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P. J. BROCKWELL 

1. Introduction. Consider a set of n elements ai, . . . , an (denoted by S) 
and the set of all possible multiplication tables on these elements. The total 
number of such tables is clearly nn and each table can be represented by a 
square matrix [/x ]̂ where /x^ is the product ataj (/x^ Ç 5, i = 1, . . . , n; 
j = 1, . . . , n). The triple (au ajy ak) is said to be associative if the following 
equation is satisfied: 

(1.1) {aiaj)ak = at{ajak). 

The purpose of this paper is to examine the function (j)n(m), defined as the 
number of n X n tables in which exactly m triples are associative 

(m = 0, 1, . . . , nz). 

It has already been shown by Climescu (1) (and independently by Straus and 
Wilf (2) that <j>n(pi) has the property 

(1.2) 4>n(m) > 0 (w = 0, 1, . . . , n*; n > 3). 

In the present paper a method will be developed for determining the moments 

(1.3) Mn(k) = £ m"<t>n(m) 

and explicit solutions will be given for Mn(l) and Mn(2). 
It is convenient to introduce a random variable Xn, defined as the number 

of associative triples in a multiplication table selected at random from the set 
of all n X n tables. Then if pn(m) denotes the probability that Xn is equal to 
tn, we have 

(1.4) pn(m) = n~n2cl>n(m) (m = 0, 1, 2, . . . , n*). 

The moments of the random variable Xn are therefore given by 

(1.5) SX* = n~n2Mn(k). 

It has been conjectured by Straus and Wilf (2), on the basis of a computer 
study programmed by Mrs. Nancy Clark at Argonne National Laboratory 
(to appear), that the mean and standard deviation, \xn and <rn, of Xn are 
asymptotically n2 and n respectively and that the distribution of the random 
variable an~

1{Xn — /xw) is asymptotically normal. 
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We shall show that the conjectures of Straus and Wilf regarding the mean 
and standard deviation of Xn are in fact true. The asymptotic normality 
remains an open question; however, the conjecture is supported by the asymp
totic vanishing of the third moment of crn~

1(Xn — jin). 

2. The expected number of associative triples. We select a multiplica-
on table at random 

variables defined by 
tion table at random from the set of nn tables and introduce the n2, random 

/ 9 1 \ _ /1 if (otilai2)au = Oin{ai2au), 
{ZA) *nnn-\0 o t h e r w i s e . 

Then 
n n n 

11 = 1 Î2 = l Î3 = l 

and the expected value of Xn is given by 

(2.2) £Xn = E Ê Ê P(iui*ù) 
i\=l i 2 = l i 3 = l 

where P(i\, i2, i%) is the probability that the triple {aix, ai2, au) is associative, 
i.e. that eili2iz = 1. 

To determine the probabilities P(ii, i2, H) we proceed as follows. Let 
7r(ii, i2} i%\ a, b) be the probability that in a randomly selected multiplication 
table 

(2.3) atl ai2 = aa and ai2 ai3 = ab. 

If P(ii, i2, H\ a, b) denotes the conditional probability that (ail} ai2, aH) is 
associative given that Conditions (2.3) are satisfied, then 

n n 

(2.4) P(ih i2, Ù) = X) 22 P(ii> ^ ù\a> b)ir(ii, i2, n\ a, b). 
a=l 6 = 1 

For any particular triple (atl, ai2, au) the probabilities Tr(ii, i2, i-s] a, b) and 
the conditional probabilities P(i\, i2l iz\ a, b) take a very simple form and the 
associativity probabilities P(i\, i2) iz) can be found from (2.4) by direct 
summation. 

Consider first the case where ii, i2, H are all different, say i\ = i, i2 = j , 
and H = k. Then 

ir(i, j , k\ a, b) = n~2 for all a, b 
and 

P(i,j, k\ a, b) = Problipùia^ajc = ai(a^afc)| « i« i = «a» otjak = ab] 
= Prob[aaaA; = (*iOLb\ &i<Xj = «a, a^afc = a&] 

(l if (a, 6) = (î,ft), 
;i if (a, 6) = y. i ) . 
I n_1 otherwise. 
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Substituting in (2.4) and summing, it is found that 

(2.5) P(i,j, k) = tr1 + 2ra-2 - 2n~* 

and there are n(n — 1) (n — 2) probabilities of this form appearing in the sum 
(2.2). 

An argument analogous to that of the preceding paragraph shows that 

(2.6) P(i, i, k) = P(i, k, i) = P(k, i, i) = rr1 + 2n~2 - 2rr\ 

and terms of each of these three types appear n{n — 1) times in the sum (2.2). 
In the case when all three indices are the same, say i\ — i2 = iz = ^ it is 

found that 
| n~l if a = by ir{i} i, i; a,b) = , „ u 

[0 otherwise, 
and 

fl if a = b = i, 
P(i, i, i\ a, 6) if a = b 9^ i. 

Hence from (2.4) 

(2.7) P(i,i,i) = 2ft-1 - n~2 

and there are n such terms in the sum (2.2). 
From equations (2.2), (2.5), (2.6), and (2.7) we find by direct summation 

that 

(2.8) SXn = n2 + 2n - 1 - Zrr1 + 2rr2. 

The corresponding expression for the first moment Mn(l) follows immediately 
from (1.5). 

3. The variance of the number of associative triples. Using the notation 
of §2, the variance of the number of associative triples in a randomly selected 
multiplication table is given by 

(3.1) V a r X w = SX2 - (cfXw)2 

where 

(3.2) <fXn
2 = è É • • • E P(h, i* • • • , H) 

and P(ii, . . . , i&) is the probability that in a randomly selected multiplication 
table the triples (a^a^, au) and (au, ai51 aie) are both associative, i.e. the 
probability that etliiU eUi5i6 = 1. 

The probabilities P(ii, . . . , u) are determined using a method analogous to 
that of §2. Thus we define 7r(ii, . . . , i%\ a, b, c, d) to be the probability that in 
a randomly selected multiplication table 

(3.3) oiixaH = aa, ai2ais = ab, oiiAaià = ac, ai5ai& = ad. 
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If P(i, . . . , i6 | a, 6, c, d) denotes the conditional probabili ty t ha t 

given tha t Conditions (3.3) are satisfied, then 

(3.4) p(ilf..., Ù) = è Ê Ê Ê -Pfe • • • > *ek, &, c, d) 
a = l 6=1 c = l d = l 

X 7r(ii, . . . , i 6 ; a , b, c, d). 

For any particular pair of triples (ail} ai2, ai3) and (au, aib, au) the probabili
ties ir(ii, . . . , ie; a, 6, c, J ) and the conditional probabilities 

P(ii, . . . , H\ a, b, c, d) 

again take a very simple form and the unconditional probabili ty P(ii, . . . , i&) 
can be found for each choice of ii , . . . , iQ from (3.4). 

I t is convenient from an algebraic point of view to subdivide the probabilities 
P(i\, . . . , it) into classes as follows. Class 1 consists of the 

n{n - 1)(n - 2) (n - 3)(n - 4) (n - 5) 

probabilities in which ii , . . . , i6 are all different, e.g. P(i,j, k, I, m, p). Class 2 
contains those in which only five of i\, . . . , i6 are distinct, e.g. P ( i , i, &, /, m, p)r 

and there are 15»(w — l)(w — 2)(w — 3)(w — 4) of these. Similarly class 3 
consists of those with four distinct indices, e.g. P (iy i,i,l,m, p),P(i,i, ky k,m,p), 
and there are 65n(n — l)(n — 2)(n — 3) of these. Class 4 contains the 
90n(n — 1) {n — 2) probabilities having three distinct indices, class 5 contains 
the 2>ln(n — 1) probabilities with two distinct indices, and class 6 contains 
the n probabilities in which all indices are the same. 

In the Appendix the probabilities P(ii, . . . , i%) have been evaluated for all 
possible dist inct choices of the indices i\, . . . , i% and are set out in classes 
together with the frequency with which each of the probabilities appears in the 
sum (3.2). This sum can therefore be evaluated directly from the table to 
give êXn

2. 
T o show how the table was constructed we take as an example the case 

where i i , . . . , H are all different, say i\ = i, i2 = j , iz = k, i4 = /, z5 = m, and 
Û — P> In this case, by simple enumeration, 

(3.5) Tr(i,j, k, l,m,p\ a, b, c, d) = n~A (a,b,c,d=l,...,n). 

Consider now the set of all multiplication tables in which 

(3.6) diOLj = aa, ajOùjc = a&, ai am = cxC} and amav = ad. 

T h e conditional probabili ty P(i,j,k,l,rn,p\a,b,c,d) is the proportion of 
these tables in which the triples (ah aj} ak) and {au <xm, av) are both associative, 
i.e. in which the relations 

(3.7) aaak = (Xiabl 

(3.8) acav = aiad, 
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are both satisfied. In evaluating this probability for each choice of the quad
ruple (a, b} c, d) there are several possibilities to distinguish: 

(a) The associativity conditions (3.7) and (3.8) may be contradictory or 
impossible to satisfy for certain quadruples (a, b, c, d), 

e.g. (a,byc}d) = (l,j,m, k); 

in such cases P(i,j, k, Z, m, p\ a, b} c, d) = 0. 
(b) Both conditions may be satisfied identically, 

e.g. (a, b, c, d) = (i, k, Z, p) ; 

in this case P(i,j, k, I, m, p\ a, b} c, d) = 1. 
(c) The conditions may be equivalent, not impossible to satisfy, and not 

satisfied identically, 

e.g. (a, &, c, d) = (/, p, i, k) ; 

in this case P(i,j, k, I, m, p\ a, b, c, d) = n~l. 
(d) One of the conditions may be satisfied identically while the other is 

neither contradictory nor satisfied identically, 

e.g. (a, b} c, d) = (i, k, /, m) ; 

in this case again P(i,j, k, I, m, p\ a, b, c, d) = n~l. 
(e) In all cases except those already mentioned 

P(i,j, fe, /, m, p\a, b, c, d) = n~2. 

Thus, by examining Conditions (3.7) and (3.8) for each possible choice of the 
quadruple (a, b, c, d), the conditional probabilities P(i,j, k, I, m, p\ a, b, c, d) 
can be determined and the unconditional probability P(i,j, k, /, m, p) is then 
found from (3.4) and (3.5). 

The process is repeated for all possible choices of the indices (ii, . . . , i6) 
and the results are as tabulated in the Appendix. Using the table to form the 
sum (3.2) we find that 

(3.9) £Xn
2 = nA + ±nz + 3n2 + 15n - 44 - 175ft-1 + 507n~2 

- 190n~z - A72n~4 + 352n~5. 

The corresponding moment Mn{2) is found immediately from (1.5). From 
(3.1) the variance of Xn is given by 

(3.10) Var Xn = n2 + 25n - 37 - 1897Z-1 + 502n~2 - 178n~^ 

- 476n~4 + 352n~K 

4. The third moment of Xn. The third moment of Xn about its mean 
Un = S'Xn is given by 

(4.1) <?(Xn - Mn)3 = <?Xn* ~ 3Mn S'Xn
2 + 2^ 
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where 

(4.2) iXn
z = £ E • • • Z P(iu it, ••-, i9) 

2*1 = 1 22 = 1 2*9 = 1 

and P(ii, . . . , 9̂) is the probability that in a randomly selected multiplication 
table the three triples (ail? ai2, aiz), (aUlai5iau), and (ai7, ai8, ai9) are all 
associative, i.e. that eili2U eiiUH eilisi9 = 1. 

The n9 probabilities P(ii, . . . , U) can be determined just as in §§2, 3 from 
the relation 

(4.3) P(iu . . . , *») = Ê Ê Ê Ê E E ^(ii, • • • , ÎQI a, 6, c, d, e,f) 
a = l 6=1 c = l d=l e=l f=\ 

X 7r(ii, . . . , i9; a, 6, c, d, e,f) 

where ir(ii, . . . ^H\a,by c, d, e,f) is the probability that in a randomly selected 
multiplication table 

I ttiiu"^ = aa, oii%ai% = ab, 
(4.4) ^ 2 4 «is = a„ aibau = ad, 

[<X il « 2 8 = «éf» «Î8«î9 = Olf, 

and P(i i , . . . , ig| a, &, c, d, e,f) denotes the conditional probability that 
€21222*3 tiAibU e27 2*8 29 = 1 given that Conditions (4.4) are satisfied. These con
ditional probabilities and the probabilities T again take a simple form and 
can be determined as in §§2 and 3. 

Proceeding in this way, <oXn
z was determined to within terms of order n2 

and it was found that 

(4.5) S Xn
z = nQ + Qn5 + I2n4 + 68w3 + 0(n2). 

Hence from (2.8), (3.9), (4.1), and (4.5) 

(4.6) <?(Xn- »ny = 0(n2). 

This shows that the third moment of <jn~
l(Xn — jj,n) converges to the third 

moment of a normal distribution (i.e. zero) as n tends to infinity, which 
supports the conjecture of Straus and Wilf regarding the asymptotic normality 
of the distribution. 

Appendix. The following table shows the probabilities P(ii, i<i, . . . , %) of 
§3 for each distinct choice of the indices i\, i2, . . . , H. The indices i\, i2, H, and 
i4, is, H are tabulated together with the coefficients of n~~l, n~2, . . . , n~Q in the 
corresponding probability P(i\, . . . , i&). Each entry in class k (k = 1, . . . , 6) 
appears n(n — 1) . . . (n — 6 + k) times in the sum (3.2). 
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Indices 

tjk Imp 

Coefficients of 

n~z w~4 n~5 Indices 

CLASS 1 

1 II 

Coefficients of 

CLASS 2 

iii ijk 
iii jik 
iii jki 
iij iki 
iij kit 
iji kii 
ijk iii 
jik iii 
jki iii 

6 
1 
2 
4 
3 
4 
2 
1 
6 
0 
0 
0 

- 9 
12 

- 9 
2 
0 
0 
2 
5 
1 
0 

- 7 
- 1 8 
- 1 0 

- 1 0 
- 7 

2 
- 2 4 

- 9 
- 1 0 
- 1 7 
- 1 7 

- 1 7 
- 1 0 

- 9 
- 2 4 

2 
- 2 4 

- 9 
- 1 0 
- 1 7 
- 1 7 
- 1 7 
- 1 0 

- 9 
- 2 4 

- 5 
- 7 
- 5 

2 
- 4 9 

2 
- 1 4 

- 5 
- 5 

- 1 3 
- 2 0 
- 1 0 

- 7 

3 
2 
3 

- 3 4 
4 

- 3 4 
3 
2 
3 

ijk Imj 

ijk klm 
ijk Ikm 
ijk Imk 
ijk Urn 

ijk Iml 
ijk Imm 

CLASS 3 

0 
12 

3 
2 
6 

10 
6 
2 
3 

12 
0 

12 
3 
2 
6 

10 
6 
2 
3 

12 
- 1 

1 
1 
0 

30 
0 
9 
1 
0 
6 

12 
4 
1 

jik Iki 

iij klk 
iij Ikk 
iji Ikk 
ikj ilk 
ikj lik 

ijk lik 
ikj kit 
ikj Iki 
ijk Iki 
iik kjl 
iik jki 
iik jik 
iki kjl 
iki jki 
iki jik 
kii kjl 
kii jki 
kii jik 
klk iij 
Ikk iij 
Ikk iji 
ilk ikj 
lik ikj 
lik ijk 
kii ikj 
iki ikj 
Iki ijk 
jik iki 
kjl kii 
jki kii 
jik kii 

CLASS 4 

0 
0 
0 

24 
0 

24 
0 
0 
0 

jjk iii 

jkj iii 

kjj Hi 

jik iij 

jki nj 

kji nj 

kij iij 
ikj iij 
ijk iij 

1 - 1 0 4 

0 - 6 1 
1 - 1 0 4 
4 - 1 8 6 

0 - 6 0 

0 - 7 1 

0 - 6 0 

2 - 1 4 9 

0 - 6 0 
0 - 5 - 2 
0 - 6 0 
5 - 2 1 12 

S 2 0 

5 - 2 1 12 

1 - 9 4 

0 - 6 1 
1 - 9 4 

0 - 5 0 
2 - 1 3 6 

5 - 2 0 12 

1 - 1 0 4 

0 — 7 1 
1 - 1 0 4 
5 - 2 0 12 
2 - 1 3 6 

0 - 5 0 
0 - 6 0 
0 - 5 - 2 
0 - 6 0 
5 - 2 1 12 
8 2 0 
5 - 2 1 12 

1 - 9 4 

0 - 6 1 
1 - 9 4 

1 - 1 0 4 
5 - 2 0 12 
2 - 1 3 6 
0 — 5 0 

0 2 3 - 6 2 0 
0 2 3 - 5 1 0 
0 2 3 - 6 2 0 
0 1 4 1 - 8 3 
0 1 4 2 - 8 2 
0 1 4 4 - 1 8 12 
0 1 7 - 9 2 0 
0 1 5 16 - 6 4 60 
0 1 7 - 1 0 3 0 
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Coefficients of Coefficients of 
Indices n'1 n -2 n-Z n 4 n~5 n~6 Indices n"1 n~2 n~z w~4 n~5 n~6 

iki iij 0 ] L 4 9 - 3 4 24 jik iji 0 1 6 - 8 2 0 

kii iij 0 ] L 8 - 1 2 4 0 jki iji 0 1 4 5 - 2 0 12 
kii iji 0 ] L 4 9 - 3 4 24 kji iji 0 ] L 7 - 9 2 0 
iij iik 0 ] L 1 1 - 2 2 12 0 kij iji 0 ] L 6 - 8 2 0 
iji iki 0 ] L 5 14 - 4 9 30 ikj iji 0 1 L 4 5 - 2 0 12 
jii kii 0 ] L 1 1 - 2 2 12 0 ijk iji 0 1 L 7 - 9 2 0 

iii jjk 0 S ï 3 - 6 2 0 jik jii 0 1 L 7 - 9 2 0 

iii jkj 0 5 ï 3 - 5 1 0 jki jii 0 1 5 16 - 6 4 60 
iii kjj 0 5 S 3 - 6 2 o kji jii 0 1 L 7 - 1 0 3 0 
iij jik 0 ] L 4 1 - 8 3 kij jii 0 3 L 4 1 - 8 3 
iij jki 0 1 L 4 2 - 8 2 ikj jii 0 1 L 4 2 - 8 2 
iij kji 0 ] L 4 4 - 1 8 12 ijk jii 0 1 L 4 4 - 1 8 12 

iij kij 0 ] L 7 - 9 2 0 jij iik 0 1 L 4 1 - 9 3 

iij ikj 0 ] L 5 16 - 6 4 60 ijj iik 0 1 L 4 9 - 3 4 24 

iij ijk 0 ] L 7 - 1 0 3 0 jji iik 0 ] L 4 4 - 1 4 4 
iji jik 0 ] L 6 - 8 2 0 ijj iki 0 ] L 4 5 - 1 9 12 
iji jki 0 ] L 4 5 - 2 0 12 jij iki 0 1 L 4 4 - 1 8 10 
iji kji 0 L 7 - 9 2 0 jji iki 0 L 4 5 - 1 9 12 
iji kij 0 ] L 6 - 8 2 0 ijj kii 0 i L 4 4 - 1 4 4 

iji ikj 0 ] L 4 5 - 2 0 12 jij kii 0 L 4 1 - 9 3 
iji ijk 0 ] L 7 - 9 2 0 jji kii 0 L 4 9 - 3 4 24 
jii jik 0 L 7 - 9 2 0 iij kjk 0 L 4 2 - 1 3 6 
jii jki 0 L 5 16 - 6 4 60 iij jkk 0 ï L 4 0 - 3 - 2 
jii kji 0 L 7 - 1 0 3 0 iji jkk 0 1 L 4 2 - 1 3 6 

jii kij 0 L 4 1 - 8 3 kjk iij 0 1 L 4 2 - 1 3 6 
jii ikj 0 L 4 2 - 8 2 jkk iij 0 1 L 4 0 - 3 - 2 
jii ijk 0 L 4 4 - 1 8 12 jkk iji 0 ] L 4 2 - 1 3 6 
iik jij 0 L 4 1 - 9 3 ijk ijk 1 î i - 2 0 0 0 
iik ijj 0 ] L 4 9 - 3 4 24 ijk jki 0 L 6 - 7 1 0 
iik jji 0 ] L 4 4 - 1 4 4 ijk kij 0 ] L 6 - 7 1 0 
iki ijj 0 L 4 5 - 1 9 12 ijk jik 0 L 4 8 - 3 2 24 
iki jij 0 ] L 4 4 - 1 8 10 ijk ikj 0 L 4 8 - 3 2 24 
iki jji 0 ] L 4 5 - 1 9 12 ijk kji 0 L 4 0 - 5 1 
kii ijj 0 L 4 4 - 1 4 4 iij kkj 0 L 4 8 - 3 0 24 
kii jij 0 ] L 4 1 - 9 3 iji kjk 0 L 4 0 - 7 1 
kii jji 0 ] L 4 9 - 3 4 24 ijj ikk 0 L 4 8 - 3 0 24 

CL^ VSS5 

iii iij 0 4 - 3 0 0 0 jii iji 0 1 8 - 1 2 4 0 
iii iji 0 2 8 - 1 7 10 0 JH iij 0 1 8 - 8 0 0 
iii jii 0 4 - 3 0 0 0 iji iji 1 2 - 2 0 0 0 
iij iii 0 4 - 3 0 0 o iij iij 1 2 - 2 0 0 0 

iji iii 0 2 8 - 1 7 10 0 jii jii 1 2 - 2 0 0 0 
jii iii 0 4 - 3 0 0 0 iii jjj 0 4 - 3 0 0 0 
iii ijj 0 2 5 - 1 0 4 0 iij jji 0 1 4 8 - 2 4 16 
iii jij 0 2 5 - 1 0 4 o iji jij 0 3 0 - 2 0 0 
iii jji 0 2 5 - 1 0 4 0 JH ijj 0 1 4 8 - 2 4 16 

ijj iii 0 2 5 - 1 0 4 0 iij jij 0 1 7 - 9 2 0 

jij iii 0 2 5 - 1 0 4 0 iij ijj 0 1 11 - 1 9 10 0 

jji iii 0 2 5 - 1 0 4 0 iji ijj 0 1 7 - 9 2 0 
iji iij 0 1 8 - 1 2 4 0 jij iij 0 1 7 - 9 2 0 
iji jii 0 1 8 - 1 2 4 0 ijj iij 0 1 11 - 1 9 10 0 
iij jii 0 1 8 - 8 0 0 ijj iji 0 1 7 - 9 2 0 

iij iji 0 1 8 - 1 2 4 0 

CLi \ S S 6 

iii iii 2 - 1 0 0 0 0 
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