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A graph G c o n s i s t s of n nodes some pairs of which are 
n 

joined by a s ingle edge. A complete k-graph has k nodes and 
k 1 2 

( ) e d g e s . Erdos [ l ] proved that if a graph G has [— n ] + h 
CM n ^ t 

e d g e s , then it contains at l ea s t [*— n] + h - 1 complete 3-graphs 

if it contains any at a l l . The main object of this note i s to extend 
this re su l t to complete k-graphs . 

If n and k are in tegers such that n =t(k - 1) *- r, 
where t i s a non-negat ive integer and 1 < r < k - 1, let 

_ , . I k - 2 . 2 2. rv 
dk(n) = i i r r i ^ - r > + <2> 

and 

* / x n(k - 2) + r 
fk (n) = k - 1 - f r " 1 » -

These e x p r e s s i o n s sat isfy the identity 

(1) dk(n) - dk(n - k) = y n ) + (£) + (k - 2)(n - k) « 1 , 

if n > k . (We adopt the convention that d (0) = 0. ) 

THEOREM 1. Let n and k be in tegers such that 
3 j < k < n . If the graph G has d (n) + h e d g e s , when h i s 

any in teger , then it contains at l eas t f (n) + h complete k-graphs 

if it contains any at a l l . 

Proof. The proof i s by induction on h» The theorem 
i s t r iv ia l ly true if f (n) + h^< 1. Consider a graph G with 
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d (n) + h edges, where h > 1 - f (n). We may assume that 
k k 

G contains at leas t one complete k-graph. 
n 

If G contains exactly one complete k-graph K, then any 
n 

node not belonging to K can be joined to at most k - 2 nodes 
of K. Hence, the graph obtained from G by removing the k 
nodes of K and all edges incident with these nodes has at least 

dk(n) + h » (*) - (k - 2)(n » k) > d^n) + 1 - y n ) - (£) - (k - 2)(n - k) 

= d_(n » k) 
k 

edges, by (1). But, a theorem due to Turan [4] s ta tes that any 
graph with n - k nodes and more than d (n - k) edges contains 

at least one complete k-graph. Therefore it is impossible for 
G to contain exactly one complete k- graph, 

n 

We may now assume that G contains more than one 
n 

complete k-graph. It is not difficult to see that there mus t exist 
an edge of G that belongs to at leas t one, but not to a l l , of the 
complete k- graphs of G . Then the graph Gf obtained from 

n n 
G by removing this edge has f (n) + h - 1 edges and it st i l l 

n k 
contains at least one complete k-graph. Hence G! contains 

at least f, (n) + (h - 1) complete k- graphs, by the induction 

hypothesis . It follows therefore that G contains at leas t 
n 

f (n) + (h - 1) + 1 =f (n) + h complete k -graphs . This suffices 

to complete the proof of the theorem. 
Let or(k) denote the number of complete k-graphs 

contained in the graph G and, for convenience, let e = <*(2). 
n 

If e < d (n - 1) + (k - 1) + (n - r ) / (k - 1). Then simple 
mmm K. 

examples can be given to show that the lower bound for a(k) 
given by Theorem 1 is bes t possible; for l a rge r values of e 
the bound is undoubtedly not best possible . 
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Nordhaus and Stewart [3] proved that 

, „ 4 e , 1 24 

for any graph G . Moon and Moser [2] proved that if 
n 

l k - 2 2 
e > — , n , where 3 < k < n, then 

— 2 k - 1 — — 

k(k » 2) <*(k)/<*(k - 1) > (k - 1) or(k - l)/<*(k - 2) - n 

for any graph G . This can be i terated to yield the inequality 
n 

« K k ) / « ( k - l ) > - i r . - ( e . I i r : - r n ) . 

This also can be i terated to yield the following resul t , which 
for large values of e is s tronger than Theorem 1. 

THEOREM 2. If e > 4 ^ ~ \ n , where 3 < k < n 2 , 
— 2 k - 1 — — 

then 

2 2 1 2 1 2 l k - 2 2 

for any graph G . 
n 

In closing, we r e m a r k that it can be shown that the d i s t r i ­
bution of the random variable or(k) over the c lass of all graphs 
G is asymptotically normal with mean 

n 

and var iance 

k (i) 

k . «_ i JK. «• i 
i=2 

833 

https://doi.org/10.4153/CMB-1965-065-9 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1965-065-9


for each fixed value of k. 
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