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COMPACT QUANTUM GROUPS AND THEIR COREPRESENTATIONS

Huu Hunc Bul

A compact quantum group is defined to be a unital Hopf C~-algebra generated
by the matrix elements of a family of invertible corepresentations. We present a
version of the Tannaka-Krein duality theorem for compact quantum groups in the
context of abstract categories; this result encompasses the result of Woronowicz
and the classical Tannaka-Krein duality theorem. We construct the orthogonality
relations (similar to the case of compact groups). The Plancherel theorem is then
established.

INTRODUCTION

The Gelfand-Naimark theorem provides a contravariant equivalence X — C(X)
between the category of compact Hausdorff spaces and the category of commutative
unital C*-algebras. It is known that every compact Lie group is isomorphic as a topo-
logical group to a compact subgroup of GL(n,C) and that every compact group is a
projective limit of compact Lie groups. Woronowicz defined in [14] a compact matrix
pseudogroup to be a unital Hopf C*-algebra generated by the matrix elements of one
invertible matrix; and hence it can be viewed as a compact quantum Lie group. Follow-
ing [3] and {11}, we define a compact quantum group as the inductive limit of a family
of Woronowicz’s compact matrix pseudogroups.

Monoidal categories now form the right framework for the study of quantum groups,
see [6, 7, 8,9, 16]. In this paper, we generalise the duality theorem of Woronowicz in
[15] to the case of our compact quantum groups. This is a noncommutative version of
the classical Tannaka-Krein duality theorem. Here we deal with abstract categories in
contrast to these two last results, which were treated in the context of the category of
finite dimensional Hilbert spaces; see also [4]. Another proof, which has more categorical
flavour and is based on the result of Joyal and Street [6], is given in [2].

Woronowicz proved in [14, Section 5] that the matrix elements of two nonequiv-
alent irreducible corepresentations are orthogonal, but the orthogonality of the matrix
elements of each irreducible corepresentation was left open there. In this paper we show
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that with a suitable basis, the matrix elements of each irreducible corepresentation are
orthogonal. Our formula here is completely similar to the case of compact groups.
We define the Fourier transformation and establish the Plancherel theorem using these
orthogonality relations.

Our work is organised as follows. In Section 1 we define a compact quantum
group to be a unital Hopf C*-algebra generated by the matrix elements of a family of
invertible corepresentations. In Section 2 we establish the existence of the Haar measure
on compact quantum groups. With the Haar measure it is quite easy to decompose an
invertible corepresentation into irreducible subcorepresentations. Then we gather some
important properties of unitary corepresentations, which say that the category of finite
dimensional unitary corepresentations has subobjects and direct sums. The role of the
coinverse is completely ignored in this section. In Section 3 we prove a version of the
Tannaka-Krein duality theorem for our compact quantum groups. We follow [6] by
replacing concrete monoidal C*-categories in [15] by abstract monoidal C*-categories
equipped with faithful monoidal linear *-functors. In Section 4 we use the material
established in Section 3 to prove the orthogonality relations for our compact quantum
groups. We show that the Fourier transformation is a unitary.

1. COMPACT QUANTUM GROUPS

Let Ag be a *-algebra with a unit 7. A unital *-homomorphism A : Ag — A¢® Ay
is called a comultiplication on Ag if (A®id)o A = (id®@ A)o A. Let V be a finite
dimensional vector space and let B(V) denote the algebra of linear maps on V. An
element a € B(V) ® Ap is called a corepresentation of Ag on V if

([d®A)a)=(a®I(EdQ T)(a®I).

Here 7 denotes the twist map 7(a ® b)) =b®a. Pick a basis {e; } for V and let {e}
denote the dual basis for the vector space V* of linear functionals on V. We define
linear maps 6;;: V — V by 6; ;(v) = ej(v)e;. Then for any @ € B(V) ® Ay, there

is a unique matrix {a(7,7)} € M,(Ap) such that o = Y6, ; ® a(i,j). We refer to
43
a(i,j), (4,7 =1,...,n), as the matrix elements of o with respect to the basis {e; }.

We say that («, V) is a unitary corepresentation if V' is a Hilbert space and « is a
unitary of the *-algebra B(V) ® Ap.

Let (a1, V1) and (ag, Va) be corepresentations of Ag. A linear map T € B(Vy, Va)
is said to intertwine c; and a; if {(T®I)ay = a2(T®I). The set of all linear
maps intertwining o; and a3 is denoted by Hom (a1, @2). We say that a; and as are
equivalent if Hom (o, a2) contains an invertible element. The monoidal product of ay
and ay is defined by
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a10oaz = (d®@ 1)1 @ (I ® as).

Let P, € B(Vi® W, V;) and E; € B(V;,V; & V,) be the canonical projections and
embeddings. The direct sum of «; and a9 is defined by

2
a1 ®ay = Z (E: ® IB)oi(P; ® Ip).
i=1
Note that P; € Hom (a; & a3, ;) and F; € Hom (o;, a1 @ @2).

Let W be a subspace of V and let P € B(V,W) and E € B(W,V) be the
canonical projection and embedding. Set 8 = (P® Ia(E®I) € B(W)® Ag. Then
(ED)B=a(E®I) if and only if a(v®I) € W ® Ap for all v € W. In this case,
(B8, W) is a corepresentation of Ag; we call W an a-invariant subspace and call (3, W)
a subcorepresentation of (o, V).

Let (o, V) be a corepresentation of Ag. By a conjugate space of V', we mean
a vector space v together with a bijective antilinear map J : V — V. For each
T € B(V), we define T € B(f/) by T(Jv) = J(T). The conjugate (a, f/) of (a, V)
is defined by & = a/®*.

Let F be a family of finite dimensional corepresentations of Ay. We denote by
R the smallest class of corepresentations that contains F' and that is closed under
monoidal products, direct sums, subcorepresentations, conjugates and equivalent corep-
resentations. Then each element « in Rp can be written in the form

(Ri® DNai(S; @ 1),
1

n
a=

i

where each o; is the monoidal product of a finite family of elements of F or {,5 P e

F}, S; € Hom (o, ;) and R; € Hom (¢4, @) such that ilR,'S,- =1,.
i=

PROPOSITION 1.1. Suppose that F is a family of finite dimensional corep-
resentations of Ag. Let Ap denote the unital *-subalgebra generated by the matrix
elements of all elements of F. Then Ap is the linear span of elements (f ® id){(a),
where f € B(V,)" and « is the monoidal product of a finite family of elements of F
or {B:B€F}.

The proof of this proposition is similar to that of {14, Proposition 2.5].

The following definition is an analogue of the C*-algebra of continuous functions
on a compact group. See [3, Définition 4.1).

DEFINITION 1.2: Let A be a unital C*-algebra equipped with a comultiplication
A. We say that A = (A, A) is a compact quantum semigroup if there is a family F of
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finite dimensional corepresentations of A such that the unital *-subalgebra Ap gener-
ated by the matrix elements of all elements of F is dense in A. A compact quantum
semigroup A is called a compact quantum group if there is an antimultiplicative linear
map k : Ap — Ap such that £(k(a*)") = a for all @ € AF, and (id ® k)(a) = o™
forall a € F.

We shall refer to (A, A, F, k) as a compact quantum group. We call  the coinverse
of A.

REMARK 1.3. (a) By arguments similar to those in [14, Proposition 1.8] we can show
that there is a unique *-homomorphism ¢ : Ap — C such that
po(k®@id)oA=po(id®K)oA =¢,
where p: A® A — A is defined by p{a ® b) = ab. Furthermore we have
po(e®id)oA=po(id®c)o A =1id.
Therefore (A, A, €, k) is a Hopf *-algebra in the sense of [12, Definition 2.1].
(b) By arguments similar to those in [14, Proposition 1.9] we can show that

Aok = 1o(k®K)oA.

2. THE HAAR MEASURE AND UNITARY COREPRESENTATIONS

Throughout this section, A = (A,A) is a unital C*-algebra equipped with a
comultiplication A; and we shall refer to it as a Hopf C*-algebra. The space of all
continuous linear functionals of A is denoted by A*. The convolution of ¢, 1) € A* is
defined by

oxy = (¢ ®Y)oA.
We denote by ¢*™ the ntP convolution power ¢ x - -- % ¢.

The following result contains the result [14, Proposition 2.7] as a special case. Here

we use the Markov-Kakutani fixed point theorem instead of the Cesaro limit.

PROPOSITION 2.1. Suppose that A = (A,A) is a unital Hopf C*-algebra.
Then for any state ¢ of A, there exists a state Ay of A such that

¢*/\¢ = /\¢=/\¢*d).

ProoF: Recall that the space S of all states of A is a convex compact set with
respect to the weak *-topology. Fixa ¢ € S. We define L, R: S — S by L(n) = ¢+
and R(n) = n*¢. Then L and R are continuous affine maps and LR = RL. Therefore
by the Markov-Kakutani fixed point theorem [10, Theorem 5.23], there exists Ay € S
such that L(As) = Ay = R(Ay4), and this proves the desired result. 0

Using Proposition 1.1 and Proposition 2.1, the proof of the following result is similar
to that of [14, Proposition 4.1].
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PROPOSITION 2.2. Suppose that A= (A, A, F) is a compact quantum semi-
group. Assume that for any « in F, o and & are invertible. Let ¢ be a faithful state
of A. Then there exists a unique state Ay of A such that

n* e =N(I)Ag = g %7, Vn e A*.

The following result generalises the result [14, Theorem 4.2].

THEOREM 2.3. Suppose that A = (A, A, F) is a compact quantum semigroup.
Assume that for any « in F, a and & are invertible. Then there exists a unique state
A of A such that

nxA=n(D)A=Axn, Vn € A*.

PROOF: Let M be a finite subset of F and let A(M) denote the unital C*-
subalgebra generated by the matrix elements of all & € M. Since A(M) is separable,
A(M) admits a faithful state. Thus by Proposition 2.2 there exists a unique state Aps
of A(M) such that for any £ € A(M)*, we have

A€ =Ex Ay =E(I)Au.

Now observe that Ar is the union of all Ap; where M are finite subsets of F.
For any finite subsets M and N of F, by the uniqueness of Aps and Ay, they are
just the restrictions of Aprun to A(M) and A(N). Thus for any a € Ay N Ay,
we have Ap(a) = An(a). Therefore we can define a linear functional Ay on Ap by
do(a) = Amf(a) if a € M. Clearly )¢ is bounded on Ar and hence extends to a
bounded linear functional A on A. Let n € A*. For any a € Ajps, we have

(m* A)(a) = (n® A)(A(a)) = (nm ® Anr)(A(a))
= (nm * Am) (@) = nu (1A (a) = (1) A(a).

Therefore 7% A = n{I)A. The other equality can be proved in the same way, and hence
we get the desired result. g

We shall refer to the state A as the Haar measure for the compact quantum semi-
group (4,A,F).

We remark that the existence of the Haar measure can be proven in a more general
context, see [13]. -

By using the Haar measure A, we can show that for any invertible finite dimensional
corepresentation (a, V) of A, there exists a structure of Hilbert space on V so that a
becomes a unitary corepresentation on V'; see {14, Theorem 5.2].
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THEOREM 2.4. Any finite dimensional unitary corepresentation of a unital Hopf
C*-algebra A = (A, A) is the direct sum of irreducible unitary subcorepresentations.

ProoF: Let (a,V) be a finite dimensional unitary corepresentation of A. Since
Hom (o, @) is a finite dimensional C*-algebra, there are minimal projections u; €

n

Hom (o, ) such that pip; = 6;; and ) p; = Io. Put V; = pi(V) and let P; €
i=1

B(V,V;) be the canonical projections. Since p; € Hom (o, @), it follows that

(i@ Na(PQI)=a(P I).

Therefore V; are «-invariant subspaces, and hence «; = (P; ® INa(P ® I) are sub-
corepresentations of A on V;. Since o is unitary and PP’ = Iy, and PP, =
w; € Hom (e, a), it follows that «; are unitaries. Since p;p; = 4;;, it follows that
R-Pj* = §; ; and then « is the direct sum of ;. Since p; are minimal, we deduce that
a; are irreducible. 0

By using the coinverse «, the result [14, Theorem 4.5] is now immediately from
Theorem 2.4.

THEOREM 2.5. Let A = (A,A,F) be as in Theorem 2.3. Suppose that L is
a family of finite dimensional irreducible unitary corepresentations of A such that the
matrix elements of all elements of L generate a dense subspace Az of A. Then every

finite dimensional irreducible unitary corepresentation of A is equivalent to an element
of L.

ProoF: Let (f,Vp) be any finite dimensional unitary corepresentation of A. We
claim that Hom (&, 3) # {0} for some a in L. Suppose that Hom (o, 5) = {0} for
all @ in £. Pick an orthonormal basis {¢” } for Vj, and define Oﬁ () = (ule;i ye? for
u € Vg; and similarly for each (o, V,) in £. We write

Ze ®B>,5), a=)_ 0% ®alj)
%)

Put y=pBoa&and E = (¢id® A)(7y). Then

v=3 68,062 ® Bk, D), j)",

4,5,k

E= 3 AB(kDaG,s))6f, ® 62,

1,4,k
Identify B(V,,Vg) with Vg ® V. by the bijective linear map T —» Z Tef @ e"‘ and

we then show that

HTQ®I) = B(T®IHa' VT € B(V,, Vp).
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Let £ € V3®V, and let ¢ € A*. Since ¢ * A = ¢(I)A, it follows that

S EE = (id ® ¢)(7)EE = (id ® ¢)(B(EE ® I)e*).
Therefore F¢ € Hom (o, 3) = {0}. It then follows that F = 0, and hence
A(B(k, Da(i, 5)%) =0, Vi, j, k, L.
Since A is dense in A, we get
MB(k,a*) =0, Vk,l, Yae A

Therefore (id® A)(88*) = 0. On the other hand, (id® A)(B85*) = Ig since B is a
unitary. This contradiction proves the claim.

Now suppose that (8, Vp) is irreducible. Pick a nonzero T € Hom («, 3) for some
«a in L. Since « is irreducible, T*T = cl, for some ¢ > 0. We then deduce that
¢~Y/2T is a unitary of Hom (a, 8). 1]

REMARK 2.6. (a) Let A = (A,A,F) be as in Theorem 2.3. Pick a complete set
J of mutually nonequivalent irreducible corepresentations belonging to R . For each
(o, Vo) in J, let a(i, ), (4,5 =1,... ,dim(c)), denote the matrix elements of o with
respect to a basis of V,,. Using Proposition 1.1 and Theorem 2.4, we can show that Ar
is the vector space generated by the set

{a(,j) : t,j=1,... ,dim(a), a € T }.

By arguments similar to those in {14, Lemma 4.8], we deduce that this set is a basis
for Ap.

(b) Let A = (A,A,F) be a compact quantum semigroup. Assume that every
element of F is unitary. Then A is the linear span of elements (f ® id)(a), where
f € B(V,)" and a is the monoidal product of a finite family of elements of F or
{B* : B € F}. We then deduce that Proposition 2.2 and Theorem 2.3 still hold.

3. TANNAKA-KREIN DUALITY FOR COMPACT QUANTUM GROUPS

Throughout this section, R is a strict monoidal C*-category with subobjects and
direct sums in the sense of [4, Section 1]. We denote by Hil; the strict monoidal C*-
category of finite dimensional Hilbert spaces; here the monoidal product is the usual
tensor product, and the monoidal unit is the complex numbers C. If Q = (Q, A, L, )) is
a compact quantum group, we denote by Ucoreps(Q) the strict monoidal C*-category
of finite dimensional unitary corepresentations of Q.
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We recall from [7, Definition 7.2] that a monoidal category C is said to be left au-
tonomous if for any object r, there is an object 7 and there are arrows 9,. € Hom (s, 77)
and 9, € Hom (¥r,.) such that

(I 09,) (9, 0 I,) = I,
(3, OI;)(I;O'[%) = I;;

where ¢ is the monoidal product, and ¢ is the monoidal unit of C. We call 7 a left
dual of r, and we refer to the pair (J,,3,) as an adjunction between 7 and 7. If C is
a C*-category then r is a left dual of ¥ with an adjunction (5:, 19:) . Note that C is
also right autonomous.

The category Hily is left autonomous in the following way. For each object V' of

Hils, let W be an object of Hily equipped with a bijective antilinear map J : V — W.
Pick an orthonormal basis {e;} for V', and define

t,(1) = Z e ® Je,,

ZJ(J'UQ ®’l)1) = (Ull’Ug), Yy, v € V.

Then W is a left dual of V with an adjunction (¢,,f,). Also V is a left dual of W
with an adjunction (E;,t;). Note that £ =t
orthonormal basis {f;} of W.

If @ is a compact quantum group, then the category Ucorep;(Q) is left au-

J-1 and t; = tJ_1 , with respect to an

tonomous in the following way. For each object (a, V) of Ucoreps(Q), put & = a/®*,
where J is a bijective antilinear map from V, onto a vector space W. Define an inner
product on W so that (@, W) is a unitary corepresentation. Since o is unitary, it
follows that ¢, € Hom (¢, 0 @) and t, € Hom (& o o, ). Thus (&, W) is a left dual of
(@, Vo) with an adjunction (¢,,%,).

The following result is a generalisation of the classical Tannaka-Krein duality the-
orem and the result of Woronowicz [15, Theorem 1.3]. See also {6, Section 7, Theorem
3] and [2, Theorem 2.5].

THEOREM 3.1. Suppose that R is a left autonomous strict monoidal C*-
category with subobjects and direct sums. Assume that there is a faithful monoidal
linear *-functor H : R — Hily. Then R is equivalent to Ucorep;(Q) for some
compact quantum group Q = (Q, A, L, 7).

The proof of this theorem will follow from Theorem 3.3 and 3.4.

Our next purpose is to establish the notation for Theorem 3.3. The context here
is more general and more elegant than that in [15]. Our effort is to characterise
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Ucoreps(()) as an abstract category similar to [4]. The proof of Theorem 3.3 is very
similar to proofs in [15], and for convenience we reproduce some main arguments here.

Let 7 be an object of R. Since H : R — Hily is faithful, Hom (r,r) is a finite
dimensional C*-algebra. Hence there are minimal projections p; € Hom (r,7) such that
pipy = 05 and Zp, = I,. Since R has subobjects there are arrows v; € Hom (r;,7)

such that and v} 1/, = I, and vy = p;. Thus r = Z'r, Since {u;} are minimal, {r;}

are irreducible. Therefore every object of R can be decomposed into the direct sum of
a finite number of irreducible objects.

Put t, = H(Y,) and t, = H(J,). Since H is monoidal, (¢,,%,) is an adjunction
between H(7) and H(r). Let J: H(r) — H(r) be the canonical antilinear map.
Then (¢, ®1) (I ® tj) is a bijective linear map from H(T) onto Iﬁ:), and hence
dim(H (7)) = dim(ﬁz:)). Therefore there is a bijective antilinear map J : H(r) —
H(7) such that (Jui|Jug) = (uz|u) for all uy,us € H(r). Put v = (£, ® I) (I ®¢,),
then 1 is a bijective linear map on H (7). We then deduce that

= (I ® 1/’_1)"‘1

Put J,. = ¢~!J. Then we have

=t,(¥®I).

[l
|

Put tz=1, and %z=t}. Since H is a *-functor, we get
tz = H(93), tz = H(@;)

We define a model for (R, H) to be a pair {Qo,I") consisting of a unital *-algebra
Qo and a family of unitaries I', € B(H(r)) ® Qo such that

Iys =T,0T,,
(H(p)® )T, =T,(H(n) ® I),

for all objects r,s and u € Hom(r,s). A model (Qo,T') is called a universal model
if Qo is generated by the matrix elements of all T',, and for any model (Bg,II) there
is a homomorphism @ : Qo9 — By of unital *-algebras such that (id ® ®)(T',) =11
for all 7. If (Qo,I') and (By,II) are universal models then there is an isomorphism
® : Ag — By of unital *-algebras such that (id ® ®)(I';) = II, for all r.

Let J(R) be a complete set of mutually nonequivalent irreducible objects; we
assume that ¢ € J(R). Set

Qo= ®{B(H(r) :reIJ(R)}.
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For each r € J(R), the canonical embedding f, — [f,] from B(H(r))" into Qg is lin-
ear, and hence there exists a unique I', € B(H(r)) ® Qo such that [f,] = (f, ® id)(T,).
Note that if { E]; } is a basis for B(H(r)), and {w];} is the dual basis for B(H(r))",
that is w{,j (E,’c’,) = 0;x 61, then we have

T, = > El;® Wi,
i

and {[w],]: 4,j=1,...,dim(H(r)), r € J(R)} is a basis for Q.
For each r € J(R), we pick an orthonormal basis { e} } for H(r). We define

07 j(u) = (uleflel,  Vue H(r).

Then {67 ;} is a basis for B(H(r)). We denote by {w};} the dual basis of {6];} for
B(H(r))". We define

eh;(w) = (wlep) 7 (), Vue Hr).
Then {e€];} is a basis for B(H(r)). We denote by {ef;} the dual basis of {e],} for
B(H(r))*. If we write
& =3 x'(0,3) 57 (),
then we get
07; =Y X (k,i)e} ;,
k
el; =Y X (ki ;.
k
Let r be any object of R. Pick a decomposition Y p;u} = I, with p; €

i=1

Hom (r;,7) and r; € J(R). We define

T, = zn: (H(p:) ® I)Try (H(ui) @ I).

i=1

Then for any objects r, s and any p € Hom (r, s), we have

(H(u) ® I)T, = Ty (H(p) ® I).
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We define a multiplication operation on ¢ by

[fr][fS] = (/r®fs ® id)(T'rs),

for all f, € B(H(r))", fs € B(H(s))" and r,s € J(R). Then Qo becomes an algebra
with a unit I = [¢*]. For any objects 7 and s, we have

T, = I',ol,.
Let 7 € J(R). For any T € B(H(r)) and for any f, € B(H(r))", we define
T € B(H(7)) and f, € B(H())" by
T(Jow) = Jo(Tw), () =FD).
We define an involution operation on Qo by
[fe]" = (£,

for all f, € B(H (r))* and r € J(R). Then Qo becomes a unital *-algebra. Each I,
is a unitary of B(H(r)) ® Qo.
Let (B, II) be any model for (R, H). Put

o([f.]) = (fr ®id)(IL,),  Vf, € B(H(r))".

Then ® is a homomorphism of unital *-algebras, and (id ® ®)(T,) = II, for all r.
Thus (Qo,I') is a universal model for (R, H). If we put

O, = NEdT)([® 1), for all r,

then (Qo ® Qo, ©) is a model for (R, H). Therefore there is a unital *-homomorphism
Ao : Qo — Qo ® Qo such that

((d ® Ao)(Ty) = By, for all r.

Hence each T, is a unitary corepresentation of (Qo, Ao).
We define a linear functional hy on Qg by

1, if f, =€,
0, if fr € B(H(r))" with 1 # ..

ho((f+]) = {

ProOPOSITION 3.2. Let r,s€ J(R) and r # s.
(i) For any f, € B(H(r))" and f, € B(H(s))",

ho([£:]"1£s]) = 0.
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(ii) For any f,, g, € B(H(r))*,

ho([g-)*[f-]) = dim(H Z gr (¢ . ) fr(e zJ)

(iii) For any nonzero a = E [fr] € Qo,

(a*a) = Z d1m )_1 Zlfr(ef’j)Iz
i,J
(iv) For any 1,5, k,1=1,...,dim(H(r)),
hO([E:,j]*[Ez,t]) dlm(H(T)) 0i,k05,-
Proor: (i) We write

T =Y (H(w)® DT, (H(u!) ® 1),
k

where p; € Hom (r;,7s) such that Y p;pf = Iz, and r; € J(R). We have
i

ho(I£:°1£:)) = ho( (- ® £, ® id) (T3,))
~ (7o) (X HwHG).

Ti=t

Note that for any objects r,s and ¢, u+— (Izopu)(9z0 1) is a bijective linear map
from Hom (rt,s) onto Hom (t,7s). Since Hom (r,s) = {0}, it follows that H(u;) =0
for all 4 with r; = +. This proves (i).

(i) By arguments similar to those in (i) with r = s, we get

ho (-] () = Gr ® fr) (Z H(u,-)Hm:)).

Ti—=t

Since Hom (¢, 77) = C9, and Hom (7r,.) = C9,, it follows that

(1) > H(u)H(u) = cH(T,)H(3,),

ri=t
for some scalar ¢. For any ¢ with r; # ¢, we have 49, € Hom (i, r;) = {0}. Hence

= H(E:) = H(Zumﬁ:) = H(Z uiu;‘@:)

T{=tL

_cH( )H(ﬂ) (:)=cz:z,z:.
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Thus c#,£,.(1) = 1. Note that
(2) tt.(1) = Z <J:1(ef) J! (ef)> = dim(H(r)),

®) tie=) Jrel;J7 @€l =) € ;@6
i

4.J

Now (ii) follows from (1}, (2) and (3).
(iii) It is a consequence of (i) and (ii).
(iv) Using (ii), we get

ho([e7,;1* ek ) = dim(H(r) ™" > €f (e o) ka(ehy)

P

= dim(H(r))~ r—:k,( ;)

For each a € Qq, we put
llal| = sup{||=(a)|| : 7 is a nondegenerate representation on Hilbert spaces}.

Then ||a|| is finite, and then ||-|| is a C*-seminorm on Q. The ideal Zg of Qg consisting
of elements of seminorm zero is closed under the involution operation *. The canonical
quotient map ¢ : Qo — Qo/Zo is a unital *-homomorphism. Let @ denote the
completion of Qg/Zy. We represent the C*-algebra @ on a Hilbert space by a faithful
nondegenerate representation, and then see that

I(g®q) o Ao(a)ll < llall,  Va € Qo.

We then deduce that there is a comultiplication A : @ — Q ® @ such that

A(g(a)) = (¢®q) o Ao(a),  Va € Qo.

Each 8, = (id ® q)(T',) is a unitary corepresentation of (@, A), and the matrix elements
of the family {8} generate . By Remark 2.6(b) there exists a unique Haar measure
h for (Q,A,{B,}). Let 7 € J(R) with r # ¢. Since the unit I of Qo is not in Zp, it
follows that g(I) is not in the linear span of g([w};]) for all i,5. By the Hahn-Banach
theorem, we can choose 7 € Q* such that 5{g(I)) = 1 and 7(g([w];])) =0 for all 4, ;.
Using Theorem 2.3, we get

h(a((=] ;1)) = (n* k) (a([=% ;1))
=3 n(a((@i)))rla((=} ;) = .

k
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Therefore hoq = hg. If 7 is the cyclic representation of @ induced by the positive
linear functional h, then it follows from Proposition 3.2(iii) that 7 o ¢ is a faithful
nondegenerate representation of Qo. Therefore Zp = {0} and || - || is a C*-norm.

We define an antimultiplicative linear map j: Qo — Qo by

1([f7) = (f» ® id)(T2).

Then 3(3(a)) =a and y(a*) = y(a)* for all a € Ag, and (:d® 5)(I;) =T} forall r.
We summarise the above discussion in the following result.

THEOREM 3.3. With the above notation, @ = (Q, A, £, 3) is a compact quantum
group, where L= {T', : r € J(R)}.

We define a functor H : R —» Ucoreps(Q) by
H(r)=T, and  H(u)=H(p).

THEOREM 3.4. With the above notation:

(i) H is a fully faithful monoidal linear *-functor.
(ii) The categories R and Ucoreps(Q) are equivalent.

Proor: (i) It is easy to show that H is a faithful monoidal linear *-functor.
To prove that H is full, let T € B(H(r),H(s)) such that

(TR, =Ts(TRI).
We write

Tr =Y (H(u)® )Ty, (H(ur) ®I),
k

Ty =S (Hw) @ )Ty (H) ®I),
1

where pi € Hom (rk,rj with Y pgpy = I, and v € Hom (sg, s) with Y v = I,
and 7, s € J(R). We have * [
(H (s YTH (k) ® I)Tr, = Cay (H(7)TH (i) ® I).
It then follows that
> H@P)TH(ue)0k @ [@ik] = > 03 H(v!)TH (i) ® [w3h ]

i)j m,n
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If s; # i, choose a linear functional n on Qg such that
N([@ ) = Org t0mins Vm,n=1,...,dim(H(t)),
for all t € J(R). We then deduce that H(v})TH(ux) = 0. If sy = ri then

H(vf )T H ()07} = 605H (v )T H (g ),

forall 4,5 =1,...,dim(H(r%)). It then follows that H(v})TH(px) commutes with all
elements of B(H (rx)), and hence H (v} )T H(ui) = c(k,)Ig(r,) for some scalar c(k,1).

Now we get
T= fI( Z c(k,l)um,';),

=Tk

and this proves that H is full.
(i) The family £ consists of mutually nonequivalent irreducible corepresentations
of @, and the matrix elements of all elements of £ generate Q. By Theorem 2.4, every

object o of Ucoreps(Q) is the direct sum of irreducible unitary subcorepresentations

®
o;. By Theorem 2.5, each «; is equivalent to an element I';; of £. If we put r = Zr,-,
1

~ D ~
then H(r) =T, is equivalent to ) I';,. Therefore a is equivalent to H(r), and hence
i

H is an equivalence. a

4. THE ORTHOGONALITY RELATIONS AND THE PLANCHEREL THEOREM

In this section A = (A, A, F, k) is a compact quantum group, and A is the Haar
measure for A. Let J be a complete set of mutually nonequivalent irreducible unitary
corepresentations belonging to Rp, where Rp was defined just before Proposition 1.1.
We assume that the trivial one dimensional corepresentation : = 1 ® I is in J. For
each (o, V,) in J, we pick an orthonormal basis {e$ } for V,,. Let J, : V, — V3 be
the bijective antilinear map defining the conjugate & = a’>®* of o. We define

e (w) = (le) 7 (F),  VueVa.

Then {ef;} is a basis for B(V,). We denote by {ef;} the dual basis of {ef;} for
B(H(r))". We write
o= Z €5 ® a(i, j)-
ij
Then the set
{a(i,j) : 4,7 =1,... ,dim(a), a € J}
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is a basis for the vector space Ar, where Ar was defined in Proposition 1.1. We define
6;;(u) = (ulef)ef, Vu € V,.

We denote by {wg;} the dual basis of {62;} for B(H(r))".
The following result is the orthogonality relations for our compact quantum groups;
see [5, Chapter IX]. It improves the orthogonality relations of [14, Theorem 5.7.4].

THEOREM 4.1. For any (o, V,) and (8,V3) in J, we have
Ma(3,5)*B(k, 1)) = dim (@) " 64p0ikd51,

forall 1,7 =1,...,dim(a) and k,l = 1,... ,dim{B).

PROOF: Let R = Ucoreps(Ar). Then R is a left autonomous strict monoidal
C*-category with subobjects and direct sums. The forgetful functor H(a, V,) =V, is
a faithful monoidal linear *-functor. Let Qo, T' and A be constructed as in Theorem
3.3. Observe that J is a complete set of mutually nonequivalent irreducible objects of
the category R. We define a model (A,II) for (R, H) by

I, = a, for all @ € R.

Since (Qo,T) is a universal model, there is a homomorphism & : Qy — Af of unital
*_algebras such that @([eﬁj]) = ofs,j) forall 4,7 =1,...,dim(V,) and a in J. Now
we write

a—ZG ® ag(i, j).

We then deduce that @([wﬁj]) = a3, j) for all 4, 5. Let (e, V,) in J with o # ¢. By
the Hahn-Banach theorem, we can choose 7 € A* such that n(I) = 1 and n(ag(i, ) =
0 for all 4, 7. Using Theorem 2.3, we get

Mo ([w550)) = (m* N(@e (i, )
Z (o9 (i, k) A(ag(k,5)) =0
k

for all ¢, j. Therefore Ao® = hy on Qg, where hg was defined just before Proposition
3.2. It then follows that for any (e,V,) and (8,Vs) in J, we have

Mai, 5) Bk, 1) = ho((e3;1"[€2,)),

for all 4,57 = 1,...,dim(a) and k,l = 1,...,dim(B). Now using (i) and (iv) of
Proposition 3.2 we get the desired formula.
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REMARK 4.2. The proof of Theorem 4.1 is dependent only on Theorem 3.3 and is
independent of [14, Theorem 5.7 and Theorem 5.3]. To get the orthogonality relations
of [14] we proceed as follows. If we write

J;l(eia) = Z c*(k,1) ef,
k

then ef; = 3 c¢*(k,4)6% ;. It then follows that
k

X ety 0alin) =3 0,0 o {3 etk |
Therefore the matrix elements of o with respect to the orthonormal basis {e?} are
ae(i,j) = Z Ca(i,p)a(p,j)-
P

We then deduce that

Mao(i, 5)" Bo(k, 1)) = dim (@) ™" Sapdj Y (3, p)c (K, p),

4

which is essentially the formula of [14, Theorem 5.7.4]. In the same fashion, we can
establish the orthogonality ralations for the matrix elements of (a,Va) in J with
respect to any basis of B(V,).

Now we define an inner product on Ap by

(alb) = A(b*a), Va,b € Af.

The completion of Ar under the norm induced by this inner product is denoted by
L%(\). Let (a,V,) be an element of J. The Hilbert subspace of L?()\) generated by
the matrix elements of o is denoted by LZ()). By the orthogonality relations, the set

{dim (@)"?a(i,5) : i,5=1,... ,dim(a)}

is an orthonormal basis for LZ()). Define an inner product on X, = B(V,) so that
the set
{dim (&)™ 12, ¢ 4hj=1,...,dim(a) }

is an orthonormal basis for X, .
We define the Fourier transformation ¥, : L2(\) — B(V,) by

Falba) = (id@ M) (" ®* (I ®&,)),  Véa € LE(N),
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where a

H.H. Bui ' (18]

1d®* denotes the image of o under the map id®*. Let X denote the Hilbert

space direct sum of all Hilbert spaces X, with o € J. Observe that L2%()\) is the
Hilbert space direct sum of all Hilbert spaces L2()\) with a € J. We define the

@
Fourier transformation F : L2(A\) — X by F = > F,.

a€J
The following result is an analogue of the Plancherel theorem for compact groups.

PROPOSITION 4.3. The Fourier transformation F : L2(A\) — X is a unitary.
PRrROOF: Observe that for each « in 7, we have

Falbe) =D (Calalisi)) €y, Véa € LL(A).

1,3

We compute

(7]

| Faléa)ll® = iz,;,““’“("’j»mdim ()i 1 65,
i (a) %jl(sala(z‘,j))IZ;
l€all® = ;K&.l din (@)2a(, )|’
- d;n (@) D [(alali, NI

i’j
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