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Abstract. This article studies unipotent orbital integrals on symplectic and orthogonal groups
from the point of view of endoscopy. It begins by partitioning stable unipotent classes into packets
and goes on to propose a transfer of these packets. It then discusses (in rough form) the associated
transfer factors. Some supporting calculations in split odd orthogonal groups are given.
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1. Introduction

Let F be a p-adic field of characteristic zero, and G a connected reductive algebraic
group defined over F. A main objective for harmonic analysis on G(F) is to under-
stand the invariant distributions on G(F). Orbital integrals and characters of
irreducible admissible representations are the two main examples of invariant dis-
tributions. The germ expansion of Shalika, as well as the local character expansion
of Howe and Harish Chandra, and the recent work of Waldspurger, all point to
the importance of the study of unipotent orbital integrals. R. Langlands was the
first to recognize the implications, for local and global harmonic analysis, of the
difference between conjugacy and stable conjugacy for semi-simple elements of
G(F). His observations were then developed, by himself and others, into the theory
of Endoscopy. The main objective of endoscopy in local harmonic analysis is to
understand the invariant distributions on G(F) by comparing them to stable
distributions on the various endoscopic groups, H(F'), associated to G. This com-
parison is dual to a conjectural map, called smooth matching, between smooth
and compactly supported functions on G(F) and H(F) which satisfies precisely
defined identities between their semisimple orbital integrals. The aim of endoscopy
in the study of unipotent orbital integrals in then to address the following problems.
The first problem is to find an explicit basis for the space of stable distributions
supported on the unipotent variety. The second problem is to explicitly describe
the endoscopic transfer of a stable distribution supported on the unipotent variety
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of a given endoscopic group. Stated differently, the second problem is to find the
transfer factors for unipotent orbital integrals (cf. [2]).

An answer to these two questions should also lead to the breaking up of the ident-
ity known as the fundamental lemma (see [L] and [W]) into an equivalent set of
identities which are at least structurally simpler.

The purpose of this article is to discuss the second problem for split classical
groups. However, it is clear that this problem cannot be addressed without an answer
to the first problem. In [2], we conjectured that every G(F)-special orbit (F =
algebraic closure of F, and special is in the sense of Lusztig (cf. [5])) can be
partitioned into disjoint sets (called packets), such that an appropriate linear com-
bination (a sum if G is split) of the integrals over the rational orbits within a given
packet (the measures on the rational orbits are assumed to be related) is a stable
distribution. Moreover, the set of stable distributions associated with all the packets
contained in the various G(F)-special orbits, forms a basis (over C) for the space of
stable distributions supported on the unipotent variety.

In Section 1, we define an explicit partitioning of every G(F)-unipotent class
(regardless whether it is special or not) into disjoint subsets which we call packets.
Here G is either a special orthogonal group (not necessarily quasi-split) or a sym-
plectic group. For special orbits, this partitioning should be the packet
decomposition predicted by the above stated conjecture. The partitioning of the
non-special orbits is necessary for the discussion of transfer of packets. Our par-
titioning is described using the classification of rational unipotent classes via the
theory of prehomogeneous spaces associated to sl-triplets. We would like to
mention that the packets description given in Section 1 was known to us for some
time and was discussed with R. Kottwitz during a visit to the University of Chicago
in April/May 1996. A few weeks later, during a visit to the Université of Paris
7, J.-L. Waldspurger kindly informed us about the results he had obtained ([15]).
He described to us the packet structure and the stable linear combinations for
the unramified unitary groups and the symplectic groups. He also gave an outline
of the proof of his results. His description of the packet structure for symplectic
groups is via the standard classification of rational orbits, and turns out to be equiv-
alent to the description given in Section 1. We find this encouraging, and expect that
our packet description for orthogonal groups will turn out to be equivalent to his
packet description in his anticipated work on orthogonal groups.

Next, with an answer to the first problem, we are ready to discuss the transfer
problem. Now, the transfer of a stable distribution associated to some packet of
special rational orbits in an endoscopic group H of G, ought to be a linear com-
bination of integrals over some set of rational orbits in G(F). Thus the transfer prob-
lem can be divided into two parts. The first part is to understand the set of rational
orbits in G(F) involved. Is there any structure to it? The second part is to understand
the nature of the coefficients appearing in that linear combination. In [1] we used the
map (initially introduced by Lusztig (cf. [9]), and later elaborated on by Spaltenstein
(cf. [13])), called endoscopic induction, to obtain identities between unipotent orbital
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integrals on complex semisimple groups and their ‘endoscopic’ counterparts. In fact,
endoscopic induction can be characterized as the ‘unique’ map defined on the set of
special orbits which produces matching relations (see Proposition 5.2.2. in [2]).
In Section 2, we introduce a rational refinement of endoscopic induction for a classi-
cal split group G. To a packet of special orbits in an elliptic endoscopic group H(F),
we attach a union of packets in G(F). Note that since endoscopic induction of a
special orbit may not be special, it is necessary to introduce the notion of a packet
for nonspecial orbits (as we did in Section 1). It can be shown, moreover, using
a descent argument analogous to Lemma 2.5.10, that it is always possible to reduce
to the situation where every single packet transfers to a single packet. Our descrip-
tion of transfer of packets is presented in three steps. The first and most critical
step makes use of the fact that for special orbits whose dual orbits (in the sense
of Spaltenstein [13]) are even, endoscopic induction, when viewed from the
Langlands dual group side, simply becomes inclusion (This is an observation of
Barbasch and Vogan (cf. [4]).) See Section 2.5 (step 1) for the precise type of orbits
involved. In order to define the transfer of packets in step 1, two intermediary
correspondences of packets between special orbits and their duals (both the order
preserving and reversing ones, see Section 2.3.) are defined. We believe that the cor-
respondence of packets between special orbits and their order preserving duals will
play a role in the study of twisted endoscopy. The second and third step treats sets
of orbits of increasing generality, with each step reducing to the preceding one
via a formal argument (see Lemmas 2.5.10, and 2.5.11). Here we mention that
the idea of trying to bring in duality in some fashion was suggested to us by R.
Kottwitz. Next, we pay attention to the second part of the transfer problem, namely
the nature (and the precise definition) of the transfer factors. The first real glimpses
concerning the nature of the transfer factors came from the long calculations done
in [2]. In these calculations, which dealt with symplectic groups, the transfer factors
(for the cases considered there) turned out to be character values of certain finite
Abelian 2-groups. It should be noted that in [2], only orbits which are endoscopically
induced from the trivial orbit were considered. This is due to the fact that no other
‘collection’ of rational orbits giving rise to a stable distribution were known at
the time (except, of course, Richardson orbits). In fact, it was the transfer relations
obtained in [2], which suggested to us the notion of a ‘packet’ of unipotent orbits.
Thus a more elaborate test was needed, where the transfer factors are obtained from
transferring stable distributions associated to ‘nontrivial’ packets. In Section 3, we
present a transfer calculation where G = SO(2n + 1), and Og is the orbit correspond-
ing to the partition 3312"~, n > 3. These orbits are all special and contain only one
packet. We consider the situation where H = SO2n — 3) x SO(5), and Oy =
(1, Osup ), where 1 denotes the trivial orbits in SO(2n — 3), and Oy, denote the sub-
regular orbit in SO(5). Assuming that the residual characteristic of F is not equal
to 2, O, (the SO(5, F) subregular orbit) breaks up into four rational classes each
forming a packet (this is now a special case of a general result of Waldspurger ([15])
but can also be deduced from the Shalika germs calculations of T. Hales (see [2],
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Proposition 5.5.1)). Now for n > 4, the rational orbits within the G(F)-orbit O! are
classified by the equivalence classes of quadratic forms of rank 2. The transfer
calculation alluded to above involves three pairs (f, ) of matching spherical
functions. These three pairs satisfy the property that the dimension of the space
obtained by restricting the integrals over the rational orbits within OF (resp.
0%} to the three-dimensional space spanned by the functions f (resp. /), is equal
to three. The transfer factors emerging from this calculation turn out to be the four
characters of the group of square classes of F*. In Section 4, we discuss some
examples which exhibit various aspects of the transfer of packets and the transfer
factors. Our discussions are based on the calculations done in Section 3, in [2],
and various descent arguments. In all these examples, the transfer factors turn
out to be character values of Abelian 2-groups. Motivated by all these calculations,
we present a conjecture describing a rough form for the transfer factors in the
‘critical cases’. By the critical cases we mean the following. Given a G(F)-unipotent
orbit O%, special or not, one would like to characterize a set of pairs (H, Og), where
H is an elliptic endoscopic group, and Oy is a special orbit in H which endoscopically
induces to Og, such that the set of identities obtained from transferring all the stable
distributions associated to the various packets within the H(F)-orbits O}, forms an
invertible linear system. In Section 4.1, we introduce the notion of an elliptic
unipotent endoscopic datum relative to a given G(F)-orbit O}. It consists of a pair
(H, Op) satisfying in addition to the above stated properties, the following con-
dition: If G is special odd orthogonal, then A(Oy) = C(Og), and if G is special
even orthogonal or symplectric, then A(Opy) x Z/27 =~ C(Og). Here, for a
unipotent orbit O in a reductive group, C(O) denotes the group of connected com-
ponents of the centralizer of some u € O (the center is not being divided out).
A(O) denotes the quotient group introduced by Lusztig in [9]. We shall prove, some-
where else, that the number of such pairs is (properly counted) equal to 2195, where
n(0Y), the n-index of O, is a certain integer associated with O which we introduce
in Section 1.3.3. We predict that the set of elliptic unipotent endoscopic data relative
to Og will lead to an invertible linear system allowing for the expression of the
integral over any rational orbit within O} as a linear combination of stable
distributions on various endoscopic groups. A critical case for us is then a case
involving an elliptic unipotent endoscopic datum relative to some orbit Og. Given
a G(F)-orbit Of, every packet within Of! can be embedded (as becomes clear from
the prehomogeneous vector space classification of rational orbits) into a common
group which is a product of several copies of F*/(F*)* and several copies of
7,]27.. The conjectured transfer factors are then a product of three factors. The
first two factors are restrictions to the transferred packet, of characters of the
appropriate powers of F* /(F*)* and 7/27, respectively. The third factor is a con-
stant which is independent of the packets within O} and Of. Unfortunately,
we do not describe the precise characters which occur, in the general situation.
However, for orbits Og in which the packets are determined by the square classes
of the discriminants of all the quadratic forms which classify the rational orbits
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within O, we give the precise transfer factors (in this case the first factor is always
trivial).

Now, we give a detailed description of the contents of each section. In Section 1,
we first present the classification of rational unipotent orbits for special orthogonal
and symplectic groups, via the theory of prehomogeneous spaces associated to
sly-triplets, and indicate its relationship with the more standard classification
(Lemmas 1.2.5. and 1.2.9). In Section 1.3, we use the given prehomogeneous classi-
fication to explicitly describe the packets for any unipotent orbit O. This description
is also valid in the nonquasi-split case. We also introduce the n-exponent, n(O). In
Section 2.1. we review the Springer correspondence and use it to classify the
unipotent orbits (over F) into families. In Section 2.2, we discuss the quotient group
A(O) of Lusztig and indicate its relationship to packets. In Section 2.3, we discuss
two duality maps (one is order preserving and the other is order reversing) between
the lattices of special orbits in a classical group and its Langlands dual group (which
we take to be defined over F, and not over C, as in usually the case). These maps are
discussed in Spaltenstein’s book [13]. We give explicit formulas for these maps which
will be useful in other parts of this paper. We also define correspondences of packets
between a special orbit and its two duals. This will be needed when discussing the
transfer of packets from endoscopic groups. In Section 2.4, we review endoscopic
induction and give a direct description of it in terms of partitions (see Lemma 2.4.4).
This description is essentially due to Spaltenstein. In Section 2.5, we define the
transfer of packets of special orbits in an elliptic endoscopic group. Our definition
may be viewed as a rational generalization of endoscopic induction. Our definition
proceeds in three steps, each step treats a larger class of orbits than the preceding
step and reduces to it by a formal argument. The first and critical step treats a class
of special orbits whose (order reversing) dual orbits are even. Here the correspon-
dence of packets discussed in Section 2.3, is used. Section 3 is devoted to the transfer
calculation alluded to above. In Section 3.2, we use some results of Igusa to calculate
some p-adic integrals needed for the orbital integral calculations. In Section 3.3, we
use Macdonald’s formulae for the Satake transform and the spherical Plancherel
measure to give a more practical formula for the endoscopic transfer, 7, of a
spherical function f. Our goal is to apply this formula to three particular functions.
In Section 3.4, we introduce three auxiliary spherical functions, and compute their
endoscopic transfer via the formula given in Section 3.3. In Section 3.5, we use these
results to calculate the transfers of the three given functions. In Section 3.6, we put
the results of the preceeding sections together to obtain the transfer factors. In Sec-
tion 3.7, we give a prediction based on our previous calculations. In Section 4.1
we introduce the notion of an elliptic unipotent endoscopic datum. In Section 4.2,
we present several examples which illustrate various aspects of the transfer factors.
Each example ends with a prediction about the precise form of the transfer factors.
In Section 4.3, we describe our general (but not completely explicit) conjecture
regarding the transfer factor. We do, however, present a precise conjecture for a
broad class of orbits.
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Preface (by R. Kottwitz, testamentary editor)

This article was submitted to Compositio Mathematica shortly before the tragically
early death of Magdy Assem. It contains his ideas on packets and transfer factors
for unipotent orbits, all in the context of orthogonal and symplectic groups. The
article omits many proofs and has to be used with considerable caution. For example,
Lemma 4.3.2 seems to be incorrect. Moreover, as Waldspurger has observed, Lemma
2.4.4 is incorrect, at least for G of type C and D. The best way to use the paperisasa
source of ideas (some of which are clearly valuable), but it is not safe to quote results
from the paper without checking them first for oneself.

One key point (see Lemma 2.2.4) that Assem emphasized in conversations with me
is that that for classical groups Lusztig’s quotient group 4(4) can be read off naturally
from the prehomogeneous vector space associated to the nilpotent orbit. Assem’s
intuition was that transfer factors for unipotent orbital integrals should also be nat-
urally associated to the corresponding prehomogeneous vector spaces. Possibly there
is an as yet undiscovered theory of endoscopy for prehomogeneous vector spaces.

Following the suggestions of the referee, I have corrected a number of misprints
and other minor errors in the manuscript. I have also added some footnotes, often
in response to the referee’s comments, as well as some additional references (these
are labeled by letters rather than numbers in the list of references at the end of
the paper). But in all essential aspects the paper is the same as the original
manuscript.

Notation and Review of Some Definitions

e Throughout this manuscript, F is a p-adic field of characteristic zero with odd
residual characteristic. Or will denote the ring of integers, and Py its maximal
ideal. The order of the residue field Or/Pr is equal to g. We let @ denote a
uniformizer of Op, and ¢ a Teichmiiller representative of a non-square in
the residue field; thus 1, 7, ¢, me are a set of representatives for the square classes
in the multiplicative group of F. The absolute value function | - | is normalized
such that |n| = ¢~ !.

e For a connected reductive algebraic group G over F, we use G(F) to denote the
group of F-rational points equipped with the p-adic topology. Given x € G(F),
let x =us =su be its Jordon decomposition, where u is unipotent and s
semi-simple. The stable class of x, denoted O%(x), or just O if x is understood,
is by definition, (following Kottwitz) equal to {g~'xg:ge G(F) and
g7 '¢% € GX(F)forall ¢ € Gal (F/F)} N G(F), where G denotes the identity con-
nected component of the centralizer of s in G. In particular, if x is unipotent,
then the stable orbit of x is simply its G(F)-orbit. Given a stable unipotent
orbit in G(F), we say that the measures on the rational orbits within it are
related if they are obtained from a single G(F)-invariant volume form, defined
over F, on the G(F)-orbit. We shall always assume that the measures on

https://doi.org/10.1023/A:1001839511409 Published online by Cambridge University Press


https://doi.org/10.1023/A:1001839511409

TRANSFER FACTORS FOR UNIPOTENT ORBITAL INTEGRALS 233

the rational orbit within a given stable class are related. Given a unipotent orbit
O, we shall denote the integral over O (with respect to a given measure) by: [, 0 -

e Finally, recall that an invariant distribution D on G(F) is stable (in the sense of
Langlands) if the following condition is satisfied:

Vf e CX(G(F)) f=0 , Vx semi-simple = D(f)=0].
O (x)

1. Packets of Unipotent Orbits and Prehomogeneous Spaces
1.1. PARTITIONS AND UNIPOTENT ORBITS

Let N denote a positive integer. A partition of N is a sequence of integers
A=, 22, ..., 4)suchthat 4y > 4, > --- > 4, > 0,and > _;_, 2; = N. The elements
J; are called parts. Sometimes, we also write 4 = (17", ..., A7), where a; > 0 denotes
the multiplicity of the part 4; in 4. The set of all partitions of N will be denoted
by P(N). Given A= (41,...4y),uePWN), we write A<p if A <pp, A+
A<ty + o, M+l + 23 <pu +p+ ..., ete. Then (P(N), <) is a partially
ordered set. Let 4 € P(N) and 4 € P(N). We say that inf 4 exists if there exists
a unique u € A4 satisfying
(i) m<4,and
(i) Vv e Alv < A= v < y]. In this case we set u =: inf4 A

Given A= (41,...,4) € P(N1), u= (g, ..., i) € P(N2), with n < m, we define
Adpi=20+ g, An My, gty - -5 M) € P(NT 4+ N2). We also define AU u
€ P(N; + N;) to be the partition whose set of parts is {y,...4,, U, ..., 4,}. For
each N € Z*, and A € P(N), we denote by ‘A the transpose of A. It is given as follows.
If 2=(27",..., A7), then

= ((dl 4+ .. 4 a,)A,.7 (ay +---+ ar_l)/lrfl_).r’ @+ az)lz—/b’ aflf).z) )

It is clear that if 2 € P(Vy), u € P(N;), then “(A4+u) =AU n.
For a partition 4 = (A{', ..., A"), let

|4] == id[}ui and £(4) := Z): aj.
i=1 i=1

Next, for an integer, n > 1, we define
PB,):={A=U].....2) e P2n+1):
[Zieven = ag;even], 1 <i<r},
PC):={A=0{",....A") e P2n):[A;0dd = a;even], 1 <i<r},
<i

PD,):={A=G]....,2") € P(2n) : [4; even = qg;even], 1 <i<r}.
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It is well known that the set of unipotent orbits over F in groups of type T, is in
natural bijection with P(T,) where T € {B, C}. When T = D, then each 4 € P(D,)
with at least one odd part corresponds to one unipotent orbit in a group of type
D,, while every 4 € P(D,) with only even parts corresponds to exactly two unipotent
orbits in such a group. For these facts see 13.3 in [5].

LEMMA 1.1.1. Let T € {B, C, D} and set Nr, :=2n+ 1 if T, =B, and Nr, :==2n if
T € {C,D}. Then VYA € P(N7,) : infp(t,) 4 exists.

Proof. See Lemme 3.6 in Ch. III of [13]. O

1.2. RATIONAL ORBITS AND PREHOMOGENEOUS SPACES

Let G denote a connected reductive algebraic group defined over F, and g := Lie (G).
Let u € G(F) be a unipotent element. Let X € g(F) such that u=-expX. Let
{X,H,Y} denote an slh-triplet with ad H semi-simple. For i€ 7, set
9, :={Zeg:[H,Z]=iZ}. Then g=@&P,.,9; is a Z-grading, i.e. [g;g] < g,
Vi,jeZ.

Set M := (Zg(H))’. M acts via Ad on each g;. Moreover, a result of Vinberg [V]
states that each triple (M, Ad m, g;) for which g; # (0) is a Prehomogeneous vector
space defined over F. Recall that a prehomogeneous vector space defined over F
is a triple (H, p, V) where H is a connected algebraic group, V" a finite-dimensional
vector space, and p a rational representation of H on V, all defined over F, such
that V' contains a Zariski dense open G-orbit. An element v € V' such that
p(G) - v is dense is called generic. If H is reductive, then the Prehomogeneous vector
space (PVS for short) (H, p, V) is called regular if the stabilizer of a generic point
is reductive. A result of Kostant* states that the PVS (M, Ad |y, g,) is regular
and that Ad M(F) - X is open (in the p-adic topology) in g,(F). A Lemma of Ranga
Rao (cf. [11]) shows that

O(u) = exp [Ad KAdM(F) - X) + @ gz’(F)i|’

i>2

where K is a ‘good’ maximal compact subgroup of G(F) in the sense of Bruhat-Tits.
This lemma also implies that the conjugacy classes within O%(u) are in one-to-one
correspondence** with the M(F)-open orbits in g,(F). On the other hand, a general
result in Galois cohomology ([12]) implies that the set of M(F)-open orbits in

*The point is not only that the centralizer My of X in M is reductive, but that it is a Levi
component of the centralizer Gy of X in G. For this see Proposition 2.4 in [4], supplemented
by Corollary 3.5 of [K], which shows that My coincides with the centralizer in G of the entire
sly-triplet.

**The reasoning seems unclear, but the statement is correct. One can use the result stated in
the previous footnote, which gives a bijection between the first Galois cohomology of My and
that of Gy, together with the injectivity of the canonical map from the first Galois
cohomology of M to that of G.
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g,(F) is in one-to-one correspondence with the set
Ker[H'(F,M,)— H'(F,M)),

where v denotes a generic point of g,, and M, is the stabilizer of v in M. The arrow
indicates the morphism between first Galois cohomology sets induced by the
inclusion M,~—M.

Next, let G denote a symplectic group or a special orthogonal group of a quadratic
space. Each such group is equipped with an F-structure which induces an F-structure
on its Lie algebra and the various PVS, associated to the unipotent orbits. If G is of
rank n and type T € {B, C, D}, then we shall often write T, instead of G.

Let 4 € P(T,) and write 2 = 2° U 2° where 2° consists of the odd parts of 2 and A°
consists of the even parts of 4. We introduce prehomogeneous vector spaces
(M(2%), g2(X%)), where * € {0, ¢} as follows. First note that we may (and do) write
(A% =: (g, 13, . .., 12), where py >, > --- > p,, and where y, is odd if T=B
and is even if T = C or D; /(2°) =: (v3, - - -, vlz,), where vi > vy > --- >v,, and where
vi is even if T =B or D. Let Sy(v;) denote the space of v; x v; skew symmetric
matrices if T = B or D, and let it denote the space of v; x v; symmetric matrices
if T = C. Define

r—1

M) == [ GLty—pes1) X Ty
k=1

r—1

gZ(;LO) = @ Mat (."erjJrl s :urfj) s
=1

)4
M() = [ [ GL(p-11),

J=1

p—1
0 (2) = P Mat (v, 11, v,) & Sr(v).
j=1

M(2°) acts on g,(2°) by

(81,82, &1, 1) - (X1, Xy .., Xo1) = (@1 X0g5 s - g1 Xt h T,

gk € GL(,_jy1), Xk e Mat(u oy, pg), 1 <k<r—1,he Ty,
M(2°) acts on g,(4°) by
(g11g27 e 7gp) : (X19 X21 AR ] prlv Y) = (g1X1g2_17 AR 7gp71Xp71g‘;]7gp Ytgp)’

g € GL(v,_jy1), X; e Mat(v, ;1,v,), 1<j<p, Y €Sy(v1). Here, Mat(n, m)
denotes the space of n x m matrices, and [x] := integer part of x.
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LEMMA 1.2.1. Let 1€ P(T,), T € {B, C, D}. Let (M(2), g,(4)) denote the PVS
corresponding to 4. Then

M(2) = M(2) x M), 9(2) =2 g,(2°) ® 5(4) .

The action of M(4) on g(2) is given by the actions of M(4*) on g,(4*), where * € {o, e}.
Proof. Omitted. ]

Next, we determine the fundamental relative invariants, the stabilizers of generic
points, and the M(A*)(F)-open orbit in g,(4*)(F). In what follows we shall denote
by Jr,, the matrix representing the form used to define the group Ty, 2. We start
with the PVS (M(1°), 3,(2%)). Let s denote the number of distinct parts occurring
in’2° (or ZO). We inductively define a subset {ji, j2, ..., js} € {1,...,r— 1} as follows.
Setji = 1. For 1 < £ < s, let j, denote the smallest integer & larger than j,_; such that
U—ip1 < U_i. Define the following functions on 3%, For 1 <k<s—1, set
Ok =X Xj1-- Xom1Jr ' Xomr -+ ' Xj1'Xj,, where X; e Mat(u,_;,y, ;) for
k<i<r—1. Qisthena p,_; 4 X [l,_; matrix.

Set

fii= {det(Qk), if T=BorD

Pff (Qr), if T=C, }1<k<s—1,

where Pff denotes the Pfaffian. Recall that a regular function ¢ ona PVS (H, p, V) is
said to be a relative invariant® if there exists a non-trivial rational character y of H
such that ¢(p(h) -v) = y(W)e(v), YVh e H, Yv e V.

LEMMA 1.2.2. The fundamental relative invariants for the PVS (M(1°), g,(A°)) are
Sis e oot O

The set of generic points of (M(1°), 3,(1%)) is the set of all v € g,(1°) such that
fiv)#£0, 1<i<s—1. Consider the following generic point of gy(1°):
Vo = G};;}[IMH_+1 , 0]. Here, if 0 < m < n, then [[,,,, 0] denotes the m x n matrix, where
I, = identity m x m matrix and the last » — m columns are all zero. The stabilizer of

vo in M(2°) is given as follows. If T € {B, D}, then

r—1 r
stab g0 (v0) 2 {(h, ... ) € O(w,) x [T O, — ty—jir) = [ [ det e = 1);
j=1 i=1

and if T = C, then
r—1

stab M(AO)(VO) = Sp(,u)) X Sp(lur—j - Iur—j+l)

j=1
(note that all the y’s are even in this case).
*Recall also that the fundamental relative invariants are the irreducible polynomials on the PVS

whose zero-sets give the irreducible components of codimension 1 of the complement of the open
orbit in the PVS
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Remarks. (1) Since H'(F, Sp(2m)) = (1), we immediately see that if T = C, then
there is only one M(A°)(F)-open orbit in g,(1°)(F).

(2) ForT=BorD,write ° = (A, ..., 1%),a; > 1,1 <i < s. Then stab M (Vo) is
of type ]_[a,- odd B(fflifl)/2 X Ha,- even Da,-/z-

(3) If T =B or D, then the group stab Muo)(vo)/(stab Muﬂ)(Vo))O is isomorphic to
(Z/27)*"'. Moreover, using the description of stab M(zO)(VO) given above one can
show that, for T = B or D, the set

Ker [H'(F, Stab ,0(vo))—H'(F, M(2°))]

is in one-to-one correspondence with the set of equivalence classes of quadratic
forms (¢;); < ; <, Where ¢; is a nondegenerate quadratic form of rank ¢; such that
€., ¢; has the same anisotropic kernel as the form used to define the orthogonal
group factor of M(2°).

Next, we give another description of the M(A°)(F)-open orbits in g,(A°)(F) which is
more closely connected with the geometry of the PVS (M(2°), g,(4°)). For each gen-
eric v e M(2)(F), and each 1 <k <s— 1, Qr(v)is a i,_j4y X ft,_s,; non-degenerate
symmetric matrix which we may think of as a nondegenerate quadratic form of rank
U_i41- Thus, to each generic point v € 3,(A°)(F) we may attach quadratic forms

(O <k <s—1-

LEMMA 1.2.3. For each generic vi, vs € g(A°)(F), vi and v, belong to the same
M(A°)(F)-open orbit iff Qw(v1) is equivalent to Qr(vs) for all k, 1 <k <s—1. O

Remark 1.2.4. Not every (s — 1)-tuple (Q;); <; <51 of quadratic forms with rank
Qi = ,_;jy1 does correspond to a generic point. The relationship between the
two classifications of M(4%)-open orbits discussed above is given by the following
lemma (with the same notation as in the ‘Remarks’).

LEMMA 1.2.5. Let v € g,(A°)(F) be a generic point. Suppose that the M(A°)(F)-open
orbit containing v corresponds to an s-tuple of equivalence classes of quadratic forms
(g1 <i <5 With rank q; = a;. Then for 1 <k <s—1, we have Qi(v) & @i‘zl q;. [

Next, we treat the PVS (M(4°), g,(4°)). This time, let s denote the number of dis-
tinct parts occuring in ‘A° (or A°). Inductively define {ji,/,...,/s} C
{1,2,...,p— 1}asfollows. Setj; = 1, for 1 < ¢ < s, let j, denote the smallest integer
k larger than j,_; such that u,_; | < M,_;. Define the following functions on g,(4°).
For 1<k<s, set Qv =X X411 X1 Y' X1 "X 41X, where X;e
Mat (vp—i+1, vp—;) for k <i<p—1, Y € Sr(v1). Ok is then a v,_x41 X v, matrix
for 1 <k <s. Set

1<k<s.

fim det(Qy), if T=C,
k=1 Pff(Qk), if T=B orD,
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LEMMA 1.2.6. The set {f1, . .., fs} is a set of fundamental relative invariants for the
PVS (M(2), g2(2°)). O

Set vy = (@jp.;ol [va—m ,0], I7), where I := v; x v; identity matrix if T = C, and is
equal to the v; x v; skew symmetric matrix

0 L,
_1"1/2 0

if T=B or D.If T=C, then stab yiz)(v) = O(v,) x [T.Z O — vp_j1). and if
T =B or D, then stab p;e)(vo) 22 Sp(v,) x ]_[ﬁ.’;ll Sp(Vp—j = Vp—js1)-

Remarks 1.2.7. (1) If T = B or D, then there is only one M(A°)(F)-open orbit in
02 (2)(F).

(2) If T=C, then the group stab ys)(vo)/(stab M(Ae)(vo))o is isomorphic to
(Z)27).

(3) Since H'(F,Sp(2m)) = (1), we see that the set of M(A°)(F)-open orbits in
30 (A°)(F), assuming T=C, is in one-to-one correspondence with the set
H'(F, stab m@¢y(v0)) which in turn is in one-to-one correspondence with the set
of equivalence classes of non-degenerate quadratic forms (g;); <;<, Where
rank g; = b;. Here A° := ()fl“, ce, )Lf‘).

We also have the following description of the M(A°)(F)-open orbits on g,(A)(F).
Assume T = C.

LEMMA 1.2.8. For each generic vy, v2 € §,(A°)(F), v and v, belong to the same
M(2°)(F)-open orbit iff Or(v1) is equivalent to Qr(vy) for all k, 1 <k <s. O

The relationship between the two above classifications is given by

LEMMA 1.2.9. Let v € g,(A°)(F) be a given generic element. Suppose that the
M(2°)(F)-open orbit containing v corresponds to an s-tuple of equivalence classes
of quadratic forms (q;); <;<, With rank q; =b; Then for 1 <k <s, we have

0 =P, qi . O

Remark 1.2.10. From the previous lemmas and remarks we find that the set of
G(F)-orbits within the stable orbit with corresponding partition 4, correspond
bijectively to the M(4*)-open orbits in g,(4*)(F) where * =0 if T=B or D and
x = e if T = C. We may, thus, parametrize these orbits using the quadratic forms
Or. Recall that the equivalence class of quadratic form ¢ is determined by its dis-
criminant A(g) € F*/(F*)?, and its Hasse-invariant 5(q) € {£1}.

1.3. THE EXPONENT 5;(0*) AND THE DEFINITION OF PACKETS OF ORBITS

NOTATION 1.3.1. Let 4 € P(T). The stable unipotent orbit corresponding to 4 will
be denoted by O%. Let 4=2"U2° Write 4* = (%, ...,.%) where a; > 1, for
I1<i<s. Herex=0if T=BorDand % =¢eif T=C. Define Qy, ..., Q, as before,
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wheret=s—1if T=BorDand¢t=sif T=C. Let O C OS; denote a rational orbit
corresponding to some M(4*)(F)-open orbit in g,(4*)(F). Let v denote a generic point
belonging to that orbit. Set A; := A(Q;(v)), n; :== n(Qi(v)), 1 <i < t. We shall, then,
label O by

O,(A1, 113 Aoy o5 A my)

Thus, the set of rational orbits within O may be parametrized by a subset of the
group [F*/(F*)*' x (Z/27)" . Next, we determine the adjoint classes* within
0%, 2 € P(T), where T = C or D, and is split. We keep the above notation.

LEMMA 1.3.2. Let 4z € P(T). Let Oy, O, € O be two orbits. Let vy, vy be two generic
elements contained in the M(A*)(F)-open orbits in g,(A*)(F) corresponding to Oy, O,
respectively, where x =0 if T=D and x =e if T=C. Then O, is conjugate to
O, under the adjoint group iff Ox(vz) is equivalent to Qi(ov)) Vk, 1 <k <t
Yo € F*/(F*)*. (Here ov is obtained from v by multiplying every entry of v by o.)
Proof. We use the fact that O is conjugate to O, under the adjoint group iff there
exists (h,) € H'(F,Z), where Z = center of G, such that O, = Ad hy(01)
Vo € Gal(F/F). We realize G as the special isometry group of the form

I,
el, ’

where ¢ = 1 if G is orthogonal and ¢ = —1 if G is symplectic. Let 7 € {1, ¢, 7, en}, and
set E; := F( /7). For ¢ € Gal(F/F), let ¢, denote its restriction to E.. Define
goi=diag (1, ..., T, V771, ..., V1) € G. Then gpi—g%g ! is in H'(F, Z). Now,
a typical element of g,(F) has the form

A B
=[5 )
where B is symmetric if G is symplectic, and is skew symmetric is G is orthogonal.

Then
A B
Ad(g)X = [0 _T,A]

The statement of the lemma can then be easily deduced. O

We now define the #-exponent of a rational** unipotent orbit O and we also intro-
duce the concept of a packet of unipotent orbits.

1.3.3. Definition of n(0*). Let i€ P(T). Following the notation in 1.2, let
O=O0;(A1,n; ...;Ann,) denote a rational orbit within Of'. We define the
n-exponent of O*, denoted n(O™) as follows: Let A* = (47", ---, A¥).

*The adjoint class of an element in G(F) is its orbit under the F-points of the adjoint group of
G.

**The n-exponent only depends on the stable orbit. Its definition (see 1.3.3) involves a
partition 4*; presumably 4* is the partition defined in 1.3.1.
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n(0™") := #{k, 1 < k < s, such that @y > 1} — 9; if there exists at least one j, 1 <j <'s
such that ;> 1. Here 6 =1if T=Bor D, and 6 =0if T=C.
If a; = 1 for every 0 <j < t, then we set n(O") = 0.

1.3.4. Definition of packets. Let i e P(T). Let I(A):={1,...,t}, write I(A) =
Iy(4) U I,(4) ,where

Iy(4) :=={i € I(4) : rank Q; is odd }, I,(2) :={i € I(4) : rank Q; is even }.
Let

[BG), if T= B,
L&) = {Ie(i), if T= Cor D.

Let y: I,—> F* /(F*)*. We associate a packet [1(4, ¥) of unipotent orbits within O
as follows:

l_[(/t ) :={0;(A1,ny; -3 A ) € OF 2 Ay = Y(w) if o € L(2)}

Remark 1.3.5. For split even orthogonal groups and symplectic groups, each
packet is a union of adjoint orbits.

2. The Springer Correspondence and Transfer of Packets

2.1. THE SPRINGER CORRESPONDENCE

Let G denote a connected reductive algebraic group over F. Let W denote the
abstract Weyl group of G. Let u € G be a unipotent element and let 53, denote
the variety of Borel subgroups of G containing u. Set e(u) := dim 5,, and define
the group A(u) := Zgu)/(Zgu) Z(G), where Zg(u) is the centralizer of u in G
and (Z¢(u))° denotes the identity connected component of Z¢(u), and Z(G) := center
of G. The group A(u) acts naturally on the set of irreducible components of B,, and
hence on the étale cohomology space H*(B,, Q,), £ # p. Springer has defined a rep-
resentation of W on H2®(B,, Q,) which commutes with the action of A(x). For
every irreducible representation ¢ of A(u), let E, 4 := Hom 40,)(¢, H*®(B,, Q,))
regarded as a W-module. Springer has shown that E, 4 is either (0) or is an
irreducible module of W, and that every irreducible W-module is obtained in this
way. Moreover, E, 4 = E,, ¢, iff (u1, ¢;) and (uz, ¢,) are conjugated in G. Thus
one obtains an injection, called the Springer correspondence, between the set of
irreducible representations of W and the set of pairs (O, @) where O is a unipotent
conjugacy class and ¢ € /T(\u), where u € O. The pairs (O, 1), where 1 denotes the
trivial character, are always in the image of the Springer correspondence. Assume
now that G is of type B, or C,. The irreducible representations of W can then
(following Lusztig) be parameterized by symbols of rank n and defect 1, i.e. tableaux
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of the form
A0« - Oy 1
A= (i)
ﬁlﬁZ"'ﬁm
where
O0<o <o <...<ytl, 0< B <Py<-- <Py

are all integers with 3" o; + Y f; = n + m?. Anirreducible representation is special if
its corresponding symbol satisfies the conditions

al<ﬁ1<a2<ﬁ2< Sﬁmgdm-k—l-

If G is of type D, then the irreducible representations of W can be (again following
Lusztig) parametrized using symbols of rank n and defect 0 (in which the first
and second rows can be interchanged), i.e. tableaux of the form

A= <O€10(2-~~C{m> — (ﬂlﬁZ"'ﬁm)
ﬁlﬁZ"'ﬁm G102 - Uy '

where

O<ar <o < <y, 0<p <Br<-<By

are integers and Y o; + Y B, =n+m? —m. If {1, ..., 00} # {B1, ..., B}, then A

corresponds to only one irreducible representation of W. If {oy,...,0,} =
{B1,---, P} the n is necessarily even and A corresponds to a direct sum of two
irreducible representations of W. An irreducible representation of W is special
if the corresponding symbol satisfies the conditions

< << <oy < By,

or

Br<on <Pr<or< - < Py < -

Here, we understand that if {ay, ..., o,} = {8, ..., B,}, then each of the irreducible
components of the representation of W corresonding to A is special.

In all cases discussed above, irreducible representations which are not special are
called nonspecial. Symbols corresponding to special representations will be called
special symbols. Lusztig has partitioned W into certain Sfamilies (cf. [9]). Each family
contains a unique special irreducible representation of W. The families can be
described using symbols as follows. Two irreducible characters of W belong to
the same family if and only if they possess symbols for which the unordered sets
{01, ooy Oats Prs oo Py} (resp. {og, ..o, O, By - - - By }) are the same if G is of type
B or C (resp. D). When G is of type D and {o, ..., %} = {f,..., B}, then each
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irreducible component of the character corresponding to the given symbol consti-
tutes one family. The Springer correspondence gives rise to a map O — E,, 1, where
O is a unipotent orbit, u € O, and 1 € Z@) is the trivial character. This map allows
us to transfer the notions of special, nonspecial and families to unipotent orbits.

DEFINITIONS 2.1.1. (i) O is said to be special (resp. nonspecial) if E, 1 is special
(resp. nonspecial).

(i1) O; and O, are said to belong to the same family if £, ; and E,, | belong to the
same family of irreducible characters. Here u; € O;, i =1, 2.

Next, we give a description of the map O— E,, ; in terms of partitions and symbols.
We shall employ the following notation: If # = (u;, ..., u,) is a partition, we set

Ll = (/20 T /2)
Ll £1i= (/2% 1, /2 £ 1)

(note the change in order).
Now, let A =(41,...,4,) € P(T,), T € {B, C,D}, and define 4, := (4 +r—1, 1o+
r=2,..., 41 +1,4)= i‘i UZAS. If T=B or D, then the orbit corresponding to

A gets mapped to the character with symbols (Eﬁ}) If T = C, then the orbit cor-
responding to 4 gets mapped to the character with symbol (%ja) if ¢(2) is odd,
and gets mapped to the character with symbol (O’[gﬁ 1) if £(4) i; gven. This follows
easily from results in Sections 11.4 and 13.3 of [5].

NOTATION. Given T € {B, C, D}, we shall denote by Py,(T,) the set of partitions
corresponding to the special orbits in groups of type T,. The following description
of Py,(T,) is well known (cf. 13.4 in [5], supplemented by 3.9 and 3.11 in Ch. III
of [13]).

Let A=(A1,..., 4).

(i) 4 € Pyp(B,) < Ay and oy have the same parity for all i with 1 <i <[r/2] &
2 € P(B,).

(i) 4 € Py(C,) < Asi1 and Ay; have the same parity for all i with 1 <i<[r/2] &
2 € P(C,).

(ii)) A € Pyp(Dy) < 421 and Zy; have the same parity for all i with 1 <i <[r/2].

Next, we describe the families of orbits alluded to above. Let 4 € Py (T)),
T € {B, C, D}. Write

0o _
l:lOUleSetl*:: },,lfT—BOI'D
2, ifT=C

Assume that 2" =: (uf', ..., u%), and define 4], 45 by

A=A UA}and A7 = (ui', .. ) =t (viova, oo, VE),
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where ¢; = a; — 2if a; > 2 and ¢; = a; otherwise (1 < i <r). If T = Cand £(4) is even
we add a zero entry vx; = 0 to 4. Now define 4, as follows.

(1) If T=B, A := ¢ unless vy, —vy; =0 or 2 for all i with 1 <i < [k/2], and
vp = 1. If these conditions are satisfied then we set A4, := {1 <i<[k/2]:
V2o — Vo = 2}.

(i) If T=C, A4, := ¢ unless vy; — vy;51 =0 or 2 for all i with 1 <i<[k/2], and
vy = 2. If these conditions are satisfied then we set A4, (= {1 <i<[k/2]:
Vai — V2it1 = 2}

(iii)) If T=D, A4, := ¢ unless vy; — vp;5.1 = 0 or 2 for all i with 1 < i< [k/2], and
vk = 1. If these conditions are satisfied then we set A, := {1 <i<[k/2]:
vai — V2ip1 = 2}

For any subset J C 4, define the partition 47(J) = (v}, ..., v}) as follows.

(1) If T =B, then for all ;i with 1 <i < [k/2]

N wn ) (2ic1,v2i) if iglJ,
(03, v3) = { (ot — Loy 4+ 1), if iel.

(i) If T=C or D, then for all ;i with 1 <i < [k/2]

V5, v ) = (vair vait1) if g1,
2i0 V2ir1) - (vai — 1, vaip1 + 1), if i€l

Now for J C I, set A(J) := A](J) U 45 U 1™, where

= A if T= Bor D,
2 T= C

LEMMA 2.1.2. The assignment J C A;i— O,y establishes a bijection between the
power set of A, and the family containing the special orbit O,.

Proof. Using the prescription given above for the map O — E, ; one checks that
the symbols corresponding to A(J), J C A4, belong to the same family. One then
observes that every partition is of the form A(J) for some 4 € Py,(T,) and some
J C A;. ]

2.2. THE GROUP 4(u) AND THE PACKETS

Assume that E, 4 is an irreducible character of the Weyl group of some reductive
group, where u is a unipotent element and ¢ € A(u). Lusztig has defined a integer
ag,, by requiring that ¢« is the highest power dividing the generic degree of

E, 4 (see [9]).
DEFINITION [ 221 ([9]) Let ue G be a special unipotent element. Set

A/(;)O ={¢p € AW) : E, 4 # (0), and ag,, idim B,}. The group A(u) is the largest
quotient of A(u) through which all ¢ € A(u), do factor.
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NOTATION 2.2.2. We will occasionally write 4(O) if O = O(u) or A(4)if O(u) = O,
in place of A(u). Similar conventions will be applied to A4(u) as well as
C(u) == Zew)/(Ze(w))’.

Remark 2.2.3. For orthogonal and symplectic groups, the group A(u) is
isomorphic to (Z/27)" for some k € N which can be calcluated from the symbol
attached to 4 as follows (see [5]). If G is of type B or C, then the set of entries occuring
only once in the symbol has cardinality 2k + 1. If G is of type D, then the set of entries
of the symbol which appear in just one row has cardinality 2k. The integer &k can also
be calculated directly from the partition as follows. Let 1€ P(T,), and
=09, ..., %), where 2* =12 if T=B or D and A*=2° if T=C. Let
t=s—1if T=BorDand¢=sif T=C. Let I,(4) be as defined in 1.3.4.

LEMMA 2.2.4. Let /. € Py,(T,). Then rank A(2) = #(1.(2)). O

Remark 2.2.5. (1) If G is a symplectic, or a unramified quasi-split orthogonal
group, and 4 a special partition such that O3' # ¢, then the number of packets par-
titioning Of' is equal to the number of irreducible unipotent characters of G(I,)
which are associated with 4 (see [5]).

(i) If G is symplectic or quasi-split orthogonal, then for any 4 such that O # ¢,
we may parametrize the set of packets partitioning O using the set
Hom 7,27[A(u), F* /(F*)’] .

2.3. DUALITY AND PACKETS

Let Gbe of type T,,, T € {B, C, D} and let G denote the dual group which we take to
be defined over the field F.

In[13], Spaltenstein defines two duality maps. The first map is an order preserving
isomorphism dy, = d: Py(T,) — Psp("i“n)("i“ is the type dual to T). The second map is
an order reversing isomorphism

Dz, = D : Pyy(T,) — Py (T,).

When G is odd orthogonal or symplectic then the map D is related to the map d by:
D(2) = (d(2)) for every special 2. When G is even orthogonal, then d(4) = A for every
special A.

NOTATION 2.3.1. We shall often write 4 instead of d(2) and “J instead of D(J). The
above duality maps have a simple meaning in terms of the Springer correspondence.
The map d regarded as a map between special symbols, via the correspondence
O(u)—E, 1, is just the identity map. The map D is obtained from d by tensoring
the irreducible character corresponding to d(4) by the sign character. It thus follows
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that we get isomorphisms
A(2) = A(Z) = A(*2), 7 special.

As a consequence, the sets 7.(4), I*(i), L.(*2) (see 1.3.4)) do all have the same
cardinality. These sets, as subsets of IN, are equipped with a natural order* which
allows us to define two order-preserving bijections ; : I,(4) — I*(;l) and
1, : I,(A) — I.(*4), where A is special. These bijections induce the following
cdrrespondences of packets.

DEFINITION 2.3.2. Let [ [(4, /) be the packet assocAiated to the special partition 4
and y: L(A)—F*/(F*)*. Define [](4 ) :=]](% xpo(zi)_l) and L[4, ) :=
H(Ll’ lljole)il)'

For later purposes we shall need to explicitly describe the duality maps 4 and D.
() G is of type B,.
Let 4 € Py,(B,) with 4 = 22U 2¢. 2° has an odd number of parts, so we may (and
do) write 2° := (U1 - -+ Horq1)- Now define 2= Ui, ..., 15, oy — 1), where
for I <i<r

G, 1) = { (2i—15 M) i.f Hoi—1 = Hoi»
2= i (Maiy = 1 gy + 1), if gy > pay;.

Set 4:= 2’ U 2°. Note that 4 € Py,(C,).

(i) G is of type C,.
Let 2 € Py, (C,) with 4 = U 2°. Assume first that £(A°) is even. In this case
assume that A°=:(uy, o, ..., 1) Set A :=(u+ 1,13, ..., 15 5 15,
Uy, — 1, 1), where for 1 <i<<r—1

(s 1)) = { (Hai i 1), i.f Hoi = it 1»
2 Pt (i = 1o pogy + 1), 0 pg > oy
Set 4:=2"U 2%
Next, assume that ¢(4°) is odd and that 2° =: (uy, ..., uy4).

Define A° := (u; + 1, 15, ... 15, |) , where for 1 <i<r

(s 1)) = { (Ui H2i+1)’ i.f Hoi = Hojt1s
2ir F2il (i = 1 gy + 1), if py; > iy

In this case set 4 := A° U A°.
In both cases considered above, we have 4 € Py,(B,).
(iii)) G is of type D,,.
*The referee requested a clarification of this natural order. Each of the sets 7,(4), I*(:l), L(*2)

is a subset of N and hence inherits a total ordering from the standard total ordering on N.
Presumably this is what is meant by the natural order.
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Let AePy(D,) with 4= XU Then ¢(2°) is even and we will write
= (uy, ..., Wy,), and define 2°:= (u; + 1, W, ... 1h_y, o, — 1), where for
1 <i<r—1,

(s 10,) = { (Hair i 1) i.f Hoi = Hojt1s
2ir Fait (o = L poir + 1), 0 g > pioiyg-
Set 4:=2"U 2

LEMMA 2.3.3. () If G is of type B or C, then d(4) = A for any special a.
(i1) If G is of type B, C or D, then D(X) ='A for any special .
Here 2 is the partition defined in the preceding discussion. O

2.4. ENDOSCOPIC INDUCTION

DEFINITION 2.4.1. Let G denote a connected reductive algebraic group G defined
over F, and H an endoscopic group of G. Let Oy be a unipotent orbit in H. By
the Springer correspondence, the pair (Op, 1) is associated to an irreducible rep-
resentation ¢ of W(H), the Weyl group of H. The Weyl group W(ﬁ) of the dual
group H of H can be identified with a reflection subgroup of the Weyl group
W(G) of G. On the other hand W(H) and W(G) can be identified with W(H)
and W(G) respectively* up to inner automorphisms. Using truncated induction (cf.
[5]), o gives rise to an irreducible representation p of W(G). If p corresponds to
a pair (Og, 1) for some unipotent orbit Og in G, then we declare that Oy is in
the domain of endoscopic induction and that Og is its image. We then write
O¢ = Ind§0y.

Remark 2.4.2. (i) The domain of endoscopic induction contains all special orbits.

(ii)) Endoscopic induction was, basically, first introduced by Lusztig in ([9]), who
regarded it as a map from the special orbits in the dual group H to orbits in G.
Endoscopic induction is the composition of the map defined by Lusztig and the
duality map.

(iii) In [1], we proved that (over C) endoscopic induction is the unique map
between the set of special orbits in H(C) and the set of unipotent orbits in G(C)
which produces matching unipotent orbital integrals.

Next, recall (cf. [5]) that the unipotent orbits in G can also be parameterized using
weighted Dynkin diagrams and that a unipotent orbit is said to be even if all the
weights on the associated diagram are even.

The next lemma is stated as an observation in ([4], p. 105).

*As the referee points out, these identifications are only canonical modulo inner
automorphisms.
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LEMMA 2.4.3. Let G be a connected semisimple algebraic group /F. Let Og be a
special unipotent orbit in G. Assume that the dual orbit “Og is even. Let H be an
endoscopic group of G, and Oy a special orbit in H. Assume further that
O = Ind$0y. Then "0 NH =L0y. O

Let G be type B, C or D. A direct description* of endoscopic induction in terms of
partitions is given as follows. Recall that the endoscopic groups of G are of the
following types:

G H

B, B; x B, &, 0<k< [l’l/2],
C, Ci.xD,_, 0<k<n,

Dn Dk X ankv 0 < k < [n/2]

LEMMA 2.4.4. Let G be as above and H = H| x Hj be an endoscopic group of G. Let
O; be a special orbit in H;, i =1,2 and Og a unipotent orbit in G such that
O¢ = IndglezOl x 0. Then

A(Og) = infp(G)(A4(01) + 4(0)).

Proof. In ([13], p. 219) Spaltenstein introduced a set of axioms describing a system
of maps {ju.¢} defined on the set of special orbits in endoscopic groups (and gen-
eralized versions thereof) H of G. He proved the existence and uniqueness of such
systems, and that the recipe given in the statement of the lemma is such a solution
for groups of type B, C, D. On the other hand it is well known that endoscopic
induction, as defined in 2.4.1, satisfies all the Spaltenstein axioms.** O

2.5. TRANSFER OF PACKETS

Our aim here is to define the endoscopic transfer of the Packets (see Definition 1.3.4)
contained in a stable special orbit in an elliptic endoscopic group of a symplectic or
split special orthogonal group. The definition will be introduced in three steps of
increasing levels of generality. The main step is the first; each of the next two steps
reduces to the preceding step. To be more precise, let G denote a symplectic or split
orthogonal group, and H an elliptic endoscopic group of G. Let Oy denote a special
orbit in H, and set Og := Indf,OH and let 4 denote the partition with O; := Og.

*The description given in Lemma 2.4.4 is incorrect in cases C and D, as Waldspurger has
observed. The error arises from a misunderstanding of Spaltenstein’s map jy.g. What follows
from Spaltenstein’s work is that A(Og) = infpg)(A(O01) + A(07)), with 4 defined as in the
discussion preceding Lemma 2.3.3. This is true for G of all three types (B, C, D); note that
when G is of type C, the numbering of O; and O, must be chosen so that O, comes from the
factor D,_; of H. It is interesting that when G is of type B, Assem’s version, while different
from Spaltenstein’s, is also correct.

**Section 12.6 in Ch. III of [13] is useful at this point.
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Assume that OY; # ¢. (Since G is split, we then have OF # ¢). The first step deals
with the situation where the set of parts of 4 is of the special form {2,4, ..., 2r}
if G is symplectic, or of the form {1, 3, ..., 2r + 1} if G is orthogonal. These orbits
are all special and enjoy the property that their dual orbits 2O, are even. In the
second step we consider the situation where 4 consists only of even (resp. odd) parts
when G is symplectic (resp. orthogonal). This situation is reduced to the situation
handled in the first step via Lemma 2.5.10. In the third step we treat the general case.

Before we proceed we need to introduce a certain set associated to any partition
€ P(T,).

DEFINITION 2.5.1. Let 2 € P(T,), T € {B, C, D} with 2 = 2° U 2°. Set A* := 2° if
T =B or D and set A* = A° if T = C. The set S(4), of segments associated with
2, is defined as follows. Let A* =: (4{', ..., A"). Then

() S :={(, ..., 2% : 1 <k<sAY" aisodd}if T=B,
() S@) :={(A],.... 471 <k<S/\Zf:1a,» iseven } if T=C or D.

DEFINITION 2.5.2. If T =B or D, then #S(4) = #1,(4) + 1, and if T = C, then

#S(2) = #1.(2) (recall defn. 1.3.4.). If T=B or D, we define S,(A):=

S(2) — {(2{")}, and if T = C, we define S.(4) := S(4). Thus #S.(2) = #I.(4). The sets
14

S(4) will be ordered using the natural order on partitions, thus (4{',..., ) <
(A1 .. A iff k< L.

DEFINITION 2.5.3. Let b; : S,(A)—>1I,(4) denote the unique order reversing
bijection, where [I,(1) is equipped with the natural the ordering (as a subset
of N).
EXAMPLE 2.5.4. Let 4:=(9', 8% 72, 6% 5%, 3,22, 1%). Then A* = 2° = (9!, 72, 5%,
3',1%). Note that rank Q; =1, rank Q> =3, rank Q; = 6, rank Q; = 7. Hence,
I.(2) = {1,2,4}. On other hand, S,(4) = {(9',7%), (9!, 7%, 5% 3"), (9!,7%, 5% 3, 1%).
Now, we proceed to define the transfer of stability packets in the following con-
text:

e G = symplectic or split special orthogonal group.

e H =H, x H;, an elliptic endoscopic group of G.

® u, u, two special partitions corresponding to the orbits O,, O,, in H;, H,
respectively. We set Oy := O,, x O,,, and Og := InngH. Let 4 be the par-
tition with Og := 0,. We further assume that O} # ¢.

Definition of transfer of packets (Step 1)

Assume that the set of distinct parts of 4 is of the form {1,3,...,2r+ 1} if G is
orthogonal and is of the form {2, 4, ..., 2r} if G is symplectic. Then O; is necessarily
special and its dual ZO; is even, as can be easily checked using Lemma 2.3.3. Since
H is necessarily quasi-split, it splits over some quadratic extension of F. Let
1 €{l,¢,m, en} such that F(\/7)/F is the minimal extension over which H is split.
Let [, =[l:(# ¢) C O}, denote the packets associated to ¢, : L(u;)—
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F*/(F*)?, i = 1,2 (see Definition 1.3.4.). We shall use duality (see Definition 2.3.2.)
to reduce the problem of ‘transferring’ [[, := ][], x ][], into that of transferring
the dual packet L [T, := LT, xE[1, € 07, x O, < H,(F) x ﬁzA(F)- At this point,
and before we proceed, we have to be clear about the meaning of H;(F), i = 1, 2. We
do regard H; as a group defined over F which splits over the same field as does H;.
Now, if A(L) = (1), then O3 contains only one packet, namely O itself, in which
case we always define the transfer of [], to be O3'. Thus, we shall assume that
A(2) # (1). This assumption is equivalent to the condition S,(£2) # ¢.

Consider now the following eight (mutually exclusive) conditions that may be
satisfied by an element z € S,(*4):

(i) 3x € S,(*u,) such that z = x,
(i) 3y e S.(*m,) such that z =y,
(i) 3(x,y) € Si(fuy) x Sy(X w,) such that z = xU y,
(iv) 3x € S.(*u) A3y € SEuy)\Si(“uy) such that [z =xUy A every part of y is
smaller than every of x],
(v) 3x € So(*uy) ATy € SEu)\S.(*py) such that [z = xU yA some part of y is
larger than some part of x],
(i) 3x € SFu)\S:(*uy) A Ay € S.(*uy) such that [z = xU yA every part of x is
smaller than every part of y],
(vii) 3x € SEu)\S,(*u)) A Iy € Si(Fi,) such that [z = xUyA some part of x is
larger than some part of y].
(viii) 3(x, y) € (S(Lﬂl)\S*(Lﬂl)) X (S(Lﬂz)\S*(Lﬂz)) such that z =xU y.

Remark 2.5.5. If G is odd orthogonal, then S(*x,) = S,(“u;), i = 1, 2, hence the last
five conditions are vacuous.
Now define

S.(*4, tuy, Fuy) == (z € S.(*u) : z satisfies one of the conditions (i)-(viii) } .

For i = 1,2, denote the 0; the composition of the following maps

L,y L) P px (X2
S.("p) — L("w) L(n;) FX/(F*),
and define 0 : S,(“4, Lu,, ")) —— F* /(F*)* by
0,(x) , i ()
0,(») ,if (i)
01(x)02(y) . if (iii)
) I mod(F*)" , if (iv)

02)=19 0,0 Cif ()
1 mod (F*)* , if (vi)
0,(») ,if (vii)
1 mod (F*)* , if (viii) .

Set 0.(z) := 7 - 0(2) (recall that E; is the minimal extension of F over which H splits).
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DEFINITION 2.5.6. Under the above given assumption on 4, we define the transfer
of the packet [, (u1, @1) x [[,(#2, ¢5), denoted by Tran¥ [1,(u;, ¢1) x [],(#z, @,) to
be the union ]—[@ [14, 6 0 b;/i1 ow;), where the union is taken over all
0. : Su(:2) - F*/(F*)* which extend 0..

Definition of transfer of packets (Step 2)

Now, assume that 2 = (A{',..., 4)") contains only odd parts if G is orthogonal, or
contains only even parts if G is symplectic. This situation can be reduced to the
one discussed in step 1 via descent as will be discussed below. First we recall the
definition of induction of rational orbits from a Levi subalgebra.

DEFINITION 2.5.7. Let g denote a reductive Lie algebra, and let p=m+n be a
Levi decomposition of some parabolic subalgebra. Let O denote a nilpotent orbit
in m(F). Define Indj, O to bet the set of all nilpotent orbits in g(¥) which intersect
O + n(F) in an open set.

Next, let 4 be as given above. Define the Levi subgroup M, by M, := GL; x G} ,
where

r—1
GLA = H[GL(QI 4+ 4 ai)];vi_;vi+1—2/2 ,

i=1

and G := unique group of the same classical type as G such that 2rank G+
Yizi(ar+ -+ a)( — dip — 2) = 2rank G.

Let A’ denote the partition obtained from 4 by replacing each A,_; by either 2i + 2 if
G is symplectic or by 2i + 1 if G is orthogonal, where 0 < i <r — 1. Note then A’
satisfies the conditions of stepl and corresponds to an orbit O, in G'. Moreover,
we have

LEMMA 2.5.8. There exists a one-to-one correspondence O — O between
03 C G(F) and O3 C G(F) given by

0 =1Indj, (1,0),

where, here 1 denotes the trivial orbit in GL,(F).

Proof. This follows easily from comparing the Prehomogeneous spaces associated
to O, and O, and then applying the definition of induction. For more details, see the
argument in Lemma 1.3.1. in [2]. O

COROLLARY 2.5.9. The correspondence established in Lemma 2.5.8. gives rise to a
1-1 correspondence between the packets within O3 and those within Of.
Proof. Clear. [

LEMMA 2.5.10. For i =1, 2, there exists a Levi subgroup M, C H; of the form
M,, = GL,, x H:l’_ and partition w; corresponding to an orbit Oy in H; such that

https://doi.org/10.1023/A:1001839511409 Published online by Cambridge University Press


https://doi.org/10.1023/A:1001839511409

TRANSFER FACTORS FOR UNIPOTENT ORBITAL INTEGRALS 251

(1) H;ll X HLZ is an elliptic endoscopic group of G, which splits over the same extension
E./F as does H.
(i) GL, x GL,, =~ GL,.
G,
(iii) Oy = IndH/};i1 <H), (O, Oyy).
(iv) The map Ul— U; between 0;‘ and OZ‘I given by

Ui = Indyy' (1, U))

is a one-to-one correspondence which preserves packets. Here, again 1 is the appro-
priate trivial orbit (a convention which we shall adhere to).
Proof. Since O, = Indgle2 0,, x O,, we have A =infpeg)(u; + u,). The proof

then consists of writing down the parts of #; and u,, then using the above relation
and the definition of A'. The details are straightforward. O

Thus we have the following situation

1,0,)<GL, xG;, =M, €C— 0,CG
M, G
Trany/ o, Trang, . p,

(1.1,04. 0y) € GL,, x GL,, x H, x H)_ =M, x M,, © —— (0,,. 0,,) S H; x Hy,

where the study of the right vertical arrow can be reduced to the study of the left
vertical arrow, which then reduces to the study of the transfer of the packets in
Of}l X OZ‘Z to O5'. This observation leads to the following definition:

DEFINITION 2.5.11. Let 4, p;, ut, be as above, and let [[; € O%(y;), i = 1, 2, be two
given packets. Let []; € O°'(u) denote the packets corresponding to . as assured by
Lemma 2.5.10. Define the transfer of []; x [, to 0%, denoted by Tran$ [, x [,
to be Ind§y [Tran}f: (1) x 1) x (1) x TT») -

Definition of transfer of packets (Step 3)

Let 4 denote any partition in P(T,), and let A* be as usual (see Notation 1.3.1).
Then, of course, I,(4) = I.(4¥), hence there exists a natural one-to-one correspon-
dence between the packets within O3 and those within O5:. Let T, denote the group
containing O;+. The following lemma is not difficult to prove.

LEMMA 2.5.11. Let p;, py, be the two special partitions with corresponding orbits
0,, €H;, O, € H, such that Og = Indzlez(Oul, O,,). Then there exists a pair
(*py, *py) of special partitions such that

() #LCw) = #L (), for i=1,2,

(i) infper, (" + ") = A% O
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By (i) of Lemma 2.5.11, there exists a natural bijection, [[i—*]], between the
packets within 0St and those within 0St induced by the order preserving bijection
between .(*u;) and L(u),i=1,2. As noted above, we also have a natural bijection
between the packets within O3 and those within O3t.

DEFINITION 2.5.12. Let []; € O“, i=1,2, be two given packets. Define the
transfer of [ [, x [],, denoted TranH ]_[1 x [],, to be the union of all packets within
O3' which correspond (under the natural bijection discussed above) to the packets
within O%. obtained by transferring *[], x*[], to O\ according to the definition
of transfer in step 2.

3. A Transfer Calculation
3.1. NOTATION AND SOME UNIPOTENT ORBITS
Let n > 1 be an integer. Consider the following partitions A(n; k) of 2n + 1:

(n — 2k, n -2k, 141‘“), if 0 <k< Ll nodd,

<
= 2
(n—2k—1,n—2k — 1,1%+3)if 0 <k < 52,

l(l’l; k) = n even .

The unipotent orbit in SO(2n + 1) corresponding to A(n; k) will be denoted, in this
section, by O(n; k) instead of O;(,.x). Note that A(n; k) corresponds to the trivial orbit
when k = (n—1)/2, n odd; or when k = (n — 2)/2, n even. Next, we discuss some
basic properties of these orbits.

LEMMA 3.1.1. Assume that0 < k < (n—1)/2 fornodd, and0 < k < (n—2)/2 forn

even, n = 4. Then

() An, k) =7/27, A(Mn, k) = (1)

(1)) O(m; k) is a Richardson orbit, induced from the trivial orbit in
[GL(Q2)]"2*=V/2 x SO(4k + 3), if n is odd, and is induced from the trivial orbit
in [GL(2)]"~2~272 x SO(4k + 5) is n is even.

Proof. Clear. ]
Let (M(n; k), g,(n; k)) denote PVS associated with A(n; k). Then we have

[GL2)]" V% x SOk +3), 0<k <", nodd,
"] [GLR) %272 x SO@k +5), 0<k < 22,}1 even
and
[Mat(2,4k +3), 0<k <l nodd,
g(n, k) = n2
[Mat(2,4k+5), 0<k <™=, neven

M, ; acts on gy(n, k) by gi,...,80,h) - X =g, X'h, where g; € GL(2), 1 <i<{,
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h e SO2m+ 1), and X € Mat (2, m). Here we used ¢, m for the appropriate integers
given in the descriptions of M, and g,(n, k) above.
Assume now that

n—1
5=, nodd
k;é{”zz, n even
i.e. O(n k) is not the trivial orbit. Then X € g,(n,k) is a generic point iff

det(XJar434:'X) # 0. Here, J, is the form used to define SO(p), and

,_ [0 ifnodd
11, if neven

Thus to each generic point € g,(n; k)(F), there is an F-rank 2 quadratic form
attached to it, namely, the quadratic form determined by the 2 x 2 symmetric matrix
X434/ X. The next Lemma is then obvious.

LEMMA 3.1.2. Fix an orbit O(n; k) as above.

(i) Ifk =0andnisodd, then O (n, k) splits into four SO(2n + 1, F)-conjugacy classes.
Moreover, if X|, X» € gy(n, k)(F) are generic, then X is conjugate to X, under
SOQ2n + 1, F) iff det(X1Jais3+e'X1) = det(XaJais' X>) mod (F*)2

(ii) If otherwise, then O%(n,k) splits into seven SOQ2n + 1, F)-conjugacy classes.
Moreover, if X1, X, € qx(n, k)(F) are generic, then X\ is conjugate to X, under
SO2n + 1, F) iff the quadratic forms determined by X, and X, are equivalent.

NOTATION 3.1.3. We shall label the F-rational orbits in O(n, k) as follows. If
k =0, and n odd, then for each 7 € {1, ¢, &, en}, we let O,(n) denote the rational orbit
containing a generic point X € g,(n, k)(F) satisfying: det(XJar;3'X) = tmod (F*)2. If
k>0, 7€ {cmen}, and n € {£1}, then we let O, ,(n, k) denote the rational orbit
containing a generic X € g,(n, k)(F) such that the quadratic form corresponding
to XJgyi34, has discriminant t and Hasse-invariant #; the orbit corresponding to
(F*)? will be denoted by O (n; k).

We shall be interested in the stable orbits O%(n; ky), where ko := (n — 3)/2 if nodd
>3, and ko .= (n—4)/2 if neven =4, in other words, we are dealing with the
partition 331", n > 3.

Next, we review some facts about the sub-regular orbits in SO(5, F). The PVS
associated with the subregular orbit by SO(5) is given by the pair
(GL(1) x SO(3), Mat (1, 3)), where the action is given by: (g,h)-X :=gX'g,
g€ GL(l), heSO@B), X e Mat(1,3). Let X =[x, y,z] € Mat(l, 3)(F). The sub-
regular orbits in SO(5, F) are then in one-to-one correspondence with the square
classes of the relative invariant A(x, y, z) := 2xy — z>. We shall denote the stable
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subregular orbit in Of,. The subregular orbit defined by the condition:

A =tmod (F*)*, t € {1, ¢, 7, en}, will be denoted by Ogyp (7).
The next lemma will be needed.

LEMMA 3.14.
. OG5
(@) IndGL((l))xSO(3)1 = O -
(i) Indgy )1 = Ogup (1).
(iii) Let Oy denote the (unique) F-rational orbit in SO(2n — 1, F) with corresponding
partition 2212"=5_ Then Indgy) 4yt562,-1) (1 Omin) = O1(n. ko). O

Next, we introduce more notation. Let »>1 be an integer. Let G, =
G :=SO(2n + 1). The identity connected component of the Langlands dual group
is

G, =G =Sp2n, C)={g € SLQ2n, C): 'gJ.g = J'},

where
, I, L .
J, = _7 , 1, == n x n identity matrix.
n

Then T, := {diag(t1, ..., tn, il ) e )1 < i < n}is a maximal torus of
G.

Let K, = K¢ := G(Op), a hyperspecial maximal compact subgroup of G(F). Let
H(G, Kg) denote the corresponding spherical Hecke algebra, i.e. the convolution
algebra consisting of all complex valued, compactly supported, and Kg-bi-invariant
functions on G(F). Let W(B,)= W := Weyl group of G. Thus W =
S, x (Z/27)", where S, is the symmetric group on # letters. It is known that the
dominant integral weights of (A}n can be indexed by the set Pt ={m=
(mi,my,....my)€Z" :m =my>--- >0} Let m=(my,...,m,)e P Set
fm := characteristic function of the double coset

Kediag(1, #™,...,7a™, =™, ..., n7")Kg .

Then {fy, :m € P} is a C-basis for H(G, Kg). The Hecke algebra H(G, K¢) is
isomczrphic to Clzy, 211, ..., zns z;l]W, via the Satake transform. If f € H(G, Kg),

then f will denote the Satake transform of f.

3.2. SOME ORBITAL INTEGRAL CALCULATIONS

Next we start by recalling some results of Igusa. Let m > r > 1 be integers. Let
X = M(r, m) := Mat (r, m). For x € X, we denote by =m; ;(x) the determinant of
the r x r matrix with the i;-th, ..., i.-th column of x as its 1-st, ..., r-th columns.
Following Igusa (cf. [7], page 220), we let iy denote the morphism from X to
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AP, where p = (7) is defined by

and set
X' =X — iy (0), I(X) := ix(X), IX) = ix(X))

GL(m) acts naturally on X and A™. The latter action defines one on the space A"(A™)
of alternating forms of rank r, which in turn induces an action of GL(m) on I(X).
Note that the actions of GL(m) on X' and I(X)' are equivariant relative to iy.
Moreover, the action of GL(m) on I(X)' is transitive.

LEMMA 3.2.1. There is a volume form di on I(X) satisfying d(g - i) = (detg)" - di,
which defines a measure on I(X)(F), denoted also by di, which can be normalized
so that for any continuous function ¢ on I(X)(Or) and for U :=I1(X)(Op)—
nl(X)(OF), we have

/ L dinne= T 0= ¥

2<is<r Jtseedr 20

% H q—(m—k+1)j/< / d)(nj‘+""‘7j"~i)di.
U

I1<k<r

Here, the measure dx on X(F) is normalized so that vol(X(OF), dx) = 1.
Proof. This is Lemma 8 in [7]. O

Next, consider the prehomogenous vector space (GL(r) x SO(m), M(r, m)), where
the action is given by (g, ) - x = gx'h, x € M(r, m) . Recall, from Section 3.1 that
the fundamental relative invariant, f, is given by f(x) = det(xJ'x), x € M(r, m).
Here J is the form used to define SO(m). In this section, we shall be interested only
in the case where r = 2; m > 3 and odd. The measure dx on M(2, m)(F) is normalized
as in Lemma 3.2.1.

LEMMA 3.2.2. For s € C, Re(s) =0, and t := q~*, we have

(1 =g 1 = g1 — g
‘Yd —
/M(z,m)(oF) Ferdx (I =g ' = g732)1 — g=+112)

Proof. This is a special case of the formula given in ([6], page 236). O
Define Q := {x € M(2, m)(OF) : min; <, <, < m(val(w; ;(x))) = 0}.
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LEMMA 3.2.3. For s € C, Re(s) = 0, and t := q~*, we have

(I—g (1 =g — g1 — g ™)
(1 —g 'l —g7322) '

Proof. First note that f(x) = ¢(ix(x)), x e M(2, m)(F), where ¢ is a quadratic
homogeneous polynomial in the () variables: 7;, ;,(x), 1 < i < i» < m. Next, note
that Q is equal to the GL,,(Or)-orbit of the matrix (a;) € M(2, m)(F), where
ajy = a» =1, and a; = 0 otherwise. The arguments given in ([7], p. 225), show then
that

/Q Fldx =

[ veorax=a - [ 1orai . )
Q U
Using the formula given by Lemma 3.2.1., and the homogeneity of ¢, we get

/ F))Pfdx = (1 — q—Z) Z g " _q(—m+1)./'z . / lp(n/ 1) di
M(Q2,m)(OF) U

Jij2=0

=(=q 3 @") "'y / lp@Pdi ()
Ji2 =0 U

_ (1-4¢7) o

- (1 — q_m[2)(1 _ q—m-HIZ)‘/U |(P(l)| di

Combining (%) and (xx), we get

/Q F()Pdx = (1 — g1 — g1 7). Fe)Pdx .

M(2,m)(OF)

The desired result follows now from Lemma 3.2.2. O

LEMMA 3.2.4. Let y: F*/(F*)> — C* denote the character defined by: y(z) :=
(=D)¥O ¢ e FX/(F*)*. Then for Re(s) = 0
@)
(1-¢ Hd+¢7 01 —g ")
T+ a7 100 — )1 = 71

f PP - 2/ ()dx =
M(2,m)(OF)

(ii)
(1—gHA+4g70)1 =g (1 — gF)
(I +q7'n(1 —g73¢2)

Proof. Let Y denote any nonempty compact open subset of M(2, m)(Of). Then

fQ PP - 2 ()dx =

[ reorax =3y volix e ¥ s el =7, ), )
n=0
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while
fy P - 7 0)dx = Y (=1 -vol(fx € Y : [f(0)] = ¢}, dx) (%)
n=0

Thus (*x) is obtained from (x) by changing ¢ to —z (which amounts to changing s to
s — (in/In g). Our result follows now from Lemma 2.2. and 2.3. upon specializing
Y to M(2, m)(OF) and Q, respectively. O

We are interested in integrals of certain spherical functions over the rational orbits
contained within the stable unipotent orbits O%(n; k¢). Recall, from Section 3.1, that
0%'(n; ko) is a union of 4 orbits: O,(n; ko), T € F*/(F*)?, if n = 3; and is a union of 7
orbits: O1(n; ko), O:,(n; ko), if n = 4. One easily checks that for i > 0, we have
g; # (0) & i =2 or 4. Moreover, dim g, = 4n — 6, and g4 = (E» 543 — E3n42). A gen-
eral element X € g, @ g4 will be represented in matrix form as following:

0 0 O —Xx —a 7]
x 0 0 »n V-2 0 t 2] Zp—2
a 0 0 b bu_> —t 0 1 Cn—2
—Z —C]
X = —Zp-2 —Cp-2
0 0
0 0
-1 —by
L ~Vn—2 —bps i
Note that
XZ
exp(X) = Dypy1 + X+
P 0 0 R
=Dby —=E, t—=\E, —t — = E3 40 — = E3 3.
2wl T 5 2,+2+< 2) 2,+3+( 2) 32 = 5 B3
Here
n-2

P=P(X):=x"+2) ¥z,
j=1

n—2
0=0X):=d"+2) b,
Jj=1
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and
n—2 n—2
R=R(X):=ax+ chyj + ijzj .
J=1 J=1

Set D(X) := PQ — R?, and note that D is a fundamental relative invariant for the
Prehomogeneous space (GL(2) x SO(2n — 3), M(2, 2n — 3)).

Next, consider the two spherical functions f(1.1,0,...0) and f2,0....0) on SO(2n + 1, F),
n=3.

LEMMA 3.2.5. Let X € g, @ q4. Then

() X € supp (f(1.1.0....0)° €Xp) U supp (f(2,0.....0)° €XP)
& [X € 05 aval(r) = —1]v
[min{val(x), val(a), val(b;), val(c;), val(y;), val(z;), 1 <i<n—2} =—1 Aval(?)
> — 1 AvalD)> —2]

(i) X e supp (fo0...00€xp) < [min{val(x), val(a), val(b;), val(c;), val(y;), val(z;);
1<i<n-2}=—1]v [min{val(P), val(Q), val(R)} = —2 Aval(t) > — IA
val(D) = —2].

(iii) supp (f1.0....000€Xp) M@y = .

(iv) supp (f(2.1.0....0)o€Xp) Mg, = ¢. Here ‘supp’ stands for ‘support’, and ¢~V = |¢],
teF.

Proof. Given g € G(F), and m = (my, ..., m,) € P/*, we have* g € supp (fm) &
—my — --- —my = min{ valuation of all £ x £ subdeterminants of g}, V¢,1 < ¢ < n.
Apply this to g =exp Y for Y € g, ® g4, and note that form = (1, 1,0,...,0) or
(2,0,...,0), only the relations corresponding to ¢ = 1,2 do matter. The others
are redundant. A careful and lengthy analysis of these two relations gives the claimed
result. We omit the details. O

DEFINITION 3.2.6. Let n > 3, and O(n; ko) as above. Let f € C°(G(F)). We say
that f satisfies condition (C,) if:

Jo.a0S = lo,of: i n=3, .
Zne{il}fom,(n;kwf Zne%”fom(n;kwf o i n>4

LEMMA 3.2.7.

D Jo,a:0/C00 = [o,a.0/000 =4 [o 30 fe00 fn=3
01k /20,00 = ety fo,;,nm;ko)f(lo ~~~~~ 0) =4 D peran) fOn.»z(n§k41)ﬁ2’0’""0)’
ifn>=4
(ii) The spherical functions f, ..oy f2.0,...00 and f2,0....0) + f1,1.0,....0) satisfy condition
(Cy), n=3.

*In other words one can tell which K-double coset g is in by looking at the norms of the

exterior powers of the matrix g. This is well-known for the general linear group and works
essentially the same way for split odd orthogonal groups.
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Proof. It n=3,let V:(3,0), 1€ F*J(F*)?, denote the (GL(2) x SO(3))-open
orbit in M(2, 3)(F), corresponding to O.(3;0). If n >4, let Vi(n; ko), V.(n; ko),
t € {e,men}, ne{xl}, denote the (GL(2)x SO(2n—3))(F)-open orbit in
M(2, 2n — 3)(F), corresponding to Oi(n; ko) and O ,(n; ko), we use the Ranga
Rao integral formula to get

/ f =vol({X € Vo(n; ko) + g(4) : exp X € supp (f)}, dX), [ € H(G,, K,).
Ox(n:ko)

Here, the question marks are reserved for the subscripts indicated above. We now
consider the case n =3, and f = f(20,0). The arguments for n > 4 and f = f(2,0,....0)
are similar, and will not be given. We shall write an element X € g,(3,0)®
94(3,0) as following: X = (x,y,z, a,b,c,t) € F. Then for t € F*/(F*)?, we have
(using Lemma 3.2.5.):

vol({X € V+(3; 0) : exp X € supp (f2.0.0))}, dx) = ¢'vol({X € 0% — n 05
: (P(X), O(X), R(X)) € O3. — 103 Aval(D) =2 A D(X)

= tmod (F*)*} .

To proceed, we need to recall the following general fact. Let n > k > 1 be integers,
and

f=0, . Si): F'=F",
Jfi€ Flxi, ..., x,], 1 <j < k. The critical set Cy of /" is, by definition, the set

- o
{x € F" : rank <8_x,-)1<j<k< k.}
1<i<n

Letr € F* — Cy, and let |dx/df |, denote the measure on the fiber f ~!(7) constructed in
the standard way. Next, let ® denote a Bruhat-Schwartz function on F", whose
support is disjoint from C;. Then the fiber integral: 1 — [, ®|dx/df|, is locally
constant, and
d }dr ,
t

/”(I)(x)dx:/Fk[/f_](t)d)df

where dx, dr are the normalized Lebesgue measures on F" and F¥, respectively.
Apply now the above discussed generality to the following situation:

n=6 k=3, f={.ffA:={P 0O R), and
O, =1yly, teF*/(F*)

dx

where
Y :={(x,y,z,a,b,¢) € 05 — 105 : (P, Q,R) € O3 — 103} ,
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and

Z.:={(x,y,z,a,b,¢) € Oy —n0%: D= PQ - R
= tmod (FX)Z, and Val(PQ—Rz) =>2}.

Here 1, denotes the characteristic function of 4. Thus

/ Jeo.0 = q7/ lylzdX
0:(3:0) o
ef f o
F3Jf=1(n
q7f 12{/ 1Y
/R0

The last identity follows from the observation that 1, is constant on each fiber
f~1(f). Now, the fiber integral: y(¢) := S 1y|dX/df| dris a locally constant func-
tion supported on O3 — nO0%. Write (1) = Y, a;1y,, where the sum is taken over a
countable set A, and (U;),., 1s a mutually disjoint family of compact open subsets of
03 — 10}, and a; > 0, VA € A. Thus, for t € F*/(F*)*, we have

oo =4 a; / Iy - 1ydi
/043;0)( : Z F3 :

LEA

=4 Z a; - vol(U; N D™ (x(F*)* N P%), di)
LEA

dt

dx
df

t

dr

dx
arl,

Now, using ([1], Proposition 2.2.), VA € A, YV € F*/(F*)?, we have

vol(U; N D™ (¢(F*)* N P%), dr) = / [lim ¢ %N v, (i)ldi ,

(F*)INpr €7

where, foranyi € Op,and any e € NN, e > 1, N 1,)(i) is defined to be the order of the
set {(z1, 22, 23) € U; : D(z1, 22, z3) = i}, where the overbars indicate reduction modulo
P%. For . € A, let No(4) := order of the set {(z1, 22, 23) € U, := D(z1, 22, z3) = O},
where, this time, the overbars indicate reduction modulo Pr. Since U; C
O3 — n 03, it follows, as can be easily checked that fori € P%, e € N, e > 1, we have

Nee.v,)(i) = No(2) - g2,

In other words, N, v,)(7) is independent of i € P%. The claimed result follow now from
the above discussions, and the fact that for each n € IN,

vol(F*)* N P — Py*)
-1

1 —
= vol(e(F*)* N (P — PY*1) = 2‘1 e
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and

vol(n(F*)* N PP+! — P2

1 —
= vol(en(F*)* N (P21 — pitly) = 7; g @b

This concludes the proof of part (i) of the Lemma. Part (ii) can be proven using

similar arguments and we omit the details. O

The next Lemma reviews some results, needed later, about some subregular orbital
integrals in SO(5, F).

LEMMA 3.2.8.

(1) The dimension of the complex vector space of linear forms on H(SO(5, F),
SO(5, OF)) spanned by integration over the four subregular orbits Ogyp,(7),
T € F*/(F*) is three dimensional.
(i) fOSub(n)f = fOsub(m)f . J € H(SO(S, F), SO(S, OF))
(iii) Let m = (m;,my) € P;". Then
(@) fos.,bu)f(O,O) =3
1(1—¢gH(1+43
Jouwfon = 521 + ;1-1;51 . ZS;

lg'(1—q7")
fosub (n)f(o’o) = 5 1 _ q—3 :

®) [ fimm = for, o fomm =3 (1 —q7")
foﬁ“"(“)f(’”””) = %qzmqﬂU —gY, if m is odd.
(C) me.h(l)ﬁnﬂo) = %q%ﬂ(l + (171),
fosub(g)f(m,()) = %q%m] —qh,
fo‘""(”)ﬁm’o) =0, if m > 0, and even.
@ Jou (0fm =0T € F*/(F Y2, if my and m have different parity.
Proof. See Section 2 in [1]. i

3.3. A DESCENT LEMMA

LEMMA 3.3.1. Consider the following two arrows between connected unramified
groups defined over F.

MG —> G
MH — H

where the source groups are Levi subgroups of the target groups, and the lower source
(resp. target) group is an endoscopic group of the upper source (resp. target) group.
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Assume that Dg, D, Dy, D, are all tempered invariant distributions on G(F),

H(F), Mg(F), Myu(F), respectively. Assume further that

(i) Dg=1Ind§,_Dy,, Dy =Ind}; Dy,

(1) Duy(g) = D, (gM"), g € H(Mg, Ky,,). Here ‘Ind’ indicates parabolic induction
of invariant distributions, and g™ € H(Mpy, Ky,,) is the ‘transfer of g’ Then
De(f) = Du(f™), f € H(G, Kg) where 1 is the transfer of f.

Proof. From (i) and (i), we have, for / € H(G, Kg)
Da(f) = Do () = Dag, (FH)M)

and
Du(f™) = D, (FM) .

Now, for any unramified group L, and tempered invariant distribution D; on L(F),
there exists a measure* up on the space Ly, of tempered unramified principal
series, such that, for f € H(L, K})

DY) = /L 7o), () *) |

unr.

where f1— ]V” denotes the Satake transform of f. Now, set L := My, and note that the
Satake transforms of (f5)™¢ and (f)M# are the same for all f € H(G, K). Applying
(%) to Dy, and using the above stated identities, we obtain the claimed result. []

COROLLARY 3.3.2. Let G := SO(2n + 1), H := SO(5) x SOQ2n — 3),n = 3. For all
f € H(G, Kg) we have

. H __
D fos, /" =20 Jo,0k0) S

sub
s H __ 1
() fowmn/" =3Souwi /-

Here 1 denotes the trivial orbit in SO(2n — 3, F), and oy is a non-zero constant (which
will be computed in Section 3.6).

Proof. In case (i), apply Lemma 3.3.1 to the following data: My :=
GL(1) x SO(3) x SO(2n — 3), Mg := GL(1) x SO2n — 1), D¢ := fOI(n;ko) o, Dy :=
/;05‘ 1n® Dug = /, 0. ® Wwhere Opiy denotes the (unique) F-rational orbit in
M (F) with corresponding partition 2 2 12=5, and Dy, := Dirac delta measure
at the identity in My(F). Thanks to Lemma 3.1.4, and ([1], Theorem 3.2), the hypoth-
esis of Lemma 3.3.1 are satisfied, up to a nonzero constant «y. Hence the result.

*The referee points out that, in general, one needs distributions not just measures.
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(i) In this case, we apply Lemma 3.3.1 to the following data: My = Mg =
GL(2) x SO(2n — 3),

Dy, = Dy, := Dirac delta measure at the identity ,

Dgzzf o,andDH:=/ °.
OSt(ka) (Osup (1),1)

The hypothesis of Lemma 3.3.1. are satisfied, up to a nonzero constant, by virtue of
Lemma 3.1.4. The constant can be calculated by evaluating Dg and Dy at the iden-
tity elements of the Hecke algebras, using Lemma 3.1.4. (iiia). O

3.3. A FORMULA FOR %

Fix an integer n > 3. Let G :=SO(2n + 1) and H; := SO(5) x SO(2n — 3). H; =
SO(2n — 1) x SO3). Hi(F) and Hy(F) are both elliptic endoscopic groups of
G(F). We are interested in calculating the endoscopic transfer map: fi—f*,
i=1,2, for certain functions f € H(G, K¢).

First we recall some definitions and facts. For k € N, k > 1, the Harish-Chandra
spherical c-function cp, is defined by

ch(Zla ey Zk)
1 — q—lzi—lzj 1 — C[_lzi_lzj_l l_[ 1 _q—lzi—Z

1., _ 11 _ 2
1 —z7 'z l—z7'z 1 -z

1<i<j<k 1<i<j<k J 1<i<n

(the empty products equal 1 in the case k = 1). Following the notation of 3.1, let
Gy := SOQ2k + 1), and f € H(Gy, Ki). The Satake transform f of f, is explicitly given

by Macdonald’s formula (cf.[10]) as follows. If m = (my, ..., my) € P;F, then
¥ q%[(Zk_l)m1+(2k—3)m2+...+mk] i

f (Zl,...,Zk)Z [cB,(Zln--,Zk)Zml-nz /\»]a’
" Ous A [ 2

where Om(q¢~") denotes the Poincaré polynomial of the stabilizer of m in the Weyl
group W(By) = Sy N(Z/ZZ)]‘ . Next, we recall a suitable version of the Plancherel
Theorem for Gi(F).

PROPOSITION 3.3.1. Let m,m’ € P;*. Then

1 k . <
Oulg )<L) @ (@ di @

[W(BWI \2ni) Ji,,
B L= +k=3ym-] Sk((t{z]:‘l)y ifm = m',
0, otherwise
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Here
Tro={z=(C1....,20 e C i |z| = = |z =1},
_,dz dzy A
du(z) := |ep,(2)] 2 11 o z2=(z1,...,z) € Tro ,

0u(¢g™Y) := Poincare polynomial of W(Gy) ,

and the overbar denotes complex conjugation.
Proof. See [10]. O

Now, as before, we fix n € IN, n > 3, and set G := SO(2n + 1). Fix k, £ € N such
that k+¢ =n. Set H := SO(2k + 1) x SO2¢ +1). Let f € H(G, Kg). Recall that
fH e H(H, Ky)is defined by ¥ := f  where f¥ is the Satake transform of /¥ defined
on H(H, Ky), and f is the Satake transform of f* defined on H(G, Kg). Write

= Z am,ngm ® I, dmn € Q.
mepP;*
nepft
Here gm € H(SOQ2k + 1, F), SO(2k + 1, OF)), and h, € H(SO(2¢ + 1, F), SO2¢+
1, OF)) are the basic spherical functions corresponding to m and n respectively (see
3.1). The following Lemma provides a formula for calculating the coefficients am n.

LEMMA 3.3.2. The coefficient amn is given by

=q 2[((21{ Dmy +Q2k—3)my+-++my)+((20—1)n +(2€—=3)ny+--+ny)] -

1" ~1 —1 —1 —1\ 7
<%> / cp(zy sz ) e (Zyys -2, (21 Z0)
Trx,(]

m my. _ny n,g le . dZn

+Z ©Zy Z
1 k “k+1° z1 Zp

Proof. Using the Plancherel Theorem (Proposition 3.3.1) for H(F), and the explicit
formulae for g, and h,, we get the identity

_(]2 YQk—1)m+Q2k—3)my+-+ny] qz[(ZZ Dy +(2€=3)ny+-+ne] 1 .
[ W (Bi)l| W(B)

1 n
[ E
T 0o 6 W(B,) 0 W (B
. [cB[(Zk+1’ e Z’?)Zk+l . Zz(]f.

~——dz;  dz
-2 -2
“lep (21, - Z)TTleB, (Zha1s - - s Z0)] f(zl,...,zn)z—~~- .

Zn

Now, note that fv is invariant under the Weyl group W(By) x W(By), and that for
zeT, fGz1.....z0) =F(" ...z =F(z1. ... z,). An appropriate change of
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variables applied to each term in the above double sum will give the integrand in the

formula stated in the lemma. The rest is clear. O

3.4. SOME AUXILIARY SPHERICAL FUNCTIONS AND THEIR TRANSFERS

Let G, H; and H; be as in Section 3.3. Our aim is to explicitly calculate the functions
f(ﬁl,o,“.,oyf(lz-l,b AAAA oy L = 1, 2. In principle this can be accomplished using Lemma 3.3.2.
In practice, however, it is easier to work first with certain auxiliary functions in
‘H(G, Kg) which we now introduce. Let ¢, ¢,, @3 € H(G, K¢) be defined as follows.

v 1 . . B

(Pl(Zl,...,Zn)~ m Z N=n+Hzz+z; +---+z,,
ceW(B,)

p : ei 6

Pr(21s s 2p) = T 1(n i Z (z122)" = Z Z zizy
ceW(By) e, e,-e{:i:l} I1<i<j<n

(7)3(21""’2”): on— l(n Z (2) ‘+Zi+21_2+...+2;2
UGW(Bn)

Next, for any positive integer r, define the following subsets of P}+.

A"(1) :={(0,...,0),(1,0,...,0),
A"(2) :={(0,...,0),(1,0,...,0),(1,1,0,...,0)} ,
A"(3) :={(0,...,0),(1,0,...,0),(1,1,0,...,0),(2,0,...,0)} .

LEMMA 3.4.1. Fori= 1,2, 3, we have
@] ¢;= X d/m, where a, € Q.

meA"(i)

_(@n=1 (o
[b] ”(11,0,“,,0) =4 22 : ”%1,31,0,“.,0) =g 2, o
o0 =4 " @ie,.0 =~ —q” )61’( 1),
Proof. Write ¢, = Y bmfm: bl e C, 1 <i<3. Applying Lemma 3.3.2. we get
meP;t
' Ly 1—z7'z noo1—z?
& =*< )/ = T CINEN
m 2mi ,101</l:[k<"1_qilzjlzk gl_q—lzjg i

n
mj—1
z;’ -dzy...dz,,

j=1
where * is some nonzero constant which does not concern us at the moment. Note

that the integrand can have a z;-pole only at z; = 0, and only when 0 < m; < i. Next,
we first consider the case where i = 1, and m; = 1. Then 0 < m, < 1. Assume that
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my = 1. Then
b 1\" 1— z,-z/’1 1 —z;z;
m = *\ 2ni 1_[ 1 —qlziz;! l_[ 1—qlziz;
ee(£l}1<k<n T"01<l</<n g Ziz 1<i<j<n <)
n 2
T
_ 12
o 1 —qg !z
my+e—1 _my—1_mp—1_m3—1 2 m,—1
-z} T T B 2, dzy---dz, .
Note that all the integrals vanish except when k = 1 and e = —1 (otherwise there is

no zi-pole). Thus for m = (1, 1, ms, ...m,), we have

1\" 1 —z;z;7! 1 —ziz; 1=z
pl— s j iZj i
" *(2711') /T H lz;z5! l_[ 1 —qlziz; gl —q'z?

11<z</<n1_q l<i<j<n

-1 _m3—1 m,—1
Sz 2y ezt dzy---dz,

Taking the residue at the only z;-pole, namely z; = 0, we get a contour integral of a
function which has no z;-poles. Thus 5!, = 0 in this case. The same reasoning shows
that if m = (1,0, ...,0), then

2n ey 1 n 1-— ZiZ-_1 1 —zz:
bl — <_> / T =z
m=q 2mi T4 <1:J['<nl — q—lziZfl 1_[ 1— q—lz,-zj

J I1<i<j<n

Successively, taking the residues at z; =0, ..., z, = 0, we get b} = ¢~ “7 as desired.
The proof of the remaining part of statement [a], as well as the identities
@0 =92?, and @} o =q D is similar and we omit the details.
So, it remains only to check the identity o, o =—(1—g g > . Set
m = (my,my,...,my,) =(1,1,0,...,0). Then, using Lemma 3.3.2., we get

1 —zz:!
3 —(2n-2) Z i)
a — .
m q k<n(2nl) [ 1 — q—lzizj—l

ere{£l} 1 <k < n01<1</<n
M ==
— 1,
1<i<j<n1 g zizj
n 2
11—z _ o
1_[7_]’ 5 2 Magm=t g2l dzydz,
1 —q iz
Note that the integrand has no z;-pole unless £ = 1 and ¢, = —1. In this case, z; = 0

is a zj-pole of order 2, and there are no other z-poles. Thus, taking the residue at
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z1 = 0 (using logarithmic differentiation), we get:

n—1 — oyl
2 B q—(2n—2)( 1 ) / 1_[ 1 —ziz;
(1,1.0,...0) = Gy P p—
i) Jimeslai=t ) cigi<n T 47157

l—[ 1-— ZiZj
1 —q'zz

2<i<j<n

lnl -z - - dzz  dz,
. 17—{2 Z —(I1—¢ 1)(Z_/+Zjl)dzz ... )
=2 T4 A 2 3 Zn

Taking the residue at z, = 0 gives

1\"? 1 —ziz:!
3 _ -1y, —(2n-2) i
a1,1,0,..,0) = —(1—q)q <—> / | | T 1.1
( ) 2ri |z3l==lzal=1 3 < icj<n 1 — q 1ZiZj

1_[ 1 —zz; ﬁ 1-2 dz;  dz,
1 —qlzz 1-— q‘lz} z3 zy

3<i<j<n j=3

Now, successively taking the residues at z3 =0,...,z, =0, we get the desired
identity. ]
The next two lemmas will provide formulae (sufficiently explicit for our purposes)

for the function q)]H”, 1<i<2,1<j<3.

LEMMA 3.4.2. For j=1,2,3, we have
@@ o= D (k.0 A2()x AT2() a{(,zgk ® he, where "{c,z € Q.

2 _ -2 3 _ 2 -1y 3 _ -3
®) ai 0.0 =9 " G0 =9 A =a7) apo 0..00=9 "
Here, gx and %, denote basic spherical functions associated to k € P; * and
¢ € P, respectively.
Proof. The verifications are similar to those of the preceeding Lemma,and are
omitted. O

LEMMA 3.4.3. Forj=1,2,3, we have
(@) %Hz = Z(k,l)eA”*l(/’)xAl(/’) a{(,egk ® hy, a{(,z € Q.

2 —Qn—4) 1,3 —1y,(2n—4) 1.3 —(2n-3
(b) b(l,l,O,.N,O) =q 9, b(l,l.O,..A,O) =—(1— g "Hg*?, b(2,0 ,,,,, 0 —49 @n=3),

Here, gx and A, denote the basic spherical functions associated to k € P:[_*'] and
te P, respectively.

Proof. Omitted. [
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3.5. THE FUNCTIONS /", o AND fff i=1,2.

The purpose of the next two lemmas is to compute, using Lemmas 3.4.2.and Lemma

i= 1 2
LEMMA 3.5.1
(i). There exist constants o, dm, byn (m € A%(2)), such that
S0 0 =0+g 0 =g Ng" 2g00 ® h....o+
+ ¢ *gan ®ho.. .0y +oga.0) ® ho....

+ Z &m ® (amhqo,..0) + bmh(l,l,O,..t,O)‘
meA(2)

(i) There exist constants ¢y, dp em (m € A%(3)), such that

0 =4"""220 ®ho..o+

+ Z &m ® (emh(i0,...0) + dmha.10....0) + emh20,..0)
meA2(3)

Proof. (i) By Lemma 3.4.1. [a], there exist 4, u € QQ such that

= Mo..00+ 7P 0.0+ o .0

Thus

—Qn=2 H
—)“f(o )"“] " )f(llo )"‘“ﬁl,b,...,())‘ ()

.....

On the other hand, using Lemma 3.4.2, there exist constants v, om, S € Q,
m € A4°(2), such that

<pfl = q—2g(1,1) ® h(O L0 T V80,00 ® h(() vvvvv 0)

+ Z gm ® (omhi0,....0) + Bmhi,1,0,...0) ()
meA2(2)

Now, by Lemma 3.4.1 [a], ¢, is in the linear span of f(o o) and fi10, . 0, and by
Lemma 3.4.2.[a], (pl is in the linear span of the functlon g(o 0 ® ho.....0)
""" 0) is in the linear span of the four functlons mentloned above.
Now substltutmg into (x) and comparing the result with (%), we see that
f(1 1.0...0) 18 now in the linear span of the eight basic functions appearing in (s).
Let y denote the coefficient of gu.n ®ho,..0 in f(1 10,.. Note that, from the dls-
cussion above, the coefficient of gu.1) ® A0y in fi

fH 0)) is zero. Thus substituting into (x) and comparmg the coefficient of
g, 1)®h(0 o) with that in (%*), we get g~ ?"2 = ¢~2. Thus y = ¢*"*. The

coefficient 9, say, of gq.0) ® h,....0) in f(l,l,O,“.,O) is obtained from the results of ([3],
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Proposition 1.3.5.) In fact 6 is equal to ¢! fof(l,l,owo),where the integral is over the
unipotent orbit O in SO(2n + 1, F) parametrized by the partition 2*1?"~7 (the stable
orbit contains only one F-rational orbit), and ¢= value of the Igusa zeta function
associated to the prehomogeneous vector space (GL(4), Alt(4)) at s = 2n — 7. Note
that the measures used in calculating the above orbital integral and the Igusa zeta
function are the same, so 0 does not depend on the normalization of measure.

(if) We argue as in (i). First, note that the coefficient of g0y ® A(.....0) inf(glo,...,()) is
equal to zero. This follows from the fact that the orbital integral of f» o, o) over the
orbit O, indicated in (i) above, is equal to zero (see [3], Proposition 1.3.5.) Next,
using Lemma 3.4.1., there exists constants A, u such that

¢35 = 0.0+ Wa.o..0 — (1 — 471)617(2"72)]{(1,1,0,‘..,0) + qf(znfl)f(zo,“.,m .

Thus

..... 1,0,... )

On the other hand, using Lemma 3.4.2., there exists constants f, om, Pm> Vm>
m € A%(3) such that

+ Z gm ® [omh1.0,....0) + Bwhi1,1.0,...0) + Tmh2,0....0)] (%)
meA2(3)

,,,,,,,,,,,,,,

,,,,,

=g = —(1 = g ) @D g =D and g7 = gD
Thus y =0, and 6 = ¢ *. ]
LEMMA 3.5.2.

(i) There exist constants o, am, m € A" 1(2), such that

f(ll{zl,o,.“,O) =- 97(2"72))612%2&0..,.,0) ® hoy+

+ @ga1.10....0) ® hoy + 2ga1.0....0) ® Moy + Z Zm @ amhy) .
med™ ' (2)

(i) There exist constants by, cm, m € A"~'(3), such that

meA"-1(3)
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Proof. The proof is entirely similar to that of Lemma 3.5.1., and we
omit it. O

3.6. THE TRANSFER FACTORS

Fix an integer n = 3. Set G = SO(2n + 1), and H = SO(5) x SO(2n — 3). Our first
goal is study the transfer of the integrals over (O (1), 1), T € F*/(F*)?, from
H(F) to G(F).

We begin by evaluating the constant oy appearing in Corollary 3.3.2 (i).

LEMMA 3.6.1. oy = 2.

,,,,,

,,,,,

functions whose integrals over (O, ,1) vanish. Thus, using Corollary 3.3.2(ii)

and Lemma 3.2.8(iii) (c) (with m = 2), we get

1 5, _ _
s ra = [ g =t |
(Osub(l)vl) (O,

=(+q") J.0....0) -
O1(n:ko)

H
J3o...0)
(1),1)

sub 5

Thus [, (k) J2.0,...0) = 1¢*~!. Now, evaluating both sides of Corollary 3.3.2(ii) at
Je.o,..0, and using Lemma 3.2.8. (c) (with m = 2), we get

1

2n—1 H 2n—1

7" Zf fo... 0)2“0/ feo.... 0)=“0§€/" .
(o)) (O1(n3ko)

sub’

Thus oy = 2. O

PROPOSITION 3.6.2. Let t € F*/(F*)*, and set E, = F(/7). Let k. denote the
character of F* associated to E. via local class field theory. The following identities
are satisfied:

. H __ 1 ; _
(1) f(osub (r>.1)f - izge(pmf K:(0) f01(3;0)f , fn=3
1
2

.. H _ .
() Soon@nf" = 2ok T Loer= iy 1:(0) fom(n;kwf]’ ifn=4

a#1
ne{£1}

where f € {fo,..0) fa.10....0, f20...0)}
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Proof. For 1€ F*/(F*)*, and g e CP(H(F)), we set a,(g) := Jo
[ € CX(G(F)), set

w08 For

AM‘)::/ /., andforte FX/(F*)?, t#1, we set
O, (n;ko)
Ar(f)::/ f,ifn=3, and

O:(n:ko)

A(f) = Zf £, ifn=4.
ne(E1} Y Orn(n:ko)

Using this notation, the statement of the may be formulated as following:

a () 11 1 1[40
o™ | 11 1 21 || 4
ayt |20 -1 1 —1 || 4 |
a::n(fH) I -1 -1 1 Aen(f)

where f € {f(0....0), f(1.1.0....0), f2.0....0)} First, note that it follows from Corollary 3.3.2
and Lemma 3.6.1, that for all ' € H(G, Ks), we have

ag=3 Y A0, e
TeF* J(F*)

Y a™) =241(). (46)

TeF* J(Fx)

We now treat each of the above three functions separately. Since, in each case, the
function £ is understood, we shall simplify the notation by dropping f/ and f*; thus
we shall write a, and A, instead of a.(f¥) and A.(f), etc.
(1) The case / = /..o

In this case we get the following system of identities:

Al +As +A7z +Amr = 17 clear,

Ay 4+ Ay — Ay — Ay = 000 H)  {ema 324 (1) (sets = 0)
& T ET (1+q71)(1_q73) 9 Al £

Ay =15, (%),

A, = Az, Lemma 3.2.7 (i)

Solving the above system, and using Lemma 2.7, we get

1 1(1—¢gH(1+4q7)
=A4 = —, =A, == g = TE:ATE:ATE
a 1=5 G R Yy i vy g ay = a, .
lg'1—q™h
2 1-¢g73

The claimed result follows in this case.
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(2) The case f = f2.0....0)

In this case it is enough to use (x) and (*x), together with the identities:
a; = dz; = 0 (Lemma 2.7) ,
Ay =A4,, and A, = A,; (Lemma 3.2.7 (ii)),

to obtain the same result in this case.

(3) The casef :ﬁl,l,O,....O)~
By case [2], it is sufficient to prove the claimed identities for fy:=

J2.0....00 10,0 Set
A= (X € (PR — (P01 (P(X), 0(X), R(X)) € (PF2)*~
— (P72’ A D(X) € P2},

and A, := O~
According to Lemma 3.2.5 (i), we have
supp (fo)oexp = Aj x P! UA; x (Pr' — OF) . (1)
Next, for t € F*/(F*)?, let U, := union of all (GL(2) x SO(2n — 3))(F) — open orbits
in M(2, 2n — 3)(F) which are parametrized by the (equivalence classes of) quadratic
forms with discriminant .
Set Ai(t) :=A; N U, i=1,2. Using (1), and the Ranga Rao formula, we get, for
T e FXJ(F*):
A:(fo) = qvol(A1(7)) + (¢ — 1)vol(Ax(1))
= qvol(A1(7) U Ax(7)) — vol(Az(1)) (2)
= ¢""vol(n(A1 (1) U Ax(1)) — vol(As())

Next, recall the set Q defined before (and used) in Lemma 3.2.3. For t € F*(F*)?, set
Q(1) := QN U(x) .It is clear, for t € F*/(F*)?, we have

(075N U(D)] — Q1) = n(A1(r) U Ax(7)) , i
As(1) — Q1) = (A1 (1) U Ay(7)) .

Thus, by (2), we get , for t € F*/(F*)*:

A:(fo) = ¢ [Vol(Ax(2)) — vol(Q(r))] — vol(As(2))
= (g™ = Dvol(Ax()) — ¢*">vol(Q(1)) 3)

.....

+ other functions whose supports do not meet (O3, 1) .
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,,,,,

,,,,,

+q" / gan+q"t f 0.0 -
Ogup (1) Ogup (7)

Using case [1], and identities (1), (2), the claimed identities (for fj) are then equivalent
to

(4)

— l 4n—5 iT(e) 2n—4
z[g)qu vol(Q(1)) + ¢ A

where T € F*/(F*)? and the sum ranges over ¢ € F*/(F*)*. Now, by Corollary
3.3.2, Lemma 3.6.1, Lemma 3.2.8(i), and Lemma 3.2.7(ii), we see that it is sufficient
to prove (5) only for v =& But now we get, using Lemma 3.2.4(ii) (setting
s =0, and m = 2n — 3):

®)
(ga,n +g(2,0))i|

sub (T)

_ 1 -3
Z(ﬂwwwwﬁiﬁﬁ%%wmwhﬂwm

teF* J(F*)
(N
Next, using Lemma 3.2.8., the left-hand side of (5) (with t = ¢) is equal to
Uotes  ona opa oy (L=g D1 +4¢7)
_ n _ n _ n _ . 8
5 (4 q "+ q) = iEr=) (®)

On the other hand, using (7) and Lemma 2.7, the right-hand side of (5) (witht = ¢) is
equal to

1[mlﬂ1—q‘x1+q3>
2T e —g)

+ﬁ4@a—¢wvw*+¢w}

(1= g @9)(1 - g )¢
©)

The equality between the terms in (8) and (9) readily follows. This concludes the
proof of Proposition 3.6.2. [

3/7. SOME REMARKS

We predict that the identities obtained in 3.6 will extend to all f € C°(G(F)). Note
that each given orbit corresponding to some partition of the form A(n; k), k = ko
is induced from an orbit of the form (1, O), where 1 is the trivial orbit in some general
linear group, and O is an orbit of the type we have just treated. Moreover, there is a
one-to-one correspondence between the rational orbits within O, and those within
the given stable orbits. This one-to-one correspondence is obtained by induction
of F-rational orbits. Thus, our prediction carries over to that larger class.
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4. Examples and a Conjecture on Transfer Factors for Unipotent Orbital
Integrals

4.1. ELLIPTIC UNIPOTENT ENDOSCOPIC DATUM

In this section we first analyze some examples which suggest various features of the
transfer factors for the unipotent orbital integrals. Our analysis is based on using
the matching results established in [1-3], and the preceding section. These results
deal only with certain spherical functions. However, we take our lead from the prin-
ciple that any identity between unipotent orbital integrals of spherical functions
should have a ‘natural’ extension to all compactly supported and smooth functions.
Moreover, these extended indentities have analogues in the ramified situation,
by which we mean that the endoscopic group is nonsplit but splits over a ramified
extension of the base field. We do not prove any essentially new identities, but
we predict, based on our analysis, what the transfer factors should look like in each
discussed example. We then present a rough form of the transfer factors, which
we then make precise for several families of orbits.

Next, we introduce the concept of elliptic unipotent endoscopic datum relative to
Og in a classical split group G.

DEFINITION 4.1.1. An elliptic unipotent endoscopic datum consists of a pair
(H, Op) where

e Oy is a special unipotent orbit in H, with O} # ¢.
e Og is a unipotent orbit in G.

such that the following conditions are satisfied

(i) Og =1Ind$ 0y (see def. 2.4.1);

(i) A(Oy) = C(Og), if Gis of type B, and A(Oy) x 7./27, = C(Og), if G is of type C
or D (recall that C(Og) is the group of connected components of the centralizer of
some u € Og).

Remark 4.1.2. Since G is assumed to be split, we have Of # ¢.

4.2. EXAMPLES

EXAMPLE 1. Let G =S0(9), 4= (5,3,1). Then O, is a special orbit. The PVS
associated to 4 is given by

M(4) = GL(1) x GL(2) x SO(3),
5,(2) = Mat(1,2) ® Mat (2, 3).

Let X = (X1, X2) € g2(4)(F), and define
0i1(X) := X1 X2 J5' X2' Xy, 0-(X) = Xo3' X;.
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X is generic < det(Q;) # 0 # det(Q,). Note that for X generic, rank (Q;(X)) =1,
rank (Q»(X)) = 2, hence Iy(4) = {1}, I.(4) = {2}. Thus, there exist four packets within
O determined by the condition det 0;(X) =t mod (F*)*. Using Lemma 1.2.5 and
Remark 3 (preceeding Lemma 1.2.3), we find that O contains 10 rational orbits
corresponding to 10 pairs of quadratic forms as follows. For ¢ € {1, ¢, m, en}, let
E, := F(\/0), and let N, /r denote the corresponding norm map. Then the ten pairs
are ((0), (p, 1)), where o € {1, ¢, m, en}, and p € N /r(E)) mod (F*)*. Let us denote
the rational orbit corresponding to the pair ({(o), (p, 1)) by O,(c; p).
Then the four packets within O are

l_[ :={0;(0; p) : p € Ng,/r(E)) mod(FX)z}, oe{l,emen).

a

The following lemma shows that each [[, gives rise to a stable distribution.

LEMMA 4.2.1. The distribution

= f, oe{l,emen), fe CO(G(F))
061_[0_ 0

is stable.

Proof. Let M := GL(2) x SO(5), and 1 € F*/(F*)*. Let Op(1) := (1, Ogup (7)),
where 1 is the trivial orbit in GL(2, F) and Oy, (7) is the subregular orbit in
SO(5, F) corresponding to 7 (see 3.1.3). Then by Proposition 5.5.1 in [2] the integral
over Oy (t) is a stable distribution. One then checks that Indfl Oou(r) =T,
t € {1, ¢, m, en}. Now, the parabolic induction of a stable distribution is again a stable
distribution, and we are done.

Next, we find that there is only one pair (H, Op) consisting of an endoscopic group
of G, and a special orbit Oy C H, satisfying 4(Oy) = A(0;) = C(0;), namely

H = SO(5) x SO(5), On = (Osub » Osup ) = (O311, O11).
Thus O3, contains 16 orbits forming 16 packets:

Zw = {(Osub (1), O (0))}, 7,0 € {1, ¢, 7, en}.

The formalism discussed in Section 2 suggests that these 16 packets will transfer to
the four packets [, as follows. Note that “2 = {(2, 2, 2, 2)}, S.(*p) = {(2, 2)}. Thus
Definition 2.5.6. tells us that the packet ) transfers to [[. Thus, one expects
that the integral of /¥ over > ., should be equal to a linear combination of integrals
of f over the various orbits within [[,,, the coefficients being the transfer factors. We
wish to get some understanding of the transfer factors involved.

LEMMA 4.2.2. Let f be an element of the three-dimensional space spanned by the
spherical functions £,0,0), f1,1,0» f2,00 (Which we considered in Section 3). Then
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for each o € F*J(F*)?, 3% £ 0, such that

= vt [
‘/(.Osub (), Osup (9)) Z 0;(xa;p)

TeF* J(FX) T,peF* [(F*)?

Here, ( , ) denotes the Hilbert pairing on F*/(F*)?, (not to be confused with rank 2
quadratic forms notation).

Proof. Let My := GL(1) x SO(3) x SO(5), Mg := GL(1) x SO(7). Then the
following relations are satisfied:

. M _ 2
D J1.0u@) @ =* Zecr sy S0 0.0u ) 9> @ € CEM(F)), 0 € F*(FX)

. ”
(D) fi1 00 @™ =% 2eer jrp (0.0 Jo /-

for all /" in the three dimensional space indicated in the statement of the lemma,
and every o € F*(F*)?
D) So,0 V™ =% Xpere oy Joypm ¥s ¥ € CGEF)), T € F*/(F*).

Here, and below, * is used as a ‘generic’ constant which depends only on the
normalization of measure. Identity (ii) follows from the work done in Section 3.
Identities (i) and (iii) are consequence of a descent argument.

Remark 4.2.3. Note that since GL(2) x SO(5) may be embedded in both H and G
as a Levi subgroup, we immediately see from the proof of Lemma 4.2.1 that we
have the identity

1= / r
~/(0sub(1)»0sub (1) Z 0,(0,7)

GeFX J(FX)?

forall f € C*(G(F)),and all 7 € F*/(F*)*. Lemma 4.2.2, and Remark 4.2.3 suggest
that the following matching result will hold: Vf € C®(G(F)), and Yo, t € F*/(F*)*,
we have

fh=x (p.7) f f
\/(\Osub (), Osub (7)) Z 0;(07,p)

peF™ /(F*)?

Note that if p # Ng,_/r(E),), then O;(ot, p) = ¢. This observation can be used to
show that the right hand side is in fact symmetric in ¢ and 7.

EXAMPLE 2. In this example we try to argue that there is another ingredient con-
tributing to the transfer factors which appears when the n-exponent of O, n(0),
is larger than 0. Note that in Example 1, we had #(0) = 0.

Let G =S0(09), 4=(3,3,1,1,1). O, has been studied in Section 3. It splits into
seven orbits, corresponding to the seven equivalence classes of quadratic forms
of rank2. By Lemma 3.1.1, the Lusztig quotient group A(0O;) is trivial, hence
O3 is a packet. The seven orbits within O are denoted by O;(t;n), where
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T e F*/(F*)*, and 5 € {#1}. Here, of course, we understand that 0,(1, —1) = ¢ if
g =1 mod4, and that 0,(1,1) = ¢ if ¢ = 3 mod 4. In Section three we considered
the pair (Hy, Og,), where H; := SO(5) x SO(5), Op, :=(1, O311) = (1, Ogp ). The
result obtained there can be phrased as following:

= ¥ o [
/(‘laosub (r) Z O0;(psm)

i,
where f is spherical function belonging to a certain three dimensional space. This
identity is expected to hold for all f € C°(G(F)). There is, however, another pair
(Hy, Oy,)  with Indﬁj O, = Og, mnamely: H,:=S0(3) x SO(7), Oy, =
(1, O31111). Note that b;‘lm breaks up into four orbits, denoted Os111(0),
o € F¥/(F*)?, forming four packets. In this situation, we expect the following
matching result to hold

= senciiep) [ .
/(1,031111(1)) Z op

X X2 O,(p.n)
nef{£l}
for all f € C°(G(F)), and all t € F* /(F*)*.
This prediction is consistent with the following considerations:

(1) 2:‘!,'617></(F><)2 sz = *-[O,j(l,l) f,f Spherical.
This identity follows from the following facts:

(1) 05}y, is induced from the trivial orbit in L := SO(3, F) x SO(5, F).

(2) The trivial orbit in SO(3) x SO(5) endoscopically induces to the orbit 0%,
in SO(7, F), and moreover, by the results of [3], we have /(1) = « Jou s
for f spherical on SO(7, F) )

SO s
G) IndGL((l))xSOU) 031,= 0,(1, 1).

(i) The transfer factors in the two identities suggested above, if true, will allow for the
expression of the integral over each rational class within O to be expressed as a
linear combination of stable unipotent orbital integrals over the packets within
Oy, and Oy

(iii) In [14] Waldspurger poses a question (Question 3.1) regarding the dimension of
spaces of unipotent orbital integrals, restricted to the Iwahori—Hecke algebra.
He then suggests that the similar question with the spherical-Hecke algebra
replacing the latter should have the same answer. An affirmative answer to
his question(s) implies the following:

(I) The space spanned by the restrictions to the spherical Hecke algebra of
SO(9, F) of the integrals over the seven rational orbits within O is
four-dimensional, and, moreover, one has the following identities:

(@) fo,;(n,l) f.:fO;(ﬁn,l) f, fO;(n,—l) fsz,;(sn,—l) f, for any spherical f on
SO(, F).
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(2) It is known from [1] that the space spanned by the restrictions to the
spherical Hecke algebra of SO(7, F) of the integrals over the four rational
orbits within O%};;, is three-dimensional, and moreover, one has the
following identity:

/ f= / f,  for any spherical f on (SO(7, F)) .
O31111(m) O31111(em)

Our third consideration is that the above identities are consistent with the
suggested transfer factors.
EXAMPLE 3. In this example, expectedly, only the ingredient related to the
Hasse-invariant will make a contribution to the transfer factor.

Let G=S0O(11), 4=(3,3,3,1,1). The PVS associated with 41 is given by
M(2) = GL(3) x SO(5), g,(4) = Mat (3, 5), with the usual action. It is clear then that
A(2) = A(A) = 7,/27, (see Remark 2.2.3). Moreover, O splits into seven rational
orbits which will be denoted by O;(t,%), © € F*/(F*)* and 5 € {#1}. Here we
are following the convention that O;(1,+1)=¢ if ¢g=Flmod(F*)*. Let
H :=S0(3) x SO9), Oy := (1, O33311). The next lemma contains information about
O¢; and Oy which we shall use.

LEMMA 4.2.4.

(1) O, is a Richardson orbit with respect to two Levi subgroup, namely, My :=
GL#4) x SO3), and M; := GLQ3) x SO(5). Moreover, we have (assuming
q = 1 mod4, for simplicity).
[1] Ind§, 1= 0,1, 1),
[2] Ind{, 1= 0%,

(i) Ind%(1, O32211) = O;. ]

Note that 055,,, splits into four orbits Os211(7), T € F*/(F*)?, forming four packets.
On the other hand Of splits into four packets [],:={O0(t.n):n==%l1},
1€ F*J(F*)*. According to the formalism explained in Section 2, each packet
{(1, O32211(7))} transfers to [],. In fact, this can be proven for t = 1. Indeed, since
GL(4) x SO(3) embeds into both H and G as a Levi subgroup, it follows from
Lemma 4.2.4(1),(ii), that

"= ; CX(G(F
/(1«032211(1)) f */;z(l,l)f fE c( (F))

and we expect the following identities to hold

H — (G
A1’032211(T)) / i Z sen (1) Is e CEG)

ne{xl} 0;(t.n)

This prediction is further supported by the following two considerations:
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() This prediction allows, us in a natural way, to express the integral over any rational
orbit within O%', as a linear combination of stable unipotent orbital integrals over
O% and OY.

(i) An affirmative answer to Waldspurger’s question (see consideration (iii) in
Example 2) would imply the following:

(1) The space spanned by the restrictions to the spherical Hecke algebra of
SO(11, F) of the integrals over the seven rational orbits within O3 is four
dimensional and, moreover, one has the following identities:

[ S S
0,(n,1) 0;(em,1) 0,(n,—1) 0,(en,—1)

for any spherical f on SO(11, F).

(2) The space spanned by the restrictions to the spherical Hecke algebra of
SO(9, F) of the integrals over the four rational orbit within 0%, is
three-dimensional, and moreover, one gets the following identity:

fomn(n) = me”(m) f ,for any spherical /' on SO(9, F).

Note, then, that the suggested transfer factors are consistent with the above
identities.

EXAMPLE 4. Let G = SO(11), and 4 := (3, 3, 2, 2, 1). Then O; is a nonspecial orbit,
and O breaks up into four rational orbits: 0;(1), T € F* /(Fx)z. Note that O is one
whole packet. We wish to give evidence to the effect that the transfer of any stable
unipotent orbital integral to O%' will involve a linear combination of integrals over
every rational class within O%'. The only pair (H, Oy) with Indf, Oy = 0;, and
A(Oy) = A(0,) is the following: H :=SO(5) x SO(7), Oy :=(1, O31111). Now,
05}, contains four rational orbits forming four packets. The rational classes within
05}, will be denoted by O3;111(7), T € F*J(F*)*. We shall make use of the following
lemma. (For simplicity, we assume ¢ = 1 mod 4.)

LEMMA 4.2.5.

() Let Oip21 denote the unique rational orbit within 05, € SO(9, F). Then
Ind?}?}(l]l))xso(g)(l, O1221) = 0;(1).

(ii) Let I/T = SO(5) x SO(5). Then H' is an endoscopic group of G' := SO(9), and
Indg, 1 = O21231. Moreover, we have (1) = *mezl f, for any spherical f on
G/(F).

(i) Yoer 7 Jo,o /= *Joum) fH. for any spherical f on G(F).

Proof.

(i) Omitted.

(i1) This is a special case of the main result proven in [3].
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(iii) This follows from (i), (ii), and the fact that O%},,, is induced from the trivial orbit
in GL(1, F) x SO(5, F). ]

We predict the following identities to hold

M= (7, 7) f.
'/(1,031111(‘5)) Z

O’GFX/(FX)z 0;(0)

for all f € CX(G(F)).
We base our prediction on the following considerations:

(i) The given prediction allows us to express the integral over each rational orbit
within Of' in terms of stable orbital integrals over O}.

(i1) It is consistent with Lemma 4.2.5.

(iii) An affirmative answer to Waldspurger’s question would imply that the restrictions
of the four integrals over O,(r) to the spherical Hecke algebra do span a
three-dimensional space. Moreover, one has fo,,(n) f= fO;'(;:n) f, for all spherical
f on G(F). Similarly, it was shown in [1], that the space spanned by restricting the
four integrals over O31111(0) to the spherical Hecke algebra is three- dimensional.
Moreover, one has fo,_(n) f= fO,;(z;n) f, for all spherical f on SO(7, F). Our third
consideration is that the above two relations are consistent with the given transfer
factors.

EXAMPLE 5. Let G := SO(13),and 4 := (4,4, 3, 1, 1). Then O, is a nonspecial orbit,
and O splits into four rational orbits, denoted by O;(t),t € F* /(F )2, forming four
packets. Let H := SO(3) x SO(11), and Oy := (1, Os3311). Note that Os33;; is special,
and that 0555, splits into four rational orbits: Os3311(7), T € F*J(F*)?, forming four
packets. The formalism is Section 2 predicts that the packet {(1, O33311(7))} will
transfer to the packet {O,(7)}, Yt € F*/(F*)*.

We expect the following identities to hold

[ s g recr@En,
(1,033311 (7)) Ou44311(7)

We offer the following consideration as a support for the above prediction:

() The first consideration is the following Lemma (we assume ¢ = lmod 4).

LEMMA 4.2.6. For any spherical function f on G(F), we have
H _
(@) ﬁ1,033311(1)) f - *f044311(1)) f’

H __
(b) ZTEFX/(FX)2 f(l,033311(r)) f =* ZTEFX/(FX)z f044311(f) f

Proof. ldentity (a) follows from applying the descent Lemma 3.3 to the data
(1)-(3) below
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) Ind%(i((g)xsoo)(l’ 1) = Os3311(D).

(2) Set G’ =SO0O(5), and H = SO(3) x SO(3). Then me f=xf"1), for all
spherical f on G'(F), (see [1]). Here O, is the unique rational orbit within
the stable orbit OS),.

(3) Indgsors) (1. On1) = Ousni(1).

Indentity (b) follows from applying Lemma 3.3 to the following to the data (4)—(6)
below

) Indgg((;)xsoa) (L 1) = O35y

(5) Set G”:=S0(7), and H” := SO(3) x SO(5). Then f022111 f=xf1"(1), for all
spherical f on G'(F), (see [1]). Here, O,11; is the unique rational orbit contained
in O3,

(6) Ind?;(i((ls?xsom (1, On111) = Oly3- -

(i) As a second piece of evidence, we observe that an affirmative answer to
Waldspurger’s question would imply the following identities which are consistent
with the predicted identity:

f033311(n) f= f033311(m) f, for all spherical f on SO(11, F),
men(n) = f044311(ﬂ) f’, for all spherical f” on SO(13, F).

EXAMPLE 6. Let G := Sp(12), and 4 := (4, 4, 2, 2). Then O; is a special orbit. The
PVS associated to 4 is given by

M(4) = GL(2) x GL(4), a0 (4) = Mat (2, 4) @ sym(4),

(& h) - (X,8) = (gXh™ ' hS'h), (g.h) e M), (X,S) € g(2).
For (X, S) € g,(4)(F), define
0:1(X,S) = XS'X, (X, S):=S,

and set A;(X, S) :=det Q;(X, S),i =1, 2. The set {A;, A,}is then a set of fundamental
relative invariants for the PVS (M(2), g,(4)). The stable orbit O splits in 49 rational
orbits determined by the equivalence classes of pairs of quadratic forms: (Q;(X, S),
0»(X, S)), (X, S) a generic point in g,(4)(F). The pairs of quadratic forms obtained
in this way can be easily found using Lemma 1.2.9. Let ¢, ¢> be two quadratic forms
of rank 4 and 2 respectively, and assume that they arise from some generic point in
@ (A)(F). Let 01, 0, denote the discriminant of ¢y, ¢», respectively, and let {;, {; denote
the Hasse-invariant of g1, ¢», respectively. The rational orbit O C O corresponding
to (q1,q2) will be denoted by 0;(d1,(;;d:, (5). Note that A(L) = A1) =
C(2) = (Z/27). The stable orbit O,, therefore, breaks up into 16 packets [~
where, (t,0) € [F*/(F*)’], as follows. [, . := {Ox(c,n: 7. 0) € O : n, { € {£1}}.

https://doi.org/10.1023/A:1001839511409 Published online by Cambridge University Press


https://doi.org/10.1023/A:1001839511409

282 MAGDY ASSEM

Next, it can be shown that there exists four pairs (H, Og) such that: (a) H is an
elliptic endoscopic group of G, (b) Indf, Oy = 05, (c) A(Og) x 7.)27, = C(0;). They
are given by the following list:

() H'=G, 0y :=0,.

(2) H? =Sp(10) x SO(2), O := (03322, 1).

(3) H’ =Sp(6) x SO(6), Oy := (On11, Oman).

@) H*=Sp4) x SO®), Oy := (1, O3311).

Of course, when studying the transfer of packets, we need to consider all quasi-split
inner forms of H', i = 2, 3, 4.

Next, we need to study the transfer factor for each of the four cases above. There is
no mystery about (1). So, we consider only the last three data. Let us first explicate (in
these cases) the packet transfer explained in Section 2.

First we have

Ly =(53,3,1,1)=4, St ={(5),(5,3,3),(5,3,3, 1, 1)},
S.(F2) = {((533), (53311)}.

Next, write H' = H| x H} (i = 2, 3, 4), where H} is the symplectic component of H’

and H} is the orthogonal component of H'. We also write (¢, #5) to denote the pair

of partitions corresponding to the orbit Oy which endoscopically transfers to O;.
Now, we have the following data:

e 0%, splits into four rational orbits, denoted O33»(1), 7 € F*J(F*)?, forming
four packets.

bt = (5,3, 3), Stup) = {(5).(5.3,3)}, So(fup) = {(5.3.3)},
M=), Stm)={1.D) St =¢.
e O (as an orbit in Sp(6)) splits into four orbits: Oz;1(7), T € F*/(F X)2,
forming four packets.
=610, SCm)={5).6.1L.D)  Sutu) ={5.1. D}
=033, SCw) =133}, S.(mw) =9

e Os31; splits into four rational orbits: Os311(7), T € FX/(FX)z, forming four
packets.

tut =5,  Stuh=15),  Suh=¢. tws=(3.311,
Stu3) = 1{(33), (3.3, 1, 1)}, Su(*m3) = {(3.3, 1, D}
Now, for i =2, 3,4 and ¢ € F*/(F*)?, let H*? denote the inner quasi-split form

of H' which splits over E,
(but not over F if ¢ # 1 mod (F*)?).

https://doi.org/10.1023/A:1001839511409 Published online by Cambridge University Press


https://doi.org/10.1023/A:1001839511409

TRANSFER FACTORS FOR UNIPOTENT ORBITAL INTEGRALS 283

Now, using the above data, and the recipe for transfer given in Section 2, we get,
for o € F*/(F*)

— If H=H?’, then the packet {(Os3n(1),1)} transfers to the packet I
T e FX)(F*)2.

— If H=H>’, then the packet {(02211(7), O2211)} transfers to the packet []
T e FX)(F¥)>2.

— If H=H"*’, then the packet {(1, O3311(x))} transfers to the packet I
T e FX)(F*)2.

7,70°
10,0°

10,0°

We predict the following identities to hold (with ¢ = 1 mod 4)
() If H=H> and t € F*/(F*)?, then

=% sgn (1) f
/(Osszz(f)wl) Z

{ne{+l} 0,(0.1;70,0)

f € CX(G(F)), o € F*J(F*)~.
(2) If H=H> and t € F*/(F*)*, then

Ho_ : )
/(Ozzu(r),oml) / * Z sgn (n)sgn ({) f

Cnelxl) 0,(t0,1;0.0)

f € CX(G(F)), o € F*/(F*)~.
(3) If H=H* and t € F*/(F*)?, then

Jion 7" 20

Lnelxl} 0,(t0.1;0.0)

[ € CX(G(F)), o € F*/(F*).
The above predictions are motivated by two following considerations:

LEMMA 4.2.7. Let o € {1, &} and H, = H*>°. Then for any spherical f on G(F), we
have

' H, _
@ fommarn S =% ey 8O Jo 000 [

H, _ )
(b) ZzeFX/(FX)2 f(033zz(t),1) ST =20 e sgn () fOz(o»n:ar,C) I

eFX J(FX)2

Proof. Identity [a] follows from applying the descent lemma 3.3. to the following
data:

: Sp(10
() Indg 3 spw 1= 0332 (1),
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(i) Let G' :=Sp(6), and H, := Sp(4) x Ug, (1), ¢ = 1 or 2. Then we form a spherical
f on G'(F), we have ([2])

SHy= 3" sen(n) f

nel=1} 0211(0,17)

(i) IndZ51), e (1 On11(0.1) = 040, 10:0.0), 0,7 € F*/(F*). Identity ~ [b]
follows from Lemma 3.3 and the following data:

. Sp(10

(iv) IndeL((4))st(2) 1 = 0%y,

(v) Let G” = Sp(4), H, := SL(2) x Ug, (1), 0 = ¢, 1. Then for a spherical f on G"(F),

we have (see [2])

M My= )" sen(n) f

nel£1} Ox(0,n)
. Sp(12
i) IndZ\3 s (1 On(@.m) = | wew  Oi(0.m:0.7.0), 0 € F*/(F*)’. O
teFX J(FX)2

LEMMA 4.2.8. Let 6 € {1, ¢}, and H := H*. Then for any spherical f on G(F), we
have

H, _
@ Jiomnaiy /=5 Xnen 80O fo,m00 L -

Hy _ )
) Xcer iy Jaomey S =% oen sen Q) o, gupony L -

eFX J(FX)2

Proof. The proof is similar in spirit to the one given to Lemma 4.2.7. We omit it. []

4.3. A CONJECTURE ON TRANSFER FACTORS

In this section we shall present a conjecture which partially describes the transfer
factors for the unipotent orbital integrals in classical split groups. First we recall
some notation and introduce some conventions which will facilitate our
presentation.

Let G be a symplectic or a split special orthogonal group. Let 4 be a partition
corresponding to a unipotent orbit O, (not necessarily special) in G. Let
A = 2°U A° be the decomposition of 4 into odd and even parts, and set A* := A°
if G is orthogonal, and 4" = A° if G is symplectic. Write A* =: (4", ..., 2{"). In Section
1, we associated to the PVS (M(4%), g,(4%)), a set of functions Oy, ..., O, defined on
the set of generic points of g,(A*)(F). Here t =s—1 if G is orthogonal, and
t = s if G is symplectic. These functions were used to classify the rational orbits
within Of' as follows. If O € O3, and v is a generic point in g,(A*)(F) whose
M(A*)(F) orbit intersects O non-trivially, then the set Q;(v),..., Q,(v) may be
regarded as a set of quadratic forms whose equivalence classes do not depend
on the choice of v. The equivalence classes of these form determine O. In 1.3.1,
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we denoted the discriminant of Q;(v) by A;, and Hasse-invariant of Qi(v) by #;,
1 <i <t The orbit O was then denoted by O, (A1, 7;;...; A 1,).

As we noted in Remark 1.2.4, it is not true that for any choice A} € F*J(F*),
n; € {£1}, there exists a rational orbit O C O such that O =
0, (A}, 1} .. .5 AL i)). However, it will be very convenient to use the group structure
on the set [F*/(F*)’]' x [Z/27]" when discussing transfer factors. This leads to
the notion of ghosts (as in Shelstad’s work) by which we mean a symbol
O;(A1,ny;...5 Anym,) where (A, ..., A) € [F*/(F*)} and (15 -+ > m,) € {1},
which does not correspond to any rational orbit within O%'. We shall treat ghosts
as empty ‘orbits’, and agree that any ‘integral’, fo, over a ghost to be zero by con-
vention.  Recall also that I(A):={1,...,t}= IL(AH)UIL(A), where
Ip(A) = {i € I(A) : rank Q; is odd}, and I.(4) = {i € I(4) : rank Q; is even }, and that
L) .= I(2) if G is odd orthogonal and I.(4) := I.(4) if G is symplectic or even
orthogonal. To each map :I.(A) — F*/(F*)?, we associated a packet
[TA4 ¥) ={0:(A1, ;.5 Amy) € O Ay = Y(e)mod (F*), Vo € 1,(4)}. We shall
allow for all ghosts satisfying the defining condition of a packet to be formally
included in that given packet}.

Next, let (H, Og) denote an elliptic unipotent endoscopic datum. Thus, if
H=H, x H,, then Oy is equal to O, x O,,, where u; and wu, are special
partitions. Let [[, :=]1(, @) x [1(#, @), for some maps ¢;: L(u;) —
F*/(F*)*, i=1,2. It can be checked that the transfer of [],; to O, is a single
packet denoted by [[;. Let y : I.(4) — F*/(F )2 denote the map corresponding
to [[g (see def. 2.5.6), i.e., [[; =[[(4, ). We need one more piece of notation
before we state our conjecture. Set I (4):= I(A)\[.(4). Let (,): F*J(F*)x
F*/(F*)* - {£1} denote the Hilbert pairing. In the following conjecture, the
measures on the F-rational orbits within a stable orbit are related in the sense
described after the introduction.

CONIJECTURE 4.3.1. There exist

(1) Constants ag € Z, one for each O € [|g. If H is split then ap =1, O € [[
(i) Tiwo maps (depending on [|, and []g):

1a: 1) — F*J(F*), such that y,(o) = 1 mod (F*)?, Vo € L())

1y 1(2) — {£1}" (= the Pontryagin dual of {£1}),

(iii) A nonzero constant x which depends only on O} and O}, i.e. is independent of the

packets [ Tle
such that the following is satisfied:

(1) The distribution

oo > a0 fo . oecrm®)
Oel_[H 0
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is stable.
(2) Forany f € CZ(G(F)) we have

Z aOAfH =% Z b(AL, ;. s Ay f

0Oc Ay =(e) O,(Avngs5A0m,)
e Vael,(4)

A €F* J(F*)?
Viel,. (%)
(£}
Vkel(2)

where b(A1,ny; .. .5 A ny) i= (g (1), Ar) -+ (g (D, As) - x,(D(y) - - - 1, (O (3,).
Remarks 4.3.2.

(i) Statement (1) in the above conjecture is not new. It is, in fact, part of Conjecture
(C) presented in ([2]).
(i) The main content of statement (2) is the following:

(a) It asserts that the transfer of the stable distributions associated to the packet
[1- is a linear combination, with nonzero coefficients, of integrals taken
over only the rational orbits within the packet [].

(b) The transfer factors, i.e., the coefficients appearing in the linear combination
alluded to in (a) are values of characters of a group isomorphic to
[F*(F*)* =3 x [7.727]"@! into which every packet is embedded nat-
urally (as a subset).

(iii) The general definition of the maps y,; and y, will not be given. What we have to
offer (see below) is a precise definition for these maps for some special, although
broad classes, of orbits Og.

The class of orbits which we wish to discuss consists of those special orbits which
correspond to partition 4 satisfying the following two properties:

(A) The set of distinct parts of A* is a set of the form {1,3,...,2k+ 1} if G is
orthogonal, and is a set of the form {2, 4, ..., 2¢} if G is symplectic. (Recall that
A* consists of all the even parts of 4 if G is symplectic, and consists of all
odd parts of 4 if G is orthogonal))

(B) A(X) = A(2) = C(A),if Gis of type B, and A(1) x Z /27 = C(2), if G is of type G*
or D.

The next lemma** classifies these orbits.

LEMMA 4.3.2. 4 partition A satisfies conditions (A) and (B) iff the partition “ 4 is of
the following form:
e Type B,: Either

*This is clearly a misprint and presumably should read type C rather than type G. The
condition (B) shows up in the lemma that follows it, but as this lemma seems to be incorrect, it
cannot be used to settle the question of how to correct the misprint.

**This lemma seems to be incorrect.
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LA = (A1, 22, ..y har_1, Aay), for some r = 1, where A; is even forall 1 < i < 2r, and
Joj # Aoj1 Jorall 1 <j<r—1, or
LA = (A1, 2oy ..., Aoy, dor_1), fOor some ¥ = 1, where A; is even forall 1 <i<2r+ 1,
and Jyj # Jojry forall 1 <j <.

o Type C,:
Ld=(J1, 22, ..., darg1), for some r = 1, where A; is odd for all 1 <i<2r+ 1, and
Joio1 # o forall 1 <i <r.

o Type D,:
Ly = (A1, 22, ..., 22p), for some r =1, where J; is odd for all 1 <i<2r, and
Joi # Joip1 forall 1 <j<r—1

Proof. The proofis an exercise in using the formulae for the duality map D given in
Section 2.3. O

Remark 4.3.3.  Note that £1 is always even. So, we may then use Lemma 2.4.3.,
when discussing endoscopic induction for A.

Fix a partition 4 satisfying conditions (A) and (B) above, and let O, denote the
corresponding orbit in the classical split group G. The next lemma will describe
all the pairs (H, Og) satisfying the following conditions:

() H is an elliptic endoscopic group of G,

(2) Ind% Oy = Og,

(3) A(Oy)~C(0;) if G is an odd special orthogonal group, or
A(Oy) x )27 =~ C(0;) = A(0;) if G is an even orthogonal group or a sym-
plectic group.

LEMMA 4.3.9. Let A4 be as above. The pairs (H, Oy) satisfying the conditions
(1)—(3) above, are given as follows. (Recall that *J is of the form described by
Lemma 4.3.2.)

e Type B,:
(a) Let L) = (A1, A2y ooy 22p).
Let Jy € {1,2,...,r}, and J, :=={1,2, ..., r}\J1. Define a partition L,ujl, i=1,2,
corresponding to Jy, and J,, respectively, as following: “n 7= Ve Ji()~2kfls Aok),
i=1,2. In other words, L,uj,, is the union of all partitions (Aox_1, /i) where
k e Ji. Set Hy, g, := SO("ay, | +1)x SO(*py,| + 1) and Oy, g, := (Oy, , Oy,.).
(b) Let L) = (A1, A2y o ooy A2y A2ri1).
Let Jy C{1,2,...,r}and J, :={1,2,...,r}\J1.
Associate to J, i = 1,2, two partitions L,u/JI_, L,u/JI_ as following:

M=\ Gaer, ) s g =\ Gk, 220 U Gy
kel; kel;
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In other words, L,u;l_ is obtained from L,u’Jl_ by adding the part )54 at the end. Set

H) , =S80, |+ 1) x SO(“4} | + 1),
Hj , :=SO("4) |+ 1) x SO(“ 4| + 1),
0.1, =0y, O)
0 1, = (04, , Op,) -

e Type C,:

Let Ll = (/11, }Q, ey ;Lzr, ;L2r+l).

Let J C{1,2,...,r},and Jo, :={1,2,...,r}\J;.

Define “u;, i = 1,2, as following:

Ly, = () U Ves, Gk Aaiyn),

Lug =V (Qak, Aok

Set Hy, 5§%= Sp(|*u;, | — 1) x SO(|*uy,]), and Oy, 4, := Oy, Op,.)-
e Type D,:

Let L/l = (/l], }vz, ey ;\.2)»).

Let J C{1,2,...,r},and Jo, :={1,2,...,r}\J}.

Define “u;, i = 1,2, as following:

by, =\ ey, (Rar-1, A).

Set Hy, s, := SO(|“n,,1) x SO(|“n,,)), and Oy, 4, == (O, + Op,)-

Proof. The proof is a combinatorial exercise in applying the formulae for duality
given in 2.3, together with Lemma 2.4.3 and Lemma 2.4.4. We omit the (elementary)
details. ]

Lemma 4.3.4 allows us to count the number of ‘distinct’ pairs (H; x Ha, Oy, x
Op,) satisfying conditions (1)-(3). Here, of course, we count pairs up to a switch
of factors when G is orthogonal.

COROLLARY 4.3.5. Let 4 be a special partition satisfying conditions (A) and (B).
The number of ‘distinct’ pairs (H, Oy ) satisfying conditions (1)—(3) is equal to 29,

Next, note that, for the orbits under consideration, we have I(4) = I,(4). Thus
I..(2) = ¢, and the formula given by Conjecture 4.3.1. (2), indicates that (aside from
the constant) only the ingredient depending on the map y;, will appear. In order to
define y,, it will be sufficient to work on the dual group side, and define a map
In: Se(F2) — {£1}". The map y, will then be defined to be the composition
}A(hob;Ll o1;, . We shall define 7, in a case by case fashion. Fix a pair Ji, J; as in Lemma
4.3.4. This pair then determines an elliptic endoscopic group H and a special orbit
Oy. 7, (and, hence, y;,) are defined relative to the pair (H, Op). In defining 7,
we shall only work with J,. By an interval in J, we shall mean a subset of J, consisting
of consecutive integers and which is maximal (in the sense of set theoretic inclusion)
with respect to that property. J; is then a disjoint union of intervals. To each interval
we associate at most two segments in S,(*1) as follows. Fix an interval and let jpin
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and jax denote the minimum and maximum elements of the fixed interval. Consider
now the following cases:

e Let G be odd orthogonal. If ju,, =1, then we associate the segment
(A1, ..., A2j,,.) to the given interval. If jyuin > 1, then we associate the two
segments (A1, ..., Ay,.) and (41, ..., 4, —2) to the given interval.

e Let G be symplectic. If jmin = 1, we associate the segment (Ay, ..., Aj,.+1). If
Jmin > 1, we associate the two segments (41, ..., Ay,.+1) and (41, ..., A2j..—1)-

e Let G be even orthogonal. Then by switching factors if necessary, we may
assume that jpn.x > 1. If jnn=1, then we associate the segment
(A1, -+, A2jpe)- 1f Jmax > 1, then we associate the two segments (4, ..., 42j,..)
and (41, ..., 49j,..—2). Repeating this process for each interval, we get a subset
S C S,(*4). Define now 7, : S.(*2) — {£1}" by

the nontrivial character of {£1} ,if ze S

1n(2) = { the trivial character of {%1} Jifzg S.

To illustrate the above construction, we give some examples.

EXAMPLE 4.3.5. Let A =(7,5,5,3,3,1,1). Then Y4 =(6,6,4,4,2,2) and r = 3.
S.(F2) ={(6,6,4,4,2,2),(6,6,4,4), (6, 6)}. Aside from (G, O;), there are three other
pairs (H, Op) satisfying conditions (1)—(3) above. They are given by the following
data:

() H= Sp(6) x Sp(6), ‘u; = (4,4,2,2), Lu, = (6, 6). Thus J, = {1}.
(b) H= Sp(4) x Sp(8), L‘u; = (4,4), fu, = (6,6,2,2). Thus J, = {1, 3}.
© H= Sp(2) x Sp(10), fu; = (2,2), fu, = (6,6, 4,4). Thus J, = {1, 2}.

In case (a) we have only one interval to which the segments (6, 6) is associated. In
case (b) we have two intervals: {1} and {3}, to which the segments (6, 6),
(6,6,4,4,2,2)and (6, 6, 4, 4) are associated. Finally, in case (c) we get the segments
(6,6,4,4) and (6, 6). The map j,, is given as follows: Let sgn denote the nontrivial
character of {1}, and let denote the trivial character. Then

sgn, if z=(6,6),

id, otherwise.

N , if z=1(6,6),(6,6,4,4,2,2), 6,6,4,4),
In case (b): j;,(2) := {lsgn OlchrWi(se. ) ( ), or ( )
sgn, if z=(6,6,4,4),or (6,6),

id, otherwise.

In case (a): 7,(z) :=

In case (¢): y,(2) :=
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