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Irreducible homomorphisms

for lattices over orders

Joachim W. Schmidt

let A be a complete R-order in the semi-simple K-algebra 4 .
Then it has been shown that for each indecomposable A-lattice

M which 1s not projective, there exists a unique almost split
sequence O > N > EF - M > 0 . Here we study the middle term FE
and characterize those almost split sequenées where F has a
projective direct summand. In the case where A is the group-
ring RG for a finite group G , we get information about the
almost split sequences for the syzygies and apply our results in

an example.

0. Introduction

Throughout this paper K 1is the p-adic completion of an algebraic

number field, R is the ring of integers in K and A 1is an R-order in a
finite dimensional semi-simple KX-algebra A4 . By AEO we denote the

category of left A-lattices, that is, finitely generated left modules

which are R-projective.

In [6] and [2] it Yas been shown that for this situation there exist

'almost split sequences'. This means that for each indecomposable non-
projective M € Ago there exists a unique short exact sequence of

A-lattices
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with the following property: G does not split, N is indecomposable, and

for each o € homA(X, M)  which is not a splitable epimorphism, there
exists B € homA(X, E) such that By = a . Auslander has shown [1, 3]

that the study of almost split sequences for finitely generated modules

over Artin algebras leads to the concept of irreducible morphisms.

Using this idea for our situation, we obtain much information about
almost split sequences over orders, especially about the middle term E .
This we present in §1. §2 is devoted to study in more detail the special
class of Gorenstein orders, which includes group-rings KRG for finite

groups G . So we get the following result.

If the middle term E of an almost split sequence G has a
projective direct summand P , then E =P @ El with

rank (N) =,rk(El) = rk(M) = rk(P) and P 1is indecomposable. Another

result says that in the almost split sequences for the syzygies of a

finite group the middle terms are indecomposable. In the last section, 3,

we study the group-ring RG for the cyclic group G of order p2 in

order to apply our previous results.

Concerning our notation, we remark that 'ring' means ring with
identity and 'module' means unitary left-module. The composition ¢y of
morphisms means that ¢ 1is taken first. Finally we assume that all
orders under consideration are not hereditary, since there the notion of

almost split sequences makes no sense.

1. Irreducible homomorphisms
We start with the following definition (compare [, 3]).

DEFINITION 1.1. ¢ € hom

A(X, Y) is said to be irreducible, if the

following holds:

(a) ¢ is neither a splitting epimorphism nor a splitting

monomorphism;
(b) the factorization ¢ = af with a € homA(X, z) ,
B € homA(Z, Y) implies that o is asplittable monomorphism

or B 1is asplittable epimorphism.
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Now we list some of the basic properties of irreducible homomorphisms.

PROPOSITION 1.2. Let ¢ GhomA(X, Y) be irreducible. Then

(a) ¢ s either a proper monomorphism or a proper epimorphism;

(b) <if ¢ is a monomorphism, then cok(e) is an indecomposable
A-module and if ¢ 1s an epimorphism, then ker(¢) is an
indecomposable MA-lattice;

(e) suppose ¢ is a monomorphism; then ¢ 1is either a pure
monomorphism, that is cok(¢) <s a A-lattice, or ¢ is a
monomorphism onto a maximal submodule of Y .

Proof. (a) and (b) do not depend on the category A=M0 and can be

proven straightforwardly (compare [, 31).

(¢). We have the exact sequence O =+ X2+ ¥y > ¥/Im ¢ - 0 . Assume
that Y/Im ¢ 1is not a lattice. Then there exists a Z € Ago with
Im ¢ C_E Zc Y, such that Z/Im¢ is the torsion part of Y/Im¢ . Thus

we obtain a factorization of ¢ via Z ,

x 2y
3/
Z s

where (¢ denotes the inclusion. Since 2/Im¢ 1is not a lattice,
¢ : X > Z cannot be asplittable monomorphism, which implies that
t :Z2>Y 1is asplittableepimorphism and so Z =Y . Thus Y/Im¢ 1is a
torsion module. From this we conclude that Im ¢ must be maximal in Y ,

since otherwise there would exist a T : Im o G T g Y ; then the

factorization of ¢ via Tg Y,

x>y
A/
7

would imply that ¢ : X » T is asplittable monomorphism and so 7/Im ¢ # O
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would be torsionfree as a submodule of the torsion module Y/Im¢ , a

contradiction. //

The reader should know that both cases of Proposition 1.2 (e) actually

occur, as we shall show later on.
Now we describe the connection between irreducible morphisms and an
almost split sequence O -+ §¥ 2.z 4, M->0.
THEOREM 1.3. (a) Ifop EhomA(X, M), respectively n € homA(IV, Y), are
irreducible, them X, respectively Y, are isomorphic to direct summands of E.
n

(b) If E= @ E

p is a decomposition of the middle term E with
=1

injections {(’1/} and projections {“7,} s then om, and v are
irreducible for each i € {1, ..., n} .

Proof. (a) Let p EhomA(X, M) be irreducible. Then p is not a

splittable epimorphism and the factorization property for an almost split

sequence gives rise to u € hom,(X, E) with up = p . Since ¢ is not a

A
splittable epimorphism, p must be asplittable monomorphism, which means

that X 4is isomorphic to a direct summand of FE . Since for almost split
sequences there holds a dual factorization property [7], the second part of

(a) can be shown in an analogous way.

(b) This part is not as obvious as the above one. We are using the
machinery of functor categories, which has enabled us to show the existence

of almost split sequences [7]. Let ci\b € homA(E’i, M) 5 %’“’ is neither a

splittable monomorphism nor asplittable epimorphism, since otherwise the
almost split sequence would split. Assume now that we have the commutative

diagram

5~

(2

OL\ /B
Z ,

where B 1is not asplittable epimorphism. Then we have to show that o 1is
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asplittable monomorphism. f € homA(Z, M) induces a morphism B, in the

category of additive contravariant functors from Ago to abelian groups,

(-, Z) > hom

namely B, : hom A

A (-, ) defined as hom(idx, B) for each

X € A=MO . Since the representable functors homA(-, X) are projective in

the functor category, 8, cannot be an epimorphism and so Im B, must be

contained in the unique maximal subfunctor J(-, M) of homA(—, M) [7].

Thus we obtain the commutative diagram

hom, (-, E;) ———— J(-, ¥)

N

homA(—, Z) .

Since homA(-, E) was chosen as a projective cover of J(-, M) [7], we

can complete the above diagram in an obvious way to the following one

® nomy(-, ) ® homy (-, E,) ey (2, M) >0
J#t
id Oy Q

'@' homA(-, E') @ homA(-, Z)
J#l
As @ homA(-, E’] ® homA(-, Z) are projective, we are able to represent Q
J# J
as &P, for a suitable & . This gives rise to (1d ® a,)PP, = U,
Since Y, 1s an essential epimorphism, we conclude that (id ® a*)é is an
epimorphism and thus a splittableepimorphism. Going back from
representable functors to lattices, one easily verifies now that o is a

splittable monomorphism. The second part of (b) is proven similarly. //

We now point out a useful fact.

LEMMA 1.4. Let 08 -2E Yo ¥ >0 be an almost split sequence
with E=E ®F,, E, #0. Then for 1 # g :

(a) om, i8 an epimorphism if and only if lep is an epimorphism;
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(b} L) " i8 a monomorphism if and only if ij 18 a
monomorphism.

Moreover, the epimorphisms in (a), respectively the monomorphisms in (b),

have isomorphic kermnels, respectively cokernels.
Proof. We conteunt ourselves with showing part (a). Let oT be a

monomorphism. Then the serpent lemma gives rise to the following

commutative diagram, which completes the proof:

0 0
¥ ¥

0 — E2 —_— E2 + 0
[

1 2
m
omy 3
0+N —o El — C »> 0
¥ ¥ ¥
0 0 0 /!

Next we study how often a fixed lattice can occur in the middle term

of an almost split sequence.

PROPOSITION 1.5. Let X ¢ Ago . Then there are only finitely many

almost split sequences O +~ N >E » M > 0 such that X <s isomorphic to a

dirvect swmmand of E .

Proof. Without loss of generality we can assume that X 1is
indecomposable. If X is projective, then the irreducible morphism from
N to X must be a monomorphism, which restricts N to finitely many
possibilities by the Jordan-Zassenhaus Theorem [§]. On the other hand, if
X 1is not projective, we have an almost split sequence 0+ 2 > Y > X » 0 .
Thus Theorem 1.3 implies that N is isomorphic to a direct summand of

Y. 1/

This result gives rise to the question of what it means that the
middle term of an almost split sequence O + N > FE - M >0 has a

projective direct summand. An answer is given by

https://doi.org/10.1017/5000497270002551X Published online by Cambridge University Press


https://doi.org/10.1017/S000497270002551X

Homomorphisms for lattices 115

PROPOSITION 1.6. Let P ¢ Ago be projective and indecomposable.

(a) If ¢ : N> P is irreducible, then N <ig isomorphic to a direct
summand of the radical of P, rad(P) .

(b) If X s a direct swmmand of rad(P) , then the inclusion

Lt : X > P 1is irreducible.

Proof. (a) Since ¢ 1is not an epimorphism, Im ¢ must be contained

in the unique maximal submodule rad(P)

N ——p

N/

rad(P)

¢ being irreducible, this implies N|rad(P) . (The symbol | means

'isomorphic to a direct summand'.)

(b) Let (. : X - rad(P) resp m, : rad{P) - X be the injection,

1

respectively projection, and ¢ : rad(P) > P be the inclusion. Assume

1

that there is a factorization via Y : pn = Lyt - This gives the

commutative diagram

x<’jd(za) s p

If n is not asplittable epimorphism, 7n factors via rad(P) : n = ut

Thus pur = Lt s which implies pp = 4 oo since ¢ 1is a monomorphism. So

= =id_,,and p is asplittable monomorphism. //

we obtain pum 1“1 X

1
Let us denote by 0 -» Ni - Ei -+ Mi + 0 those finitely many almost

split sequences with Nilrad(P) for some indecomposable projective

P ¢ Ago . Then the set U = {M%} is characterized by the following

property.

THEOREM 1.7. If X € M is non-projective and indecomposable such

https://doi.org/10.1017/5000497270002551X Published online by Cambridge University Press


https://doi.org/10.1017/S000497270002551X

116 Joachim W. Schmidt

that, given any epimorphism o : Y >~ X , then o splits or Y has a
projective direct summand, then X € U and conversely each X € U has

this property.

Proof. By Proposition 1.6 we only have to show one direction. Let
Mi € U; that is, 0 = Ni N E'i—lL Mi -+ 0 1is an almost split sequence
with Nilrad(P) and therefore P|E'7: - Assume that o : Y > M, is an
epimorphism, which does not split. Since PlEi is projective, we can

complete the following diagramby 8 : P > Y :

y-%m +0.
1

As Llw is irreducible, we conclude that B is asplittable monomorphism.

This implies P]Y . //

2. Almost split sequences for Gorenstein orders

From now on let A be a Gorenstein order; that is, A* = homR(A, R)

is a progenerator for Ago and ﬂi . Note that in this case the

projective and relatively injective lattices coincide. The most important
example of a Gorenstein order is given by the group ring RG for a finite
group G .

We restate the following theorem from [6].

THEQREM 2.1. Let 0> K> P > M~ 0 be a projective cover sequence
for M and 0 > N+ E > M+ 0 an almost split sequence then N ~K .
Moreover let 0 + N' +Q » N -0 be a projective cover sequence for N .
Then in the following commutative diagram the first row is an almost split

sequence:

https://doi.org/10.1017/5000497270002551X Published online by Cambridge University Press


https://doi.org/10.1017/S000497270002551X

Homomorphisms for lattices 117

0 0 0

¥ ¥ +
o-+>N"» E' >N§->0

¥ ¥ ¥
0+ Q +Q@®P P +0

+ ¥ ¥
0O+ N > FE ~M->0

¥ ¥ ¥

0 0] 0

We point out what it means if the middle term of an almast split

sequence has a proper direct summand which is projective.

THEOREM 2.2. et 0-+0-25E@P Y M~ 0 be an almost split
sequence with E, P# O and P projective. Then E, P, N, and M have
the same rank and P +ie indecomposable. Moreover rad(P) and rad (P) ,

the unique minimal overmodule of P , are indecomposable.

Proof. If we denote by w, the projection from F @ P +to P, then

2

it is clear that omw is irreducible and so it is a monomorphism, since

2
otherwise it would split. Using Proposition 1.2 (¢) we have only the

possibilities that om is a monomorphism onto a maximal submodule of P ,

2

or @m is a pure monomorphism. Assuming the last one, we obtain an exact

2
sequence of lattices
PT,

O+>N——P>(C >0,
and so 0 > (C* - P* » §* - 0 1is exact, too. Because of Proposition 1.2
(¢), C* 1is indecomposable, which implies that P* is isomorphic to the
projective cover P(N*) on N* . On the other hand
O+Mt >»E*@®P* - N* >0 is an almost split sequence, again. Thus by
Theorem 2.1 it follows that rk(E* @ P*) = rk(P*), a contradiction to E # 0.

So ot is a monomorphism onto a maximal submodule of P . Using the same

2
arguments one shows that Lew € homA(P, M) cannot be an epimorphism, so it

must be a monomorphism. Since P is relatively injective, ng has to be

a monomorphism onto a maximal submodule of M , otherwise it would split.
So, by Lemma 1.4, we have shown that W, E, P, M have the same rank.

Suppose now that P = Pl(3 P2 is a decomposition with Pi # O . Then we
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apply our result to E' =E® Pl end P' = P2 to obtain
rk(E) + rk(P,) = rk(P,) , a contradiction to rk(E) = rk(P)) + rk(p,)
The rest of the proof follows from Proposition 1.6. //

REMARK 2.3. (a) This gives a complete description of all almost

split sequences 'with projectives'. As a matter of fact either rad(P) is
n

indecomposable and Theorem 2.2 occurs or rad(P) decomposes to ® Ni
el

and then the exact sequences 0 - Ni-—7’—r P > eok ®; -+ 0 are almost split,

since cok (,pi is indecomposable and in the almost split sequence

O-+>X. »E, »cok¢p. » 0 there is K, ~ N. by Theorem 2.1 and E. ~ P by
7 1 7 7 1 7

Theorem 1.3.

(b) Wé have another obvious consequence of the above result. If we

denote by n the maximal rank of the indecomposable projective lattices,

0

then for each indecomposable M € AEO with rk(y) > nq the middle term of
those almost split sequences which have M on the left, respectively

right, side are not projective and do not have projective direct summands.

The following fact says that those almost split sequences which

coincide with projective cover sequences, are in some sense isolated.

PROPOSITION 2.4. Let O+ N~+E > M~ 0 be an almost split
sequence. Then E 1s projective if and only if N and M do not occur

in any almost split sequence as a direct summand of the middle term.

Proof. Let E be projective and suppose that O+ X+ Y >~ Z » 0 is
an almost split sequence. If IV|_Y , then N - 2 is irreducible by Theorem
1.3 and so Z|E . This would imply that Z is projective, a

contradiction. The rest is proven similarly. //

Now we turn to group rings KRG , where G 1is a finite group with

order not equal to 1 . Let
92 ¢y 90
(1) ...P2 ﬁPl PO R~>0
be a minimal projective resolution of R . Then the syzygies Qi of R
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are defined as Q‘i = ker (pi , 1=0,1, 2, ... . For technical reasons we
put Q—l =R .

We have the following result concerning almost split sequences for

syzygies.
THEOREM 2.5. Let RG be indecomposable and 0O -+ Q +E, >Q, ) > 0

be an almost split sequence for i = 0, 1,
(a) Ei 18 indecomposable.

(b) R is periodic if and only if there exist only finitely many

non-isomorphic E; .
(c) If any B, is projective, then R 1is periodic.

Proof. (a) First we prove that there is no Ei which has a

projective proper direct summand. Since RG 1s indecomposable, we can put

rk(Pj) = nj|G| for some integers s Thus we obtain, by (1), the
following formula

rk(Qi) =n.l6| - ni_1|G| + ni_zlcl vee 21,

Supposing now that Ei has a projective proper direct summand P
Theorem 2.2 implies rk(P) = rk[ﬂi) = rk(9i+l) and P 1is indecomposable.

Thus |G| = Z|G| +1-= mIGI -1 for some integers 1, m . This is a
contradiction, since |G| # 1 by assumption.

Now we show by induction that Ei is indecomposable. Suppose there
is a non-trivial decomposition EO =E®E' . Since QO is the

augmentation ideal g , we have ho QO, R) = 0 . This implies that

g
neither E nor E' are isomorphic to R . Thus in the almost split
sequence 0 > QO-—\L E®E' —2, R > 0 the irreducible homomorphisms L9
and L9 are epimorphisms by Proposition 1.2. Using Lemma 1.4 we conclude

that wnl and U)Trz are epimorphisms, too. So we obtain the epimorphism

qmlq,lcp from QO onto R , a contradiction to homRG(QO, R] =0 .
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Assume now that Ei is indecomposable for all < <n . We have the
commutative diagram, where E and E are almost split sequences
= =n+l
0 0 0
¥ . ¥ +
£n+l 0~ Qn+l En+l > Qn >0
¥ ¥ ¥
0
-> Ph -+ Ph G)P%-l +»Pn_l + 0
¥ ¥ +
E 0~ Q - E > Q + 0
=0 n n n-1
¥ ¥ +
0 0 0 .
If En is projective, then En+l is projective, too, and since En+l can
not have a projective proper direct summand, En+l is indecomposable. If

En is not projective, then En+ has no projective direct summand and so

1

the exact sequence 0 -+ En+ e-Pn G)Ph - En -+ 0 1is a projective cover

1 -1

sequence, which implies En+1 to be indecomposable.

(b) Assume that R 1is not periodic. Since each indecomposable
module occurs as a middle term in only finitely many almost split sequences

by Proposition 1.5, there must exist infinitely many non-isomorphic Ei .
The converse is trivial.

(e) This is a special case of (p). In fact, if En is projective,
then Ej is projective and indecomposable for all j = n and so there

occur only finitely many non-isomorphic Ei . //

If we exclude the case where EO is projective - by Proposition 1.6
this can only happen if R @ g ~ rad(RG) - all the Ei are non-projective

indecomposable, and so there exist almost split sequences for Ei .

PROPOSITION 2.6. There exists an Xt # 0 such that

0 » Ei+1 - Qi @ Xi - Ei +~ 0 1is an almost split sequence.

Proof. From Theorem 2.5 we get the almost split sequences

o
(1) o~ Qiﬂ—»Eiﬂ—&»Qi >0,
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(2) 0+ Yoz, Ssq 0.
7 7 71

If O *-Ei+l +Y > Z >0 is another almost split sequence, then (1)
implies Q.]Y , since B : E. . > Q. is irreducible. So there is an
T 1+l 1
irreducible morphism from Qi to Z , which means 7 ~ Ei . Thus there is
anr Xi such that
O+E’i+l->§2i©Xi->E'i—>O
is an almost split sequence. Since rk(Ej) = kj|GI and
d

This implies X # O , because ¢ was chosen non-trivial. //

rk(Q.) = Zj|G[ + 1 , we obtain rk(Xi) =m|G| + 1 for some integer m .

It would be interesting to know more about that lattice Xi .

3. Example

Let p be a prime, G the cyélic group of order p2 s R =Z%9 , and

A =RG . From [4, 5] we know that A has Up + 1 indecomposable non-
isomorphic lattices. We want to apply some of our previous results to get
information about almost split sequences for lattices over A . Since it
is more comfortable to work with a concrete number, we put p = 5 (without

loss of generality). Then the ranks of the indecomposable lattices are:

number of

rank indecomposable lattices

26 3
25 9
2k L
21 1
20 1
5 1

1

1 1

We start with the almost split sequence for R . From [7] we know

that this sequence is obtained from the following commutative diagram:

https://doi.org/10.1017/5000497270002551X Published online by Cambridge University Press


https://doi.org/10.1017/S000497270002551X

122 Joachim W. Schmidt

0+g—RG S R0

0+rg — EFE —R-~>0.
Here g 1is the augmentation map, £ is the augmentation ideal, and u
multiplication by p . Now cok y is a simple torsion module, so the
serpent lemma implies that cok p is simple, too. From this we conclude
that E 1is isomorphic to rad(RG) , since rad(RG) is the unique maximal

submodule of RG , RG being indecomposable. As an application of Theorem

2.5 we obtain

(1) rad(RG) 1is indecomposable.
So, by Theorem 2.2,

(2) O>E+RGAY »2+>0

is the only almost split sequence, which has RG as a direct summand of
the middle term, and rk{(Y') = rk(Z) = 25 .

Next we are interested in the almost split sequence for £ - Since G
is cyeclic, g 1is cyclic as KRG-module and we obtain the projective cover

sequence 0 >R » RG > g > 0 and the almost split sequence
(3) O+*R~+F+>g~>0.

Theorem 2.2 implies that F is indecomposable and Proposition 2.6, together

with (1), gives rise to the almost split sequences

(1) 0+R+g®X >E~>0, rk(x)=26
and
(5) 0+FE-SRORGOY B+ F >0, rk(y) =24 .

Since om and (B are irreducible for each direct summand of R@ RGO Y
and so the kernel, respectively cokernel, of an and (B are
indecomposable by Proposition 1.2, we get information about Y . For

example if Y has a direct summand Y of rank 5 , then for

1

T: R®RGA®Y >ROPRGAY rk(cok am) = 31 - 25 = 6 , a contradiction.

l b
By similar arguments we conclude that there are only two possibilities for

Y ; Y indecomposable, or Y =Y, @Y, with rk(Yl) =20 , rk(Ye) =k,

https://doi.org/10.1017/5000497270002551X Published online by Cambridge University Press


https://doi.org/10.1017/S000497270002551X

Homomorphisms for lattices 123

and for X : X indecomposable or X = Xl® X2 with rk(Xl) =21 ,
rk(Xz) =5 . Moreover, it is easy to show that X is indecomposable if

and only if Y is indecomposable. 1In fact, assume that

0->F+§@Xl@X2—>E—>O is almost split. Then 0->X2->E' is
irreducible and so 0 - X2 - E > (C~> 0 is almost split. Then ( has rank

20 and since E - ¢ -+ 0 1is irreducible, Theorem 1.3 implies C]Y .  The
converse is proven similarly. In both cases, Theorem 1.3 gives much
information about other almost split sequences. For example, if

X = X, @ X,, then ve obtain together with (4) and (5), that the following
sequences are almost split:

0>X +E>Y,>0,

0->.Yl->F+X2->O,

O—>X2->E->.Yl->0,

and

0+Y,>F>X +0.

Finally we study the almost split sequences for those lattices M which

have rank 26 . Let O > N > RG(k)

>+ M >0 be a projective cover
sequence. Then N 1is indecomposable and so k = 2 , since otherwise there
would exist an indecomposable lattice with rank greater than 26 . This
implies rk(¥) = 24 but W 4:5_ , because there is a projective cover

sequence 0> g > RG+>R >0 . Let
0+0-25uy Y y>o

be almost split. Then K 1is not a direct summand of U since otherwise
rk(ker ¢nw) = 24 - 1 = 23 , a contradiction. Similarly one shows

U= Ul @ U2 with U‘L indecomposable, rk(Ui] =25, and Uk ':L RG Yy
Theorem 2.2.
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