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Broadly speaking, the Hardy-Landau summation formula 
is given by 

oo oo 

2 r(n)f(n) = 2 r(n)g(n) , 
n=o n=o 

where r(n) is the number of integer solutions of the Diophantine 
2 2 

equation x + y =n, and f(x) and g{x) a re t ransforms with 
respect to the Watson kernel *rrj (2TTN/X), that is : 

o 
00 

g(x) = TT f f( t)J (2TTNrxt)dt 
o 

and 

oo 
f(x) = TT J g(t)J (2Wxt)dt « 

o 

It is the purpose of this note to show that, by means of 
chain t r ans fo rms , the Hardy-Landau formula can be derived 
using kernels s impler than -rrj (2Wx). 

o 

DEFINITION. A function f(x) is said to belong to the 
2 

c lass G (o,oo) if 

One of the ear l ies t vers ions of this summation formula 
appears in Landau [3] (Theorem 559, p. 274). 
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00 

and 

(i) f(x) = - / P (t)dt , 

Z 
(ii) xf! (x) b e l o n g s to L (0,00) 

2 2 
The c l a s s G (0,00) i s a s u b c l a s s of L (0,00) ( see 

2 
M i l l e r [4 ] , T h e o r e m 2). A l s o , if f(x) € G (0,00), i t is not 

- 1 - 1 2 
difficult to show tha t x f(x ) € G (0,00) . 

2 
LEMMA. If f(x) € G (0,00), then t h e r e e x i s t s 

2 
g(x) € G (0,00) such t h a t 

-K30 

g(x) = 2 J f(t) c o s 2iTxt dt ( x > 0) 
o 

and 
->oo 

f{x) = 2 J g(t) cos 2irxt dt (x > 0) 
o 

1 
A s i m i l a r r e s u l t ho lds for the k e r n e l sin ~"rrx-

Proof . M i l l e r [4 ] , T h e o r e m 1. 

The following i s our m a i n r e s u l t . 

T H E O R E M 1. Le t f(x) be a funct ion be long ing to 
2 2 

G (0,00), and define P(x) € G (0,00) by the equa t ion 

(1) 0{x) = 2 j f(t) c o s 2trxt dt (x > 0) 

L e t 
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>» - 1 - 1 1 
(2) g(x) = 2 J t 0(t ) s i n - i r x t dt (x > 0) 

Then 

N N N N 
l i m { 2 p(n)f(n) - tr / f(t)dt} = l i m { 2 r(n)g(n) - i r / g(t)dt} 
N-*oo n = l o N-HX) n = l o 

2 
Proof . By the l e m m a , 0(x) € G (o,oo), so 

- 1 - 1 2 
x (D(x ) € G (o, oo) in a c c o r d a n c e wi th the r e m a r k fol lowing 

2 
the def ini t ion of the c l a s s G (o, oo). T h e r e f o r e , it fo l lows 

2 
f r o m the l e m m a and equat ion (2) t ha t g(x) € G (o,oo). 

Denote by /C ( s ) , / f (s) (s =-r + it) the Mel l in t r a n s f o r m s 
1 

of 2cos2irx, sin—irx r e s p e c t i v e l y . Then 

- s 1 
A* (s) = 2(2IT) r ( s ) cos - S Ï Ï , 

1 Z 

s 1 
^ ( s ) - (2/ir) r ( s ) s i n - sir , 

and 

But /f_(s) i s j u s t the Mel l in t r a n s f o r m of irj (2TTN/X). T h e r e -
3 o 

f o r e , a p p e a l i n g to r e s u l t s of F o x [ l ] , we can conc lude tha t 

x oo 

/ f(t) dt = f g(t) ifx/l J (2Wxt) dt 

and 

/ g(t) d t = / f(t)Nix?t J (2ins/a5) dt 
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Finally, putting a = r(n) and (3 = 1 in Theorem 2 of Guinand [2], 
n 

we get R (x) = TTX, and the following form of the Hardy- Landau 
o l 

formula resu l t s : 

THEOREM 2. If f(x) is an integral and f(x) and xf1 (x) 
2 

belong to L (o,oo), then 

N N N N 
lim { 2 r(n)f(n) « TTJ f(t)dt} = l im { 2 r(n)g(n) - TT f g(t)dt} , 
N-*oo n = l o N-*oo n = l o 

where 

/ g(y)dy = / f(y) ^ x / y J 1 ( ^ N/xy)<*y , 
o o 

and g(x) is chgsen to be the integral of i ts derivat ive. 

Combining these r e s u l t s , -we obtain Theorem 1. 

The author would like to thank Professor A. P. Guinand, 
who suggested the problem and aided in the preparat ion of this 
note. 
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