ON PERMUTATIONAL PRODUCTS OF GROUPS
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1. Introduction

We here study permutational products of groups, a study which was
initiated by B. H. Neumann [8], [9].

In defining a permutational product a transversal of the amalgamated
subgroup must be chosen in each of the constituents of the amalgam and,
in general, different transversals give rise to non-isomorphic permutational
products [8]. One of the main results here is that an epimorphism from an
amalgam onto a factor amalgam determines an epimorphism between
selected permutational products on the amalgams (Theorem 3.1); these
permutational products are chosen by making natural choices of their
defining transversals.

It is also shown that some permutational products (again chosen by
picking transversals) are embeddable in certain permutational wreath
products, provided some restrictions are placed on the defining amalgams
(Theorems 4.1, 5.2, and 6.1). These embeddings immediately relate proper-
ties of the amalgam to the permutational products, thus yielding several
amalgam embedding theorems, where permutational products are chosen
as the embedding groups.

Finally some amalgam embedding results are included which are not
directly related to permutational products.

2. Preliminaries

Given two groups (4, +) and (B, -), the set A U B is the amalgam of
these groups if and only if A n B = H is a subgroup of both 4 and B and,
for all 4, hye H, h+h, = h-h,. The common subgroup H is called the
amalgamated subgroup and the groups A and B are the constituents of the
amalgam. The notation 4 U B|H = ¥ will be used to denote an amalgam
of A and B with H amalgamated. Amalgams may be constructed as follows.
Suppose 4 and B are given groups, disjoint as sets, containing isomorphic
subgroups H and K, respectively. Suppose « : H =~ K is a given isomorphism
from H onto K. If H and K are identified by setting » = (h)«, (ke H),
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then the union 4 U B becomes an amalgam of 4 and B. In general, different
isomorphisms « used in this construction yield different amalgams.

A group G embeds the amalgam 4 u B|H = ¥, if G contains subgroups
A* and B* which are isomorphic to 4 and B, say A* = Ay and B* = By,
such that Hu = Hv = A* n B*. A group G is generated by the amalgam %,
if G embeds U and the image of U in G generates G.

Given an arbitrary amalgam U of two groups there always exists a
group embedding . One such group, a permutational product on the amalgam,
may be constructed as follows. Let A = 4 u B|H be the given amalgam.
Choose a transversal T 4 of H in 4 and a transversal T3 of H in B, where a
transversal of H in A is a complete set of left coset representatives of H in 4.

Let the set D = T, X Tgx H and for a € 4, b € B define permutations
on D as follows:

letd= (¢q,7,h),qeT,,7veTg, and 2 € H. Then put

(@)p(a) = (¢, 7", 1),

gh = qha (q’eTA,h'eH), and 7 = 7.

where

Similarly, put
(@)p(d) = (¢, 7", k"),

v’ =vhb (r"eTp h"eH), and ¢’ =q.

where

If h € H, the above permutations p(h) are easily seen to be the same by either
definition. The permutations p(a) and p(b) may be considered right multi-
plications by 4 and b, so that if we compose functions from left to right,
then p(A) @ A and p(B) ~ B, where p(4) = {p(a)|a € A}. In the group
of all permutations of D, p(4) n p(B) = p(H) [8], so that the amalgam
A = A v B|H can be embedded in the subgroup P(%; T ,, Tz) generated by
p(A4) and p(B) in the group of permutations on D. The group P(N; T4, Tg)
is the permutational product of W = A v B|H depending on T, and Tg.

The notation (- --> denotes the subgroup generated by -:-, where
- - - are elements or subsets of a given group. If # and y are elements of a
group, write y* = ¥ lyz.

Suppose the amalgamated subgroup of a given amalgam A = 4 u B|H
is central in both constituents of %. Then 9 is clearly embeddable in the
group G = A X B[{(h, k¥ 1)|h e H> [7] such that the constituents of the
embedded copy of U commute elementwise and generate G. The group G
is called the gemeralized direct product on U.

LemmaA 2.1. (B. H. Neumann [8]). Let W = A u B|H be an amalgam.
It H 1s central in both A and B, then for any choices of transversals T 4 and T,
P; Ty, Tg) is isomorphic to the generalized direct product on A.
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Let Aut(H) denote the group of automorphisms of the group H. Let
C and H be given groups and ¢ a homomorphism from C into Aut(H).
Define multiplication of the ordered pairs [¢, 4] € C X H by

[C’ h] [CI’ hl] = [CCI, h‘i(bhl]

The resulting group of ordered pairs, G, is the semi-direct product of H by C
depending on ¢. It is also clear that G = C - H, where H < GandCnH =1,
that is, G is a split-extension of H by C.

If G is a group and X a set, let GX denote the unrestricted direct power
of G taken |X| times, that is, G¥ is the set of all functions from X into G
with co-ordinatewise multiplication, i.e., if f;, f, € GX, then f, -/, = fs,
where f,(@)/,(@) = f,(z) (@ € X).

Finally, let G and H be groups and X a set on which H acts as a per-
mutation group. The wreath product of G and H relative to X, denoted
GWr(H; X), is the semi-direct product GX H, where the action of H on G¥
is given by

) =fxh ') (feGX, heH, xeX).

3. The epimorphism

Suppose A = 4 u B|H is an amalgam, U and V are normal subgroups
of A and B respectively, and U n H =V n H. Then a factor amalgam

(1) % = F(W; U, V) = AU u B/VIHU|U

can be formed by identifying HU/U and HV[V according to their natural
isomorphisms with HHHNU =H/HAV. Write N=HnU=HnV.

In many places here transversals of the constituents 4 and B must be
chosen which map onto transversals of 4/U and B/V. These required trans-
versals will always be assumed to be chosen as follows, unless stated other-
wise in a specific theorem or section. A transversal of H in A is chosen by
first choosing a transversal of H in HU consisting of elements of U, say
K = {k;eUli eI} and thena transversal of HU in 4, say S = {s,e Ajj e J}.

Then

(2) SK = {s;kjiel,je ]}
and

(3) S'={s,Ulje J}

are the required transversals of H in 4 and of HU|U in A /U, respectively.
Similarly choose a transversal of H in B; let L = {l,eVl]iel'} be a
transversal of H in HV, T = {t;e Blj € J'} a transversal of HV in B, and
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(4) TL = {,lliel’,je ]’}
and
(5) I'={Vije]’}

be transversals of H in B and HV [V in B[V, respectively.
Finally, let P = P(N; SK, TL), P"= P(§; S, T'), W =SKXTLxH
and W' = S"XT'X H|N, where % and § = &(N; U, V) are given as above.

THEOREM 3.1. Let A = A u B|H be an amalgam and F = F(W; U, V)
a factor amalgam. If transversals are chosen as in (2) to (5), then there exists an
epimorphism f from P = P(W; SK, TL) onto P’ = P(g; S, T').

The kernel of | is the set of those x € P such that

(6) x: (sk, i, k) — (sk', tU', hn)
whereseS,teT, kR eK,,l'elL,and neU n H=N.

Proor. The function g : W — W’ defined by (s, ¢, k) — (sU, tV, hN)
is onto. It follows from the definitions of P and g that for each 2 € A and
be B, p(a)g = gp(alU) and p(b)g = gp(bV). Thus, since P is generated by
p(A) and p(B), to each x € P there corresponds a unique f(x) € P’ such that

(7) xg = gf(@);

f(x) is unique because g is onto. The required epimorphism having the
stated kernel is f : P — P’, given by & — f(z).

The epimorphism f: P — P’ will be referred to as the natural epi-
morphism from P to P’ and if « € P, then the image of x, f(x), will be
denoted by «'.

RemARrk. If T, and T5 are any transversals of H in 4 and B, respec-
tively, which map onto transversals 77, and Tz of H/N in A/U and B|V,
respectively, then the above proof also shows that there is an epimorphism
f from P(N; T, Tg) onto P(F; Ty, Ts). (We do not use this here.)

4. U=VEH

Throughout this section let A= A4 u B[H be an amalgam and
& = FY; U, V) a factor amalgam, where U = V = N C H. Thus,
% = A/N u B|N|H|N.

Since the transversals S and 7 are now arbitrary transversals of H,
take K =L = {1}, P=P(U; S, T)and P’ = P(%; S', T).

Each a € 4 induces an automorphism a’’ of N given by #n*” = #n® (n € N),
because N is normal in 4. Suppose G is a group generated by 2, and let
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A* U B* be the image of % in G. Since N* is again normal in G, there is an
epimorphism of G onto the subgroup P’ of Aut(NV) generated by the auto-
morphisms induced on N by 4 and B. If x = a*b* - - - € G, then the induced
automorphism, z"/, is defined by #*” = #®*""" (» € N), and the homomorphism
from G onto P” is given by # — z'’.

TuEOREM 4.1. Let N, F and P be as above, where N = U = V. Let E
denote the semi-divect product P''N. Then the permutational product
P = P(U; S, T) can be embedded in

EWr(P'; W'),
where P' = P(%; S, T') and W' = S’ X T’ x H|N.
ProoF. Let H' be a transversal of Nin H and write Y =Sx T xH' CW.

If
d = (sN,IN, W N)e W',
write
d]=1(st¢tM)eY.
Thus, if

d=(s,t,h)e W = SxTxH,

then there exist unique elements [d'] = (s,¢, ") e Y and »n e N, given by
h = h'n, such that

(8) d = [d'p(n).
It follows from (7) that if x € P, then
[ xg = [d'gx’ = d'x’.
Thus, by (8), for each z € P and 4’ € W’, there exists a unique #,(d’') e N

such that
(9) (@1 = [d'a1p(n,(@)).
Let n, e N" be defined by (9). Define g, in E¥ and %, in EWr(P'; W')
by
(10) g@)=a"n,(d)?", (deW), and h, = g,
Then
(11) x-—>h,

defines the required embedding. To prove (11) defines a homomorphism,
we proceed as follows. Let #, y € P. Then

h:w = g:wx,y, and h@hy = g,g,‘,”"_lx'y'.
Thus

(12) Euonl @) = go(d")gf " (@) (@ e W')
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must be verified. Note that if, say, a € 4, then p(n)?'® = p(n%); hence,
if ye P and #eN, then p(n)? = p(n*"). Using this remark and applying
(9) repeatedly, it follows that

[@'%"y 1p(n4 (")) = [d' ]2y
— (' lp(n,(@)),
—~ [ Typ(n, ()"
= [d'2'y Jp(n,(d'z"))p(ny(d')"")
= [d'a"y Jp(n, (d'z")n,(d')"").
Thus, for all d' e W/,
N (') = n,(d' 2, (d')"",
SO
[ n (@) [y " ny (@ 2" ) 1] = (&Y )y, (d7) .

Equation (12) follows immediately, proving that (11) defines a homomor-
phism. To show that (11) defines a monomorphism suppose %, = g,&" = 1,
so ' =1 and g, = 1. Since g, = 1, it follows that #»,(d') =1, (@' e W'),
and '’ = 1, that is, x centralizes N. By (8) every element of W is of the form

[dlpn) (@ eW, neN),
and
[d']p(n)x = [d']ap(n)
= [d'x'lp(n)  (by (9), since n,(d') = 1)
— [dJp(n).

Thus « is the identity permutation, completing the proof of the theorem.
If X and ) are classes of groups let X9) be the class of all groups which
are an extension of a group in X by a group in ).
If N, P”, and P’ generate the varieties 8B,;, B, and B;, respectively,
then Theorem 4.1 immediately shows that P e (8,%,)8;. More, in fact,
can be shown.

COROLLARY 4.2. Suppose N generates the variety B, and that P’ and P’
tn Theorem 4.1 together generate the vaviety B. Then P e B,;B.

Proor. Let B(P) be the verbal subgroup of P corresponding to .

Let v be a generator of B(P), say v = v(xy, Xa, * * *, T,), (¢; € P), where

v(X,, X,, -+, X,,) = lis alaw of 8. Since P’ € B, B(P) is in the kernel of

the natural homomorphism f: P — P’. Thus, by (11), v - 4, = g,. But
8old') = v"'n,(d)7, (@' e W),

and P e, so v"" = 1. Therefore k, e N” e %B;; that is, B(P) €B,. It is
clear that P/B(P) e B proving the corollary.
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If H =N, it follows by Lemma 2.1 that P' = A/H x B/H. Thus, if
H =N, and 4, B and P" are all solvable, or finite p-groups, respectively,
then U can be embedded in a solvable group (Wiegcld [13]) or a finite
p-group (Higman [5]), respectively. We note that when H = N, the
corollary shows the solvable length /(P) of the embedding group P tc be
at most /(H)+max (/(P"), l(A/H x B/H)), improving the bound given by
Wiegold [13].

COROLLARY 4.3. Let W = A v B|H be an amalgam such that A and B
are split-extensions of N, say A = CN, B = DN, and H = (C n D)N. If
SCCand TCD, then P= P(U; S, T) is a split-extension of p(N) by the
subgroup of P generated by p(C) and p(D).

ProOF. In the proof of Theorem 4.1, let H' = (C n D). The transversals
S and T are here chosen from the subgroups C and D, so by (9), if ceC,
eeD and d' eV, then [d'lp(c) = [d'¢'] and [d']p(e) = [d'¢’]. Therefore,
if zep(C),p(D)>, then n,=1. If x =p(n)ep(N), then n, (d) =n,
(@ e W’'); hence, p(N) n {(p(C), p(D)> = 1. The corollary immediately
follows.

COROLLARY 4.4. Using the notation of Corollary 4.3., suppose C and D
are dirvect complements of N in A and B, respectively. Then

P(Y; S, T) =~ P(%; S, T') xp(N).

Proor. It is clear that P(%; S, T) = {(p(C), p(D)> X p(N), since p(C)
and p(D) permute elementwise with p(N). If x € {p(C), p(D)) such that
2’ = 1, then from the proof of Corollary 4.3, it follows that [d']Jx = [d'],
(@’ € W’). But, if d e W, then from (8),

dz = [&')p(n)a
— [@ap(n)

= [&)p(n)
=d.

Thus # — 2’ is an isomorphism from {(p(C), p(D)> onto P(F; S, T7), as
required.

Any amalgam ¥ of two finite groups can be embedded in a finite group,
because any permutational product on U is finite. A related question is:
if H has finite index in both 4 and B, can A u B|H be embedded in a group
G such that H has finite index in G? B. H. Neumann showed by example
that such an embedding group G may not exist [9]. In this example H = N
is normal in both constituents, the constituents are both split-extensions
of H, and H is abelian (cf. Example 4.12). In this example P’ is not finite
and this is a requirement for the proper kind of embedding group G to exist,
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for here HC Cg(H) and P C Autg(H) ~ G/Cq(H), which would have
to be tinite. We partially answer this question with

COROLLARY 4.5. Let W = A v B|H be an amalgam such that A and B
are split-extensions of N, say A = CN, B = DN, and H = (C ~n D)N.
Suppose P is finite and N has finite index in both A and B. If S C C and
T C D, then N has finite index in P(N; S, T).

Proor. Here the hypotheses of Corollary 4.3 are satisfied, so P(¥; S, T)
is a split-extension of p(N). Furthermore, P’ = P(%; S’, T') is finite since
AN and B|N are finite. It must therefore be shown that the index of p(NV)
in the kernel of the natural homomorphism, f : P — P’, is finite. Note that
ker f 2 p(IN), so

ker f = (ker f nr ¢p(C), p(D)>)p(N).

Now 7, =1 when z e {p(C), p(D)>, so if ze {p(C), p(D)) nkerf = F,
then 4, = g, - 1 and g,(d’) = «” - 1. Therefore,

[F:1] = [ker f: p(V)] < [P" : 1]

which is finite, completing the proof.

The assumptions of Corollary 4.5 are not necessary to embed 4 v B|H
in a group G such that H has finite index in G; it is, however, necessary that
H contain a subgroup N which is normal and of finite index in both 4 and
B. For a result on this embedding problem with different assumptions see
Corollary 4.10.

I wish to thank Professor B. H. Neumann for refering me to his paper
[9], thus suggesting the following results on periodic groups.

Refering to the notation of the proof of Theorem 4.1, any elements
a € A and b € B can be written uniquely in the form

a=shnb=thn, (seS,tel,h heH, nneN)
Write a? = #, bY = #,,
Q(a) = {(sha)?|se S, he H'}

and
R(b) = {(thb)*|te T, he H'}.

HYPOTHESIS 4.6. For each a € A and b € B the sets Q(a) and R(b) are
finite.

COROLLARY 4.7. Let W = A U B|H be an amalgam of periodic groups.
Then P = P(; S, T) is periodic, if any one of the following is true.

(i) Hypothesis 4.6 holds and both P’ = P(%; S, T') and P" are
periodic.
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(ii) The group N has finite exponent and both P’ and P'" are periodic.
(iii) The group N is finite and P’ is periodic.
(iv) The index of N s finite in both A and B and P'' is periodic.

Proor. Hypothesis 4.6 merely states that if x € P, then the function
n, (see (8) and (9)) has only a finite number of distinct values,
Ny, Ny, * =+, N € N. If m is the least common multiple of the orders of the
n;,t=1,--- &, then n] = 1. Thus, if (i) holds, #, (and hence z) has finite
order for all z € P.

If (ii) holds, there is an integer m, m = exponent of N, such that
ny = 1. Thus &, has finite order.

If (iii) holds, then both N and P’ are finite, so the result follows
from (ii).

If (iv) holds, then E = P"N is periodic and P’ and W’ are finite.
Thus EWr(P'; W’) is periodic.

We also note that if % is an amalgam of groups of finite exponent and
P’ and P" have finite exponent, then EWr(P’; W’) has finite exponent.

COROLLARY 4.8. Let W = A U B|H be an amalgam of locally finite
groups A and B and suppose P’ is periodic. If N has countable index in both
A and B, and finite index in H, then P = P(W; S, T) is periodic. If, in
addition, P is locally finite, then P will be locally finite.

If the index of N in H is not finite, but [A : N] and [B : N] are countable,
P’ is periodic (locally finite) and P is periodic (locally finite), then P will
be periodic (locally finite).

Proor. It is implicit in Lemma 8.3 [9] that Hypothesis 4.6 holds. The
first statement will follow from Corollary 4.7 if P’ is periodic. If H/N is
finite, then P’ will be locally finite (Theorem 5.2 [9]), proving the first
statement.

To prove the second statement it suffices to prove that the kernel of
the natural homomorphism f: P — P’ is locally finite (p. 153 [6]). Let
Ty, g, ", T € ker f. Then h, =g,, +=1,---, k. Since Hypothesis 4.6
holds all Q(a) and R(b) are finite, so each #, can assume only a finite
number of distinct values #, (d'), (@’ € W’). (The values n,(d') are given,
as in (8), by (s#’'z;)”.) Thus the %, can assume only a finite number of
distinct values in E = P” N which is locally finite, so these values generate
a finite subgroup E* of E. Thus each 4, € (E*)"’, which is locally finite
(Lemma 5.4 [9]); hence the k, generate a finite group, which was to be
shown.

The last statement follows immediately from the fact that Hypothesis
4.6 holds.

CorOLLARY 4.9. Let A v B|H = U be an amalgam of periodic groups

https://doi.org/10.1017/51446788700006947 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700006947

120 R. J. Gregorac (10]

(locally finite groups, groups of finile exponent) such that A and B are split-
extensions, say A = CN, B= DN, and H= (CnD)N. If SCC, TCD,
and P"" and P(3; S’, T') are both periodic (locally finite, of finite exponent),
then P(U; S, T) is periodic (locally finite, of finite exponent).

Proor. Here P(; S, T)/ker f and ker f/p(IN) are both periodic {locally
finite, of finite exponent) by Corollary 4.3 proving this corollary.

CoroLLARY 4.10. Let A w B{H = U be an amalgam of locally finite
groups A and B containing a normal subgroup N of both A and B. If N has
finite index in both A and B, and P'' is locally finite, then there exists a group
P embedding W such that N has finite index in P.

Proor. By Corollary 4.8, there exists a locally finite permutational
product P on 9. Choose a transversal of p(N) in P from the subgroup of P
generated by p(S), p(T) and p(H’). These are finite sets, hence the trans-
versal of p(NV) is finite, as required.

ExAMPLE 4.11. We now show that the hypothesis, ‘P’ is locally finite’,
cannot be weakened to, ‘P" is periodic’, in Corollary 4.10.

Let G be an infinite periodic p-group which is generated by two elements
a and b. Such groups were shown to exist by Golod and Safarevi¢ [14]. Let
¢ : G — Aut(N) be a faithful representation of G where N is an abelian
group; for example, let V be the direct sum of |G| copies of the group of
order 2, Z,, and consider the right regular representation of G over the
vector space N (over Z,). Form the semi-direct products 4 = {a¢>N and
B = (b$>N.

Since a and b have finite order in G, N has finite prime power index in
both 4 and B. If R is a group generated by 4 u B|N = ¥, then, since
N C Cg(N), there is a homomorphism from R/N onto R/Cr(N) ~ G = P”
which is infinite and periodic. Thus no group R embeds the amalgam U
such that N has finite index in R.

ExaMPLE 4.12. A similar argument shows that certain amalgams are
embeddable only in their associated generalized free product.

LEMMA 4.13. Let A = CN and B = DN be split-extensions of the group
N by C and D, respectively. Suppose W = A v B|H s an amalgam such that
H = (C n D)N. Then G is the generalized free product on U if and only if G
1s a split-extension of N by the generalized free product on C and D with
E = C n D amalgamated.

Proor. This follows immediately from the normal form for elements of
a generalized free product (see [7]).

Let G be a generalized free product on C U D|E and let ¢ : G — Aut(N)
be a faithful representation of G with N abelian. Form the amalgam
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A = CHN u DPN|E$N. Then as before, any group R generated by U maps
homomorphically onto G¢, say y : R — R/Cz(N) =~ Gé, such that Cé and
D¢ in R map to C¢ and D¢ in G¢, respectively. By the universal mapping
property of generalized free products G¢ maps onto the subgroup F of R
generated by Cé and D¢, say 0 : G — R. Since Oy|p is the identity on
C¢ and D4, it must be the identity on G¢. Similarly y|z 8 is the identity on
F, so 0 and y|p are isomorphisms, R = FN and F n N = 1. By Lemma
4.13, R is a generalized free product. Finally, note that R must be unique
(within isomorphism) since the automorphisms induced by F on N are
always G¢. (This example was suggested by a special case given in [16].)

5. N central in A

Recall (see Section 3) that in the general case, if § = (W, U, V) is
a factor amalgam, then N=UnH =V nH and W =SKxTLXxH.
Let H’ be a set of coset representatives of N in H and

d= (sk,tl, Wn)e W,

where 4’ € H' and # e N. Since SK and T'L are sets of coset representatives
of H, if we set a = skh’n and b = {4’ n, then d is uniquely determined by
a and bH, and also by aH and b. Write d = [a, bH) == (aH,d]. If a, € 4
and b, € B, then

(@, bH)p(a,) = [aa,, bH) and (aH, blp(b,) = (aH, bb].
Define permutations on W, 4,(a,), (a, € A), and 2A,(b,), (b, € B), by
[a, bH)A (a,) = [aya, bH) and (aH, b]A,(b,) = (aH, b 0].

Evidently

(13) p(a1)41(as) = A1(a5)p(ay), (a1, a5 € A4)
and

(14) p(b1)A5(bs) = 2A5(b2)p(b1), (b4, b2 € B).

LEmMA 5.1. Let A = A U B{H. Using the preceeding notation, if N 1s
contained in the centre Z(A) of A, and v eV, then A,(v) commutes with every
element of P = P(U; SK, TL).

Proor. By (14) we need only verify
p(@)hy(v) = Ay (v)p(a), (aed).

We first introduce some notation; suppose H is a subgroup of 4 and S
1s a transversal of H in A. If g =she A, se S, he H, write g7 = s and
g7+t = h. Now let
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d= (sk,tl,h’'n)eW,

S0
d = [a, bH) = (aH, b],
where
a=skh'n and b= tlh'n.
Then
[a, bH)p(ay)25(v) = [aa,, bH)A5(v)
= (aa,H, vb'],
where
b = tl(aa,) oL,
Thus,
(15) (aa H, vb'] = ((aay)?, (vb")°, (vb')~o+1).
Similarly,
(16) (aH, b]25(v)p(a,) = [a’a,, vbH)
= ((a’a)?, (v0)°, (a’ay)~"*),
where

a’ = sk(vb)=7+,

To complete the proof of this lemma, the expressions in (15) and (16)
must be shown to be equal. First note that (vb') = (vb)°, for

(vb')” = (vtl(aa,)~o+1)”
= (vil)°
= (vtl(W'n))°
= (vb)°.
Note also that
(vtl) =t = (tot)=—oHl = (W)t eV,

so (vil)="*leV n H = N, that is, (v#)=*! is in the centre of 4. Further-
more
(aa,)’ = (skh'na,)® = (skh'a,)” (neZ(A4))
and
(@' a) = (sk(vd)="*1ay)e.
Thus (aa,)” will equal (a’a,)’, if

raH = (vb)~°tla H.

But (vb)~tla, H = (vtlh' n)—"+'a, H

= (vil)="+* (W' n)a, H

= haH ((wi)=ot, me Z(4)),
S0 (aa,) = (a’ay)”.
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Finally,
(vd")~o+1 = (vil(aa,)~7+1) o+

) [y—o+1 ( ) —o+1

= (
(vt
= (v#l}=7+ (skh’' na,) "+
(s
(s

k(oth) ="+ (W' n)a ) o+1
k(vb)~"+1q )—a+1

I

(@’ ay)—7+.

This completes the proof of the lemma.

THEOREM 5.2. Let U = A u B|H be an amalgam and F = F(U; U, V)
a factor amalgam, where V is a normal subgroup of B such that V n H =N
is in the centre of A and U = N. Then the permutational product
P = P(U; S, TL) can be embedded in VWr(P'; W'), where P = P(F; S, T")
and W' = S'XT'xH|N.

Proor. Let H', Y and [d'], (' € W’), be as in Theorem 4.1. If
d=(s,t,n)eW,
define v € V by In = v%. Then

(17) d = [d']2,(v),
because

Hh'n = vth' (n € Z(A))
and

d = (sH, vth'] = (sH, th'|A,(v)
as required.
Thus, for each z e P and 4’ € W’, there exists a unique v,(d") eV
such that

(18) (@] = [d'a"]Ay(v,(d")).
Define v, € V" by (18) and let 7, = v,2’".

LEMMA 5.3. The function given by
(19) T —> 7, (x € P),
is a monomorphism from P into VWr(P'; W').

Proor. Note that by the definition of 4,,

Ay (b18,) = A3(by)A5(by), (b,, by € B).

Let z, y € P. By (18) and Lemma 5.1, if 4’ € W’, then
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[@'2"y' 1A3(v5 (@) = [d']ay
= [@'a"135(v, (@) )y

= [@'2"y 1Ay (v, (@' 2") ) A5(v,(d")).
Hence,

Uy (@)%Y = v,(d"), (@' 2" )"y’
V()2 v, (d)Y,
proving (19) defines a homomorphism.
If r,=v,2"=1, then v,(d')=1 (@ eW’), and ' =1. Let
d = [d']A,(v) e W and suppose z — 1. Then
dx = [d' |z, (v)

= [@']35(v,(d")) 22 (v)
—d,

because 4,(1) = 1. Thus (19) defines a monomorphism, which was to be
shown.

Several simple results follow immediately. Using the notation of
Theorem 5.2, we note (i) if V and P’ are in the varieties 8 and B,, respec-
tively, then P € 8%, ; (ii) if ¥ and P’ are both locally finite (of finite ex-
ponent), then P is locally finite (of finite exponent); (iii) if V' and P’ are
periodic and W’ is finite, then P is periodic.

Since the case NV = H has been discussed in several other papers,
we only give two corollaries here. The first slightly improves a bound on
I(P) given by Neumann [8] and the second concerns the splitting of the
permutational product. We refer the interested reader to the papers of
Bryce [17], Majeed [16] and, especially, Neumann {8], [9] and Wiegold
[11], [12], for further results concerning this case.

COROLLARY 5.4. (Neumann [8]). Let A = A v B|H be an amalgam of
solvable groups of solvable lengths 1(A) = n and 1(B) = m, respectively, and
let B’ be the derived group of B. If H is central in A, then U can be embedded
i a solvable permutational product P such that

I(P) < I(A|B' n H)+1(B') < n+m—1.

Proor. Set V = B’ and U = B’ n H. Then H|U is central both in
A/U and in the abelian group B/B’. Let P = P(U; S, TL). Then P’ is
the generalized direct product on A/U v B/B’|H|U which is solvable of
length [(A/B’ n H), so the result follows from Theorem 5.2.

COROLLARY 5.5. In Theorem 5.2 suppose A and B are split-extensions
A = CN and B = DV, respectively, where H = (C n D)N. If SCC and
TCD,then P= P(U; S, TL) is a split-extension of the kernel of the natural
homomorphism | : P — P" by E = {p(C), p(D)>.
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Proor. Let H = Cn D. Asin Corollary 4.3, if xe E, then [d']x = [d'x’],
(@' € W’). Suppose now that x eker f and [d']e = [d'2'] = [d']. If de W,
then d = [d"]A,(v) and
de = [d')A,(v)x
= [d']xy(v) (Lemma 5.1)
=d.
Thus E n ker f = 1 as required.

6. N central in both A and B

THEOREM 6.1. Let A u B|H be an amalgam and F(W; U, V) a factor
amalgam such that N = U n H =V ~ H is a subgroup of the centres of both
A and B. Then P = P(N; SK, TL) can be embedded in

DWr(P"; W),
where P' = P(§;S',T'), W =S'XT'XH|N, and D 1is the generalized
divect product of U and V with N amalgamated.

Proor. We shall pattern this proof after that of Theorem 5.2. Let
W, H,Y, A4,(u), (ueU), and A,(v), (veV), be as in Theorem 5.2. Write
W(U) = {As(u)lue U}

LeMma 6.2. The group of permutations A = (4,(U), 4,(V)) is iso-
morphic to the generalized divect product, D, of U and V with N amalgamated,
when N C Z(A) n Z(B).

Proor. The function 4,(#) — »~! is an isomorphism from 4,(U) onto
U; similarly, 4,(V) ~ V. Thus it remains to be verified that

(20) M)A (v) = A, (v)A5 (), (weU,vel),
and
(21) W(U) N 2(V) = 4,(N) = 4,(N).

We sketch the proof using the notation of Lemma 5.1. Let
d = (sk,tl, W’'n) e W. Then

Ay (u)Ay(v) = ((ua) H, vil(ua)="] = d’,
where @ = skh'n, and
dAy(v)Ay () = [usk(vb)=c+, (vb) H) = d",
where b = #4'n. Then
(ua)® = (usk)” = (usk(vb)="+1)7,
(vb)” = (vt))” = (vtl(ua)="+1)7,
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and (vtl(ua)=o+1) =0+ = (vt])=o+(u* k)= h'n
= (usk(vb)—o+1)-o+
since (v*l)=7+! € N, which is in the centre of A. Thus &’ = 4"’ proving (20).
To prove (21), note first that
Ay(n) = Ay(n), (n e N).
Now let ¢ = A;(u) = A,(v), w e U, v e V. If d is as before,

de = dAy(u) = ((usk), tl, (usk)=7+1h'n)
and
dx = dl,(v) = (sk, (vtl)?, (vtl)="+1h'n).
Comparing first co-ordinates of the expressions for dz, sk(usk)=7+1 = usk, so

(usk) "t =u*eHnNU=N.
Thus,
(usk)="+1 = u.
Similarly,
(vtl)=*t1 =wveN.

Finally, comparing third co-ordinates, # = v € N, completing the proof of

the lemma.

Ifd = (sk,tl, Wn)e W,letu = B 'n, v =t and A* = A (#)Ay(v) € A.
Then
(22) d = [d']A*.

If Af = A,(4,)25(v,) € A and 4 = [d’]Af, then a routine calculation using
the methods of Lemma 6.2 shows that

uy = u[(v;)~"+]7 and vy = v[(v})""H];
that is, A* is a uniquely determined element of A.
Let x € P and d € W. By (22) define ¢, € D" by
e,(d’) = u,(d')v,(d') € P,
where
(@ = [d'a' 127 (@)
and
Az (@) = Ay(u,(d))25(v,(d")) € A.
By Lemma 6.2 ¢,(d') is a uniquely determined element of D. Finally, set
7, = e,
LeEMMA 6.3. The function defined by
(23) x—>7, (xeP),
s a monomorphism from P into DWr(P'; W’).
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Proor. The proof that (23) defines a monomorphism follows that of
Lemma. 5.3, so the details are omitted.

This completes the proof of Theorem 6.1.

Several simple results again follow from Theorem 6.1, but only one will
be stated (without proof).

COROLLARY 6.4. Let W = A U B|H be an amalgam where A and B are
split-extensions, A = CU, B = DV, N s in the centres of both A and B,
and H = (C~n D)N. Then P = P(N; SK, TL) is a split-extension of the
subgroup E = {p(C), p(D))> by the kernel of the natural homomorphism
f:P—>P =P S, T, whenever SC Cand T C D.If U and V are direct
factors, so is ker {.

The following result is presented as a simple example of how the results
of sections 4 and 6 may be applied to embedding theorems.

THEOREM 6.5. Let W = A v B|H be an amalgam of solvable groups A
and B such that H is normal in both A and B. Then U can be embedded in a
solvable group if and only if A and B have series of mormal subgroups
Uy=1CU0,C---CU, =4 and Vo=1CV,C.--CV, = B such that
UinU; and V|V, are abelian, N, =U,nH =V ,n H, and A|U; and
B|V; induce a solvable group of automorphisms P; onm N, ,IN, for
i=01,2--- n—1.

ProOF. One way is clear. Let A and B be solvable groups having series
of normal subgroups of length # as in the statement of the theorem. We
always assume the amalgam is proper, that is, 4 #* H, B #* H.

If A and B are abelian, then any permutational product on the amalgam
will be abelian by Lemma 2.1, so suppose the result is true whenever 4
and B have normal series of length less than »#. Thus the factor amalgam
& =A/U, v B[V,|H|N, generates a solvable permutational product
P* = P(%; S*, T*) for some choice of S* and T*.

Let K, and L, be transversals of N, in U, and V,, respectively. With
respect to U, and V, choose transversals SK and TL as in (2)—(5) such that
theimage SU,/U,0f Sis S*and TV,/V, = T*. Let §, = A/N,u B/N,|H|N,.
Then P’ = P(F,; S'K’, T'L’) is solvable by Theorem 6.1, for it can be
embedded in a solvable group of the form DWrP*, where D is the direct
product of U,N,/N; and V,N,/N,. Finally, the group P(¥; SKK,, TLL,)
is solvable since it can be embedded in a solvable group of the form
PN, WrP’ by Theorem 4.1. The theorem follows by induction on .

I thank Dr R. B. J. T. Allenby for the following (unpublished) result
which suggested Theorem 6.7.

THEOREM 6.6. (Allenby). Let A = A v B|H be an amalgam of metabelian
groups such that H is normal in both A and B and P’ is abelian. If the derived
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subgroups of A and B are contained in H, then W is embeddable in a metabelian
group.

Proor. If P” is abelian, then A’B’ is a subgroup of the centre Z(H)
of H. Let N = Z(H). Since A/N and B/N are abelian groups P’ is abelian,
and the result follows by Corollary 4.2,

THEOREM 6.7. Let W = A u B|H be an amalgam of metabelian groups.
If N = (A" n H)(B' n H) s in the centres of both A and B, then W can be
embedded in a metabelian group.

Proor. The abelian groups U = A’N and V' = B’N have the same
intersection N with H and are normal subgroups of 4 and B, respectively.
By Theorem 6.1. P(%; SK, TL) is a metabelian group, since 4/U and B/V,
and thus P’, are abelian.

ExaMPLE 6.8. James Wiegold [10] has given an example of an amalgam
4 U B|H of the Pruefer group of type 2 with the dihedral group of order 8
which is embeddable in no nilpotent group. In this example Wiegold lets

A zgp(al’aZ’.'.Jan)'.';af: I:a?ﬁ»l:an;n: 1: 2:.‘.);
B =gp(c,d; ct =d? = (cd)? = 1) and
H = gp(c), where ¢ = a,.

This amalgam satisfies the conditions of Theorem 6.5 if we take Uy = V=1,
V,=gp(?), Uy=V,nH, Uy= A, and V, = B. Hence the embedding
group of Theorem 6.5 need not be nilpotent when 4 and B are.

Wiegold [11] has also given examples of cyclic groups of order 2"
amalgamated with certain generalized dihedral groups which are only
embeddable in nilpotent groups of class C, = f(n) where f(n) > oo as
n — c0. These examples together with Examples 6.8 give rise to the follow-
ing remarks.

REMARK 6.9. Let A = 4 U B|H be an amalgam of groups which are
each unions of ascending chains of subgroups, say 4 = U2, 4,, B= U2, B,
where 4, C 4,,, and B, C B,,,, for all positive integers 7, . Suppose for a.ll
i, 1, A;n B; = H. Suppose also the amalgams 9, = A, v B;|H can be
embedded in groups G,; such that when ¢, =< 7 and 7, = j, the subgroup of
G,; generated by QIZ s, 1s isomorphic to G, ; and the restriction of this
isomorphism to 2, ; is the identity. Then an ascendlng union of the G,
G=Lim, G, will embed A U B|H (here 447, < 47 if and only if ¢, = 1¢
and 7, = 7). Furthermore, G is solvable or nilpotent of length at most m
if and only if each G,; is solvable or nilpotent of length at most m. The
following theorem shows such embedding groups G,; can always be found.

THEOREM 6.10. Let A = A U B|H be an amalgam and W, = A, v B,|H

https://doi.org/10.1017/51446788700006947 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700006947

[19] On permutational products of groups 129

a subamalgam of N. Choose transversals K of H in A, Sof A,in A, L of H
in By and T of B, tn B. Then there is an isomorphism from P, = P(U;; K, L)
onto the subgroup of P = P(U; SK, TL) generated by p(A,) and p(B,) which
acts as the identity when restricted to ;.

Proor. If p(a,) e p(4,) C P, then (s, ¢, h)p(a,) = (sky, I, hy), where
kha, = k,hy and this last equation is precisely the same equation arising
by calculating p(a,) in P,. If

x = p{a)p(bs) - - - p(a,) € <p(44), p(By)> C P,
then z—>a' = p(a)p(by) - - - pla,) € Py

is the required isomorphism.

Thus, in Remark 6.9, choose transversals S and 7 of H in 4 and B
to be S =TI2,;S; and T =TJ]J2,T,, where S, is a transversal of 4, ; in
A;, Ag = H, and T, is similarly chosen. Then P(¥; S, T) is the ascending
union of the subgroups P(U,;; S;, T,;) by Theorem 6.10, proving the exis-
tence of the G, required in Remark 6.9. This remark also explains why the
calculations in Lemma 8.3 [9] are natural and could be used to give a
somewhat more direct proof of Corollary 4.8.

Finally, using the methods of Theorem 6.5 the following results of

Higman [5] follow.

THEOREM 6.11. (Higman [5]) Let A = A v B|H be an amalgam of
nilpotent groups. If there are central series

Upy=1CU,C--CU,=A and Vo =1CV,C---CV, =B

of A and B, respectively, such that U,n H=V ,nH,i=0,1,--- n, then
A can be embedded in a solvable group P.

THEOREM 6.12 (Higman [5]). Let A = A u B|H be an amalgam of
finite p-groups. The amalgam is embeddable in a finite p-group P if and only
tf there are chief sevies of A and B, say {U,} and {V ;}, vespectively, such that
{U;nH} ={V,nH}

7. Finite nilpotent groups

The results here can be derived from the foregoing results on permuta-
tional products, but the proofs here are based on the following very general
result of Wiegold.

THEOREM 7.1. (Wiegold [11]) Let A, v B, |H, be an amalgam of two
groups which is embeddable in a group of a variety B for each o in some index
set M. Then if A = xA,, B= XB,, H= XH,_ are the restricted direct
products of the A,, B,, and H, respectively, then the amalgam A U B|H 1is
also embeddable in some group of the variety B.
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THEOREM 7.2. Let A and B be finite nilpotent groups. The amalgam
A = A U B|H is embeddable in a finite nilpotent group G if and only if A
and B have chief series (A;) and (B,), respectively, such that

(4;) nH = (B,) n H.

ProoF. Let py, - - -, p, be the distinct primes dividing the orders of 4
and B. The groups A, B and H are the direct products of their Sylow
psubgroups, 4;, B, and H,, respectively. If (4,) and (B,) are chief series
of 4 and B such that (4,) n H = (B,) n H, then, since 4,/4,,, and
B,|B,,, are cyclic of prime order, (4,) n 4, and (B;) n B, are chief series
of A, and B,, satisfying the conditions of Higman’s Theorem (Theorem
6.12). Thus 4, u B,|H, is embeddable in a p,-group G, foralls =1, ..., 7.
Hence U is embeddable in the direct product Xj_, G, which is nilpotent.

Conversely, if % is embeddable in the nilpotent group G, then any
chief series of G, say (G,), determines the necessary chief series in 4 and B,
(4;) = 4 n (G;) and (B,) = B n (G;), completing the proof.

COROLLARY 7.3. If A and B are finite nilpotent groups and H is cyclic,
then A w B|H is embeddable in a nilpotent group.

Proor. As Higman points out [5], a cyclic p-group has one chief
series, so the conditions of Theorem 7.2 must hold.

THEOREM 7.4. If H is a normal subgroup of both the finite nilpotent
groups A and B, then W = A U B{H 1is embeddable in a finite nilpotent group
if and only if the group P of automorphisms induced by A and B on H 1is
nilpotent.

Proor. One way is clear. Again we assume A, B and H are direct
products of their Sylow p,-subgroups 4,, B,, and H,, for distinct primes
pit=1,--- 7. The H, are characteristic subgroups of H, so

Aut (H) = X Aut (H,).
i=1
Furthermore A v B|H is embeddable in a nilpotent group if and only if
A, v B,|H, is embeddable in a p,group, ¢ =1, --7, by Theorem 7.1.
We now show that 4, and B, induce a p,-group P;  on H;, i = 1,7,
and the result will follow by Theorem 4.1. Let Aut, (H) denote the auto-
morphisms induced by 4 on H.

Now Aut, (H) = Xi_;Aut, (H;) and if v € 4, then & = ay, where
ac A, and the order of y is prime to p,. Thus y commutes with every
element of 4;, and # induces the same automorphism as a. Hence, for
each ¢, Aut, (H,) = Aut,, (H,), so Aut, (H) = X7, Aut,, (H,); similarly,

i=1

Autg (H) = Xi_; Autg, (H,). Thus P" is the direct product of the subgroups
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P; of Aut (H,), because Auty, (H,) C Aut (H,) and Autp (H,) C Aut (H,),
1: — 1, cee 7.

If P” is a finite nilpotent group, then each P} is a nilpotent group
generated by the p,-groups Aut,, (H,) and Autg (H,), so P} is a p,-group,
i =1,---, 7. Hence the amalgams 4, v B,/H,,7 = 1, - - -, r are embeddable
in a p,-group as required.

8. The pull apart property

We now discuss a simple embedding result (Corollary 8.5) which does
not seem to have appeared elsewhere. This section will also indicate uses
to which amalgam embedding theorems can be put. Let AnB|H denote the
generalized free product associated with 4 v B|H.

Let Q be a group property. The group G is residually Q if and only if
for each g € G, g # 1, there is a normal subgroup N, of G such that g ¢ N,

and G/N, has property Q.

THEOREM 8.1. (see Baumslag [2]). Let L be a group property such that
if G is an L-group, then every subgroup of G is an L-group. If the amalgam
A v B|H can be embedded in an L-group G, and N C H, then S = AnB|N
is an extension of a free group by an L-group.

DEFINITION 8.2. [4]. A property Q is a root property, if:

(1) if a group is Q, then so also is every subgroup.

(2) if G and H have @, then so also has the direct product Gx H,

(8)if G=H =K =1 is a series of subgroups, each normal in its
predecessor, and G/H, H|K are Q, then K contains a subgroup L, normal
in G, such that G/L is Q.

Let us note that if Q is any property satisfying part (3) of the definition
of root properties, and H is a normal subgroup of G such that G/H is @ and
H is residually Q, then G is residually Q [4, Lemma 1.5], and if Q is a root
property, then every free product of residually @ groups is itself residually
Q if and only if every free group is residually Q [4].

Using these remarks together with Theorem 8.1, we easily have the
following simple but useful, corollaries.

COROLLARY 8.3. Suppose A and B are Q-groups, where Q is a root property
such that every free group is residually Q. Suppose the amalgam A o B|H
can be embedded in a group having Q and N C H. Then AnB|N is residually Q.

COROLLARY 8.4. Let Q be a root property. Suppose every free group is
residually a Q-group (residually a finite Q-group). If A and B are finite
Q-groups, then AnBl\H is residually a Q-group (residually a finite Q-group)
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if and only if the amalgam A U B|H is embeddable in a Q-group (finite
Q-group).

COROLLARY 8.5. Let A and B be finite Q-groups, where Q is as in Corollary
8.4. If A U B|H is embeddable in a Q-group (finite Q-group) and N C H,
then A U B|N is embeddable in a Q-group (finite Q-group).

Proor. Since 4 u B|H is embeddable in a (finite) Q-group, AnB[N
is residually a (finite) Q-group by Corollary 8.3. But 4 v B|N is embeddable
in a (finite) Q-group by Corollary 8.4.

Intuitively, if 4 U B|H is embeddable in a finite Q-group, then as 4
and B are ‘pulled apart’, so as to have a smaller common subgroup, the
new amalgam of 4 and B is again embeddable in a finite Q-group.

The above theorem includes the cases when Q is ‘solvable’, ‘finite’ and
‘finite p-group’, but not ‘finite nilpotent’, which can be done as follows.

Let X be a given abstract class of groups. (That is, all isomorphic copies
of any group in X are also in X.) We shall say that X has the pull apart
property, if, whenever 4 u B|H is embeddable in a group in X, then 4 U B|N
is also embeddable in a group in X for any subgroup N C H.

THEOREM 8.6. The class of groups X has the pull apart property if and
only if for any group A in X and any isomorphic copy A* of A the amalgam
A v A*|H is embeddable in a group in X, where H is any subgroup of A
amalgamated with its image H* C A*.

ProoF. Suppose X has the pull apart property and let 4 be in X. Then
we may consider 4 as embedding the amalgam A4 u A*|4 and thus
A U A*|H is embeddable in a group in X.

Conversely, suppose any amalgam 4 u A*|H is embeddable in a group
in ¥ and that 4 v B|H is embeddable in a group G in X. Let NC H. If G*
is any isomorphic copy of G, then G U G*|N is embeddable in a group G**
in X and since G** embeds 4 U B*|N (where N = N*) which is amalgam
isomorphic to 4 u B|N, we are through.

Thus in view of Theorems 8.6 and 7.4, the pull apart property also
holds for the class of finite nilpotent groups.

Suppose now that Q is a property such that every Q-group is finite.
One might ask if the above ‘pull apart property’ holds for residually
Q-groups, i.e., if A U B|H is embeddable in a residually Q-group and N C H,
must 4 u B|N be embeddable in a residually Q-group?

The following example shows this is not the case.

Let gp(a) and gp(b) be infinite cyclic groups. Consider the amalgam
gp(a) v gp(b)|a® = b, where the subgroup <{a”®) generated by a? is identified
with the subgroup {4?> by the isomorphism given by a? «» 4?. Here p and ¢
are distinct odd primes. The above amalgam can be embedded by the in-
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finite cyclic group G = gp(a, b, [a? = b%, ab = ba), in the natural way.
(The group G is generated by a*b*, where # and v are integers such that
up-tuvg = 1.)

Hence the above amalgam is embeddable in a residually {inite p-group.

Now consider <{a?®) & {a?) C gp(a). We shall show that the amalgam
A = gp(a) U gp(d)|a®? = b is not embeddable in any residually finite
p-group.

Suppose the contrary, that 9 can be embedded in some group G which
is residually a finite p-group, and recall that [z, y] = 2~y 1zy. Consider
the element s of G, s = [0%, a??-2].

Either s = lors # 1.

Cask 1. s # 1. Since G is residually a finite p-group, we can choose a
normal subgroup N of index p* in G, z = 1, such that s is not an element
of N. Since (p, g) = 1, we can choose integers #, v such that 1 = gu-pi+lo,
so

(24) g = qutpiqu.

Note that if 6 is the natural homomorphism from S to S/N, then
6(b2¢) = BN by the above equation (24) and the fact that N has index
ptin G, so 0(b%) = a?*™N.

Hence

O(s) = [6(6*), O(am2)]
= [g?PN, q?*2N] =N, so seN,

contrary to hypothesis. Therefore, if G is residually a finite p-group, we
must have case 2.

Case 2. s = 1. Now b2 and &2 commute, and a??2 = p*" . g2,
so b2 and 4% commute.

If we could show that s = 1 forces & to have an element z of order ¢
or ¢2, then G couldn’t be residually a finite p-group, because any non-trivial
image of x in a factor group of G would have order ¢ or ¢ Now

(a2 b—20)¢" = g2e'p-20’ — pocp2’ —

because 4% and -2 commute, and a*? = 57", The above remark shows that
a??p=2¢ can’t be of order ¢ or g% Therefore a?* = $2%. But a?" and 5?*¢ are
not in the amalgamated subgroup, because p and ¢ are odd numbers, so if
a? = p** the amalgam % is not embedded in G, a contradiction. Hence,
U is not embeddable in a group which is residually a finite p-group, which
was to be shown.

For further results on the residual properties of generalized free
products see [2] and [3].
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Before closing we ask a question. Allenby [15] has shown that every
permutational product is a gemeralized regular product om A, that is, if
w(S, T') is the natural homomorphism from F = AnxB|H onto P(%; S, T)
where % = A u B|H, and S and T are arbitrary transversals of H, then
the kernel of (S, T) is in the cartesian subgroup C, C = {([a, bllae 4,be B),
of F. For any given amalgam ¥, can S and 7 be chosen such that ker ¢(S, T)
is maximal with respect to being a normal subgroup of F contained in the
cartesian C? In other words, is at least one permutational product on %
a minimal generalized regular product on %A?

I thank Dr Allenby for sending me a copy of an unpublished result
due to Graham Higman, which states that an amalgam A u B|H can be
embedded in a standard wreath product similar to that used in Theorem 4.1,
when H is normal in both 4 and B. This in turn suggested a special case of
Theorem 4.1 in an earlier version of this paper. Originally the rest of the
results on permutational products were proven directly from Theorem 3.1.
The present unified treatment, considering permutational products as
subgroups of permutational wreath products is due to the referee, to whom
we acknowledge our indebtedness and offer our thanks.
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