
ON E X T R E M A L POLYNOMIALS 

Kenneth S. Wi l l i ams 

( r ece ived Apr i l 9, 1967) 

Le t p denote a p r i m e n u m b e r and let k denote the f ini te 
P 

field of p e l e m e n t s . Let f(x) e k [x] be of fixed d e g r e e d >_ 2 . 

We suppose that p is a l so fixed, l a r g e c o m p a r e d with d , say , 
p >_ p (d) . By V(f) we denote the n u m b e r of d i s t i nc t va lues of 

° 1 2 
f(x) , x e k . We ca l l f m a x i m a l if V(f) = p and q u a s i - m a x i m a l 

P 
if V(f) = p +0 (1 ) . C l ea r ly a m a x i m a l po lynomia l i s q u a s i - m a x i m a l 
but i t i s not known under what condi t ions the c o n v e r s e h o l d s . As 

p - 1 
dV(f) >_ p , the m i n i m u m p o s s i b l e va lue of V(f) i s >. [ \ ] + 1 . 

When f(x) = x d and p == 1 (mod d) , V(f) - 2 ^ + 1 , so [ -^p] + 1 

p - 1 
i s in fact the ac tua l m i n i m u m . If V(f) = [~7~] + 1 w e c a ^ f a 

m i n i m a l po lynomia l and if V(f) = ~7 + O(l) a q u a s i - m i n i m a l po ly

n o m i a l . C l e a r l y a m i n i m a l po lynomia l i s a q u a s i - m i n i m a l poly

n o m i a l and M o r d e l l has noted in an addendum to [7] that the c o n v e r s e 

is t r u e for p >_ p (d) . It s e e m s r e a s o n a b l e to con jec tu re tha t a 

q u a s i - m a x i m a l po lynomia l i s m a x i m a l for p >_ p (d) . 

It i s the p u r p o s e of th is p a p e r to g e n e r a l i z e the i d e a s of 
q u a s i - m a x i m a l and qua s i - m i n i m a l . We se t 

(A\ 4*t \ f ( x ) - f ( y ) 
(1) f (x, y) = 

x- y 

1 
D ickson [6] ca l l s such a po lynomia l a subs t i tu t ion p o l y n o m i a l . 

2 
We sha l l see l a t e r tha t t he se a r e the excep t iona l p o l y n o m i a l s 
of D a v e n p o r t and Lewis [5] . (See C o r o l l a r y 1 and T h e o r e m 2. ) 
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and call f(x) an extremal polynomial of index I if, in the (unique) 

decomposition of f*(x, y) into irreducible factors in k [x, y] , 

there are i linear factors and no non-linear absolutely irreducible 
4 

factors. Clearly 0 <_ I <C d-1 . For example, f(x) = x is extremal 
of index 1 when p ~ 3 (mod 4) since 

x - y Z £ 

(x-y)(x+y) y 

is irreducible but not absolutely irreducible. When p = 1 (mod 4) 
2 

there exists w e k such that w = -1 so that 
P 

4 4 
x - y 

x - y 
( x+y ) ( x+wy ) ( x - wy) • 

4 
hence f(x) = x is extremal of index 3 in this case. On the other 

3 
hand, f(x) = x + x is not an extremal polynomial as 

3 3 
(x +x) - (y ±y) 2 2 j 

•* ' -1 ^ = x +xy + y +1 
x-y 

is absolutely irreducible in k [x, y] for any prime p > 3 . 

THEOREM 1. If f(x) is extremal of index I then 

V(f) - L_ + 0(D • 
I +1 

Proof. As f(x) is extremal of index & we can write 

i m 

f*(x,y) = II g.(x, y) n h.(x,y) , 

i=l 1 j = l J 

where each g.(x, y) is linear so that Ï (possibly 0) is the index 

of f and each h.(x, y) is irreducible but not absolutely irreducible 

in k ("K, y] . Clearly no two of g , g , . . . . g are associates and 

none is associated with (x-y) . Let 
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g.(x, y) = a .x + b .y + c. (i = 1, 2, . . . , I ) 
l i l l 

and suppose that s o m e a. = 0 . Then 

f(x) - f(y) = ( x - y H b . y + c J g f o y ) 

for s o m e g(x, y) e k [x, y] . Now b. i 0 , o t h e r w i s e g. would 

not be l i nea r , so on taking y = - c . / b . we have 

f(x) = f ( -c /b ) = cons tan t , 
i i 

con t r ad i c t i ng d > 2 . Hence no a. = 0 and s i m i l a r l y no b . = 0 . 
i * ' 

Set a = n a , d. = b / a . and e. = c . / a . so that 
. M i i l l i l l 
l =1 

f*(x, y) = a n (x + d y + e . ) n h.(x, y) . 
1=1 j=l 

Now let N (r = 2, 3, . . . , d ) denote the n u m b e r of so lu t ions of 
r 

f(x ) = f ( x ) = . . . = f ( x ) 
1 Z r 

with x 4 x (i ^ j , l < i , j < r ) . Th is s y s t e m has the s a m e n u m b e r 
1 j ~ 

of so lu t ions as the s y s t e m 

f * ( x . , x j = f * ( x , x ) = . . . = f * ( x . , x ) = 0 
1 2 1 3 1 r 

i m 
i . e . , II (x. + d .x o + e.) IT h.fc , x ) = . . . 

. 1 i 2 i j 1 2 
i = l j = l 

= n (x + d.x + e.) n h.(x .x ) = 0 
. 1 i r i j 1 r 
1=1 j = 1 

with x ^ x ( i ^ j , 2 < i , j < r ) . Now it i s known (see for e x a m p l e 

[ l ] ) tha t if f(x, y) e k [x, y] i s i r r e d u c i b l e but not abso lu te ly 

i r r e d u c i b l e then f(x, y) = 0 has O(l) so lu t i ons . Hence N 
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di f fe rs f r o m the n u m b e r N1 of so lu t ions , with x. ^ x. 
r i J 

( i ^ j , 2 < i , j < r ) , of 

I I 
n (x, + d x + e.) = . . . = n (x, + d . x +e . ) = 0 

. t 1 l 2 l . , 1 i r i 
1 =1 i = l 

by only O(l ) . Since for any i and j with i ^ j , l ^ i , J5.i 

x +d .y + e. = x + d .y + e . = 0 
1 i l 1 J J 

h a s 0 or 1 so lu t ions ( g . , g . a r e not a s s o c i a t e s ) 

r . , 2 3 r 
K i , . . . , i <i 

— 2 r ~ 

w h e r e N(i , i_ , . . . , i ) deno te s the n u m b e r of so lu t ions of 
2 3 r 

(2) x + d x + e = . . . = x + d x + e = 0 
1 i^ 2 i_ 1 i r i 

2 2 r r 

with x. ^ x . ( i ^ j , 2<Ci, j<_r) . Now 

x + d x + e. = x + d x + e =0 
l i m i l i n i 

m m n n 

with i = i g ives x = x so 
m n m n 

N ' = 2_. N(i . , i ) + 0 ( 1 ) . 
r >, • • „ 2 r 

K i . , . . . , i <i 
— 2 r — 

i a 
m n 
m ^ n 

2<_m, n<_r 

Le t N' ( i , . . . , i ) denote the n u m b e r of so lu t ions of (2) wi thout 

the condi t ions x ^ x ( i ^ j , 2 < i , j < r ) . As 
1 j ~~ " 

x + d. x + e. = 0 ( 2 < k < r ) 
1 \ k \ 
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h a s one solu t ion x for each x , 

N ' ( i 2 , i 3 , . . . , i r ) = p . 

Now, as the n u m b e r of so lu t ions of 

x 4- d x + e. = x + d. x + e. = 0 
1 l m l l i n i 

m m n n 

x = x 
m n 

(where m ^ n, 2 < m , n<_r) i s 0 or 1 , 

N(i , . . . , i ) - N'( i_ , . . . , i ) + 0 ( 1 ) 
L r z r 

giving 

N = p 
r i 1 + O(l) 

1< i , . . . , i <. 
— 2 r — 

i i i m n 
m 4- n 

2< m , n< r 

= ltt -1) . . . (i - ( r -2 ) )p + O(l) . 

Now let M (r = l , 2 , . . . , d ) denote the n u m b e r of y e k 
r p 

for which the equat ion f(x) = y has p r e c i s e l y r d i s t i nc t r o o t s 
in k . Then 

P 

(3) 

d d 
V(f) = 2 M , p = S r M 

r = l r = l 

and 

(4) N = 2 s ( s - l ) . . . ( s - ( r - l ) ) M (r = 2, 3, . . . , d) 
s = r 
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Thus 

d N d s r 
2 ( - l ) r - y = Z { S ^ ^ s ( s - l ) . . . ( s - ( r - l ) ) } M 

r = 2 s=2 r = 2 

d 
= S { ( 1 - D S - (1 -s )} M 

-> s 

s=2 
d 

= 2 ( s - l ) M 
8 = 1 

- P - V ( f ) 

so that 
d N 

v(f) = P - s (-i)r -çf 
r=2 

d ( - D r 

= p - p 2 L-U— i ( i - l ) . . . (i - ( r - 2 ) ) + 0 ( 1 ) 
r = 2 r " 

i +1 r 
= p { l - 2 ^ - i ( i - l ) . . . (I - ( r - 2 ) ) } + 0 ( 1 ) 

r=2 r * 

i + 1 
Ç- E (-,)-1 M +o(i) 

i+1 
r = l 

D i+1 
- ^ { i - ( i - 0 } + o ( i ) 

= - E - + O( l ) 
i + 1 v 

as r e q u i r e d . 

COROLLARY 1. If f(x) i s e x t r e m a l of i ndex 0 then f 
i s q u a s i - m a x i m a l . 

COROLLARY 2. If f(x) i s e x t r e m a l of i ndex d - 1 then 
f i s q u a s i - m i n i m a l . 
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We now p r o v e the c o n v e r s e s of c o r o l l a r i e s 1 and 2 . 

THEOREM 2. If f(x) i s q u a s i - m a x i m a l then f(x) i s 
e x t r e m a l of index 0 . 

P roof . As f(x) i s q u a s i - m a x i m a l 

V(f) - p + 0 ( 1 ) . 

Set M = JVL + . . . + M n so that f r o m (3) we have 
2 d 

M + M = p + O(l ) , M + 2M < p . 

E l im ina t i ng M , we have M = O(l) so that each M.(i > 2) i s 
1 l ~" 

O(l) . Hence N = O(l) . Now if f*(x, y) has t abso lu t e ly 

i r r e d u c i b l e f a c t o r s ( l inear o r n o n - l i n e a r ) in k [x, y] then by a 
P 

r e s u l t of Lang and Weil ( see for example L e m m a 8 in [4]), 
A I "> 

f*(x, y) = 0 h a s tp + 0 (p ) so lu t i ons . Hence t = 0 as r e q u i r e d . 

THEOREM 3 . If f(x) i s q u a s i - m i n i m a l then f(x) i s 
e x t r e m a l of index d -1 . 

P roo f . Th is was proved by M o r d e l l in [7] , 

F i n a l l y we ca l cu la t e the n u m b e r V (f) of r e s i d u e s of an 
n 

e x t r e m a l po lynomia l in the sequence 1, 2, . . . , h, w h e r e h <_ p . 
(Here we a r e identifying the e l e m e n t s of k with the r e s i d u e s 

P 
1,2, . . . , p (mod p ) . ) We r e q u i r e a l e m m a . 

L E M M A . If f(x) i s an e x t r e m a l po lynomia l of index it 
then, for r = 2, . . . , d , 

p - 1 1/2 
^ e( t f (x r ) ) = 0 ( p a / ^ ) , 

x , . . . , x =0 
1 r 

x. îx.m ( i ^ j ) 

f (x . ) = . . . =f(x ) 
1 r 

un i fo rmly in t ^ 0 , the impl ied cons tan t depending only on d . 
(e(u) deno tes exp(2îr iu/p)) . 
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Proof . F r o m the proof of the e s t i m a t i o n of N in 
r r 

T h e o r e m 1 we s e e tha t 

p - 1 
Y2 e ( t f (x r ) )= JZ I H e ( t f ( x r ) | +0 (1 ) 

x . . . . , x =0 K L , . . . , i <JL x . + d . x +e. 
1 r — 2 r - 1 l 2 l 

x . ^ x . ( i ^ j ) i ^ i 
l j m n = . . . 

f(x ) = . . . = f ( x ) m ^ n = x +d. x +e. 
1 r ~ ^ l i r i 

2<_m, n £ r r r 
= 0 

P-1 
- 0 { S e(tf(x ))} 

x =0 r 

r 

by a deep r e s u l t of C a r l i t z and U c h i y a m a [3 ] . 

T H E O R E M 4 . If f(x) i s an e x t r e m a l p o l y n o m i a l of 
index I the n u m b e r V (f) of r e s i d u e s of f(x) (mod p) in the 

se t { 1 , 2, . . . , h} i s g iven by 

^ + 0 ( p 1 / 2 l o g p ) . 

P roo f . Le t N (h) (r = 2, 3, . . . , d) denote the n u m b e r of 
r 

so lu t ions of 

f (x . ) - f ( x j = . . . = f ( x ) = y 
1 2 r 

with ye { 1, 2, . . . , h} and x. 4- x. (i 4 j) . Then 

N (h) = S 2 1 1 , 
r A 

y=l x , . . . , x 
1 r 

w h e r e the d a s h ( ! ) deno te s s u m m a t i o n ove r x , . . . , x sa t i s fy ing 
1 r 

x. 4 x . (i 4 j) and f (x, ) = . . . = f (x ) = y . Thus 
i J 1 r 
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p h p 
pN (h) = S S ' 2 2 e ( t (y-z) ) 

r 
y=l x . , . . , x z = l t=l 

1 r 
P p - 1 p 

= h 2 S 1 1 + 2 { 2 2« e(ty)} 
y=l x . . . . , x t = l y=l x . . . . , x 

1 r 1 r 

h 
X { S (-tz)} 

z = l 

= hN + 0 ( p 1 / 2 • p log p) , 
r 

by the l e m m a and the f a m i l i a r r e s u l t 

p - 1 h 
2 | 2 e ( - t z ) | < p log p . 

t = l z=l 

Hence appea l ing t o T h e o r e m 1 we obta in 

N (h) = i U - 1 ) . . . (i - ( r -2 ) )h + 0 ( p 1 / 2 log p) . 
r 

Now if M (h) (r = 1, 2, . . . , d) deno tes the n u m b e r of y € {1 , 2, . . . , h) 
r } 

for which the equa t ion f(x) = y has p r e c i s e l y r d i s t i n c t r o o t s in 
k we have 

P 

d 
V, (f) = S M (h) 

h A r 

r = l 

and 

" 1/2 
2 r M (h) = h + 0(p ' log p ) . 

r = l r 

The f i r s t of t h e s e i s obvious and the second is. due to M o r d e l l [8 ] . 
C o r r e s p o n d i n g to (4) we have 

N (h) = S s ( s - l ) . . . ( s - ( r - l ) ) M (h) 
r s 

s=r 
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and the r e s t of the proof i s the s a m e as in T h e o r e m 1 with 
V (f), M (h), N (h), h r e p l a c i n g V(f), M , N , p r e s p e c t i v e l y , 

h r r r r 
Th i s p r o v e s a c o n j e c t u r e of the au thor [9] in the c a s e of e x t r e m a l 
p o l y n o m i a l s . When the index I i s >_ 1 it shows tha t the l e a s t 

1/2 
p o s i t i v e n o n - r e s i d u e of f(x) (mod p) i s 0 (p log p) . Th i s h a s 
b e e n p roved for m o r e g e n e r a l p o l y n o m i a l s , wi thout obtaining an 
a s y m p t o t i c f o r m u l a for V (f) , by B o m b i e r i and D a v e n p o r t [2], 

us ing the r e c e n t work of B o m b i e r i on the L- func t ions c o r r e s p o n d i n g 
to m u l t i p l e exponen t i a l s u m s . 
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