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1. Introduction

In [S] Magill showed that compactness is a composable property of
Hausdorff spaces. (That is, if «,f are compact subsets of X x X, then x 0 B is
also compact when X is T,.) Also Magill gave an example 10 show that the
composition of connected relations need not be connected. Subsequently, he
characterized Hausdorff k-spaces in terms of the semigroup of compact rela-
tions in X.

The purpose of the present note is to obtain an analogous characteriza-
tion of semi-locally connected, Ry-spaces in terms of the relations which preserve
connectedness. We also give another proof of the above stated result of Magill,
and then obtain an equivalent formulation of his result that sheds considerable
light on the connectedness situation. We then use the new technique to obtain
an extension of some of Magill’s results to non-Hausdorff spaces. Finally, we
combine compactness and connectedness to obtain a new composable property
and to characterize semi-locally connected, cc-spaces.

Let X be a set and let a,f<X x X be relations in X. Then

@0 B = {(x,y) € X x X: there exists a z € X such that (x,z)ef and (z, y)ea}.

A set of relations S in X is a semigroup of relations is case o, p € S implies that
0o feS.Ifa € X x X, then the domain of « is denoted by D(a) and the range
by R(x).

In [4] a triform was defined as a triple (X,# 4,S[X]) where X is a nonempty
set, #y is a family of subsets of X, S[X]isa set of relations in X, and the following
conditions are satisfied:

(i) For each xeX, {(x,x)}eS[X].

(i) HeZFy if and only if H x {x}eS[X] for some xe X.

(iii) If «,fe S[X], then ao feS[X].
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From (iii) we note that S[X] is a semigroup of relations, and S[X] is called
a triform semigroup. We shall use the following theorem concerning bijections

on triform semigroups. The statement of Theorem A is as in [S], but the proof
is in [4].

THEOREM A. Let S[X] and S[Y] be two triform semigroups and let 0 be
a bijection on S[X] onto S[Y]. Then the following are equivalent:

(a) 8 is an isomorphism.

(b) There exists a bijection h from X onto Y such that h(A)e Fy for
each AeFy, ™ (A)e Fy for each Ac Fy, and () = ho ao h~! for each
aeS[X].

(c) There exists a bijection h from X onto Y such that h(A) € Fy for
each Ae Fx,h~'(A)e Fy for each Ae Fy, and 0(0) = {(h(x), h(y)) : (x,y)ea}
for each oeS[X].

2. Connectedness

In this section we characterize certain spaces in terms of the relations in
the space which preserve connected sets both ways and have connected domain.
We shall see that this is appropriate in section 3. If ac X x X, and if A< X, then

a(A4) = {y : (x,y) e a for some x e A}.

Note that oo f(4) = a(f(4)) when § is another relation in X.

Now let S be the relations o in X such that D(«) is connected and such that
a(A) and o~ !(A4) are connected whenever A is connected. Further, let & be the
set of connected subsets of X. (Note that ¢ € F and a(¢p) = ¢ foralla € X x X
where ¢ is the empty set.) Then with these sets we obtain the following theorem.

THEOREM 2.1. The triple (X, %,S) is triform.

Proof. Clearly {(x,x)} €S for all xe X. If a« = H x {x} where He # and
if A=X, then D(a) = H, a(A)={x}, a™’(4) = H if xe A, and 2~ '(4) = ¢
if x¢ A. Thus aeS. Conversely, if « = H x {x} €S, then a~'(x) = H and so
He%. Thus H x {x}e S if and only if He #. Let now a,f&S. Then D(xo f)
=B (D) eF. If 4 is a connected subset of X, then xo B(4) = «(B(4)),
and since B(A4) is connected, a(B(A4)) is connected. Similarly, (xo B)~'(4)
= B~ '(a~'(A)) is also connected. Thus S is a semigroup of relations.

REMARKS. If ae S, then R(a) = a(D(a)) is connected and so ae S if and
only if a~'eS. We could replace the set S defined above with either of the
following two sets:

S’ = {a=X x X : «(A) and «~'(4) are connected for all connected A<= X},

S"={acX x X : a7'(4) is connected for all connected A< X}.
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Then the triples (X,%,S’) and (X, %, S") are triform. Observe that S=S’'<S§”.
From the proof of Theorem 2.1, S” is a maximal triform.
Before proceeding we give some definitions and examples.

DEFINITIONS. A multifunction is a relation on a set X into a set Y. (A rela-
tion is a multifunction on its domain.) Let F: X - Y be a multifunction on
the topological space X into the topological space Y. Then F is upper semicon-
tinuous (u.s.c.) in case

F~'(B) = {xe X : F(x)NB # ¢}

is closed whenever B is a closed subset of Y. Further, F is point closed (compact,
connected) if F(x) is closed (compact, connected) for each xe X. Finélly, Fis
continuum valued just in case F(x) is a continuum for each xe X.

ExamPLE 1. Let X be the reals with the usual topology and set
a = {(x,1/x) :xe X and x # 0} U{(0,y) : ye X}.

Then o is point connected and u.s.c. and therefore a preserves connected sets.
Also D(2) and R(x) are connected. But a~' does not preserve connected sets
and « is not connected. Observe that «(0) is not compact. This must occur since
an u.s.c. continuum valued multifunction with connected domain is connected.

ExXAMPLE 2. Let X be the unit interval with the usual topology and set
a={(x0|0sx212}u{(12)]0Sy <3 U{(x,D|12<x =1}

Then a,a~' preserve connected sets and « has connected domain. So ae S, but
o is not connected. Conversely, a connected does not even imply that « is point
connected (for example, a circle).

ExAMPLE 3. Let X and o be as in example 1 and let g = {(1,0)}. Then «,f
preserve connected sets and have connected domain, but D(fo «) = {0,1} is
disconnected. This shows the necessity of assuming that the inverse function
preserves connected sets if one requires connected domains.

By example 2 the set of connected relations is not related to S under inclusion.
The importance of this remark will become evident in section 3.

In order to give the characterization of certain topological spaces in terms
of the semigroup of relations S (S’ or S”), we need a result of Sanderson [6].
For this we use the following definitions.

DEFINITIONS. A topological space X is an Ry-space in case distinct point
closures are disjoint. (Note that a T y-space is R,.) Further, a functionf: X - Y is
called biconnected in case f is one-to-one and both f and f~! preserve connected
sets.
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LEMMA 2.2. A biconnected function onto a semi-locally connected, Ry-space
is continuous.

REMARKS. The definition of an Rg-space is due to Davis [1], and the
definition of a biconnected function is due to Tanaka [7]. Observe that Lemma
2.2 includes the locally connected, locally compact T ,-spaces and hence the
trees. As a consequence of Lemma 2.2, among such spaces homeomorphisms
coincide with biconnected functions.

Lemma 2.2 is a corollary of the main results in [6], and its proof is omitted.

Let S[X] (S[Y]) be the semigroup of relations in X(Y) such that « e S[X]
(S[Y]) if and only if xS X x X (Y x Y), D(o) is connected, and «,a~ ' preserve
connected sets. One makes similar definitions of S’[X] and S"[X] (S’'[Y] and
S”'[Y]) that correspond to our earlier definitions of S’ and S"’.

THEOREM 2.3. Let X,Y be semi-locally connected, Ry-spaces. If S[X] and
S[Y] are isomorphic, then X and Y are homeomorphic, and conversely.

Proor. Let S[X] and S[Y] be isomorphic. By Theorem A there is a bijection
h on X onto Y such that h(A) is connected for all connected subsets 4 of X and
h~Y(B) is connected for all connected subsets B of Y. Thus, by Lemma 2.2, h
and 1~ ! are continuous. Hence, X is homeomorphic to Y. Conversely,if h: X > Y
is a homeomorphism, then S[X] and S[Y] are isomorphic by Theorem A because
o e S[X] implies

hoao h~teS[Y].

For clearly hoao h~! and hoa~'o h~! preserve connected subsets of Y if
a,x~1 preserve connected subsets of X. Also

D(ho ao h™') = h(D())
is connected if D(x) is connected. This completes the proof.

Also a semi-locally connected, Rg-space X is characterized topologically
by either of S’[X] or S"[X]. In fact any triform semigroup So[X] with the
following property will serve to characterize X topologically:

If h : X— Y is a homeomorphism on X onto another space Y, then
ae So[X] implies ho ao h=' € So[ Y] (compare Proposition 3.6 of [5]).

REMARK. The diagonal A = {(x,x) : xe€ X} is clearly an identity for S'[X]
and S’'[ X]. Moreover, if S[X] has an identity, it must be A. Thus we get

PROPOSITION 2.4. T he semigroup of relations S[X] has an identity if and
only if X is connected.
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3. Compact relations

In this section we give a new proof that compact relations in Hausdorff
spaces are composable in the sense of Magill [5], and we extend Magill’s results
to non-Hausdorff spaces. For this we need some basic results from the theory
of multifunctions. The first lemma follows directly from the definition and its
proof is omitted.

LemMMA 3.1. A multifunction F : X - Y is u.s.c. if and only if whenever
F(x)c U, an open subset of Y, there exists an open set V< X containing X such
that F(V)< U.

LemMA 3.2. If F : X > Y is a point compact, u.s.c. multifunction and if
AcS X is compact, then F(A) is compact.

PRrOOF. Let % be an open cover of F(A4). Then for each x € X there is a finite
subset U,(x), ---, Uyx) of % such that

F(x)s Ui Ux).
Then since F is w.s.c., we obtain an open set ¥ <X such that xe V' and
F(V)e Uk Ufx).
Then, since A is compact, there is a finite subcover V;, ---, V,, of A of such open
sets. Then the corresponding set
{Ulxpi=1,- k;j5j=1,--,m}

is a finite subcover of F(A).

LeMMA 33. If F : X > Y and G : Y - Z are u.s.c. multifunctions, then
H=GoF:X—Z is us.c. Moreover, if both F,G are point compact, then
so is H.

PrOOF. For the first part apply the definition. For the second part use Lemma
3.2.

LemMMA 34. If F : X > Y is an u.s.c., point compact multifunction with
compact domain, then F is a compact subset of X x Y. Moreover, if X and
Y are T,, then F is a closed subset of X x Y.

PrOOF. Let % be an open cover of F in X x Y. Since F is point compact,
{x} x F(x) is a compact subset of F. Thus there is a finite subcover {Uy(x) : i
=1, -, k,} of {x} x F(x). Hence, by a theorem of A. D. Wallace (see Kelley
[2], page 142, Theorem 12), there exist open sets V=X and W <Y such that

xeV,FX)sWand V x W O{U(x) :i =1, -, kJ}.
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Since the domain of F is compact, we obtain a finite cover V,, ---, V, (with
corresponding sets W,, ---, W, and finite collections {U,; : i = 1,---, k;}) of
D(F). Then the collection

{Upjij=1-nsi=1-k;}
is a finite subcover of # for F.

Norte. Lemma 3.4 was stated so that it will apply even when the domain
of F is not all of X.

LEMMA 3.5. Suppose the compact subsets of X are closed. If F£ X X Y is
compact, then F is u.s.c. and point compact.

PrOOF. Let A< Y be closed and let 7,7, be the projections on X x Y onto
X and Y, respectively. Then 7, '(4) is closed and so n,”'(4)N F is compact.
Thus
ny(n, " (A)NF) = F~1(4)

is compact; hence, closed. Thus F is u.s.c. Also for xe X, F(x) = n,(n, " '(x)NF)
is compact.

REMARK. In particular, if X is T, and F is compact, then F is u.s.c. and
point compact.

LeMMA 3.6. If the compact subsets of X are closed and if a,fS X x X
are compact relations, then D(ao B) is compact.

PrROOF. By Lemma 3.5, B~' is u.s.c. and point compact. Now D(x) = m,(%)
and R(f) = m,(f) are compact. Thus D(x) NR(B) is compact. Finally,

D(xo By = B~ (D(@)NR(A))
is compact by Lemma 3.2.

THEOREM 3.7. (Magill). If X is T, and if o, are compact relations in
X, then ao ff is a compact relation.

ProoF. By Lemma 3.5 and a slight extension of Lemma 3.3, we get that
a0 B is u.s.c. and point compact. Further, by Lemma 3.6, D(x 0 B) is compact.
Thus Lemma 3.4 applies. Hence, ao f is compact.

ReMark. The advantage of the new proof of Magill’s result, and its display
in the series of lemmas is that it leads us directly to the desired extension.
The next definition is from [8].

DEFINITION. A topological space X is a cc-space in case the compact subsets
of X are closed.
The proof of Theorem 3.8 is exactly the same as the proof of Theorem 3.7.
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THEOREM 3.8. Compactness is a composable property of the class aof
cc-spaces.

THEOREM 3.9. Let X be a cc-space and let ac= X x X. Then the following
are equivalent:

(i) a is compact.

(ii) « is u.s.c. and point compact and D(x) is compact.

(iii) e,a~" preserve compact sets and D(x) is compact.

PrROOF. Lemma 3.4 is (ii) implies (i). Lemma 3.5 is (i) implies (ii) since
ny(a) = D(«). So (i) and (ii) are equivalent. (This much generalizes the Compact
Graph Theorem of Kolodner [3] to multifunctions.) Suppose (i) holds and C is
a compact subset of X. Then

«(C) = my(m; "N (C) N}

is compact. Similarly, a~'(C) = n,(n,”(C)Na) is compact. So (iii) holds,
and (i) implies (iii). Assume now that (iii) holds. Then « is point compact, D(«)
is compact, and R(x) = o D(a)) is compact. Let C be a closed subset of X. Then

a~(C) = «a=}(C NR(x)
is compact and hence closed. Thus a is u.s.c. and (ii) holds.

REMARKS. Lemma 3.3 and the equivalence of (i) and (ii) in Theorem 3.9
are exactly the reasons why compactness is a composable property of cc-spaces.
The equivalence of (i) and (iii) in Theorem 3.9 sheds light on the connectedness
setting and provides motivation for our choice of Sin section 2. In the connec-
tedness setting, the correspondent of Theorem 3.9 is completely false, and this
single fact goes far in explaining why connectedness is not a composable property.

Now we need another definition and a result from Wattel [8].

DEFINITION. A space X is called a c-space in case a subset A of X is closed
if and only if its intersection with each closed compact set is compact.

Lemma 3.10. (Wattel). A space is a c-space if and only if it is a cc-space
and a k-space. So all locally compact T, spaces and all first countable T,
spaces are c-spaces being k-spaces.

PROOF. Suppose X is a c-space and let K be a compact subset of X. Then
K has a compact intersection with every closed compact set, and so K is closed.
Thus X is a cc-space. If A has a closed intersection with each closed compact
set, then 4 has a compact intersection with each closed compact set. Thus A is
closed, and so X is a k-space. Conversely, if X is a cc-space and a k-space and if
A has a compact intersection with each closed compact set, then A has a closed

https://doi.org/10.1017/5144678870001987X Published online by Cambridge University Press


https://doi.org/10.1017/S144678870001987X

168 T. B. Muenzenberger and R. E. Smithson 8]

intersection with each closed compact set. Thus A4 is closed, and hence, X is
a c-space.

Now let S[X] and S[Y] be the compact relations in X and Y, respectively.

THEOREM 3.11. If X and Y are c-spaces, then X is homeomorphic to Y if
and only if S[X] is isomorphic to S[Y]

PrOOF. By using Theorem 3.8 and Lemma 3.10, it is easy to see that S[X]
and S[Y] are triform semigroups where &y and %, are the compact subsets
of X and Y, respectively. Suppose that S[X] and S[Y] are isomorphic. By
Theorem A there is a bijection h on X onto Y such that # and h~! map compact
sets onto compact sets. Finally, since X and Y are c-spaces, it is easy to show
that h and h~! are continuous. Thus X and Y are homeomorphic. Conversely,
if H: X—>Y is a homeomorphism, then S[X] and S[Y] are isomorphic by
Theorem A because « € S[X] implies ho a0 h~! e S[Y] (Proposition 3.6 of [5]).

RemMark. If X is a c-space, then the semigroups of relations defined by
conditions (ii) and (iii) of Theorem 3.9 coincide with S[X], and so they too
suffice to characterize the space X.

4. Continua
We establish another composable property.

DEerFINITION. A multifunction F : X — Y is monotone if and only if F~(y) is
connected for each ye Y. Equivalently, F~': R(F)— X is point connected.

Let X be a space and let S be the set of relations a in X such that « is
point connected, monotone and a continuum.

THEOREM 4.1. If X is a cc-space, then S is a semigroup of relations.

PrOOF. Let o,f & S. Then «,f are compact. By Theorem 3.9, f is continuum
valued and « is an u.s.c. continuum valued multifunction with D(x) a continuum.
As mentioned ealier, « therefore preserves continua. Thus for xe X, ao B(x)
= a(f(x)) is a continuum. Similarly, (xo B)~'(x) is connected and so a0 f is
monotone. Now D(xo f) = B~*(D()) is connected since f~! is u.s.c. (Theorem
3.9) and point connected. By Theorem 3.8, a0 § is compact, and so a0 f is
an uw.s.c. continuum valued multifunction with connected domain. Hence, xo §
is connected and this completes the proof.

The following Theorem is an easy consequence of our previous work.

THEOREM 4.2. Let X be a cc-space andletoa = X x X. Then the following

are equivalent:
(i) a is point connected, monotone and a continuum.
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(ii) o is u.s.c., continuum valued, and monotone and D(x) is a continuum.
(iii) a,a~* preserve both compact sets and connected sets and D(a) is a
continuum.

Now let S[X] and S[Y] be those relations « in X and Y respectively, such
that « is point connected, monotone and a continuum.

THEOREM 4.3. If X and Y are semi-locally connected, cc-spaces, then X
is homeomorphic to Y if and only if S[X] is isomorphic to S[Y].

ProoF. Since X is a cc-space, Theorems 4.1 and 4.2 apply. Thus S[X] and
S[Y] are triform semigroups where %y and %y are the subcontinua of X and
Y, respectively. Suppose that S[X] and S[Y] are isomorphic. By Theorem A
there is a bijection & on X onto Y such that h and h~' map continua onto
continua. But X and Y are semi-locally connected, and thus the proof of Theorem
9 of [6] applies showing that h and h~' are continuous. Thus X and Y are
homeomorphic. Conversely, if & : X - Y is a homeomorphism, then S[X]
and S[Y] are isomorphic by Theorem A because oeS[X] implies
hoao h='eS[Y] (apply Theorem 4.2).

ReEMARKS. Theorems 2.3, 3.11, and 4.3 all apply to trees. Finally, the
relationship of cc to Ry is: T, implies cc implies T, implies R,. None of these
implications reverse, in general.
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