1 0 0 0

0 �1 0 0

0
BBB@

1
CCCA;

0 0 0 1

0 0 1 0

0 �1 0 0

�1 0 0 0

0
BBB@

1
CCCA;

0

0

0

0

0
BBB@

1
CCCA

0
BBB@

1
CCCA;

grad log f2ðv0Þ

¼

0 0 0 0

0 0 0 0

0 0 0 1

0 0 �1 0

0
BBB@

1
CCCA;

0 0 0 0

0 0 0 1

0 0 0 0

0 �1 0 0

0
BBB@

1
CCCA;

0 0 0 0

0 0 1 0

0 �1 0 0

0 0 0 0

0
BBB@

1
CCCA;

2

0

0

0

0
BBB@

1
CCCA

0
BBB@

1
CCCA:

Hence we get that

a1ðsÞ ¼ s31 s1 þ s2ð Þ
3; a2ðsÞ ¼ s22 s1 þ s2ð Þ

3:

We have k ¼ ð2; 2Þ. Hence, the b-function of the relative invariant f m ¼ f m1
1 f m2

2 is
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given by

bf mðsÞ ¼
Ym1�1

n¼0

m1sþ 1þ nð Þ m1sþ 2þ nð Þ m1sþ 3
2 þ n

� �( )
�

�
Ym2�1

n¼0

m2sþ 1þ nð Þ m2sþ 2þ nð Þ

( )
�

�

( Ym1þm2�1

n¼0

ðm1 þm2Þsþ 5
2 þ n

� �
ðm1 þm2Þsþ a3;1 þ n
� �

�

� ðm1 þm2Þsþ a3;2 þ n
� �)

with some a3;r 2 Q>0 such that a3;1 þ a3;2 ¼ 5. If we takem ¼ ð1; 0Þ, then bf m ðsÞ is the
b-function of f1, which is

bf1ðsÞ ¼ sþ 1ð Þ sþ 2ð Þ
2 sþ 3ð Þ sþ 3

2

� �
sþ 5

2

� �
:

See [13, (15)]. By an easy consideration, we get that a3;1; a3;2
� �

¼ 2; 3f g.
Therefore the b-function of the relative invariant f m ¼ f m1

1 f m2
2 ðm1;m2 2 ZX 0Þ is

given by

bf mðsÞ ¼
Ym1�1

n¼0

m1sþ 1þ nð Þ m1sþ 2þ nð Þ m1sþ 3
2 þ n

� �( )
�

�
Ym2�1

n¼0

m2sþ 1þ nð Þ m2sþ 2þ nð Þ

( )
�

�

( Ym1þm2�1

n¼0

ðm1 þm2Þsþ 2þ nð Þ ðm1 þm2Þsþ 3þ nð Þ�

� ððm1 þm2Þsþ 5
2 þ nÞ

)
:

(4^11) Weighted Dynkin diagram 0200
0
20

See Section 2.

(4^12) Weighted Dynkin diagram 2002
0
00

This prehomogeneous vector space is given as follows. Let

G ¼ GL3 � GL3 � SL2 and V ¼ M3ðCÞ þM3ðCÞ þC
3:

De¢ne the action by

gv ¼ ðg1Xg�1
2 ; g1Yg�1

2 Þtg3; g2p
� �

for g ¼ ðg1; g2; g3Þ 2 G and v ¼ ðX ;Y ; pÞ 2 V .

68 KIMITOSHI UKAI

https://doi.org/10.1023/A:1021768026536 Published online by Cambridge University Press

https://doi.org/10.1023/A:1021768026536


The b-functions of this prehomogeneous vector space are determined in [27]. This
prehomogeneous vector space has two irreducible relative invariants f1 of degree
12 on M3ðCÞ þM3ðCÞ, and f2 such that degðX ;Y Þ f2 ¼ 6 and degp f2 ¼ 3.

The b-function of the relative invariant f m ¼ f m1
1 f m2

2 ðm1;m2 2 ZX 0Þ is given by

bf mðsÞ ¼
Ym1�1

n¼0

m1sþ 1þ nð Þ
2 m1sþ 5

6 þ n
� �

m1sþ 7
6 þ n

� �( )
�

�
Ym2�1

n¼0

m2sþ 1þ nð Þ
3

( )
�

�

( Ym1þm2�1

n¼0

ðm1 þm2Þsþ 3
2 þ n

� �2
�

� ðm1 þm2Þsþ 4
3 þ n

� �
ðm1 þm2Þsþ 5

3 þ n
� �)

�

�
Y2m1þm2�1

n¼0

ð2m1 þm2Þsþ 2þ nð Þ
2

( )
:

We note that k ¼ ð1; 1Þ.

(4^13) Weighted Dynkin diagram 0202
0
00

This prehomogeneous vector space is given as follows. Let

G ¼ GL2 � GL2 � SL3 � SL2 and V ¼ M2ðCÞ þM2ðCÞ þM2ðCÞ þM2ðCÞ:

De¢ne the action by

gv ¼ ðg1Xg�1
2 ; g1Yg�1

2 ; g1Zg�1
2 Þtg3; g2Wg�1

4

� �
for

g ¼ ðg1; g2; g3; g4Þ 2 G and v ¼ ðX ;Y ;Z;W Þ 2 V :

This prehomogeneous vector space is the direct sum of two irreducible pre-
homogeneous vector spaces, namely, the one consisting of the ¢rst three matrices
and the one consisting of the last matrix in the sense of De¢nition 1.1.7. The former
prehomogeneous vector space is isomophic to the irreducible prehomogeneous
vector space ðSO4 � GL3;L1 � L1;C

4
�C

3
Þ. Hence it has the irreducible relative

invariant f1 of degree 6, whose b-function is

bf1ðsÞ ¼ sþ 1ð Þ
2 sþ 2ð Þ

2 sþ 3
2

� �2
:

See [13, (15)]. The latter prehomogeneous vector space has the irreducible relative
invariant f2 of degree 2, whose b-function is

bf2ðsÞ ¼ sþ 1ð Þ sþ 2ð Þ:
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Hence the b-function of the relative invariant f m ¼ f m1
1 f m2

2 ðm1;m2 2 ZX 0Þ is given
by

bf mðsÞ ¼
Ym1�1

n¼0

m1sþ 1þ nð Þ
2 m1sþ 2þ nð Þ

2 m1sþ 3
2 þ n

� �2( )
�

�
Ym2�1

n¼0

m2sþ 1þ nð Þ m2sþ 2þ nð Þ

( )
:

We note that k ¼ ð2; 2Þ.

(4^14) Weighted Dynkin diagram 2002
0
02

This prehomogeneous vector space is given as follows. Let

G ¼ GL3 � GL2 � GL2 and V ¼ M3;2ðCÞ þM3;2ðCÞ þC
3
þC

2:

De¢ne the action by

gv ¼ ðg1Xg�1
2 ; g1Yg�1

2 Þtg3; tg�1
1 p; g2q

� �
for g ¼ ðg1; g2; g3Þ 2 G and v ¼ ðX ;Y ; p; qÞ 2 V .

Let

v0 ¼
1 0
0 1
0 0

0
@

1
A; 0 0

1 0
0 1

0
@

1
A; 0

1
0

0
@

1
A; 1

1

� �0
@

1
A:

Then the isotropy group at v0 is given by

Gv0 ¼

1 0 0

0 1 0

0 0 1

0
B@

1
CA; 1 0

0 1

� �
;

1 0

0 1

� �0
B@

1
CA;

8><
>:

�

0 0 1

0 1 0

1 0 0

0
B@

1
CA; 0 1

1 0

� �
;

0 1

1 0

� �0
B@

1
CA
9>=
>;:

This prehomogeneous vector space has three irreducible relative invariants f1 of
degree 7, f2 of degree 6, and f3 of degree 4. The irreducible relative invariant f1
is explicitly constructed in the same way as in [27]. Let S ¼ S3 �S2 �S2 � G
be the group which permutes the bases. We write

i1i2
j2j2

;
k1k2
l1l2

; s; t1t2

� �

for a monomial xi1j1xi2j2yk1l1yk2l2psqt1qt2 . Then s ¼ ðs1; s2; s3Þ 2 S acts on the poly-
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nomial ring C½V � as

ðs1; s2; 1Þ
i1i2
j2j2

;
k1k2
l1l2

; s; t1t2

� �

¼
s1ði1Þs1ði2Þ
s2ðj2Þs2ðj2Þ

;
s1ðk1Þs1ðk2Þ
s2ðl1Þs2ðl2Þ

; s1ðsÞs2ðt1Þs2ðt2Þ
� �

;

ð1; 1; ð12ÞÞ
i1i2
j2j2

;
k1k2
l1l2

; s; t1t2

� �
¼

k1k2
l2l2

;
i1i2
j1j2

; s; t1; t2

� �
:

The irreducible relative invariant f1 is given by f1ðvÞ ¼
P

i ai
P0


mi
� �

: Here
monomials mi and coef¢cients ai are listed in Table I, and

P0

mi is the sum of

the distinct terms ofX
s12S3;s2;s32S2

sgnðs1s2Þðs1; s2; s3Þmi:

Its character is f1ðgÞ ¼ det g1ð Þ det g2ð Þ
�1 det g3ð Þ

2: The second relative invariant is
given by

f2ðvÞ ¼ the discriminant of the ternary quadratic form

det
X1

Y1

� �
xþ

X2

Y2

� �
Zþ

X3

Y3

� �
z

� �

in the variables ðx; Z; zÞ 2 C
3 for

X ¼

X1
X2

X3

0
@

1
A and Y ¼

Y1
Y2

Y3

0
@

1
A:

For the discriminant of ternary quadratic forms, see (4^10). Its character is

f2ðgÞ ¼ det g1ð Þ
2 det g2ð Þ

�3 det g3ð Þ
3:

Table I

Representative Coe⁄cient Isotropy group

m1 ¼
11
11 ;

23
12 ; 1; 11

� �
a1 ¼ 1 1

m2 ¼
11
12 ;

23
11 ; 1; 11

� �
a2 ¼ 0 S2 ffi ð23Þ; 1; 1

� �
m3 ¼

12
11 ;

13
12 ; 1; 11

� �
a3 ¼ �1 1

m4 ¼
12
11 ;

13
21 ; 1; 11

� �
a4 ¼ 1 1

m5 ¼
11
11 ;

23
22 ; 1; 12

� �
a5 ¼ 0 S2 ffi ð23Þ; 1; 1

� �
m6 ¼

11
12 ;

23
12 ; 1; 12

� �
a6 ¼ 2 S2 ffi ð23Þ; ð12Þ; 1

� �
m7 ¼

12
11 ;

13
22 ; 1; 12

� �
a7 ¼ 0 S2 ffi ð23Þ; ð12Þ; ð12Þ

� �
m8 ¼

12
12 ;

13
12 ; 1; 12

� �
a8 ¼ 0 S2 ffi ð23Þ; 1; ð12Þ

� �
m9 ¼

12
12 ;

13
21 ; 1; 12

� �
a9 ¼ 2 S2 ffi ð23Þ; ð12Þ; ð12Þ

� �
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The third relative invariant is given by f3ðvÞ ¼ det tXp; tYpð Þ; whose character is
f3ðgÞ ¼ det g2ð Þ

�1 det g3ð Þ:We have that

grad log f1ðv0Þ ¼

1 1
2

1
2 1

0 � 1
2

0
B@

1
CA

� 1
2 0

1 1
2

1
2 1

0
B@

1
CA;

1
2

1
1
2

0
B@

1
CA; 1

1

� �0
B@

1
CA;

grad log f2ðv0Þ ¼

2 0

0 1

0 0

0
B@

1
CA;

0 0

1 0

0 2

0
B@

1
CA;

0

0

0

0
B@

1
CA; 0

0

� �0
B@

1
CA;

grad log f3ðv0Þ ¼

0 0

0 1

0 0

0
B@

1
CA;

0 0

1 0

0 0

0
B@

1
CA;

0

2

0

0
B@

1
CA; 0

0

� �0
B@

1
CA:

Hence we get that

a1ðsÞ ¼ s21 s1 þ s2ð Þ s1 þ s3ð Þ s1 þ 2s2ð Þ s1 þ s2 þ s3ð Þ
2;

a2ðsÞ ¼ s2 s1 þ s2ð Þ s1 þ 2s2ð Þ
2 s1 þ s2 þ s3ð Þ

2;

a3ðsÞ ¼ s3 s1 þ s3ð Þ s1 þ s2 þ s3ð Þ
2:

We have k ¼ ð1; 1; 1Þ. Hence the b-function of the relative invariant f m ¼ f m1
1 f m2

2 f m3
3

is given by

bf mðsÞ ¼
Ym1�1

n¼0

m1sþ 1þ nð Þ
2

( ) Ym2�1

n¼0

m2sþ 1þ nð Þ

( )
�

�
Ym3�1

n¼0

m3sþ 1þ nð Þ

( ) Ym1þm2�1

n¼0

ðm1 þm2Þsþ 3
2 þ n

� �( )
�

�
Ym1þm3�1

n¼0

ðm1 þm3Þsþ 3
2 þ n

� �( )
�

�
Ym1þ2m2�1

n¼0

ðm1 þ 2m2Þsþ 2þ nð Þ

( )
�

�
Ym1þm2þm3�1

n¼0

Y2
r¼1

ðm1 þm2 þm3Þsþ a7;r þ n
� �( )

with some a7;r 2 Q>0 such that a7;1 þ a7;2 ¼ 4. If we take m ¼ ð0; 1; 0Þ, then bf m ðsÞ is
the b-function of f2, which is

bf2ðsÞ ¼ sþ 1ð Þ
2 sþ 2ð Þ

2 sþ 3
2

� �2
:

By an easy consideration, we get that a7;1; a7;2
� �

¼ 2; 2f g.
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Therefore the b-function of the relative invariant f m ¼ f m1
1 f m2

2 f m3
3

ðm1;m2;m3 2 ZX 0Þ is given by

bf mðsÞ ¼
Ym1�1

n¼0

m1sþ 1þ nð Þ
2

( ) Ym2�1

n¼0

m2sþ 1þ nð Þ

( )
�

�
Ym3�1

n¼0

m3sþ 1þ nð Þ

( ) Ym1þm2�1

n¼0

ðm1 þm2Þsþ 3
2 þ n

� �( )
�

�
Ym1þm3�1

n¼0

ðm1 þm3Þsþ 3
2 þ n

� �( )
�

�
Ym1þ2m2�1

n¼0

ðm1 þ 2m2Þsþ 2þ nð Þ

( )
�

�
Ym1þm2þm3�1

n¼0

ðm1 þm2 þm3Þsþ a7;r þ n
� �( )

(4^15) Weighted Dynkin diagram 0202
0
02

This prehomogeneous vector space is given as follows. Let
G ¼ GL2 � GL2 � GL2 � SL2 and V ¼ M2ðCÞ þM2ðCÞ þM2ðCÞ þC

2. De¢ne
the action by

gv ¼ ðg1Xg�1
2 ; g1Yg�1

2 Þtg3; g4Wg�1
1 ; g2p

� �
for g ¼ ðg1; g2; g3; g4Þ 2 G and v ¼ ðX ;Y ;W ; pÞ 2 V .

This prehomogeneous vector space is the direct sum of two prehomogeneous
vector spaces fðX ;Y ; pÞg and fðW Þg in the sense of De¢nition 1.1.7. The former pre-
homogeneous vector space is the submodule of (3^5), which has two irreducible
relative invariants f1 and f2 given by

f1ðvÞ ¼ the discriminant of the binary quadratic form det Xxþ YZð Þ

in the variables ðx; ZÞ 2 C
2 and f2ðvÞ ¼ det Xp;Ypð Þ: The latter prehomogeneous

vector space has the irreducible relative invariant f3 given by f3ðvÞ ¼ det Wð Þ; whose
b-function is bf3ðsÞ ¼ sþ 1ð Þ sþ 2ð Þ: Hence the b-function of the relative invariant
f m ¼ f m1

1 f m2
2 f m3

3 ðm1;m2;m3 2 ZX 0Þ is given by

bf mðsÞ ¼
Ym1�1

n¼0

m1sþ 1þ nð Þ m1sþ 3
2 þ n

� �( ) Ym2�1

n¼0

m2sþ 1þ nð Þ
2

( )
�

�
Ym3�1

n¼0

m3sþ 1þ nð Þ m3sþ 2þ nð Þ

( )
�

�
Ym1þm2�1

n¼0

ðm1 þm2Þsþ 3
2 þ n

� �
ðm1 þm2Þsþ 2þ nð Þ

( )
:

We note that k ¼ ð32 ; 1; 2Þ.
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3.5. TYPE E8

(5^1) Weighted Dynkin diagram 20000
0
00

This is the irreducible prehomogeneous vector space ðE7 � GL1;L1 � L1;C
56
�CÞ.

This prehomogeneous vector space has the irreducible relative invariant f of degree
4. Its b-function is determined in [13, (29)]:

bf ðsÞ ¼ sþ 1ð Þ sþ 14ð Þ sþ
11
2

� �
sþ

19
2

� �
:

We note that k ¼ ð14Þ.

(5^2) Weighted Dynkin diagram 00000
0
02

This is the irreducible prehomogeneous vector space ðSpin14 � GL1,
half spin rep:� L1;C

64
�CÞ. This prehomogeneous vector space has the

irreducible relative invariant f of degree 8. See [7]. Its b-function is determined
in the appendix of [13] due to I. Ozeki:

bf ðsÞ ¼ sþ 1ð Þ sþ 4ð Þ sþ 5ð Þ sþ 8ð Þ sþ
5
2

� �
sþ

7
2

� �
sþ

11
2

� �
sþ

13
2

� �
:

We note that k ¼ ð8Þ.

(5^3) Weighted Dynkin diagram 02000
0
00

This is the irreducible prehomogeneous vector space ðE6 � GL2;L1 � L1;C
27
�C

2
Þ.

This prehomogeneous vector space has the irreducible relative invariant f of degree
12. Its b-function is determined by T. Kimura and M. Muro [16]:

bf ðsÞ ¼ sþ 1ð Þ
2 sþ 3ð Þ

2 sþ 5
2

� �2 sþ 9
2

� �2 sþ 13
3

� �
sþ 14

3

� �
sþ 5

6

� �
sþ 7

6

� �
:

We note that k ¼ ð92Þ.

(5^4) Weighted Dynkin diagram 20000
0
02

This prehomogeneous vector space is the direct sum of two irreducible pre-
homogeneous vector space ðSpin12 � GL1; vector rep:� L1;C

12
�CÞ and

ðSpin12 � GL1; half spin rep:� L1;C
32
�CÞ in the sense of De¢nition 1.1.7. The

latter prehomogeneous vector space has the irreducible relative invariant f1 of
degree 4, whose b-function is

bf1ðsÞ ¼ sþ 1ð Þ sþ 8ð Þ sþ 7
2

� �
sþ 11

2

� �
:
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See [13, (23)]. The former prehomogeneous vector space has the irreducible relative
invariant f2 of degree 2, whose b-function is

bf2ðsÞ ¼ sþ 1ð Þ sþ 6ð Þ:

Hence the b-function of the relative invariant f m ¼ f m1
1 f m2

2 ðm1;m2 2 ZX 0Þ is given
by

bf mðsÞ ¼
Ym1�1

n¼0

m1sþ 1þ nð Þ m1sþ 8þ nð Þ m1sþ 7
2 þ n

� �
ðm1sþ 11

2 þ nÞ

( )
�

�
Ym2�1

n¼0

m2sþ 1þ nð Þ m2sþ 6þ nð Þ

( )
:

We note that k ¼ ð8; 6Þ.

(5^5) Weighted Dynkin diagram 00000
2
00

This is the irreducible prehomogeneous vector space ðGL8;L3;C
56
Þ. This pre-

homogeneous vector space has the irreducible relative invariant f of degree 16.
See [15]. Its b-function is determined by I. Ozeki [18]:

bf ðsÞ ¼ sþ 1ð Þ sþ 2ð Þ
3 sþ 3ð Þ

2 sþ 3
2

� �2
sþ 5

2

� �3 sþ 7
2

� �
sþ 7

3

� �
sþ 8

3

� �
sþ 11

6

� �
sþ 13

6

� �
:

We note that k ¼ ð72Þ.

(5^6) Weighted Dynkin diagram 00200
0
00

This is the irreducible prehomogeneous vector space ðSpin10 � GL3,
half spin rep:� L1;C

16
�C

3
Þ. This prehomogeneous vector space has the

irreducible relative invariant f of degree 12. See [7]. Its b-function is determined
by T. Kimura and I. Ozeki [17]:

bf ðsÞ ¼ sþ 1ð Þ sþ 2ð Þ
2 sþ 3ð Þ

2 sþ 4ð Þ sþ 3
2

� �
sþ 7

2

� �
sþ 5

3

� �
sþ 7

3

� �
sþ 8

3

� �
sþ 10

3

� �
:

We note that k ¼ ð4Þ.

(5^7) Weighted Dynkin diagram 20000
2
00

This is the simple prehomogeneous vector space ðGL7 � GL1;L3 þ L�
1;C

35
þC

7
Þ.

This prehomogeneous vector space has two irreducible relative invariants f1 of
degree 7 on C

35 and f2 such that deg
C

35 f2 ¼ 3 and degC7 f2 ¼ 2.
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The b-function of the relative invariant f m ¼ f m1
1 f m2

2 ðm1;m2 2 ZX 0Þ is determined
by S. Kasai [10, (11)]:

bf mðsÞ ¼

(Ym1�1

n¼0

m1sþ 1þ nð Þ m1sþ 2þ nð Þ m1sþ 5
2 þ n

� �
m1sþ 7

2 þ n
� �)

�

�
Ym2�1

n¼0

m2sþ 1þ nð Þ m2sþ 7
2 þ n

� �( )
�

�

( Ym1þm2�1

n¼0

ðm1 þm2Þsþ 3þ nð Þ ðm1 þm2Þsþ 4þ nð Þ�

� ðm1 þm2Þsþ 5þ nð Þ

)
:

We note that k ¼ ð72 ;
7
2Þ.

(5^8) Weighted Dynkin diagram 02000
0
02

This prehomogeneous vector space is given as follows. Let G ¼ Spin10 � GL2 � GL1

and V ¼ C
16
þM10;2ðCÞ. De¢ne the action by

rðgÞv ¼ lðg1Þptg3; wðg1ÞX tg2
� �

for g ¼ ðg1; g2; g3Þ 2 G and v ¼ ðp;X Þ 2 V . Here l denotes the half spin represen-
tation and w denotes the vector representation. We use the same notation as in [21,
110^114] about the half spin representation.

The kernel of r is generated by

Y5
i¼1

ffiffiffiffiffiffiffi
�1

p
eifi þ

1ffiffiffiffiffiffiffi
�1

p fiei

� �
;�1;

ffiffiffiffiffiffiffi
�1

p
 !

:

We take a point

v0 ¼ 1þ e1e2e3e4; e4;1 þ e5;2 þ e9;1 þ e10;2
� �

2 O0;

where ei;j is the matrix whose ði; jÞ-element is 1 and other elements are 0. The isotropy
algebra at v0 is isomorphic to the algebra of type G2. Let G0 ¼ G=Kerr. Then we see
that G0=ðG0Þ0 ffi Z2 by [1]. Let

g0 ¼
ffiffiffiffiffiffiffi
�1

p
e5f5 þ

1ffiffiffiffiffiffiffi
�1

p f5e5;
1 0
0 �1

� �
;
ffiffiffiffiffiffiffi
�1

p
� �

:

Then g0 belongs to Gv0 and not to the group generated by ðGv0Þ0 and Kerr. Hence we
see that the isotropy group Gv0 is generated by ðGv0Þ0, Kerr, and g0. We see that
X�ðG;V Þ in Proposition 1.1.3 is generated by det g2ð Þ

2 and det g3ð Þ
4. Hence this pre-

homogeneous vector space has two irreducible relative invariants. Let
f2ðvÞ ¼ det tXJXð Þ; where J ¼ 0

I5
I5
0

	 

and I5 is the unit matrix of size 5. Then it
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is an irreducible relative invariant of degree 4, whose character is f2ðgÞ ¼ det g2ð Þ
2:

Hence, the character of the other irreducible relative invariant f1 is expressed as

f1ðgÞ ¼ det g3ð Þ
4� �e

� f2ðgÞ
� �k

with some e ¼ 
1 and k 2 Z.
Let

v1 ¼ 1þ e1e2e3e4; e4;1 þ e5;2 þ e9;1
� �

:

Since v1 belongs to an open G-orbit in S2 ¼ fv 2 V ; f2ðvÞ ¼ 0g, we see that f1ðv1Þ 6¼ 0.
We have that f1ðv1Þ ¼ f1ðgv1Þ ¼ f1ðgÞf1ðv1Þ for g 2 Gv1 . Hence we have that

hf1i � f 2 HomðG;C�
Þ;fjGv1

� 1
n o

:

By calculating the isotropy subalgebra gv1 , we see that det g2ð Þ det g3ð Þ
2 divides f1ðgÞ.

Hence the character of f1 is determined as f1ðgÞ ¼ det g2ð Þ
2 det g3ð Þ

4: We have that
deg

C
16 f1 ¼ degM10;2ðCÞ f1 ¼ 4.

We have that

grad log f1ðv0Þ ¼ 2þ 2e1e2e3e4; e4;1 þ 2e5;2 þ e9;1
� �

;

grad log f2ðv0Þ ¼ 0; e4;1 þ e5;2 þ e9;1 þ e10;2
� �

:

Since the relative invariant f2 is given explicitly, the a-function a2ðsÞ can be
calculated. Then using the structure theorem for a-functions (i.e., Theorem 1.3.2),
we can derive the explicit form of a1ðsÞ from that of a2ðsÞ, and hence we get that

a1ðsÞ ¼ s41 s1 þ s2ð Þ
2 2s1 þ s2ð Þ

2;

a2ðsÞ ¼ s2 s1 þ s2ð Þ
2 2s1 þ s2ð Þ:

We have k ¼ ð4; 1Þ. Hence the b-function of the relative invariant f m ¼ f m1
1 f m2

2 is
given by

bf mðsÞ ¼

(Ym1�1

n¼0

m1sþ 1þ nð Þ m1sþ 4þ nð Þ m1sþ a1;1 þ n
� �

m1sþ a1;2 þ n
� �)

�

�
Ym2�1

n¼0

m2sþ 1þ nð Þ

( )
�

�

( Ym1þm2�1

n¼0

ðm1 þm2Þsþ a3;1 þ n
� �

ðm1 þm2Þsþ a3;2 þ n
� �)

�

�
Y2m1þm2�1

n¼0

ð2m1 þm2Þsþ 5þ nð Þ

( )
ð1Þ

with some aj;r 2 Q>0 such that a1;1 þ a1;2 ¼ 5 and a3;1 þ a3;2 ¼ 6. If we take
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m ¼ ð0; 1Þ, then bf mðsÞ is the b-function of f2, which is

bf2ðsÞ ¼ sþ 1ð Þ sþ 5ð Þ sþ 3
2

� �
sþ 9

2

� �
:

See [13, (15)]. By an easy consideration, we get a3;1; a3;2
� �

¼ 3
2 ;

9
2

� �
.

Let

v0 ¼ 0; e4;1 þ e5;2 þ e9;1 þ e10;2
� �

;

and take W 0 ¼ fðp; 0Þg � V . The isotropy algebra gv0 is isomorphic to so8 þ gl1 þ gl1

and its action on W 0 is even half spin rep:þ odd half spin rep:. Let h0 and h1 be
irreducible relative invariants on W 0. Their b-functions are bhi ðsÞ ¼ sþ 1ð Þ sþ 4ð Þ:

Considering the degree of ðf1Þv0 , we see that ðf1Þv0 is one of fh
2
0; h0h1; h

2
1g. On the other

hand, the relative invariant ðf2Þv0 is a constant. Hence the local b-function bf m;v0
coincides with the b-function of ðf m1

1 Þv0 . Since it divides bf m , we have

bf m;v0 ðsÞ ¼

(Ym1�1

n¼0

m1sþ 1þ nð Þ m1sþ 4þ nð Þ m1sþ a1;1 þ n
� �

m1sþ a1;2 þ n
� �)

with the same a1;r as in Equation (1). Hence, the b-function of ðf1Þv0 is given by

bðf1Þv0 ðsÞ ¼ sþ 1ð Þ sþ 4ð Þ sþ a1;1
� �

sþ a1;2
� �

:

Since

bh20 ðsÞ ¼ bh21 ðsÞ ¼ sþ 1ð Þ sþ 2ð Þ sþ 1
2

� �
sþ 5

2

� �
;

we see that ðf1Þv0 ¼ h0h1 and that its b-function is

bðf1Þv0 ðsÞ ¼ sþ 1ð Þ
2 sþ 4ð Þ

2:

Hence we get that fa1;1; a1;2g ¼ f1; 4g.
Therefore the b-function of the relative invariant f m ¼ f m1

1 f m2
2 ðm1;m2 2 ZX 0Þ is

given by

bf mðsÞ ¼
Ym1�1

n¼0

m1sþ 1þ nð Þ
2 m1sþ 4þ nð Þ

2

( )
�

�
Ym2�1

n¼0

m2sþ 1þ nð Þ

( )
�

�
Ym1þm2�1

n¼0

ðm1 þm2Þsþ 3
2 þ n

� �
ðm1 þm2Þsþ 9

2 þ n
� �( )

�

�
Y2m1þm2�1

n¼0

ð2m1 þm2Þsþ 5þ nð Þ

( )
:
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(5^9) Weighted Dynkin diagram 00020
0
00

This is the irreducible prehomogeneous vector space ðSL5 � GL4, L2 � L1,
C

10
�C

4
Þ. This prehomogeneous vector space has the irreducible relative invariant

f of degree 40. Its b-function is determined by T. Yano and I. Ozeki [28]:

bf ðsÞ ¼ sþ 1ð Þ
8 sþ 2

3

� �4 sþ 4
3

� �4 sþ 3
4

� �4 sþ 5
4

� �4 sþ 5
6

� �4 sþ 7
6

� �4
� sþ 7

10

� �2 sþ 9
10

� �2 sþ 11
10

� �2 sþ 13
10

� �2
:

We note that k ¼ ð1Þ.

(5^10) Weighted Dynkin diagram 00200
0
02

This prehomogeneous vector space is the direct sum of two irreducible pre-
homogeneous vector spaces ðSpin8 � GL3; vector rep:� L1;C

8
�C

3
Þ and

ðSpin8 � GL1; half spin rep:� L1;C
8
�CÞ in the sense of De¢nition 1.1.7. The for-

mer prehomogeneous vector space has the irreducible relative invariant f1 of degree
6, whose b-function is

bf1ðsÞ ¼ sþ 1ð Þ sþ 2ð Þ sþ 3ð Þ sþ 4ð Þ sþ 3
2

� �
sþ 7

2

� �
:

See [13, (15)]. The latter prehomogeneous vector space has the irreducible relative
invariant f2 of degree 2, whose b-function is bf2 ðsÞ ¼ sþ 1ð Þ sþ 4ð Þ: Hence the
b-function of the relative invariant f m ¼ f m1

1 f m2
2 ðm1;m2 2 ZX 0Þ is given by

bf mðsÞ ¼

( Ym1�1

n¼0

m1sþ 1þ nð Þ m1sþ 2þ nð Þ m1sþ 3þ nð Þ �

� m1sþ 4þ nð Þ m1sþ 3
2 þ n

� �
m1sþ 7

2 þ n
� �)

�

�
Ym2�1

n¼0

m2sþ 1þ nð Þ m2sþ 4þ nð Þ

( )
:

We note that k ¼ ð4; 4Þ.

(5^11) Weighted Dynkin diagram 20020
0
00

This prehomogeneous vector space is given as follows. Let

G ¼ GL5 � GL3 and V ¼

2̂

C
5
þ

2̂

C
5
þ

2̂

C
5
þC

3;

where
V2

C
5
¼ fX 2 M5ðCÞ; tX ¼ �Xg. De¢ne the action by

gv ¼ g1X tg1; g1Y tg1; g1Ztg1
� �

tg2; tg�1
2 p

� �
for g ¼ ðg1; g2Þ 2 G and v ¼ ðX ;Y ;Z; pÞ 2 V .
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Let

v0 ¼

0 0 0 1 0

0 0 1 0 0

0 �1 0 0 0

�1 0 0 0 0

0 0 0 0 0

0
BBBBBB@

1
CCCCCCA
;

0 0 0 0 1

0 0 0 1 0

0 0 0 0 0

0 �1 0 0 0

�1 0 0 0 0

0
BBBBBB@

1
CCCCCCA
;

0
BBBBBB@

0 0 0 0 0

0 0 0 0 1

0 0 0 1 0

0 0 �1 0 0

0 �1 0 0 0

0
BBBBBB@

1
CCCCCCA
;

0

1

0

0
B@

1
CA

1
CCCCCCA
:

Then the isotropy group at v0 is given by

Gv0 ¼

a2 0 0 0 0
0 a 0 0 0
0 0 1 0 0
0 0 0 a�1 0
0 0 0 0 a�2

0
BBBB@

1
CCCCA;

a�1 0 0
0 1 0
0 0 a

0
@

1
A

0
BBBB@

1
CCCCA;a 2C

�;

ffiffiffiffiffiffiffi
�1

p

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0

0
BBBB@

1
CCCCA;

0 0 1
0 1 0
1 0 0

0
@

1
A

0
BBBB@

1
CCCCA

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>;

:

Hence, X�ðG;V Þ in Proposition 1.1.3 is generated by detg1ð Þ
2 detg2ð Þ and detg2ð Þ

2,
and this prehomogeneous vector space has two irreducible relative invariants.
One of them, say f1, is the same as in the case (4^7), whose degree is 15, and its
character is f1ðgÞ ¼ detg1ð Þ

6 detg2ð Þ
5: Hence the character of the other irreducible

relative invariant f2 is expressed as

f2ðgÞ ¼ detg1ð Þ
2 detg2ð Þ

� �e
� f1ðgÞ
� �k

:

with some e¼
1 and k 2Z.
Let

v1 ¼

0 0 0 1 0

0 0 1 0 0

0 �1 0 0 0

�1 0 0 0 0

0 0 0 0 0

0
BBBBBB@

1
CCCCCCA
;

0 0 0 0 1

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

�1 0 0 0 0

0
BBBBBB@

1
CCCCCCA
;

0
BBBBBB@

0 0 0 0 0

0 0 0 0 1

0 0 0 1 0

0 0 �1 0 0

0 �1 0 0 0

0
BBBBBB@

1
CCCCCCA
;

1

0

1

0
B@

1
CA

1
CCCCCCA
:

Since v1 belongs to an open G-orbit in S1 ¼ fv 2 V ; f1ðvÞ ¼ 0g, we see that f2ðv1Þ 6¼ 0.
By calculating the isotropy subalgebra gv1 , we see that detg1ð Þ

2 detg2ð Þ divides
f2ðgÞ in the same reason as in the case (5^8). Hence the character of f2 is determined
as f2ðgÞ ¼ detg1ð Þ

2 detg2ð Þ: We have that degðX ;Y ;ZÞ f2 ¼ 5 and degp f2 ¼ 2.
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Take another generic point v00 as

v00 ¼

0 0 0 1 0

0 0 1 0 0

0 �1 0 0 0

�1 0 0 0 0

0 0 0 0 0

0
BBBBBB@

1
CCCCCCA
;

0 0 0 0 1

0 0 0 1 0

0 0 0 0 0

0 �1 0 0 0

�1 0 0 0 0

0
BBBBBB@

1
CCCCCCA
;

0
BBBBBB@

0 0 0 0 0

0 0 0 0 1

0 0 0 1 0

0 0 �1 0 0

0 �1 0 0 0

0
BBBBBB@

1
CCCCCCA
;

0

1

0

0
B@

1
CA

1
CCCCCCA
:

Then we have that

grad log f1ðv00Þ ¼

0 0 0 2 0

0 0 3 0 0

0 �3 0 0 0

�2 0 0 0 0

0 0 0 0 0

0
BBBBBB@

1
CCCCCCA
;

0 0 0 0 4

0 0 0 1 0

0 0 0 0 0

0 �1 0 0 0

�4 0 0 0 0

0
BBBBBB@

1
CCCCCCA
;

0
BBBBBB@

0 0 0 0 0

0 0 0 0 2

0 0 0 3 0

0 0 �3 0 0

0 �2 0 0 0

0
BBBBBB@

1
CCCCCCA
;

0

0

0

0
B@

1
CA

1
CCCCCCA
;

grad log f2ðv00Þ ¼

0 0 0 0 0

0 0 1 0 0

0 �1 0 0 0

0 0 0 0 0

0 0 0 0 0

0
BBBBBB@

1
CCCCCCA
;

0 0 0 0 2

0 0 0 1 0

0 0 0 0 0

0 �1 0 0 0

�2 0 0 0 0

0
BBBBBB@

1
CCCCCCA
;

0
BBBBBB@

0 0 0 0 0

0 0 0 0 0

0 0 0 1 0

0 0 �1 0 0

0 0 0 0 0

0
BBBBBB@

1
CCCCCCA
;

0

2

0

0
B@

1
CA

1
CCCCCCA
:

Since f1 is explicitly constructed in [7], we get that

a1ðsÞ ¼ s41 s1 þ s2ð Þ 2s1 þ s2ð Þ
4 3s1 þ s2ð Þ

6;

a2ðsÞ ¼ s22 s1 þ s2ð Þ 2s1 þ s2ð Þ
2 3s1 þ s2ð Þ

2;

in the same reason as in the case (5^8). We have k¼ ð32 ;
3
2Þ. Hence, the b-function of
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the relative invariant f m ¼ f m1
1 f m2

2 is given by

bf mðsÞ ¼
Ym1�1

n¼0

m1sþ 1þ nð Þ m1sþ 3
2þ n

� �
m1sþ a1;1 þ n
� �

m1sþ a1;2 þ n
� �( )

�

�
Ym2�1

n¼0

m2sþ 1þ nð Þ m2sþ 3
2þ n

� �( )
�

�
Ym1þm2�1

n¼0

ðm1 þm2Þsþ 2þ nð Þ

( )
�

�
Y2m1þm2�1

n¼0

ð2m1 þm2Þsþ a3;1 þ n
� �

ð2m1 þm2Þsþ a3;2 þ n
� �( )

�
Y3m1þm2�1

n¼0

ð3m1 þm2Þsþ a4;1 þ n
� �

ð3m1 þm2Þsþ a4;2 þ n
� �( )

with some aj;r 2Q>0 such that

a1;1 þ a1;2 ¼ 5
2 ; a3;1 þ a3;2 ¼ 11

2 ; and a4;1 þ a4;2 ¼ 7:

If we take m¼ ð1;0Þ, then bf m ðsÞ is the b-function of f1, which is determined as

bf1ðsÞ ¼ sþ 1ð Þ
3 sþ 2ð Þ

3 sþ 3
2

� �3 sþ 4
3

� �2 sþ 5
3

� �2 sþ 5
4

� �
sþ 7

4

� �
:

See [13, (10)]. By an easy consideration, we get that

a1;1;a1;2
� �

¼ 1; 32
� �

; a3;1;a3;2
� �

¼ 3; 52
� �

; and a4;1;a4;2
� �

¼ 3;4f g:

Therefore the b-function of the relative invariant f m ¼ f m1
1 f m2

2 ðm1;m2 2ZX0Þ is
given by

bf mðsÞ ¼
Ym1�1

n¼0

m1sþ 1þ nð Þ
2 m1sþ 3

2þ n
� �2( )

�

�
Ym2�1

n¼0

m2sþ 1þ nð Þ m2sþ 3
2þ n

� �( )
�

�
Ym1þm2�1

n¼0

ðm1 þm2Þsþ 2þ nð Þ

( )
�

�
Y2m1þm2�1

n¼0

ð2m1 þm2Þsþ 3þ nð Þ ð2m1 þm2Þsþ 5
2þ n

� �( )
�

�
Y3m1þm2�1

n¼0

ð3m1 þm2Þsþ 3þ nð Þ ð3m1 þm2Þsþ 4þ nð Þ

( )
:
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(5^12) Weighted Dynkin diagram 20200
0
02

This prehomogeneous vector space is the direct sum of two prehomogeneous
vector spaces ðSpin8 � GL2 � GL1, vector rep:� L�

1 � 1þ 1� L1 � L�
1, C

8
�C

2
þ

C
2
�CÞ and ðSpin8 � GL1; half spin rep:� L1;C

8
Þ in the sense of De¢nition 1.1.7.

When we identify the representation space of the former prehomogeneous vector
space with M1;2ðCÞ þM2;8ðCÞ, the action is given by gv ¼ g3Xg�1

2 ; g2Y twðg1Þ
� �

for

g ¼ ðg1; g2; g3Þ 2 Spin8 � GL2 � GL1 and v ¼ ðX ;Y Þ 2 M1;2ðCÞ þM2;8ðCÞ:

Here w denotes the vector representation of Spin8. It has two irreducible relative
invariants f1 of degree 4 on M2;8ðCÞ and f2 such that degX f2 ¼ degY f2 ¼ 2. Their
b-functions are determined by F. Sato [19].

The latter prehomogeneous vector space has the irreducible relative invariant f3 of
degree 2, whose b-function is bf3 ðsÞ ¼ sþ 1ð Þ sþ 4ð Þ:Hence the b-function of the rela-
tive invariant f m ¼ f m1

1 f m2
2 f m3

3 ðm1;m2;m3 2 ZX 0Þ is given by

bf mðsÞ ¼
Ym1�1

n¼0

m1sþ 1þ nð Þ m1sþ 7
2 þ n

� �( ) Ym2�1

n¼0

m2sþ 1þ nð Þ
2

( )
�

�
Ym3�1

n¼0

m3sþ 1þ nð Þ m3sþ 4þ nð Þ

( )
�

�
Ym1þm2�1

n¼0

ðm1 þm2Þsþ 4þ nð Þ ðm1 þm2Þsþ 3
2 þ n

� �( )
:

We note that k ¼ ð72 ; 1; 4Þ.

(5^13) Weighted Dynkin diagram 20002
0
00

This prehomogeneous vector space is given as follows. Let G ¼ GL4 � GL3 � SL2

and V ¼ M4;3ðCÞ þM4;3ðCÞ þC
4. De¢ne the action by

gv ¼ g1Xg�1
2 ; g1Yg�1

2

� �
tg3; tg�1

1 p
� �

for g ¼ ðg1; g2; g3Þ 2 G and v ¼ ðX ;Y ; pÞ 2 V .
Let

v0 ¼

1 0 0
0 1 0
0 0 1
0 0 0

0
BB@

1
CCA;

0 0 0
1 0 0
0 1 0
0 0 1

0
BB@

1
CCA;

1
0
0
1

0
BB@

1
CCA

0
BB@

1
CCA:
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Then the isotropy group at v0 is given by

Gv0 ¼

1 0 0 0
0 x 0 0
0 0 x2 0
0 0 0 1

0
BB@

1
CCA; x2 0 0

0 1 0
0 0 x

0
@

1
A; x2 0

0 x

� �0
BB@

1
CCA; x3 ¼ 1;

0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

0
BB@

1
CCA; ffiffiffiffiffiffiffi

�1
p 0 0 1

0 1 0
1 0 0

0
@

1
A; ffiffiffiffiffiffiffi

�1
p 0 1

1 0

� �0
BB@

1
CCA

8>>>>>>>>>><
>>>>>>>>>>:

9>>>>>>>>>>=
>>>>>>>>>>;
:

Hence X�ðG;V Þ in Proposition 1.1.3 is generated by det g1ð Þ and det g2ð Þ
4, and this

prehomogeneous vector space has two irreducible relative invariants f1 and f2.
The irreducible relative invariant f2 is the same as in the case (4^9), whose degree
is 12, and its character is f2ðgÞ ¼ det g1ð Þ

3 det g2ð Þ
�4:Hence the character of the other

irreducible relative invariant f1 is expressed as f1ðgÞ ¼ det g1ð Þ
� �e

� f2ðgÞ
� �k with

some e ¼ 
1 and k 2 Z.
Since dimG ¼ dimV , this prehomogeneous vector space has the following relative

invariant f0. Fix linear bases of g :¼ LieðGÞ and of V . Put f0ðvÞ :¼ det g ! V ;ð

A 7!AvÞ for v 2 V and f0ðgÞ :¼ det V ! V ; v 7!gvð Þ for g 2 G. Then f0 is a relative
invariant whose character is f0, and Vnf �1

0 ð0Þ ¼ O0 by [2, Remark 6.3.1].
We have that f0 ¼ f m1

1 f m2
2 with m1;m2 > 0 and that f0ðgÞ ¼ det g1ð Þ

5 det g2ð Þ
�8:

Comparing the characters of fi, we have that

eþ 3kð Þm1 þ 3m2 ¼ 5; �4km1 � 4m2 ¼ �8:

Since f1 is a polymonial, we can easily see that k > 0. Hence we get that e ¼ �1 and
k ¼ 1. Thus the character of f1 is determined as f1ðgÞ ¼ det g1ð Þ

2 det g2ð Þ
�4: We have

that degðX ;Y Þ f1 ¼ 12 and degp f1 ¼ 4.
We have that

grad log f1ðv0Þ ¼

4 0 0

0 2 0

0 0 0

2 0 0

0
BBB@

1
CCCA;

0 0 2

0 0 0

0 2 0

0 0 4

0
BBB@

1
CCCA;

2

0

0

2

0
BBB@

1
CCCA

0
BBB@

1
CCCA;

grad log f2ðv0Þ ¼

3 0 0

0 2 0

0 0 1

0 0 0

0
BBB@

1
CCCA;

0 0 0

1 0 0

0 2 0

0 0 3

0
BBB@

1
CCCA;

0

0

0

0

0
BBB@

1
CCCA

0
BBB@

1
CCCA:

Since f0 is determined, we can calculate as

a1ðsÞa2ðsÞ ¼ f _0 ðgrad log f sðv0ÞÞf0ðv0Þ

¼ s41s
2
2 s1 þ s2ð Þ

8 2s1 þ s2ð Þ
9 2s1 þ 3s2ð Þ

5:
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Hence we get that

a1ðsÞ ¼ s41 s1 þ s2ð Þ
4 2s1 þ s2ð Þ

6 2s1 þ 3s2ð Þ
2;

a2ðsÞ ¼ s22 s1 þ s2ð Þ
4 2s1 þ s2ð Þ

3 2s1 þ 3s2ð Þ
3;

by Theorem 1.3.2. We have k ¼ ð1; 1Þ. Hence the b-function of the relative invariant
f m ¼ f m1

1 f m2
2 is given by

bf mðsÞ ¼
Ym1�1

n¼0

m1sþ 1þ nð Þ
2 m1sþ a1;1 þ n
� �

m1sþ a1;2 þ n
� �( )

�

�
Ym2�1

n¼0

m2sþ 1þ nð Þ
2

( )
�

�
Ym1þm2�1

n¼0

Y4
r¼1

ðm1 þm2Þsþ a3;r þ n
� �( )

�

�

( Y2m1þm2�1

n¼0

ð2m1 þm2Þsþ 2þ nð Þ ð2m1 þm2Þsþ a4;1 þ n
� �

�

� ð2m1 þm2Þsþ a4;2 þ n
� �)

�

�
Y2m1þ3m2�1

n¼0

ð2m1 þ 3m2Þsþ 3þ nð Þ

( )

with some aj;r 2 Q>0 such that

a1;1 þ a1;2 ¼ 2; a3;1 þ a3;2 ¼ 3; a3;3 þ a3;4 ¼ 3; and a4;1 þ a4;2 ¼ 4:

If we take m ¼ ð0; 1Þ, then bf mðsÞ is the b-function of f2, which is determined as

bf2ðsÞ ¼ sþ 1ð Þ
3 sþ 2ð Þ

3 sþ 3
2

� �2 sþ 4
3

� �2 sþ 5
3

� �2
:

See the case (4^9). By an easy consideration, we get that

a3;1; a3;2; a3;3; a3;4
� �

¼ 3
2 ;

3
2 ;

4
3 ;

5
3

� �
and a4;1; a4;2

� �
¼ 2; 2f g:

Let

v0 ¼

1 0 0
0 1 0
0 0 1
0 0 0

0
BB@

1
CCA;

0 0 0
1 0 0
0 1 0
0 0 1

0
BB@

1
CCA;

0
0
0
0

0
BB@

1
CCA

0
BB@

1
CCA;

and takeW 0 ¼ fð0; 0; pÞg � V . Then the isotropy algebra gv0 is isomorphic to gl2, and
its action onW 0 is 3L1. The relative invariant ðf1Þv0 is the irreducible relative invariant
on W 0. The relative invariant ðf2Þv0 is a constant. Hence the local b-function bf m;v0 is
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given by

bf m;v0 ðsÞ ¼
Ym1�1

n¼0

m1sþ 1þ nð Þ
2 m1sþ 5

6 þ n
� �

m1sþ 7
6 þ n

� �
:

Since it devides the b-function of f m, we get that fa1;1; a1;2g ¼ f56 ;
7
6g.

Therefore the b-function of the relative invariant f m ¼ f m1
1 f m2

2 ðm1;m2 2 ZX 0Þ is
given by

bf mðsÞ ¼
Ym1�1

n¼0

m1sþ 1þ nð Þ
2 m1sþ 5

6 þ n
� �

m1sþ 7
6 þ n

� �( )
�

�
Ym2�1

n¼0

m2sþ 1þ nð Þ
2

( )
�

�

( Ym1þm2�1

n¼0

ðm1 þm2Þsþ 3
2 þ n

� �2
ðm1 þm2Þsþ 4

3 þ n
� �

�

� ðm1 þm2Þsþ 5
3 þ n

� �) Y2m1þm2�1

n¼0

ð2m1 þm2Þsþ 2þ nð Þ
3

( )
�

�
Y2m1þ3m2�1

n¼0

ð2m1 þ 3m2Þsþ 3þ nð Þ

( )
:

(5^14) Weighted Dynkin diagram 20020
0
02

This prehomogeneous vector space is given as follows. Let

G ¼ GL4 � GL3 � GL1 and V ¼

2̂

C
4
þ

2̂

C
4
þ

2̂

C
4
þC

4
þC

3;

where
V2

C
4
¼ fX 2 M4ðCÞ; tX ¼ �Xg. De¢ne the action by

gv ¼ g1X tg1; g1Y tg1; g1Ztg1
� �

tg2; g1p; tg�1
2 qtg3

� �
for g ¼ ðg1; g2; g3Þ 2 G and v ¼ ðX ;Y ;Z; p; qÞ 2 V .

Let

v0 ¼

0 1 0 0

�1 0 0 0

0 0 0 1

0 0 �1 0

0
BBB@

1
CCCA;

0 0 1 0

0 0 0 1

�1 0 0 0

0 �1 0 0

0
BBB@

1
CCCA;

0
BBB@

0 0 0 1

0 0 1 0

0 �1 0 0

�1 0 0 0

0
BBB@

1
CCCA;

1

0

0

0

0
BBB@

1
CCCA;

1

0

0

0
B@

1
CA
1
CCCA:
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Then the isotropy group at v0 is given by

Gv0 ¼

1 0 0
0 e 0
0 0 A

0
@

1
A; e 0

0 tA�1

� �
; e

0
@

1
A;

A 2 GL2;A
�1 0
0 1

� �
tA ¼

�1 0
0 1

� �
; detA ¼ e; e ¼ 
1

8>>>><
>>>>:

9>>>>=
>>>>;
:

This prehomogeneous vector space has three irreducible relative invariants. Note
that this prehomogeneous vector space has (4^10) as a submodule. Hence, two
of the irrducible relative invariants are the same as in the case (4^10). Let f1 be
the irreducible relative invariant of degree 6, whose character is
f1ðgÞ ¼ det g1ð Þ

3 det g2ð Þ
2;and let f2 be the irreducible relative invariant of degree

5, whose character is f2ðgÞ ¼ det g1ð Þ
2 det g2ð Þ: Let f3ðvÞ ¼ Pf X ;Y ;Zð Þtqð Þ: Then

f3 is the remaining irreducible relative invariant of degree 4, whose character is
f3ðgÞ ¼ det g1ð Þ det g3ð Þ

2:

We have that

gradlog f1ðv0Þ ¼

0 1 0 0

�1 0 0 0

0 0 0 1

0 0 �1 0

0
BBB@

1
CCCA;

0 0 1 0

0 0 0 1

�1 0 0 0

0 �1 0 0

0
BBB@

1
CCCA;

0
BBB@

0 0 0 1

0 0 1 0

0 �1 0 0

�1 0 0 0

0
BBB@

1
CCCA;

0

0

0

0

0
BBB@

1
CCCA;

0

0

0

0
B@

1
CA
1
CCCA;

gradlog f2ðv0Þ ¼

0 0 0 0

0 0 0 0

0 0 0 1

0 0 �1 0

0
BBB@

1
CCCA;

0 0 0 0

0 0 0 1

0 0 0 0

0 �1 0 0

0
BBB@

1
CCCA;

0
BBB@

0 0 0 0

0 0 1 0

0 �1 0 0

0 0 0 0

0
BBB@

1
CCCA;

2

0

0

0

0
BBB@

1
CCCA;

0

0

0

0
B@

1
CA
1
CCCA;

gradlog f3ðv0Þ ¼

0 1 0 0

�1 0 0 0

0 0 0 1

0 0 �1 0

0
BBB@

1
CCCA;

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0
BBB@

1
CCCA;

0
BBB@

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0
BBB@

1
CCCA;

0

0

0

0

0
BBB@

1
CCCA;

2

0

0

0
B@

1
CA
1
CCCA:
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Hence we get that

a1ðsÞ ¼ s21 s1þ s2ð Þ
2 s1þ s3ð Þ s1þ s2þ s3ð Þ;

a2ðsÞ ¼ s22 s1þ s2ð Þ
2 s1þ s2þ s3ð Þ;

a3ðsÞ ¼ s23 s1þ s3ð Þ s1þ s2þ s3ð Þ:

We have k¼ ð32 ;2;
3
2Þ. Hence the b-function of the relative invariant f m ¼ f m1

1 f m2
2 f m3

3 is
given by

bf mðsÞ ¼
Ym1�1

n¼0

m1sþ 1þ nð Þ m1sþ 3
2þ n

� �( )
�

�
Ym2�1

n¼0

m2sþ 1þ nð Þ m2sþ2þ nð Þ

( ) Ym3�1

n¼0

m3sþ 1þ nð Þ m3sþ 3
2þ n

� �( )
�

�
Ym1þm2�1

n¼0

ðm1þm2Þsþ a4;1þ n
� �

ðm1þm2Þsþ a4;2þ n
� �( )

�

�
Ym1þm3�1

n¼0

ðm1þm3Þsþ 2þ nð Þ

( )
�

�
Ym1þm2þm3�1

n¼0

ðm1þm2þm3Þsþ 3þ nð Þ

( )

with some a4;r 2Q>0 such that a4;1þ a4;2 ¼ 9
2. If we take m¼ ðm1;m2;0Þ, then bf m ðsÞ is

the b-function of (4^10). By an easy consideration, we get that a4;1;a4;2
� �

¼ 2; 52
� �

.
Therefore the b-function of the relative invariant f m ¼ f m1

1 f m2
2 f m3

3
ðm1;m2;m3 2 ZX 0Þ is given by

bf mðsÞ ¼
Ym1�1

n¼0

m1sþ 1þ nð Þ m1sþ 3
2 þ n

� �( )
�

�
Ym2�1

n¼0

m2sþ 1þ nð Þ m2sþ 2þ nð Þ

( )
�

�
Ym3�1

n¼0

m3sþ 1þ nð Þ m3sþ 3
2 þ n

� �( )
�

�
Ym1þm2�1

n¼0

ðm1 þm2Þsþ 2þ nð Þ ðm1 þm2Þsþ 5
2 þ n

� �( )
�

�
Ym1þm3�1

n¼0

ðm1 þm3Þsþ 2þ nð Þ

( )
�

�
Ym1þm2þm3�1

n¼0

ðm1 þm2 þm3Þsþ 3þ nð Þ

( )
:
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(5^15) Weighted Dynkin diagram 02002
0
00

This prehomogeneous vector space is given as follows. Let

G ¼ GL3 � GL3 � SL2 � SL2 and V ¼ M3ðCÞ þM3ðCÞ þM3;2ðCÞ:

De¢ne the action by

gv ¼ ðg1Xg�1
2 ; g1Yg�1

2 Þtg3; g2Wg�1
4

� �
for g ¼ ðg1; g2; g3; g4Þ 2 G and v ¼ ðX ;Y ;W Þ 2 V .

Let

v0 ¼
1 0 0
0 �1 0
0 0 0

0
@

1
A; 0 0 0

0 1 0
0 0 �1

0
@

1
A; 1 0

�1 �1
0 1

0
@

1
A

0
@

1
A:

Then the isotropy group at v0 is given by

Gv0 ¼

ðe; 1; e; 1Þ; e ¼ 
1;
0 1 0
1 0 0
0 0 1

0
@

1
A; ffiffiffiffiffiffiffi

�1
p 0 1 0

1 0 0
0 0 1

0
@

1
A; ffiffiffiffiffiffiffi

�1
p �1 0

1 1

� �
;
ffiffiffiffiffiffiffi
�1

p �1 �1
0 1

� �0
@

1
A;

1 0 0
0 0 1
0 1 0

0
@

1
A; ffiffiffiffiffiffiffi

�1
p 1 0 0

0 0 1
0 1 0

0
@

1
A; ffiffiffiffiffiffiffi

�1
p 1 1

0 �1

� �
;
ffiffiffiffiffiffiffi
�1

p 1 0
�1 �1

� �0
@

1
A

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;
:

This prehomogeneous vector space has two irreducible relative invariants f1 and f2.
The irreducible relative invariant f1 is of degree 12, which is given by

f1ðvÞ ¼ the discriminant of the binary cubic form det Xxþ YZð Þ

in the variables ðx; ZÞ 2 C
2, and its character is f1ðgÞ ¼ det g1ð Þ

4 det g2ð Þ
�4: The

irreducible relative invariant f2 is of degree 12, which is given by

f2ðvÞ ¼ the discriminant of the ternary quadratic form

det
ðXW Þ1

ðYW Þ1

� �
xþ

ðXW Þ2

ðYW Þ2

� �
Zþ

ðXW Þ3

ðYW Þ3

� �
z

� �

in the variables ðx; Z; zÞ 2 C
3 for

XW ¼

ðXW Þ1
ðXW Þ2
ðXW Þ3

0
@

1
A and YW ¼

ðYW Þ1
ðYW Þ2
ðYW Þ3

0
@

1
A:

For the discriminant of ternary quadratic forms, see (4^10). Its character is
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f2ðgÞ ¼ det g1ð Þ
2: We have that

grad log f1ðv0Þ ¼

4 0 0

0 �2 0

0 0 �2

0
B@

1
CA;

2 0 0

0 2 0

0 0 �4

0
B@

1
CA;

0 0

0 0

0 0

0
B@

1
CA

0
B@

1
CA;

grad log f2ðv0Þ ¼

2 �1 �1

0 �1 1

0 1 �1

0
B@

1
CA;

1 �1 0

�1 1 0

1 1 �2

0
B@

1
CA;

2 �1

�1 �1

�1 2

0
B@

1
CA

0
B@

1
CA:

Hence we get that

a1ðsÞ ¼ s41 s1 þ s2ð Þ
4 2s1 þ s2ð Þ

4;

a2ðsÞ ¼ s62 s1 þ s2ð Þ
4 2s1 þ s2ð Þ

2:

We have k ¼ ð1; 1Þ. Hence, the b-function of the relative invariant f m ¼ f m1
1 f m2

2 is
given by

bf mðsÞ ¼
Ym1�1

n¼0

m1sþ 1þ nð Þ
2 m1sþ a1;1 þ n
� �

m1sþ a1;2 þ n
� �( )

�

�
Ym2�1

n¼0

m2sþ 1þ nð Þ
2
Y4
r¼1

m2sþ a2;r þ n
� �( )

�

�
Ym1þm2�1

n¼0

Y4
r¼1

ðm1 þm2Þsþ a3;r þ n
� �( )

�

�
Y2m1þm2�1

n¼0

Y2
r¼1

ð2m1 þm2Þsþ a4;r þ n
� �( )

with some aj;r 2 Q>0 such that

a1;1 þ a1;2 ¼ 2; a2;1 þ a2;2 ¼ a2;3 þ a2;4 ¼ 2;

a3;1 þ a3;2 ¼ a3;3 þ a3;4 ¼ 3; and a4;1 þ a4;2 ¼ 4:

If we take m ¼ ð1; 0Þ, then bf mðsÞ is the b-function of f1, which is determined as

bf1ðsÞ ¼ sþ 1ð Þ
4 sþ 3

2

� �4 sþ 4
3

� �
sþ 5

3

� �
sþ 5

6

� �
sþ 7

6

� �
:

See [16]. By an easy consideration, we get that

a1;1; a1;2
� �

¼ 5
6 ;

7
6

� �
;

a3;1; a3;2; a3;3; a3;4
� �

¼ 3
2 ;

3
2 ;

4
3 ;

5
3

� �
;

a4;1; a4;2
� �

¼ 2; 2f g:
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Let

v0 ¼
1 0 0
0 �1 0
0 0 0

0
@

1
A; 0 0 0

0 1 0
0 0 �1

0
@

1
A; 0 0

0 0
0 0

0
@

1
A

0
@

1
A;

and take W 0 ¼ fð0; 0;W Þg � V . Then the isotropy algebra gv0 is isomorphic to
gl1 þ gl1 þ gl1 þ sl2, and its action on W 0 is L1 � 1� 1� L�

1 þ 1� L1 � 1� L�
1þ

1� 1� L1 � L�
1. The relative invariant ðf1Þv0 is a constant. The relative invariant

ðf2Þv0 is the product of irreducible relative invariants on W 0. We see that

ðf2Þv0 ðw
0Þ ¼ det

w11 w12
w21 w22

� �
det

w21 w22
w31 w32

� �
det

w31 w32
w11 w12

� �

for

w0 ¼

w11 w12

w21 w22

w31 w32

0
@

1
A 2 W 0

by the direct calculation. Hence, the local b-function bf m;v0 is given by

bf m;v0 ðsÞ ¼
Ym2�1

n¼0

m2sþ 1þ nð Þ
4 m2sþ 2

3 þ n
� �

m2sþ 4
3 þ n

� �
:

Since it devides f m, we get that fa2;1; a2;2; a2;3; a2;4g ¼ f1; 1; 23 ;
4
3g.

Therefore the b-function of the relative invariant f m ¼ f m1
1 f m2

2 ðm1;m2 2 ZX 0Þ is
given by

bf mðsÞ ¼
Ym1�1

n¼0

m1sþ 1þ nð Þ
2 m1sþ 5

6 þ n
� �

m1sþ 7
6 þ n

� �( )
�

�
Ym2�1

n¼0

m2sþ 1þ nð Þ
4 m2sþ 2

3 þ n
� �

m2sþ 4
3 þ n

� �( )
�

�

( Ym1þm2�1

n¼0

ðm1 þm2Þsþ 3
2 þ n

� �2
ðm1 þm2Þsþ 4

3 þ n
� �

�

� ðm1 þm2Þsþ 5
3 þ n

� �)
�

�
Y2m1þm2�1

n¼0

ð2m1 þm2Þsþ 2þ nð Þ
2

( )
:

(5^16) Weighted Dynkin diagram 02002
0
02

This prehomogeneous vector space is given as follows. Let

G ¼ GL3 � GL2 � GL2 � SL2 and V ¼ M3;2ðCÞ þM3;2ðCÞ þM2;3ðCÞ þC
2:
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The action is given by

gv ¼ g1Xg�1
2 ; g1Yg�1

2

� �
tg3; g4Wg�1

1 ; g2p
� �

for g ¼ ðg1; g2; g3; g4Þ 2 G and v ¼ ðX ;Y ;W ; pÞ 2 V .
Let

v0 ¼
1 0
0 1
0 0

0
@

1
A; 0 0

1 0
0 1

0
@

1
A; 1 0 1

0 1 0

� �
;

1
0

� �0
@

1
A:

Then the isotropy group at v0 is given by

Gv0 ¼

1 0 0

0 1 0

0 0 1

0
B@

1
CA; 1 0

0 1

� �
;

1 0

0 1

� �
;

1 0

0 1

� �0
B@

1
CA;

ffiffiffiffiffiffiffi
�1

p
1 0 0

0 �1 0

0 0 1

0
B@

1
CA; 1 0

0 �1

� �
;
ffiffiffiffiffiffiffi
�1

p �1 0

0 1

� �
;
ffiffiffiffiffiffiffi
�1

p 1 0

0 �1

� �0
B@

1
CA

8>>>>>>>>><
>>>>>>>>>:

9>>>>>>>>>=
>>>>>>>>>;
:

This prehomogeneous vector space has three irreducible relative invariants f1, f2, and
f3 as follows. The ¢rst relative invariant is given by

f1ðvÞ ¼ the discriminant of the binary quadratic form det WXxþWYZð Þ

in the variables ðx; ZÞ 2 C
2. Its character is f1ðgÞ ¼ det g2ð Þ

�2 det g3ð Þ
2: The second

relative invariant is given by

f2ðvÞ ¼ the discriminant of the ternary quadratic form

det
X1

Y1

� �
xþ

X2

Y2

� �
Zþ

X3

Y3

� �
z

� �

in the variables ðx; Z; zÞ 2 C
3 for

X ¼

X1

X2

X3

0
@

1
A and Y ¼

Y1

Y2

Y3

0
@

1
A:

For the discriminant of ternary quadratic forms, see (4^10). Its character is

f2ðgÞ ¼ det g1ð Þ
2 det g2ð Þ

�3 det g3ð Þ
3:

The third relative invariant is given by f3ðvÞ ¼ det WXp;WYpð Þ; whose character is
f3ðgÞ ¼ det g3ð Þ:
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We have that

grad log f1ðv0Þ ¼

1 0

0 1

1 0

0
B@

1
CA;

0 1

1 0

0 1

0
B@

1
CA; 1 0 1

0 2 0

� �
;

0

0

� �0
B@

1
CA;

grad log f2ðv0Þ ¼

2 0

0 1

0 0

0
B@

1
CA;

0 0

1 0

0 2

0
B@

1
CA; 0 0 0

0 0 0

� �
;

0

0

� �0
B@

1
CA;

grad log f3ðv0Þ ¼

1 0

0 0

1 0

0
B@

1
CA;

0 0

1 0

0 0

0
B@

1
CA; 1 0 0

0 1 0

� �
;

2

0

� �0
B@

1
CA:

Hence we get that

a1ðsÞ ¼ s1 s1 þ s2ð Þ s1 þ s3ð Þ 2s1 þ s3ð Þ
2 s1 þ s2 þ s3ð Þ 2s1 þ 2s2 þ s3ð Þ

2;

a2ðsÞ ¼ s22 s1 þ s2ð Þ s1 þ s2 þ s3ð Þ 2s1 þ 2s2 þ s3ð Þ
2;

a3ðsÞ ¼ s23 s1 þ s3ð Þ 2s1 þ s3ð Þ s1 þ s2 þ s3ð Þ 2s1 þ 2s2 þ s3ð Þ:

We have k ¼ ð1; 1; 1Þ.
Therefore the b-function of the relative invariant f m ¼ f m1

1 f m2
2 f m3

3
ðm1;m2;m3 2 ZX 0Þ is given by

bf mðsÞ ¼
Ym1�1

n¼0

m1sþ 1þ nð Þ

( ) Ym2�1

n¼0

m2sþ 1þ nð Þ
2

( )
�

�
Ym3�1

n¼0

m3sþ 1þ nð Þ
2

( ) Ym1þm2�1

n¼0

ðm1 þm2Þsþ 3
2 þ n

� �( )
�

�
Ym1þm3�1

n¼0

ðm1 þm3Þsþ 3
2 þ n

� �( )
�

�
Y2m1þm3�1

n¼0

ð2m1 þm3Þsþ 2þ nð Þ

( )
�

�
Ym1þm2þm3�1

n¼0

ðm1 þm2 þm3Þsþ 2þ nð Þ

( )
�

�
Y2m1þ2m2þm3�1

n¼0

ð2m1 þ 2m2 þm3Þsþ 3þ nð Þ

( )
:

(5^15) Weighted Dynkin diagram 20202
0
02

This prehomogeneous vector space is given as follows. Let

G ¼ GL2 � GL2 � GL2 � GL2 and V ¼ M2ðCÞ þM2ðCÞ þM2ðCÞ þC
2
þC

2:
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De¢ne the action by

gv ¼ ðg1Xg�1
2 ; g1Yg�1

2 Þtg3; g2Wg�1
4 ; tg�1

1 p; g4q
� �

for g ¼ ðg1; g2; g3; g4Þ 2 G and v ¼ ðX ;Y ;W ; p; qÞ 2 V .
Let

v0 ¼
1 0
0 1

� �
;

1 0
0 �1

� �
;

1 0
0 1

� �
;

1
1

� �
;

1
1

� �� �
:

Then the isotropy group at v0 is given by

Gv0 ¼

1 0
0 1

� �
;

1 0
0 1

� �
;

1 0
0 1

� �
;

1 0
0 1

� �� �
;

0 1
1 0

� �
;

0 1
1 0

� �
;

0 1
1 0

� �
;

0 1
1 0

� �� �
8>><
>>:

9>>=
>>;:

This prehomogeneous vector space has four irreducible relative invariants f1, f2, f3
and f4 given by

f1ðvÞ ¼ det XWq;YWqð Þ;

f2ðvÞ ¼ the discriminant of the binary quadratic form det Xxþ YZð Þ

in the variables ðx; ZÞ 2 C
2;

f3ðvÞ ¼ det tXp; tYp
� �

; f4ðvÞ ¼ det Wð Þ:

Their characters are

f1ðgÞ ¼ det g1ð Þ det g3ð Þ; f2ðgÞ ¼ det g1ð Þ
2 det g2ð Þ

�2 det g3ð Þ
2;

f3ðgÞ ¼ det g2ð Þ
�1 det g3ð Þ; f4ðgÞ ¼ det g2ð Þ det g4ð Þ

�1:

We have that

grad log f1ðv0Þ ¼
1
2

1
2

1
2

1
2

 !
;

1
2

1
2

� 1
2 � 1

2

 !
;

1 1

1 1

� �
;

0

0

� �
;

1

1

� � !
;

grad log f2ðv0Þ ¼
1 0

0 1

� �
;

1 0

0 �1

� �
;

0 0

0 0

� �
0

0

� �
;

0

0

� �� �
;

grad log f3ðv0Þ ¼
1
2

1
2

1
2

1
2

 !
;

1
2 � 1

2
1
2 � 1

2

 !
;

0 0

0 0

� �
;

1

1

� �
;

0

0

� � !
;

grad log f4ðv0Þ ¼
0 0

0 0

� �
;

0 0

0 0

� �
;

1 0

0 1

� �
;

0

0

� �
;

0

0

� �� �
:
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Hence we get that

a1ðsÞ ¼ s21 s1 þ s2ð Þ 2s1 þ s4ð Þ
2 s1 þ s2 þ s3ð Þ;

a2ðsÞ ¼ s2 s1 þ s2ð Þ s2 þ s3ð Þ s1 þ s2 þ s3ð Þ;

a3ðsÞ ¼ s23 s2 þ s3ð Þ s1 þ s2 þ s3ð Þ;

a4ðsÞ ¼ s4 2s1 þ s4ð Þ:

We have k ¼ ð1; 1; 1; 1Þ.
Therefore the b-function of the relative invariant f m ¼ f m1

1 f m2
2 f m3

3 f m4
4

ðm1;m2;m3;m4 2 ZX 0Þ is given by

bf mðsÞ ¼
Ym1�1

n¼0

m1sþ 1þ nð Þ
2

( ) Ym2�1

n¼0

m2sþ 1þ nð Þ

( )
�

�
Ym3�1

n¼0

m3sþ 1þ nð Þ
2

( ) Ym4�1

n¼0

m4sþ 1þ nð Þ

( )
�

�
Ym1þm2�1

n¼0

ðm1 þm2Þsþ 3
2 þ n

� �( )
�

�
Ym2þm3�1

n¼0

ðm2 þm3Þsþ 3
2 þ n

� �( )
�

�
Y2m1þm4�1

n¼0

ð2m1 þm4Þsþ 2þ nð Þ

( )
�

�
Ym1þm2þm3�1

n¼0

ðm1 þm2 þm3Þsþ 2þ nð Þ

( )
:

4. Tables

We give the summary of the results obtained in Section 3. Notations in the tables are
the same as in Section 1.

The prehomogeneous vector space arising from the diagram in the table has l
irreducible relative invariants f1; ; fl . The b-function of the relative invariant
f m ¼ f m1

1 � � � f ml
l ðm1; . . . ;ml 2 ZX 0Þ is given by

bf mðsÞ ¼
YN
j¼1

YgjðmÞ�1

n¼0

Ymj
r¼1

gjðmÞsþ aj;r þ n
� �

:

The ordering of irreducible relative invariants is the same as in Section 3. The symbol
�� about aj;r means multiplicity. For example, 1�2; 56 ;

7
6 means that faj;r ð1W rW 4Þg ¼

f1; 1; 56 ;
7
6g.

The degrees di ¼ ðdi1; . . . ; dikÞ of irreducible relative invariants in the fourth entries
of the row of si in the table mean the following. LetV1; . . . ;Vk be the set of subspaces
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corresponding to the 2 of the diagram, whose ordering is from left to right. Then we
de¢ne di ¼ ðdi1; . . . ; dikÞ :¼ ðdegV1

fi; . . . ; degVk
fiÞ.

4.1. TYPE G2

4.2. TYPE F4

4.3. TYPE E6

Diagram l di gj aj;r

(1) 2¯ 0 1 4 s1 1�2; 56 ;
7
6

Diagram l di gj aj;rð1Þ

(1) 20 ) 00 1 4 s1 1, 2, 5
2,

7
2

(2) 00 ) 02 1 2 s1 1, 4

(3) 02 ) 00 1 12 s1 1�4, 34
�2, 54

�2, 56
�2, 76

�2

(4, 0) s1 1
(2, 2) s2 1�2

(4) 02 ) 02 2 s1 þ s2 3
2

2s1 þ s2 2

Diagram l di gj aj;r

(1) 000
2
00 1 4 s1 1, 5, 5

2,
7
2

(2, 0) s1 1, 4
(2) 200

0
02 2 (0, 2) s2 1, 4

(3) 002
0
00 1 12 s1 1�4 , 3

2
�4 , 4

3 ,
5
3 ,

5
6 ,

7
6

(0, 2, 0) s1 1, 3
(4) 200

2
02 2 (1, 0, 1) s2 1, 4

(0, 4, 0) s1 1
(2, 2, 0) s2 1�2

(0, 2, 2) s3 1�2

(5) 202
0
02 3 s1 þ s2 3

2
s1 þ s3 3

2
s1 þ s2 þ s3 2
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4.4. TYPE E7

Diagram l di gj aj;r

(1) 2000
0
00 1 3 s1 1, 5, 9

(2) 0000
0
02 1 4 s1 1, 8, 7

2,
11
2

(3) 0000
2
00 1 7 s1 1, 2, 3, 4, 5, 5

2,
7
2

(4) 0200
0
00 1 4 s1 1, 4, 5, 8

(1, 2) s1 1, 8
(5) 2000

0
02 2 (2, 0) s2 1

s1 þ s2 5
(6) 0000

0
20 1 12 s1 1�2, 2�2, 32

�2, 52
�2, 73,

8
3,

5
6,

7
6

(7) 0020
0
00 1 15 s1 1�3, 2�3, 32

�3, 43
�2, 53

�2, 54,
7
4

(4, 0) s1 1, 4, 3
2,

7
2

(8) 0200
0
02 2 (0, 2) s2 1, 4

(9) 0002
0
00 1 12 s1 1�3, 2�3, 3

2
�2, 4

3
�2, 5

3
�2

(6, 0) s1 1, 2, 3
2

(10) 0020
0
02 2 (3, 2) s2 1, 2

s1 þ s2 2, 3, 5
2

(4, 4) s1 1, 2, 3
2
�2

(0, 4) s2 1
(11) 0200

0
20 2 s1 þ s2 3

2,
5
2

2s1 þ s2 3

(0, 12) s1 1�2, 5
6,

7
6

(3, 6) s2 1�3

(12) 2002
0
00 2 s1 þ s2 3

2
�2, 4

3,
5
3

2s1 þ s2 2�2

(0, 6) s1 1�2, 2�2, 3
2
�2

(13) 0202
0
00 2 (2, 0) s2 1, 2
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4.4. TYPE E7 Continued

4.5. TYPE E8

Diagram l di gj aj;r

(1, 4, 2) s1 1�2

(0, 6, 0) s2 1
(2, 2, 0) s3 1

(14) 2002
0
02 3 s1 þ s2 3

2
s1 þ s3 3

2
s1 þ 2s2 2

s1 þ s2 þ s3 2�2

(0, 4, 0) s1 1, 3
2

(0, 2, 2) s2 1�2

(15) 0202
0
02 3 (2, 0, 0) s3 1, 2

s1 þ s2 2; 32

Diagram l di gj aj;r

(1) 20000
0
00 1 4 s1 1, 14, 11

2 ,
19
2

(2) 00000
0
02 1 8 s1 1, 4, 5, 8, 5

2,
7
2,

11
2 ,

13
2

(3) 02000
0
00 1 12 s1 1�2, 3�2, 52

�2, 92
�2, 133 ,

14
3 ,

5
6,

7
6

(0, 4) s1 1, 8, 7
2,

11
2

(4) 20000
0
02 2

(2, 0) s2 1, 6

1, 2�3, 3�2, 3
2
�2, 5

2
�3

(5) 00000
2
00 1 16 s1

7
2,

7
3,

8
3,

11
6 ,

13
6

(6) 00200
0
00 1 12 s1 1, 2�2, 3�2, 4, 32,

7
2,

5
3,

7
3,

8
3,

10
3

(0, 7) s1 1, 2, 5
2,

7
2

(7) 20000
2
00 2 (2, 3) s2 1, 7

2
s1 þ s2 3, 4, 5

(4, 4) s1 1�2, 4�2

(4, 0) s2 1
(8) 02000

0
02 2 s1 þ s2 3

2,
9
2

2s1 þ s2 5

1�8, 23
�4, 43

�4, 34
�4, 54

�4, 56
�4

;

(9) 00020
0
00 1 40 s1 7

6
�4, 7

10
�2, 9

10
�2, 11

10
�2, 13

10
�2
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4.5. TYPE E8 Continued

Diagram l di gj aj;r

(6, 0) s1 1, 2, 3, 4, 3
2,

7
2

(10) 00200
0
02 2 (0, 2) s2 1, 4

(0, 15) s1 1�2, 3
2
�2

(2, 5) s2 1, 3
2

(11) 20020
0
00 2 s1 þ s2 2

2s1 þ s2 3, 5
2

3s1 þ s2 3, 4

(0, 4, 0) s1 1, 7
2

(2, 2, 0) s2 1�2

(12) 20200
0
02 3 (0, 0, 2) s3 1, 4

s1 þ s2 4, 3
2

(4, 12) s1 1�2, 5
6,

7
6

(0, 12) s2 1�2

(13) 20002
0
00 2 s1 þ s2 3

2
�2, 4

3,
5
3

2s1 þ s2 2�3

2s1 þ 3s2 3

(0, 6, 0) s1 1, 3
2

(0, 3, 2) s2 1, 2
(2, 2, 0) s3 1, 3

2
(14) 20020

0
02 3 s1 þ s2 2, 5

2
s1 þ s3 2

s1 þ s2 þ s3 3

(0, 12) s1 1�2, 5
6,

7
6

(6, 6) s2 1�4, 2
3,

4
3

(15) 02002
0
00 2 s1 þ s2 3

2
�2, 4

3,
5
3

2s1 þ s2 2�2

(4, 4, 0) s1 1
(0, 6, 0) s2 1�2

(2, 2, 2) s3 1�2

s1 þ s2 3
2

(16) 02002
0
02 3 s1 þ s3 3

2
2s1 þ s3 2

s1 þ s2 þ s3 2
2s1 þ 2s2 þ 2s3 3

(2, 2, 2, 0) s1 1�2

(0, 0, 4, 0) s2 1
(0, 0, 2, 2) s3 1�2

(0, 2, 0, 0) s4 1
(17) 20202

0
02 4 s1 þ s2 3

2
s2 þ s3 3

2
2s1 þ s4 2

s1 þ s2 þ s3 2
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