FORMAL CATEGORIES
J.-M. MARANDA

1. Introduction. A category € is made up of its class of objects O, of a
function M (or M) which assigns to each (4, B) € © X O the class M (4, B)
of all morphisms from A to B, of an operation p which is a class of maps

pase: M(B, C) X M(4, B) —» M(4, O),
4, B, C € 9, and of a family of maps
ki1 O— M((A4, 4),

A € O, where O is a set with a single element. The operation is associative,
ie.forany 4, B, C,D € DO,

1. MACD(M(C, D) X /-"ABC’) = #ABD(#BCD X M(Av B))»
and each map k4 picks out from M (A, A) the identity morphism of 4, so that
2. papplks X M(A4, B)) = lywu,m = paas(M (4, B) X k4).

This characterization of the notion of category leads quite naturally to the
following generalization. One starts out with a class of objects ©. Then, instead
of assigning to each (4,B) € © X Daset M(A4,B), one could choose M (4, B)
in the class of objects of some ordinary category €. One must then have a
functor ®: € X € — € to be able to define an operation u consisting of
morphisms

pasc: M(B, C) @ M(4, B) — M(4, C)

and one must choose some special object I of € to play the role of the set O.
Then, to be able to express generalizations of 1 and 2, one must assume that
® is associative, i.e. that (E® €) ® € and € ® (€ ® €) are equal or
identifiable, and that I acts as an identity for ®, i.e. the functors 7 ® € and
€ ® I are equal to or identifiable with 1g. We thus need to assume precisely
that (€, ®, I) is a multiplicative category in the sense of Bénabou (1). A
system (9, I, u, k) satisfying these conditions will be called a (€, ®.I)-
formal category, or simply a (€, ®, I)-category. One may then generalize the
notion of ordinary functor to a notion of (€, ®, I)-functor. The (€, ®, I)-
categories with classes of objects in some fixed universe (with fixed class of
objects O), and their (€, ®, I)-functors (leaving the elements of O invariant),
form a category P(€, ®, I) (Po(€, ®, I)).
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If the objects and morphisms of € are categories and functors, multiplied
in the usual way, if ® is the ordinary direct product of categories and functors,
and if 7 is a trivial category with a single morphism, then the (€, ®, I)-
categories are what we shall call categories of the second type. This notion
is studied in §2. It is characterized by the five ‘‘laws of calculation with functors
and natural transformations’” of Godement (4, Appendice) and is a special
case of the notion of double category of Ehresmann (3). It is also a natural
abstract setting for the study of adjoint functors.

In §3, to the notion of multiplicative category and morphism of multiplica-
tive categories of Bénabou (1), is added a notion of natural transformation of
these morphisms. If one starts out from a class of categories, the multiplicative
categories (€, ®, I), where € is in this class, with their morphisms and the
natural transformations of these, form a category of the second type C,.
Necessary and sufficient conditions for a morphism of multiplicative categories
to have an adjoint are then given. Given two multiplicative categories (€, ®, I)
and (€4, ®, I), if G: € — @, is a functor permuting with tensor products,
then

(Gv IG®- 111): <@y ®' I) - (@1; ®y Il)y

and as a corollary of the preceding results, if G has a right adjoint, (G, 1le®, 11,)
also has a right adjoint.

In §4, the functions P and Pg are extended to double functors on G,,. That
a morphism of multiplicative categories

(G, d)y 5): (@, ®y Z) - (@1 ®r II)
induces a functor

PD(G, ¢' 6).1)@(@1 ®9 I) HPQ(@ly ®y Il)

generalizes Theorem 4.2 of (5). Results of the preceding section are then applied
to show that, in particular, the forgetful functor which assigns to each additive
category its underlying ordinary category has a left adjoint, and then to show
that if & is any category and if (€, ®, I) is a multiplicative category, where
every 3-diagram in € has an inverse limit, then every J-diagram in Pg (€, ®,
I) has an inverse limit, and furthermore, if

(G~ ¢y 6). (6" ®1 I) - (@17 ®1 Il)y

where €; also has the property that every J-diagram has an inverse limit and
where G permutes with inverse limits of J-diagrams, then Pgo(G, ¢, ) also
permutes with inverse limits of J-diagrams. These results are modified to
analogous results for the functor P in the fifth and last section. Direct limits
of diagrams in Pg (€, ®, I) are also studied there for particular multiplicative
categories (€, ®, I).

2. Some remarks on functors and natural transformations.
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DEerFINITION 1. “Category of the second type’ is the name we shall give to a
system consisting of

(1) objects A, B, C, . . .,

(2) for each ordered couple (4, B), a category M (4, B), with objects f, g, k, . . .
and morphisms ¢, ¥, x, . . .,

(3) a function which assigns to each object A an object 1, of M (4, A),

(4) for each ordered triple (A, B, C), a functor

M (B, C) X M(4, B) > M(4, C)

satisfying the following conditions:

Al Ify € M(4,B),1pgxy = ¢ = ¢ x1,.

A2. Ifp €« M(4,B), ¢ € M(B, (), and x € M(C, D), then

x* (Wx¢) = (x*¢)*¢.

The hypothesis that * is a functor of two variables may be written down as
follows:

A3. 1,1, = 14,

Ad. (YY) = (¢'9) = (W' x¢') (Y * ).
Also it is well known that A4 is equivalent to the following:

Bl (Wy) «f = W' =) (¥ = f) and g * (¢'¢) = (g *¢") (g * ¢).

B2. (¢ xo)( xf) = @ =f) (g *¢).
Furthermore, A2 obviously implies the following:

B3. (hxg)x¢ =hx*(gx¢)and x x (g*f) = (x *g) *f.

B4 (hxy) «f =h* (¥ *f).
Conversely, if we assume that B1 and B2 hold, then B3 and B4 imply A2, for
we have thatif ¢:} > f, ¢: g — ¢/, and x: 2 — &/, then

x*Wxe) = (x* (g *f)h*=9)
= (x* @ *f)h* (Y =*f)(g*9))
= ((x*g) =)@ =f))(h*(g*¢))
= ((x*g) =f)((hxy) =f)((h*g) *¢)
= (((x*g) (k=) «f)((h*g) x¢)
= ((x*¥) «f)((h xg) x¢)
= (x*¥) x¢.
Thus, in the definition of the notion of category of the second type, one may
replace Axiom (4) by the following, denoting the class of objects of M (4, B)
by M,(4, B):
(4") for each ordered triple (4, B, C), there exist functions
M(B, C) X M(4,B) ->M(4, 0),
Mo(B, C) X M(4,B) >M(4, O)
satisfying conditions Al, A3 (modified in an obvious way), and B1 to B4.
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The notion of category of the second type is a particular case of the notion
of double category of Ehresmann (3).

We notice that an ordinary category may be considered as a category of the
second type in which each M (4, B) is simply a class, i.e. a category whose
only morphisms are all identity morphisms. In general, in a category of the
second type C, the function My defines an ordinary category C,, the product
gfof g € Mo(B, C)and f € M(A4, B) being just g * f. With this new notation
in mind, one notices the similarity between the laws Bl to B4 and the five
rules of calculation with functors and natural transformations of Godement
(4, Appendice). This gives us a means of constructing categories of the second
type. One takes as objects categories A, B, €, .... For each ordered couple
(4, B), one denotes by F (4, B) the category whose objects are the functors
from A to B and whose morphisms are the natural transformations of these
functors. For each category ¥, ly denotes the identity functor from % to U.
Thus, for each ordered triple (¥, B, €), one defines the functions

F(B, €) X Fo(, B) — F(Y, ©),
Fo(B, €) X F(U, B) = F(, ©),

in the usual way, i.e. given 8: S— S in F(8, €) and given U € Fo(3, B),
(8 * U)a = By for each object 4 of A so that 8+ U:SU — S’U and given
SE€F(®B, Q6 and a: U— U’ in F(U, B), (S xa)s = S(as) for each object 4
of A so that (S *a): SU — SU’. The five rules of calculation of Godement
state that these functions satisfy B1 to B4. That they also satisfy Al and A3
is obvious. Thus, one has defined a true category of the second type. We shall
say that these categories of the second type are ‘““concrete.”

A very simple example of a category of the second type is that of a pre-
ordered semi-group (it has just one object).

Given two categories of the second type C and D, a functor from the first
to second is just a functor from the double category G to the double category
D in the sense of Ehresmann (3), i.e. it is a function T which assigns to each
object 4 of G an object T(4) of D, to each object f of M (4, B), an object
T(f) of M(T(4), T(B)) and to each morphism ¢: f — f" in M(4, B) a mor-
phism T(¢): T({) > T() in M(T(4), T(B)) such that T(1.) = Iy
T(1)) = lpp, T(e'¢) = T(¢")T(¢), T(¥ *¢) = T(¥) xT(¢). This is equiva-
lent to saying that the restriction T'(4, B) of T to M (4, B) is a functor, that
T(14) = lge, and that each diagram

M(B, C) X M(4, B) * >M(4, C)
T(B, C) X T(4, B) | | T, 0
M (T(B), T(C)) X M(T(4), T(B)) = M(T(4), T(C))

is commutative. We shall simply call these functors of categories of the second
type, or more generally of double categories, “‘double functors.” We notice
that the restriction of T to Cy is an ordinary functor Ty from G, to Dy. It is
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obvious what the definition of the notion of double functor of more than one
variable should be.

Let C be a category of the second type. Given four objects 4, B, C, and D
of G, an object f of M(4, B), and an object & of M(C, D), we denote by
M(f, ) the function which assigns to each ¥ € M(B, C) the morphism
(B xy)xf =h = =f) (by B4) of M(4, D). By A3 and B1, M({f, %) is a functor
from M (B, C) to M (4, D), i.e. an object of F(M (B, C), M(4, D)). Thus given
¢:f — fand ¢: h — &', for each object g of M (B, C), we define

Mo, x)o = x *g *d:hgf = M(f, h)(g) = M(f', 1) (g) = Wgf,
and one can show easily that the family M(¢, x) of all the M (¢, x), is a
natural transformation from M(f, #) to M(f’, #'). Now, we assert that the
function M we have just defined is a double functor in two variables, con-
travariant in the first variable with respect to the *-operation, taking its

values in the concrete category of the second type whose objects are the
M (B, C). Obviously, we have that

M(]-fy 1) = Imym and M1, 1¢0) = Inw,o

and then, for each object g of M(B, C),if ¢: f — f in M(4, B) and x: » — k'
in M(C, D),
M(o'd, x'x)g = (X'x) * g * (¢'¢)
= (xX'x) * ((g x¢") (g * )
=X *xgx¢)(x*g*¢)
= M(¢’, x)y M(¢, x)y = M(e', X )M (¢, X)),
so that M (¢'¢, x'x) = M(¢’, XYM (¢, x) while if \: 1 — 1’ in M(X, 4) and
pw:m—m' in M(D, Y), then
M@ *Nuxx), = (uxx)*g*(d*)N
=(m xxxgxdpx1)(ushxgxfx))
= M, m")(M(s, X)) MO\, WMy
= (M(\ u) *M(o, X)),
so that
Mo =\ pxx) = M\, u) * M(¢, x).

The restriction My of M to G is obviously an ordinary functor of two vari-
ables, contravariant in the first variable. In the case where C is a concrete
category of the second type, we use the symbols F and Fy instead of M and M,.

Many notions and results concerning functors and natural transformations
may be generalized to categories of the second type. This is the case for the
notion of an adjoint functor. Let C be a category of the second type. For any
two objects 4 and B of C, by an adjoint morphism from 4 to B we mean a
quadruple (f, g, ¢, 1), where

f € My(4, B), g € My(B, 4), ¢: 1z — fgin M(B, B)
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and 7: gf —> 1, in M (4, 4), such that
Fxm) @ *xf) =1, and (nxg)(g*¢) =1,

see the characterization of adjoint functors given in (5, Theorem 4.1). We
shall also say that f is a right adjoint of g and that g is a left adjoint of f.
Adjoint morphisms

A (f.g,ﬁ‘,n) B (frgrfvﬁ) C

may be multiplied as follows (8, pp. 106-107):

This product is associative and with respect to it, every object 4 of C has an
identity adjoint morphism (14, 14, 11,, 15,). Given two adjoint morphisms
(f7 gv i‘y ‘0)
A B,
(f/’ glr g-/, ’7/)

by a morphism from the first to the second, we mean a pair (&, 8), where
a: f—f in M(4, B) and B: g — ¢ in M(B, 4), such that (a *8){ = ¢’ and
7’ (8 * @) = 9. It is obvious that if

(o,

(f‘ g, g-’ ) (j‘/ g g-’ I) (fll g// g./l /l)

then
('f’ g' g‘? ) (a a, ﬁ ﬁ) (f/,| g’IY 5,,7 77/,)

and we define (o/, 8') (e, 8) = (&/a, ’8). This product is obviously associative,
and with respect to it, each adjoint morphism (f, g, {,n) has an identity
morphism (1,,1,). Thus, the adjoint morphisms from A to B with their
morphisms, multiplied in this way, form a category M#(4, B).

Then, in the situation

(f,g &) (f, g ¢ 7)
A4 | (@,8) B l@p) C
g, ¢ ) 2, ¢, )

we define
(@ B) * (o, B) = (@ *a, B *P)
and this is a morphism from (f, g, §,#)(f, g & n) to (F, 2. ¢, 7) (', &, ¢'m'),
for
@*axB*B)Fxs+f = (@ax* ((a*p)) *B)F
=@ *ff ="+ *g) (@1 *B){
="+ *g)@*B)f) = (I + ¢ + )
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and, similarly, one shows that
(g *7 *f)B*xBrara) = nlg*q*f).

It is then obvious that we have just defined a new category of the second
type Cf. Furthermore, it is obvious that if T: G — D is a double functor and
if, in the situation

(fr g ¢ 77)
A | (@8 B,
(f/’ g,! g"! ’7,)
one sets
THA) = 4,
Tt(f, g, &m) = (T(), T(g), T(5), T(n)),
Tt (e, B) = (T(e), T(B)),

then T# is a double functor from C# to D#. If T were contravariant with respect
to the =x-operation, then, setting, for each adjoint morphism, (f,g, ¢, 7):
A — B,

Tt g &m) = (T(2), T(), T(), T(n),

one could verify that T#(f, g, ¢, n) is an adjoint morphism from T (4) to T(B)
and that if one defines T#(4) and T#(a, 8) exactly as above, then T* is a
double functor from C# to D# covariant with respect to both operations.
These definitions are immediately generalizable to functors of the second
type of more than one variable. In particular, given any category of the
second type G, in the situation
A (fvgv‘(v"l) B, C (f‘gyg‘vﬁ) D

el ol 77 ArAR-TRE L TN
b

M ((f. g &) (2§ 7))
= (M(g, /), M(f, 2), M(5, ©), M(n, #): M(B, ) — M(4, D).

Given a category of the second type C, we now use the adjoint morphisms
of C to define an ordinary category Cs The objects of C# are simply the
adjoint morphisms of C. Given two such objects

fie¢om:4—-B, (¢, ¢,n):A"— B,
the morphisms from the first to the second are the couples (v, w), where
9 € Mo(4, 4”) and w € M(B, B’) such that
(1) wf = flv, vg = g'w;
Qwx¢=¢ xw,v*n =17 x0

We notice that given a pair (v, w) with property (1), if it satisfies half of
condition (2), then it satisfies the other half. For example, if w x{ = ¢’ * w,
then
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(Foxm) @ = f2) = (wf *n) (" * wf)
= (@f *n)(w*§ *f)
w* ((f*n) (¢ *1))

=‘w*].f= ]-wf= ]-f'u'

However, we know that (f' % 9") (¢’ *}’) = 1, so that
(f' 0" *x0)(§" *flv) = 1p,

and, therefore, v x5 = 5’ *v.
Given two such morphisms

(fy £, g‘» 77) M (f,» gl' g‘/a 77/) "(v_"zglh (fl/v g//r g‘/’, 77”)y

we define their product as follows:
(v,’ w,) (v! w) = (v,v’ w,w): (.fY g’ ;1 ‘n) - (f”) glIY ;//1 ‘n/l)‘

This operation is associative and, with respect to it, every adjoint morphism
(f, g, ¢, ) has an identity morphism (1, 1,). Thus, we have effectively defined
a category C¢. Now if T: C — D is a double functor, it is obvious that if for
each adjoint morphism (f, g, ¢, n) of G, one sets

Ti(f, g, ¢, m) = (T(f), T(e), T(), T(n) = T(f. g ¢, )

and if for each morphism

@ w: (fg o) — g ¢
one sets

Ti(w, w) = (TQ), T(w)),

then T4 is a functor from C# to Dy. Similarly, if T is contravariant with respect
to the *-operation and if one sets

Tu(f, g &) = (T(Q), T, T(), T() = T, g & m),
Ti(v, w) = (T@), T(w)),

then T# is a contravariant functor from C# to D4. These definitions extend
trivially to double functors of more than one variable.

We shall say that a category € is a direct J-category if every functor
F: & — @ has a direct limit in €. This is equivalent (6) to saying that the
canonical functor

Eg: € - F(J, €
has a left adjoint, i.e. that there is an adjoint morphism
(ES, Ly >\1 11@): @ - F(E}, @).

Given a functor V: 98 — €, we shall say that it a direct §-functor if for
every functor F: & — 9B with direct limit A\p: F — Eg(B),
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V *\p: VF — VEg(B) = Eg(V(B))

is a direct limit of VF. When ¥ and € are direct J-categories, this just means
that (V, F(S, V)) is a morphism from (Eg, L, \, 11g) to (Eg, L, ), 155). We
notice that in this case, since the diagram

58—“5——’1"(3, B)
R
VJ l F@S, V)
Eg
C————F (%, ©)

is commutative, to show that 7 is a direct §-functor, it suffices to verify that
VL = LF(&, V) and that F(&, V)« A = A« F(§, V).

PRrOPOSITION. Given two categories B and €, if € is a direct S-category, then
so 1s F(B, €).

Given two functors: V:A— B and V:C— D, if € and D are direct 3-
categories and if V is a direct 3-functor, then

F(V,V):F(B, €) - F@, D)
is a direct 3-functor.
Proof. We know that
(F(B, Eg), F(B, L), F(B, \), F(B, 1))
is an adjoint morphism from F(®B, F(3, €)) to F(B, 6). However, since
FB FJ 0)=F®B X J 6 =FG F®,0),

the categories F (8, F(&, €)) and F (&, F(8B, €)) may be identified and then
F (B, Eg) is identified with

Eq:F(3, F(B, §) > F(P, 6),

which proves the first part of the proposition. One, of course, identifies F (B, L)
with L and F (8, \) with .
The diagram

F F@, 6) 230, pg )
F(S, F(3, 1)) j J F(S, 7)
F(3B, L)
F(®, F(3. D) — 2 F(®, D)
F(V, F(3, D) j j F(V, D)
FQ L)
F@L, F(3, D) — s By, )
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is commutative. The first square is commutative because V is a direct §-functor.
The second square is commutative simply because F is a functor. Thus, the
diagram

FB,FQ ) 5 F® O

BV, B3, 7)) l F(V, 7)
F@, F(3, D) — L), gy, o)

is commutative. But if the categories F(8, F(&, €)) and F(, F(§, 9))
are identified with the categories F (&, F(8, €)) and F (&, F (¥, D)) as indicated
above, then the functor F(V,F(g, V)) is identified with F(&, F(V, V).
Thus, we have proved the commutativity of the diagram

F(3,F(®, 6)—F—FS, 6

F(3, F(V, 7)) l J FV, )
F(3, F@, D)) P, D)

Furthermore, we have that

F(V,F(S, V)*F(\, N) = FQxV, F(Z, 7)*)\)
=FO+V, MF (S, 7)) = FO\, V+F(V, F(S, 7))

so that, carrying out the proper identifications, we have that
F(3, F(V, M)\ = MF (S, F(V, ).
Dually, we shall say that € is an inverse §-category if the functor
Egq: €= F (g, ©)
has a right adjoint, i.e. if there exists an adjoint morphism
(L, Eg, 135, M) : F(, €) — G,

and that a functor 7V : 8 — € is an inverse J-functor if for every functor
F : & — B with inverse limit

Ap: ES(B) g F,
Vihp : VEg(B) = Eg(V(B)) — VF

is an inverse limit of VF. The dualization of the preceding proposition is left
to the reader.

We end this section by noticing that given a category of the second type C
one may define a double category C" containing both C# and Cs. It consists
of all configurations
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A (f»gyg'»"?) >B

1 1t i
W N %
l4 !
(f,’ g/’ g"’ n/)

where (f, g, ¢, ) and (f', ¢/, ¢, #’) are adjoint morphisms of C, where v and w
are objects of M(4, A’) and M(B, B’) respectively, and where a: wf— fv
and B: vg — g'w are such that

(f*B)(a*xg)(w=f) = ¢ *w,

(n" *0) (g *a)(B*f) =vx*n,

and two operations which we define as follows: given two configurations

’ ( ' glv g.lv 77/) ’ B = - C
ar AREEI b Gg &)
2 v’ ’ ! l w  (3) wJ 3 a Jx
@ | N v ~N v
A// O — B/l B _‘/—_—/_T-/—) C/
(f”* g”) .(-”» 77”) (f » 8 [ )
the “vertical’”’ product of (1) by (2) is the configuration
A’ , B
(f) g, .(-1 77)
2’ \\‘(BI " w) (i)' * ) (a/ " 7)) (w/ *al)/ J w'w
A// BII

(f”y glly g‘v 7’)
while the “horizontal product” of (1) by (3) is the configuration

v

= = - y C
(f, 88 (T % & % @) n(g * 7 %)) l
x

\(‘g’ *B)(B*2) (J *a) (@ *f‘)/

A == —— - —

(g, (Fxg" =g 0" (g =5 = f))
If one only considers configurations (1) for which v = 1, and w = 1, then
one is working in C#. If one only considers configurations (1) for which « = 1,,

and 8 = 1,, and the ‘‘vertical” operation, then one is working in Cs. Any
double functor T: C — D induces a double functor TP : CE — DE,

CI

3. Multiplicative categories. We begin by recalling some definitions of
Bénabou (1) in trivially altered form. To simplify the notation, whenever
it is convenient, we shall identify functors F, F’: € — @’ that are isomorphic
in the sense that there is a natural equivalence between them.
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A multiplicative category is a triple (€, ®, I) when € is a category, ® is a
functor from € X € to € that is associative, i.e. the functors (€ ® €) @ €
and € ® (€ ® €) are equal (or identifiable), and I is an object of € such that
I ® € and € ® I are both equal to (or identifiable with) 1.

Given two multiplicative categories (€, ®, I) and (€;, ®, I,), a morphism
from the first to the second is a triple (G, ¢, §), where G is a functor from
€ to €4, ¢ is a natural transformation from ® (G X G) to G ® such that for
any three objects, 4, B, C of €,

Cl. ¢A®B,C(¢AB ® G(C)) = ¢A,B®C<G(A) ® ¢Bc)
and where 6: I; — G(I) is a morphism in €, such that

C2. ¢14(6 ® G(A4)) = 15wy = ¢4:(G(4) ® ).

Given two such morphisms

6 @ 05t (5 @ 1) Gutrd (6, @ 1,
their product is
(G1G, (G1*¢)(¢1* (G X G)),G1(8)81): (€, @,1) = (€, ®, Is).

This product is associative and, with respect to it, every multiplicative
category (€, ®, I) has an identity morphism (lg, 1®, 11).

To these definitions of Bénabou, we add the following. Given two morphisms
of multiplicative categories

(G9 ¢7 6)7 (G,, ¢l1 6’): (@’ ®! I) - (@1’ ®|Il)7

a natural transformation from the first to the second is a natural transformation
a from G to G’ satisfying the condition that the diagram

®G X6 g @ X6
o K
G® 2*® N

is commutative and the condition that §' = «; 4.

PRroPOSITION 1. Given two natural transformations

G, ¢, 8) —2> (G, ¢/, 8) = (G", ¢, 8"),
their product o'« is a natural transformation from (G, ¢, 8) to (G”, ¢", 8'"').
Proof. ¢""(® * (da X d'a)) = ¢"(® * (¢ X &))(® * (@ X a))
= (¢ * ®)¢'(® * (@ X a))
= (¢ * Q)(ax* Q)¢
= (da* ®)¢,

(a'a),ﬁ = CZIIQIB = a’I 6/ = 5”.
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Thus, the morphisms from (€, ®, 1) to (€, ®, I1) and their natural trans-
formations, multiplied in the ordinary way, form a category

F.((€, ®. 1), (&, ®, I)).

PRrROPOSITION 2. In the situation

(G! d)r 5) (Gly d)ly 61)
(@y ®,I) lOl (@h ®y Il) \Lal (@2y ®, I2)1
(le ¢,1 6’) (G,ly ¢,1y 6,1)

ar *a: (G, ¢1,61) (G, ¢, 8) — (G'1, ¢'1, 8"1) (G, ¢/, &).
Proof. Let
(Gs, ¢2, 82) = (Gy, ¢1, 61) (G, ¢, 9),
(G'2, ¢'2,8"2) = (G'1, "1, 6') (G, ¢, &").
Then
$2(® * ((a1 * @) X (a1 *@)))
= (G'1*¢)(a* @ x (G" X G))(® * (a1 X o) * (G" X ()

(® * ((Gy X Gy) * (a X &)))
= (G"1#¢) (a1 * @ * (G' X G))(¢1 % (G" X G)((®(G1 X G1)) * (a X @))
= (1 *¢')(¢1 * (@ X @))
= (a1 * (G' ®))(G1*¢")((G1 ®) * (@ X a))(¢1 % (G X G))
= (1 * (G ®))(G1*axQ)(G1*¢)(d1* (G XG))
= (a1 *a* ®)p2

and
(a1 *@); 81 = (1) ¢ (1) G1(ar)G1(8)d:

= (a1) G/ (D) G1(8")6:

= G'1(8") (1) 1,61

= G'1(§)0"; = &'
Thus, if we start out from a concrete category of the second type C,! we may
define a new category of the second type C,. The objects of C,, are the multi-
plicative categories (€, ®, I), where € is an object of C. Given two such

objects (€, ®, I) and (C,, ®, I;) the category of morphisms from the first
to the second is

F,.((C, ®,I), (&, ®, I;)). The x-operation of C,, is just the *-operation
of C. One may obviously define a canonical double functor T,,: C,, — C by
setting

T.(C ®,1) =€  TuG ¢,8) =G Tula) = a

'What we are doing in the first half of this section (up to the Corollary of Theorem 4
inclusively) can be done more abstractly in an arbitrary category of the second type.

https://doi.org/10.4153/CJM-1965-076-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1965-076-0

FORMAL CATEGORIES 771

We are now able to make the following assertion: Given two morphisms
(G, ¢,9)

(@1 ®yI) ¢ (@1) ®vII))
(H, ¢, B)

if p: 1¢ = HG and ¢: GH — 1g, are natural transformations, then

((HY ‘pY 6)’ (G7 ¢’ 6)’ p, U)

is an adjoint morphism from (€, ®, &) to (€, ®, ) in C,, if and only if
(H, G, p, ¢) is an adjoint morphism from €; to € and p and ¢ are natural
transformations in Gy, from l,®,n = (s, 1®, 11) to (H, ¢, B) (G, ¢, 6) and
from (G, ¢, 8) (H, ¢, B) to 1¢,®.1my = (le,, 1®. 1) respectively. This immedi-
ately yields the following theorem.

THEOREM 1. Given two morphisms of multiplicative categories

_ G, ¢,9)
(6, ®,1) (Cy, ®, 1))
(H, ¥, 8)

and two natural transformations
o: 1s — HG,
d: GH — 1g,,

((H, ¢, B), (G, ¢,98), p, o) is an adjoint morphism from (€1, ®, I) to (€, ®, I)
in G, if and only if (H, G, p, o) is an adjoint morphism from G, to € and the
following diagrams are commutative:

o me x He) Y2 EX0  pe cxe HeW O gy

®*(p><p>] H*¢I \/
px® N8

® ¢ HG®

o GH X G —2* HXH) oo mxm e L8 ¢
®*(0XU)1 G*\I/J anj 6‘[
® « 7+ @ GH ® ne—in g,

Another criterion for adjoint morphisms in C,, will be given in Theorem 4.

If (€, ®, ) is a multiplicative category, then ® may be thought of as a
functor from €° X €° to €° and then (€% ®,I) is also a multiplicative
category. Then, if (€, ®,I) and (€, ®, I;) are multiplicative categories, a
morphism from (€°, ®, I) to (€,°, ®, I1) is a triple (G, x, v) where

G:EC—>C, x:G®—>Q® (GXGEG), and yv:GU) > 1,
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such that

(xaz ® G(O)x4®p.c = (G(4) @ XBe)X4.3Q¢
(v ®@ GANxra = Loy = (G(4) ® ¥)Xar-

THEOREM 2. If (G, x,v) is a morphism from (€° ®,1I) to (€, ®, I,)
and if (H, G, p, o) is an adjoint morphism from €, to €, then there exists a unique
natural transformation ¢: @ (HX H)—> H ® and a wunique wmorphism
B8: I — H(I.) such that the diagrams

GH ® ¢ Gy GQ® (HX H) GH(I) G(B) GU)

g* ® x*(HXH)l \ /
01, Y
Iy

®* X9 o (GHXGH)

®

are commutative. Furthermore,
®(G,x,v) = (H, ¢, 8): (€, ®, 1) — (€ Q,1).
Proof. First we notice that
F(C X €, H),F(€; X €1,G),F(€1 X €4, p), F(€: X €4, 0))
is an adjoint morphism from F(€; X €, €;) to F(€; X &, €). Then, since

(@ * (e X o)(x*(HXH):GQ® (HXH)
=F(& X 6,6)(® (HX H)— ®,

there exists a unique natural transformation

Vv: ® (HX H)—-> F(G€; X €. H)(®)
such that the diagram
F(C61 X €, GF (€1 X €, H)(®)

F(€, X €1,G)(® (H X H))

I
G® (HXH)

‘lx*(HXH)
® (GH X GH)

F(C, X €, G) ()
F(Gy X G4, 0)

® * (¢ X o)

® «

is commutative, i.e. such that the first diagram in the theorem is commutative.
The existence and uniqueness of 8 is obvious. Let us show that

(Hy lpr B) (@h ®y Il) - (@) ®1 I)-

First of all, if 4, B, and C are arbitrary objects of €;, we have that
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04@88cGYa@s.c(Yas ® H(C)))
= 04Q5QcG (¥a®5,0)G¥ar ® H(C))
= (UA(X)B ® UC)XH(A@B)H(C)G(\bAB ® H(C))
= (04®5 ® 0¢) (G(Was) ® GH(O)xuwy®@uwp) 1)
= (0.®@8G (Yap) ® 0co)XuWQu®B) .H(C)
= ({04 ® oB)xawrm ® 0o)XHWRH®B) H(C)
= ((04 ® 05) ® 0c) (xawum ® GH(C))xuwQ@uws)u )
= (04 ® (05 ® 07¢))(GH(4) ® XH(B) H(C)) XH () H(B)QH(C)
= (04 ® ((68 @ so)XuBH)XHM),BHRH(C)
= (04 ® (080G (¥n0)))Xuw), B2 BRH(C)
= (04 ® 058¢) (GH(4) ® G(¥5c))xuw) . mmQH
= (04 ® 73Qc)xuW) . HBRQG(H(A) ® ¥ze)
04@5QcC (Wa,5Q0)G(H(4) ® ¥5c)
04Q®8QcGWa,5@c(H(4) ® ¥5c))

Il

so that

Ya®r.cWas ® H(C)) = Yu,5@c(H(4) @ ¥sc)
and then

T4 G(‘pIA (ﬁ ® H(A)))

(P G(‘I’IA)G(iB ® H(A))

014G 14)G(B ® H(A))

= (o1 @ s)xmrDG(B ® H(A4))
= (07 ® 04)(G(B) ® GH(4))x1,m4
= (0'1 G(ﬂ) ® O’A)XI,H(A)

= (v ® oa)xr.8

= (1 ® 04)(y ® GH(4))xs.5)

= 04 ]-GH(A) = 04 G(]-H(A))

so that Y;4 (8 ® H(4)) = 1. In similar fashion, one shows that
Yar(H(4) ® B) = lu)-

The preceding theorem may be applied in the following situation. Again,
(€, ®,I) and (€,, ®, I,) are multiplicative categories and (H, G, p, ¢) is an
adjoint morphism from €; to €. Then, (G, H, o, p) is an adjoint morphism
from €° to €,° and if

(Hy ¢, ﬁ) (@ly ®:I1) - (@: ®9 I),
then

(H, 'l/v B): (@100) ®v Il) - (@00, ®) I)
and, by Theorem 1, there exists a unique natural transformation

x:GQ® - ® (G XG)
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and a unique morphism v: G(I) — I; such that the diagrams

HG® T rx »H ® (G X G) aem 2, H(y) H(L)

p*® Y+ (G XG) \/

®

are commutative. Furthermore,
Y(H,¢,8) = G, x,v) : (€, ®,I) = (& ®, I).

THEOREM 3. Guwen two multiplicative categories (€, ®,1) and (€1, ®, I1)
and an adjoint morphism

(H, G' P, U): @l__> @,
the correspondences ® and ¥ defined above are inverses of one another.
Proof. We start out from a morphism
(H! ¢1 ﬁ)‘ (@h ® Il) i (@9 ®7 I)
and set W(H, ¢, B8) = (G, x,v) and ®(G, x,v) = (H, ¥, ). Then
onG(B) = on,GH(v)G(p;) = YO a(1) G(PI) =7
so that by the definition of 8/, 8 = 8’. Also, for any objects 4 and B of €,
04®8GWan) = 04®8 GWas)G(law) ® lum)
= 04QB G("I/AB)G(H(UA) ® H(UB))G(PH(A) ® pII(B))
= 04Q5 GH (04 ® 05)GWerw eum)G(paw) @ pucs)
= 04QB GH(oa ® UB)GH(XH(A)H(B>)G(PH(A)®H(B))
= 04Qs GH((c4 ® 0p)Xawr®)G (paw@um)
= (04 ® o) XEWH® Terwr®m) GPrwWRu®B))
= (04 ® oB)XHWH®D

so that
(0*®@)(G*y) = (@ * (¢ X 0))(x * (HX H))

and therefore, by the definition of ¢/, ¢ = ¢/.
Thus, we have shown that ®¥(H, ¢, 8) = (H, ¢, 8). The proof of the other
half of the theorem is immediate, by duality.

In the situation of Theorems 1 and 2, we have thus established a duality
between the morphisms

(H, ¢, 8): (€, ®, 1)) = (€. ®, 1)
and the morphisms

G, x7): (€% ®, 1) — (€ ®, I).
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THEOREM 4. A morphism of multiplicative categories
(G) ¢7 6) (@y ®) I) - (@L ®) Il)
has a right adjoint if and only if there exists an adjoint morphism
(H! Gy P U): @1“‘) @
and a morphism
(G7 X 7)' (@01 ®y I) - (@10’ ®y Il)
such that
ox = 1le®.  0v = lew,
(@ * (6 X0)(xp* (HXH)) =@ *(Xo), 7=1.

When these conditions are satisfied,
((H, ¥, B), (G, ¢,8),p,0): (€1, ®, ) = (€, ®, ])
where (H, ¢, B) is the dual of (G, x, 7).
Proof. Assume first of all that there exists an adjoint morphism
((H, ¥, 8), (G, ¢,8),p,0): (€1, ® ,I1) = (€, ®, ])

and let (G, x,v) be the dual of (H,¢,B8). By Theorem 1, we know that
(H, G, p, o) is an adjoint morphism from €; to € and that the following
conditions are satisfied:

(1) (H=*¢)(x*(GXG)(® *(pXp) =p*®, HOB = ps;

(2) (0x@)(G*y¥)(¢*x(HXH) =Q *(c X0),o,G(B)s = 1.
Then, since (H, ¢, 8) and (G, x, v) are dual, we have that

B) Hx*xx)(p*®) =@=x(GXG)(® *(pXp),H()pr =B,

@) (*x®)G*¢¥) = ( * (¢ X)) (x*(H X H)),o,G(B) = .

Then
(H* (@x)(0*®) = (H*¢)(H*x)(p*®)
= (H#*¢)(y * (G XG)(® * (o X p))
=(p*Q®) = H(le®)(p * @)

so that ¢x = 14 and
H@‘Y)Pz = H(&)H('y)p; = H(@®)B = pr = H<1 e()Pr
so that 8y = 1¢u. Then

(® * (0 X0)(x¢ * (HXH)) =(® * (¢ X0))(x * (H X H))(¢*(H X H))
= (¢ X Q) (G *¥) (¢ * (H X H))
=® * (¢ X 0),
v8 = o,G(B)d = 1p,.
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Conversely, assume that (H, G, p, ¢) is an adjoint morphism from €, to €
and that
G, x,7): (€ ®,1) — (6 ®, )
satisfies the conditions of the theorem, and let (H, ¢, 8) be the dual of (G, x, 7).
Then
(p*®) = (H=*1eQ)(p* Q)
= (H x¢)(H *x)(p * Q)
=H=*¢)y* (G XG)(® *(p Xp));
H©®)8 = HO)H(v)pr = H(Y)pr = H(Lgw)pr = pr1;
® * (0 X o) = (® (¢ X 0))(x¢ * (H X H))
= (® * (¢ X 0))(x * (H X H))(¢ * (H X H))
= (0 x ®)(G *¥) (¢ * (H X H));
on,G(B)6 = vb = 1,,.
Thus, conditions (1) and (2) are satisfied so that, by Theorem 1,
((H, ¥, 8), (G, $,0),p,0): (€, ®, ) = (€ ®, ).

Given two multiplicative categories (€, ®, I) and (€,, ®, I;), a functor
G: € — @, is said to commute with tensor products if G ® = ® (G X G) (i.e.
these two functors are identifiable) and I; = G(I) (i.e. these two objects are
isomorphic; Bénabou (1)). When this is true, then

(Gv 1G®v 111): (CS-" ®v I) - (@1! ®1 Il):
which we indicate simply by
G: (@, ®, I) - (@ly ®) Il)
and obviously
G: (€ ®,I) — (C° ®, I).

If, furthermore, there exists an adjoint morphism

(Hv G; P, 0): @1 - (S-',
then the conditions of Theorem 4 are trivially satisfied so that we have the

following

COROLLARY. Given two multiplicative categories (€, ®,I) and (C,, ®, I,)
and an adjoint morphism

(H, G,p,0): € — G,
of
G: (€ ®,I)— (6, ®, I),

then there exists a unique morphism

(H,¢,8): (CC, ®,I) — (€, ®,I)
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such that
((Hv ‘//1 B)y Gr Py 0): (@ly ®1 Il) - (@, ®yI)

We now consider some examples. If € is a category with a functor “direct
product of two factors,” which we denote by X, and with a zero-object O,
then (€, X, O) is a multiplicative category. The category & of sets and
functions (in some fixed universe) has these properties, the role of zero-object
being played by any set with a single element.

Given any multiplicative category (€, ®, I), Ms(I, €) is a functor from
€ to &. If, given h € Mg(I, A) and & € Ms(I, B) one defines

l)(/AB(hy k) =h ® k € M@(IvAy ®, B)r

then the family ¢ of all the ¢4 is a natural transformation from X (M¢s(Z, €)
X Ms(I, €)) to Ms(I, €)®. Then, if 8 is the function from O to Mg(1, I)
which maps the only element of O onto 1, it is easy to verify that
(Mg(I, €), ¢, B) is a morphism from (€, ®,I) to (&, X, 0). We shall say
that (Mg (I, €), ¢, B) is the canonical morphism from (€, ®, I) to (&, X, 0).

If Ab is the category of abelian groups, considered not as an additive category
but as an ordinary category, if

®:Ab X AL — Ab

is the ordinary tensor product functor, and if Z is the ring of ordinary integers,
considered as an abelian group, then (Ab, ®, Z) is a multiplicative category.

We shall denote by H the forgetful functor which assigns to each abelian
group its underlying set. For any two abelian groups 4 and B, v4p will denote
the canonical bilinear map from H(4) X H(B) to H(A ® B). From the very
definition of the functor ®, we see that the family » of all the v, is a natural
transformation from X (H X H) to H®. Then, if 8 is the function from O to
H(Z) which maps the only element of O onto the generator of Z, one can
verify that (H,», 8) is essentially the canonical morphism from (Ub, ®, Z)
to (&, X, 0).

Now, it is well known that there is an adjoint morphism

(H,G,p,0): A — &,
G being the functor which assigns to each set the free abelian group it generates.

LEmMMA. If E and F are two sets, if A is an abelian group, and if
f:E X F— H(A), then there is a unique bilinear function g making the diagram

HG(E) X HG(F)

pe X pr X

E X F—— (Ha)

commutative.
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Proof. For each x € E, let f, denote the function from F to 4 which maps
each y € F onto f(x, ). There exists a unique homomorphism g, making the
diagram

HG(F)

pr Y(gx)

Pt

commutative. Let us consider the function ¢ from E to Hom(G(F), 4) which
maps each x onto g,. Then, there exists a unique homomorphism ¥ making
the diagram

HG(E)
] Y(tl/)
PE
¢

E —— HMHom(G(F), 4))
commutative. We then define, for all ¢ € HG(E) and all 8 € HG(F)
g(a,0) = (¥(a))(b) € H(4).
It is easy to show that H(g) is bilinear. Then, for any x € E and any y € F,
(pe X pr) (%, 3) = glpu(®), pr(¥) = (o)) (or(¥))
= (0@ (pr(¥) = H(g)pr(y) = g:(y) = f(x, y)

so that g(pz X pr) = f.

Now assume that g’ is a bilinear function from HG(E) X HG(F) to H(A4)
such that g’(pz X pr) = f. For each x € E, let g’, denote the homomorphism
from HG(F) to H(A) that maps each & € HG(F) onto g’ (pz(x), b). Then, for
each y € F,

H(g'D)pr(y) = g (oe(®), pr(¥)) = f(x,5) = f2(y) = H(g)or(y)

so that H(g',)pr = H(g;)pr and therefore g’, = g,.

Now let ¢/ denote the homomorphism from G(E) to Hom (G (F),4) which
maps each ¢ € G(E) onto the homomorphism from G(F) to 4 which maps
each b € G(F) onto g’(a, b). For each x € E,

(HW)pe(x))(8) = g'(pr(x), 0) = g':(b) = g.(b)
= (¢(x))(0) = (HW)pz(x))(d)
so that H(Y)pz = H({¥)pr and therefore ¥’ = ¢. Then, for any ¢ € G(E) and
any b € G(F),
g, b) = ¥ (@)®) = ¥) () = gla,bd)

so that g’ = g.
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ProrosiTioN 3. G: (&, X, 0) — (b, ®, 2).

Proof. It is obvious that G(O) = Z so that we must prove that
GX = ®(G X G). Let E and F be any two sets and let f: E X F— H(A4), 4
being an abelian group. Then, we know that there exists a unique bilinear
map g: HG(E) X HG(F) — H(4), making the diagram

HG(E) X HG(F)

EX F—L 1a)
commutative. Then, we know that there exists a unique homomorphism
¢: G(E) ® G(F) — A making the diagram
H(G(E) ® G(F))

[ Y@
VG(E)G(F)

HG(E) X HG(F) - H(4)
commutative. Thus, ¢ is the unique homomorphism making the diagram

H(G(E) ® G(F))

H
vamaw (b X pr) \fqb)

E X F—f—>H(A>

commutative so that G(E) ® G(F) may be identified with G(E X F) and
vewy o (pr X pr) may be identified with pgxp.

We are now able to conclude, by the corollary of Theorem 4, that there
exists a unique natural transformation ¢': X (H X H) —» H® and a unique
morphism 8': O — H(Z) such that ((H, ¥/, 8'), G, p, ¢) isan adjoint morphism
from (b, ®, Z) to (S, X, 0).

It is easy to see that 8’ = 8 and we shall show that ¢’ coincides with ».
If A and B are any two abelian groups,

H(04@3G (vap))pryxas = H(04@58)HG (van)paaxum
= H(04®5)paa®pVas = vas = vap(H(c4) X H(op)) (oray X pucs)
= H(o4 ® op)vercam (pa) X pum)
= H(o4 ® o5)pr)xa®)

so that ¢,®38G (vas) = o4 ® op and therefore ¢’ = .
Following are a few more examples of a similar type.
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1. If (H,G,p,0): Ab — & is the same adjoint morphism as above,
H: (A°, X, 0) — (&°, X, 0)
and (G, H, ¢, p): ©° — AbHO.

2. Let & be the category of groups and homomorphisms, let * denote the
functor ‘‘free product of two groups,”’ let 1 denote the group with one element,
let + denote the functor ‘‘direct sum of two sets,” and, of course, let @ denote
the void set. Then, (®, %, 1) and (&, +, @) are multiplicative categories, if

H is the forgetful functor from ® to &, H has a left adjoint G, i.e. there is an
adjoint morphism

(H,G,p,0):0—> &,
G being the functor which assigns to each set the free group it generates and
G: (&, +,0) > (O, % 1).
3. If (H,G,p,0): & — & is as in the preceding example, then
(G, H, a,p): 8°— ®°
and H: (& X, 1) — (&°, X, 0).
Our next example is a relative one. We start out from a given multiplicative
category (€, ®, I). If & is any category, then one may identify the categories

F(3, 6 X F(3, € and F(J, € X ©), (F(, ©), F(Q, ®), Eg(1)) is a multi-

plicative category, and obviously
Ey: 6 > F(3, ©)

commutes with tensor products. Now, let us assume that € is an inverse
$-category, i.e. that there exists an adjoint morphism

(Ly ES(, ]-1(5:7 A) F(S) @) — @'
By the Corollary of Theorem 4, we know that there exists a unique natural
transformation ¥: @ (L X L) —» LF(J, ®) and a unique morphism
B:1— LEq(I) = I
such that
(L, ¢, 8): (F(3, €),F(, ®), Eg(])) — (€, ®,1)

and
(L, ¢, B), Er, Lig, N (F(J, €), F(3, ®), Es()) — (€, @, I).

Obviously, 8 = 1;.

For our final example, we start out from an arbitrary category of the second
type C. It is obvious that for each object 4 of G, (M (4, 4), *, 1,) is a multi-
plicative category, which we also denote by T (4).
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ProrositioN 4. If (f, g, §,1): A — B is an adjoint morphism of C, if for
each pair of objects b, k of M (4, A) one sets
bue = fh *n * kg: fhgfkg — fhkg,

¢ = {om) 15 a natural transformation from *(M(g, f) X M (g, f)) to M(g. f)*
and

T g tn) = Mg, ¢ 0: (M4, 4), % 1) — (M(B, B), *, 15).

Proof. To prove that ¢ is a natural transformation, one must show that
given v: b — k' and é: k — k’, the diagram

hgfkg ——— 5 fhE
fhefkg Then ke > fhkg

fry*gf*xdxg fry*xdxg
P b x o % k' oY
T gfk'g _ff_"__L, fH'E'g
is commutative. But this follows from
(W xqxk)(y*gf*8) =v*nxé
=W x1y%8)(y*Laxk)(h*nxk)
= (W *6)(y xk)(h xn % k)
= (y*8)(hxnxk).
One must then show that if %, k, I are objects of M (4, 4),
¢hk,e(¢'hk *ﬂg) = bn,u1 (fhg * ¢kl)y
i.e. one must show that
(fhk * m * 1g) (fh * n = kgflg) = (fh * 7 = klg) (fhgfk * 7 * Ig),
which follows from
(kB *n)(n * kgf) = (kb xn)((n*k) * gh)
(n*k) *n
n * (k * 1)
(n * &) (gh * (k *n))
= (n * k) (ghk * 7).

Finally, one must show that if % is an object of M (4, 4),
G110 ( *fhg) = 1pg = bn1, (fhg * §),

i.e. that
(F*nxhg) (& *fhg) = 1p, = (fh *n % g) (fhg * ).

But this is obvious by the very definition of the notion of adjoint morphism.
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This proposition was established in the case of a concrete category of the
second type of Bénabou (1) and the generalization given here is trivial.
However, we now add the following:

PropositiON 5. If
(@,8): e sm— (e, )
in Ct and if one sets T'(a, B) = M (B, ), then
T 8): T g6 —=>TQ, ¢, 8.

Proof. We must show first of all that the diagram

®M&N X Me) ST arE g X Tre T @M@ X M)

(o} ' ¢’
Mg, f) MB,2)® s M, f)

is commutative, i.e. we must show that if %, k are any two objects of M (4, 4),
the diagram

axh*xBxaxk*xf

Thefkg Fhe'f'kg
fh %0 * kg F'hxn' *kg
a*x hk x (3
fhkg f'hkg

is commutative:
(F'hoxn' * k) @ x % B x b x B)
= (a*xh)* (1 (B *a) * (k*p)
= (axh) x 7 (k+B)
= (a *hk = B)(fh * 1 * kg).

Then, one must verify that ¢’ = M(8, a)is{ = (8 *a)¢. But this is true by
the very definition of a morphism in C#.

TueoreM 5. T is a double functor defined on CF.

Proof. Let A (.88, "LB (f1, g1, &1, m1) C

be two adjoint morphisms of C and let

(fm g2, $2y M2) = (fl, g Sum) (g &n) = (flf, ggy, (fi*x¢* g, n(g *m *f))
Then, if %z and k are objects of M (4, 4),
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(M (g, f) * ¢)(¢1 * (Mg, f) X M(g, /))))m
= (fufh *n * kggy) (f1fhg * n1 * fhggy)
= fifh * (n(g *m1 *f)) * kggr
=foh xn2 % kgy = (¢p2)n-
Thus,

T(flv g1, fl, nl)T(fr & g‘, 77) = (M(glrfl): ¢17 g-l) (M(gvf)y ¢! g-)
= (M(glvfl)M(gv.f)» (Msglvfl) *¢) (¢1 * (M(gyf) X M(grf)): M(glr g-l) (g-)g-l)
= (M(g21f2)1 4)2! ;2) = T(fl: g1, fl, 7)1) (fv g, g‘v 77))

In the situation

(fr g, g‘v 7’) (flv g1, §17 771) .
4 L8 B la, B)  C,
—_— >
g, ¢ (f's gy, ¢un'h)
T((aly Bl) * (ay 6)) = T(al *a, B * 61)

= M(B *ﬁlr (23] *a)
=M@y, @) *xM(@B, @) = T(as, 81) * T(a, B).

Then, if

Efv £, g-) ﬂ)ﬂ:‘—’(f) g/9 g./y ﬂ/)—(q‘i)‘—’(f”v g”! i-”v 77”)1
T, 8) (@ B) = T(a, '8) = M(B'8, o’a) = M(F', o')M (8, a)
=T, T (e B).

Now, let
(e 6m:4—B

be an adjoint morphism of C. We know that

Mg, 1), M(f, g), M(¢, £), M(n, 9))
is an adjoint morphism from (M (4, 4), *, 15) to (M (B, B), *, 15). Thus, we
may speak of the dual of
(M(gvf)v ¢) g_) (M(Av A)y *, ]-A) - (M(Bv B)r *, lB)

Now, one may define a new category of the second type C; by simply replacing
each M (4, B) in G by M(4, B) keeping the same #-operation, and in
Cy, (g, f, n, ¢) is an adjoint morphism from B to A. One may then define, for
any two objects #’, &’ of M (B, B)?,

Ywir = gh' x ¢ x k'f
and one has that
(M(fy g)y ll/y 77>: (M(By B)Oy *, lB) - (M(Av A)Ov *, IA)'

One may then easily verify that this morphism is the dual of (M(g, f), ¢, ).
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4. Formal categories. Given a multiplicative category (€, ®, ), by a
(€, ®, I)-formal category, or simply a (€, ®, I)-category, we mean a quad-
ruple (O, M, u, k), where O is a class, where M is a function from O X O
to the class of objects of €, where u is a family of morphisms in €,

pape: M(B, C) @ M(4, B) — M(4, (),
A, B, C € 9, and k is a family of morphisms in €,
ka:I— M4, 4),

A € 0, satisfying the following two conditions.

FC1. u is associative, i.e. if 4, B, C,D € O,

pacp(M(C, D) ® papc) = panp(uscpr ® M(4, B)).
FC2. Each k4 is a unity, i.e. if 4, B € O,
pans(ks ® M(A4, B)) = Lya.p = naan(M(4, B) ® ka).

The elements of O will be called the objects of (D, M, u, k).

Given two (€, ®, I)-categories (O, M, u, k) and (', M, 4/, k'), by a
(€, ®, I)-functor from the first to the second we mean a function 7', assigning
to each 4 € O an element 7°(4) of O’ and assigning to each (4, B) € O X O
a morphism in €

T(A, B): M(A, B) — M'(T(4), T(B))

satisfying the following two conditions.

FF1.1f 4, B, C € O,

T4, Opape = ¥ reyrm rco) (T'(B, C) @ T'(4, B)).
FF2. Forany 4 € O, T'(4, A)ks = k¥ 1)-
Given two (€, ®, I)-functors
(O, M,y k) —s (O, MY, W, B) s (O, M7, ", 1Y,

we define their product 777 as follows: 7'T(4) = T'(T'(4)) and

T'T(4, B) = T'(T(4), T(B))T(4, B): M(4, B) — M"(I"T(4), T'T(B)).

Let us show that T'T is effectively a (€, ®, I)-functor from (O, M, u, k) to
", M", " K. 1f A4, B, C € O, then
T’T(A» Opase = T'(T(A)7 T(B))T(A, B)#ABC
= T'(T(A), T(B))#,T(A) T(B)T(C’)(T(Br C) ® I'4, B))
= v rrwrrwmr (T (T(B), T(C)® I (T(4), T(B))(T(B,C) ® T(4,B))
=W prwyrrm e (T (T(B), T(C)T(B,C) @ T'(T(4), T(B))T (4, B))
= #”T' T(A) T’ T(B) T'T(C)(TlT(Bv C) ® T/T(A» B))
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so that 77T satisfies FF1. Then
T'TA, Ay =T/ (T(A), TUANT (A, Ay = T'(T(A), TANE ray = k' 1 peay

so that 7'T satisfies FF2. This operation is associative and the function which
assigns to each 4 € O itself and to each (4, B) € © X O the identity mor-
phism of M (4, B) is a (€, ®, I)-functor from (O, My, k) to itself which acts
as an identity.

At this point, we are tempted to speak of the category P(€, ®, I) of all
(€, ®, I)-categories and all (€, ®, I)-functors, and this one can do, if one
assumes, and we assume this from now on without further mention, that the
classes of objects of (C, ®, I)-categories are all taken from some fixed universe.

THEOREM 1. If

(Gy ¢y 6) (@- ®7 I) - (@ly ®1 Il)
is @ morphism of multiplicative categories, if (O, M, u, k) is a (€, ®, I)-cate-
gory and if one sets, for A, B, C € O,
M(A,B) = GM(4, B). Bape = G(panc)bus, ¢). 34,8, ka = G(ka)d,
then (O, M, g, k) is a (€1, ®, I,)-category which we denote by

P(G. ¢,8) (D, M, u, k),

while if

T: (O, M, u k) —> (O, M,u. k)
in P(C, ®.1) and if one defines T(4) =T1(4) and T(/{,B) = GT'(4, B),
then T is a (G, ®. I)-functor from (O, M, g, k) to (O'. M', i, k') which we
denote by P(G, ¢,08)(T). The correspondence P (G, ¢,8) is a functor from
P(C, ®.1) to P(Cy, ®, I1).

Proof. Let us show first of all that (O, M, g, k) is a (€. ®, I)-category.
We notice that

M(@B,C) ® M(4, B)
— GM(B, ) ® GM(4, By——————G(M(B, C) ® M(4, B)) Z#azc)
bru(B. 0 M4,B _
GM(4,C) = M (4, C)
and that
L3 e E*), e, 4) = 114, ).
Then, if 4,B,C,D € O,

Basp(Epep @ M(A» B))
= G(panp)dum,pyma,0)(Gupep) ® GM (A4, B)) (ducc.oyme. ) ® GM(4, B))

= G(ua80)G(upcp ® M(A, B))duic.0y®@ms. ¢). 3.8 (Drc.oyms. o)
® GM (4, B))
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= G(pacp)G(M(C, D) ® papc)duie.n).u Q.5 (GM(C, D)

® bus. o)ma.B)
= G(paco)buce.oyuu, ) (GM(C, D) @ G(uapc)) (GM(C, D) @ (s, c)mca.p)

= Ia C'D(M(Cy D) ® fiasc)

so that (9, M, @, k) satisfies FC1, and also,

Gaps(ks ® M(A, B)) = G(uann)dus.pmua.n(Gks)d @ GM(4, B))
= G(#ABB)¢M(B,B)M(A,B) (G(kB) ® GM(A, B))(5 ® GM(A, B))
= G(uapp)G(kp @ M (A, B))br,uu.» (0 ® GM (A4, B))

= G(]-M(A,B))]-GM(A,B) = lﬁ(A,B)

so that (9, M, i, k) satisfies half of FC2. That it satisfies the other half of
FC2 may be shown similarly.
Now, let us show that

T: (Q! M! ﬁ! ](-/‘) - (QI, M’Y "—"’! ]E,)‘
If4,B,C €9,

T(A, Oape = GT'(4, O)G(uapc)bus, o) a5
= GWasc)G(T(B,C) @ T(A, B))bws.c)ma.m
=GWapc)ouw i omww.n(GT(B, C) ® GT (4, B))
=@apc(1"(B,C) @ T'(4, B))
so that 7 satisfies FF1 and also
T(A, A)ks = GT(A, A)G(k4)s = G(T (A, A)ks)6 = G(k'4)6 = k',
so that 7T satisfies FF2.

Finally, that P(G, ¢, §) is a functor is trivial. We notice that if G permutes
with tensor products and if (O, M, u, k) is a (€, ®, I)-category, then

PG)(O, M, pu, k) = (O, GM, G(u), G(k)).

If (G, ®, I) is a multiplicative category, there is a canonical morphism
(see §3)
(Me(L, €),¢,8): (€, ®,1) — (&, X,0)

and P(M¢s(I, ©), ¢, B) assigns to ea_ch (€, ®, I)-category (9, M, u, k) its
“underlying ordinary category” (O, M, i, k), where

M(4,B) = Ms(I, M (4, B)),
Banc(g,f) = pasc(@ ®f): I — M(4, 0),

and k, assigns k4 to the only element of O.

THEOREM 2. Given two morphisms of multiplicative categories
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(G, 9,0), (G, ¢',8): (€, ®,1) > (€, ®, I)
and given

a: (G, ¢,0) — (G, ¢, 8")
if for each (G, ®, I)-category (O, M, u, k), one sets, for each A,B ¢ O,
P(a) @m0 (4d) = 4 and
P(a)©,mm0 (4, B) = aywu,n:GM(4, B) - G'M(4, B),
then P(a)©, .1 95 @ functor from P(G, ¢, 8) (O, M, u, k) to
P(G', ¢, 6) (D, M, p, k)

and the family P(a) of all the P(a) (o, oS @ natural transformation from
P(G, ¢,9) to P(G', ¢, ).

Proof. First we set

P(G, ¢,8)(D, M, p, k) = (O, M, , k),

P(G', ¢!, 6) (D, M, p, k) = (O, M*, g*, k).
Then,

P(“)(D,M,u,k) (A, C)ﬁABc = aM(A,c)G(#ABC)¢M(B,c)M(A.B)
= G'(kaBc)anuB, Qua,ByPMu(B, ) M(4,B)

= G (kaBc)d'u, oma,» (@us o ® aia,n)

Blapc(P(a) @m0 (B, C) @ P(a)®,a.un(4, B))
so that P(a) o, 4.1 satisfies FF1, and
P("«)(D,M,u,k) (A, A)EA = aM(A,A)G(kA)6 = Gl(kA)a, 0= Gl(kA)’Sl = k-'Al

so that P(a)©,sr.x,1 satisfies FF2.
Then, to prove that P(a) is a natural transformation, one must show that
given any (€, ®, I)-functor
T: (O, M, u k) — (O, M', i, ),
the diagram

PG, ¢, 8)(O, M, u, k) Pl@oaun ,  pe1, g1, 59(D, M, u, )

P(G, ¢,0)(T) P(G, ¢!, 8)(T)

P(GY ¢? 6) (S/Y M/Y #,7 k,) P<G1? ¢1) 61) (D,) M” “,7 k/)

P(“)(D',M’.u’,lc’)

is commutative. But this is equivalent to showing that for any 4, B € O, the
diagram
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GM(4, B) $a(4,B) — G'M(4, B)
GT(4, B) G'T(4, B)
GM'(T(4), T(B)) AT, TOB) » G'M'(T(A), T(B))

is commutative, and this is true simply because a is a natural transformation
from G to G

THEOREM 3. For any concrete category of the second type G, P is a double
functor on G,

Proof. First of all, let us consider two morphisms of multiplicative categories

6 1088, 6, 0 1) L8, (¢, 0 1
and let (O, M, u, k) be a (€, ®, I)-category. Set
P@G, & OPG, ¢,8) (O, M, u, k) = (O, M", u’, k).
Then, for any 4, B, C € D,

ﬂ"ABc = G:(G(“AB c)_¢M<B.C)M(A.B))$H(B.C)M’<A,B)
= GG (pan c)G(?M(B,c)M(A,B))$GM(B,c>GM(A.B)
= GG (papc) (G * ) (é * (G X G)))us, o) mca,m

and _
'y = G(G(k)8)6 = GG (k)G (8)6

so that (O, M", W', k") = P((@G, &,8) (G, ¢,8) (D, M, u, k). If
T: (O, M, p k) — (O, M',u, F),
then it is trivial to show that
P@, $,5)P(G, ¢,8) (1) = P(@G, ,9)(G, ¢, ) (D).

Thus, we have shown that PG, &, §)P (G, ¢,8) = P((@, &, §) (G, ¢, 8)). Then,
it is also trivial to establish that if

G, 6 8) 2 (G, ', 8) 2 (G, 8", 8",
then P(a’a) = P(a’)P(a); while if
@G 85 -2 @, .9,
then P(@ * a) = P(@) * P(a).

Before we consider some examples, let us reconsider the situation of the
Corollary, Theorem 4, §3. One is given two multiplicative categories (€, ®, I)
and (€;, ®, I;) and an adjoint morphism

(Hv Gr P, U): Cl—)cy
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where G commutes with tensor products. There exists a unique natural trans-

formation ¢: ® (H X H)—H ® and a unique morphism g:1— H(I,)
making the diagrams

GH®
AN
AN
AN
AN
AN
7*® NG *¥
AN
AN
AN
AN
AN
© 22X o GHXGH) =G (H X H)
GH(Iy)
i NG
I \

1o g >;
— 1] = (I)

commutative and (H, ¢, 8) is a morphism, while ((H, ¢, 8), G, p, ¢) is an
adjoint morphism from (€;, ®, I;) to (€, ®, I). Then
P#((Hr 'pv B)y Gr Py 0’) = (P(Hy '/’1 ﬂ)y P<G)y P(p)f P(a'))

is an adjoint morphism from P(G,, ®, I;) to P(€, ®, I). Of course, P(G)
assigns to each (€, ®, I)-cat_egory (O, M, u, k) the (G, ®, I,)-category
(O, GM, G(u), G(k)). Let (O, M, g, k) be a (€, ®, I)-category and let

(O, M, u, k) =P(H, ¢, 6) (O, M, g, k).
Then, M = HM. Given 4, B, C € O,
vase = H(@apc)¥ms, omu,p
is the only morphism in € making the diagram

G(HM (B, C) ® HM (A, B)) m GHM (4, C)
” AB

GHM (B, C) ® GHM (4, B)
TM(A,C)
03B, c) Q 03 (4,B) 1

M(B, C) ® M(4, B) Rapc M4, C)
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commutative, while k4, = H(k4)8 is the only morphism making the diagram

GHM (4, 4)
/!

G(kA)//
/

/
/

GI) = T—LM(A,A)

OM(4,A)

commutative. Then, P(p)o,x.u0 15 a (€, ®, I)-functor with the following
universal property: given a (€, ®, I)-functor

T: (O, M, u, k) —>P(H, ¢ 8)(D, M,z k),
there exists a unique (€,, ®, I)-functor T making the diagram

P(H$ ¢? B)P(G) (D? MY “7 k)

AN _
Pp)o,mup \I\)\(H’ ¥, 8)(T)

i

| .,
(Sy My My k) —_[‘_’P(Hv 'pr 6)(®v Mv i, ]6)

commutative. If 4, B € O, T(4, B) is the only morphism in €; making the

diagram
HGM (4, B)
N H(T4, B
PM(4,B) N (T'(4, B))
AN
M(A, B) L4 B, HM(T(4), T(B))
commutative.

Similarly, P(¢)®,3.3.5 is a (€1, ®, I)-functor with the following property:
given a (€, ®, I,)-functor

T:PG)(D, M, u, k) — (D, M, g, k),
there exists a unique (€, ®, I)-functor 7" making the diagram

P(G)P(H, ¢, 8) (D, M, g, k)

N
\\
P() s P G)(D)
\.
_ AN
@, M, 7, ) ——— P(G)(D, M, 1 B)
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commutative. If 4, B € O, T(4, B) is the only morphism in € making the

diagram
GHM (T'(4), T(B))
O (T(4), T(B)) G(T(A,B))
(), 7(B) LB Gara, B)
commutative.

We now consider some examples. First of all, it is obvious that the (&, X, 0)-
categories are just the ordinary categories €, where for any two objects 4 and
Bof €, M(A4, B) is a set, and that the (&, X, O)-functors are just the ordinary
functors of these categories.

In the more general case of an arbitrary category € with direct product and
O-object, the (€, X, O)-categories with a single object are the semi-group-like
objects of (2). If the objects and morphisms of € are categories and functors,
multiplied in the usual fashion, if X is the ordinary direct product of categories
and functors, and, of course, if O is the trivial category consisting of a single
morphism, then the (€, X, O)-categories are categories of the second type and
the (€, X, O)-functors are double functors.

The (b, ®, Z)-categories are just the additive categories and the (Ub, ®, Z)-
functors are just the additive functors. The (b, ®, Z)-categories with a single
object are essentially just rings. Now we know that there is an adjoint
morphism

((H,»,8),G,p,0): b, ®,2) > (&, X,0),
which induces an adjoint morphism
Pt((H, v, B),G,p,0) = (P(H,»,B), P(G), Plp), P(0))

from P(Ab, ®, Z) to P(S, ®, 0). It is easy to see that in this case P(H, », ()
assigns to each additive category its ‘‘underlying ordinary category’’ and to
each additive functor, itself considered as an ordinary functor. We notice that
P(G) assigns to each (&, X, O)-category with a single object, i.e. to each
semi-group, the semi-group-ring over Z that it generates.

For each additive category (9, M, u, k), we shall call P(G) (D, M, p, k) the
free additive category generated by (£, M, u, k) and P (p) (9,441 the canonical
functor from (O, M, u, k) to P(H, v, B)P(G) (D, M, u, k).

At this point, we notice that if O is a fixed class of objects and if, for each
multiplicative category (€, ®,I), Po(€, ®, I) denotes the subcategory of
P(€, ®, I) whose objects are the (€, ®, I)-categories with © as class of
objects and whose morphisms are the (€, ®, I)-functors leaving the elements
of O invariant, then Pg may be extended in the obvious way to a double
subfunctor of P, which we also denote by Pg, and that what we have said so
far about P also holds for Pg.
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Now, let & be any category and let (€, ®, I) be a multiplicative category,
where € is an inverse J-category. We know that there is an adjoint morphism
((Ly 'p: 1I)y ES‘) 11@) )\) (F(\ij @)v F(Sy ®)v ES‘(I)) - ((gr ®v I)

so that
PQ#((Ly ll/, ]-I)y ES‘! 11@v )\) = (PD(Ly 'pr 11)7 PD(ES‘)V PD(ll(.g)r PD(X))
is an adjoint morphism from Pgo(F (G, €), F(&, ® ), Es(1)) to Po(€, ®, I).
But the category Po(F (S, €), F(8, ®), Eg(I)) may be identified with the
category F (&, Po(G€, ®, I)) and then the functor Po(Eg) is identified with
E;:Po(€, ®,1) > F(3, Po(€, ®, D).

Thus, we have the following theorem.

THEOREM 4. Given a multiplicative category (€, ®, 1), if € is an inverse
S-category, then so is Po(C€, ®, I).

Let us see what inverse limits look like in Po (€, ®, I). Let

F: 3 —Po(€, ®,1)

be a functor. For each object 7 of &, let F(2) = (O, M, p?, k). Then, for
A, B € O, the function M (4, B) which assigns to each object ¢ € & the
object M ,(4, B) and to each morphism . : 7 — jin & the morphism F(.) (4, B)
is an §-diagram of €. Furthermore, the family z of all the u$5c, 4, B, C € O,
is a natural transformation from M (B, C) ® M (A, B) to M (4, C) and the
family £ of all the £ is a natural transformation from Eg(I) to M(4, A).
One sees that (O, M, g, k) is the (F(&, €), F(S, ®), Eg(I))-category with
which F is identified. Applying Po(L, ¢, I) to (O, M, i, k), one obtains a
(€, ®, I)-category (0O, M, u, k), where for 4, B, C € O,

M(A,B) = LM(A, B).
Now u4pe is the unique morphism in € making the diagram

Eg(LZI'II'(B, C) @ LM(A4, B)) “Esna EgLM (4, C)
|

EgLM (B, C) @ ELM (A, B)

Niz(a, 0)
>\-1l7(B,C) ® )\H(A,B)
M(B, C) ® M (4, B) fanc > M4, 0)
commutative and k, is the unique morphism in € making the diagram

EqLM(A4, A)

Es®),”  Disn
7

k4

Eg(I)

M4, 4)
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commutative. Furthermore, if we set
A,y = Nsza,m : EgM(4, B) — M(A, B),

then the family A of _all the A(A4, B) is a natural transformation from
Eq(D, M, u, k) to (D, M, &, k), which is identified with F, with the following
universal property: given a natural transformation

I: Eg(O, M', W, k') > F,
there exists a unique (€, ®, I)-functor 7" making the diagram

ES(QY M! ”, k)
N

AN
A \Es(T)
I AN
F—Eg(O, M’, u', k')
commutative. For 4, B € , T(4, B) is the unique morphism of € making
the diagram

E¢M(A4, B)
AN

II(4, B)

M(4, B) EgM' (A, B)

commutative.
As a corollary of Theorem 4, we have that for any class O, the categories

Po(S, X, 0) and Po(Ub, ®, Z) are inverse J-categories, at least for any
proper category .

THEOREM 5. Given a morphism of multiplicative categories
(Gy ¢y 6) : (@y ®1 I) - (@11 ®1 Il)y

if € and €, are inverse S-categories and if G is an inverse S-functor, then Po (G, ¢, 8)
s an inverse J-functor.

Proof. By hypothesis, (F (S, G), G) is a morphism from

(Lr ES‘: 11@; )‘) : F(S‘) @) - @
to
(L, Eg, 13, N) : F(3, €1) — €y
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It is then easy to verify that ((F(§,G),F(S,¢), Eg()), (G, 4,0)) is a

morphism from

((L, ¥, 1), Eg, 115, N) = (F(J, €), F(§, ®,), Eg(I)) — (€, ®, I)
to
((Ly Jy 111)9 ES! 11@1) )\) : (F(Sy 61); F(S(y ®), ES‘(II)) i (@11 ®9 Il)

It then suffices to apply (Po)# and remark that when the categories
Po(F(8, €), F(3, ®), Eg(I)) and Po(F(S, €1), F(J, ®), Es(I1)

are identified with the categories F (g, Po(G€, ®, 1)) and F(&, Po(C€,, ®, Iy))
respectively, then the functors Po(F (S, G), F($, ¢), Es(6)) and

F(3, Po(C, ®,1))

are identified.

Finally, let us consider a concrete category of the second type C. In C, we
consider an adjoint morphism

A SN

which induces a morphism of multiplicative categories
T(Ty Uy g‘) 17) = (M(Ur T); ¢’» g‘) (M(@r @)7 *, 1@) g (M(@], @:l)y *, 1@1)- NO‘V
M (U, T) has a left adjoint, i.e.

M(U, T), M(T, U), M(g, ), M(n, n))

is an adjoint morphism from M(E, €) to M (G, €,). But, in general, this
adjoint morphism does not satisfy the other conditions of Theorem 1, §3, so
that it does not induce an adjoint morphism from Pog(M(GE, ©), x, 1s) to
Po(M(G,, €,), *, 1g,). However, if € and €, are inverse J-categories, by the
Proposition of §2, in dual form, M(E€, €) and M(G,, €,) are inverse J-cate-
gories and then, since M (U, T) is a right adjoint, it is an inverse §-functor (2,
I1, Proposition 2.9) so that by Theorem 5,

PD(M(Uy T)y d)v .{‘) PQ(]‘/[(@) @)y *, 1@) - PS(Z‘/[(@Ia @1)! *, 1@1)

is an inverse §-functor.

We notice that when O contains a single element Pgo (M (G, §), *, 1¢) is
essentially the category of fundamental constructions of Godement (4) (or of
dual standard constructions of Huber (5)) of € and their morphisms, a funda-
mental construction of € being a triple (S, 7, ), where S is a functor from
€ to € and 7:.S? — Sand «: 1g — S are natural transformations such that

m(r *S) = 7(S *m), 7k *S) =1g =7(S *«)

and a morphism from (S, =, k) to (S, 7', «’) is a natural transformation
7:.S — .5 such that

m=7'(r*7) and 7k = «.
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We notice that in this context, part of Theorem I is a generalization of (5,
Theorem 4.2).

5. Appendix on inverse and direct limits. Let & be a category and let
(€, ®, I) be a multiplicative category. We shall show that if one replaces
Po by P in Theorems 4 and 5 of §4, then these theorems remain valid, provided
& is not too large. Of course, one cannot use the same method of proof; the
categories P(F (S, €), F(3, ®), Eg(I)) and F(S, P(C, ®,I)) cannot be
identified.

We begin with a remark. If (O, M, u, k) is a (€, ®, I)-category and if
f: ' — O is a function, then one can define a new (€, ®, I)-category
(O, M, W', k') by setting

M'(4’, B") = M(f(4),f(B"), Wamc = wpanssyner  ka = kyan
and, obviously, there is a canonical functor
T: (O, M, W, k) > (D, M, u, k)
defined by
T) =fA4), T4, B) = lugun.nemn.

We shall say that (O', M’, u’, k') is obtained from (9, M, u, k) by replacing
O by ' through f.

Now let F: § — P(G, ®, I) be a functor. We have assumed that the classes
of objects of (€, ®, I)-categories are all taken from some fixed universe, and
we now assume that & is not too large, i.e. that the class of all its objects and
morphisms is in this same universe. For each object 7 of J, let

F(i) = (Qiy M, py, ki)-

The function which to each object 7 of & assigns the class £; and which to each
morphism :: ¢ — j assigns the function ¢, : O; — O; induced by F(:) is a
functor which has an inverse limit (2, {¢;: O’ — 9,}). Now, F induces a
functor

F': 3 —>Po (€ ®,1),

where for each object 7 of &, F'(¢) = (O, M’;, u's, k';) is obtained from
(D4 My, ps, k:) by replacing O, by £’ through ¢; and where for each morphism
v:1—jof & F'()(4) = A and

F'()(4', B") = F(1)(q:(4"), ¢:(B"): Mi(q:(4"), ¢:(B")) —
M;(t.g:(4"), t.9:(B") = M,(q,(4"), ¢;(B")).

Furthermore, for each object 7 of &, there is a canonical (€, ®, I)-functor

Qi (D', My, k) — (D4 My, psy ki)
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and these form a natural transformation Q: F' — F. Given a natural trans-
formation

P: ES(O,,, M’l’ Il,,, kll) — F
for each object 7 of &, P, induces a function p;: O’ — O, and there exists a

unique function 4: O — O’ such that p; = ¢; h for each <. Then, for each
1, we set H,(4") = A" and

H,(A" B") = P,(4", B"): M" (A", B") — M(p:(4"), p:(B"))
= Mi(g: h(4"), ¢: k(B")) = M's(h(A"), h(B"))

and the class H of all the H; is the only natural transformation making the

diagram
FI
'\\ I
Q N\
P AN
F ¢ ES(S,I, MII’ M,,, kll)
commutative.

By Theorem 4, §4, F’ has an inverse limit
A Eg(O, M W, k) > F

in Po/ (€, ®, I). Then, F’ induces a functor
F': § - Puon (€, ®, 1),

where for each object 7 of &, F''(¢) is the (€, ®, I)-category obtained from
O, M, s, k';) by replacing O’ by A(D’’) through the natural inclusion
k' of h(D") in ', and the direct limit of F"’ in Py (€, ®, I) is just the
(€, ®, I)-category obtained from (2’, M’, u’, k') by replacing O’ by A(D")
through 4. It is then easy to see that there is a unique (€, ®, I)-functor K
making the diagram

Eg(O', M', v\ k')
AN

A \\Es (K)
AN

H

N
Fl ES‘(Q”, M/I’ ull, kll)

commutative. We have thus proved the following theorem:

TrHEOREM 1. If (€, ®, I) is a multiplicative category and if € is an inverse
J-category, then P(€, ®, I) is also an inverse J-category provided the class of
all objects and morphisms of  is in the universe from which the classes of objects
of (€, ®, I)-categories are taken.
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The proof of the next theorem is left as an exercise to the reader.
THEOREM 2. Given a morphism of multiplicative categories
(G: ¢, 6)' (@v ®y I) - (@ly ®y Il)y

if € and €, are inverse J-categories and if G is an inverse J-functor, then
P (G, ¢, 9) is an inverse S-functor, provided S satisfies the condition of the preceding
theorem.

It is now natural to ask under what conditions a category Po (€, ®, I) is
a direct J-category. Although we cannot answer this question in general, we
shall be able to answer it for the categories Po (&, X, 0) and P (b, ®, 2)
when & is a proper category (the class of its morphisms is a set).

First of all, in Po(&, X, 0), direct sums may be constructed pretty much
the same way as one constructs the direct sum (or free product) of a family
of semi-groups. We shall call the objects and morphisms of Pg(S, X, 0)
simply O-categories and O-functors. Let {€;};; be a family of O-categories,
where I is a set. One may construct a new O-category € as follows. If 4, B € O,
the morphisms from A to B in € are the finite sequences

(1) fA=Ao'*fil—’A1'f—{L> ..... 'fin-"Am=B

where each f;, is a non-identity morphism in €;, and no two successive
morphisms in this sequence belong to the same category ;. Given another
such sequence

) ¢:B =B, 2, p B, Lin,B =,

the product gf is the sequence from A to C obtained by writing sequence (2)
after sequence (1) and carrying out all possible multiplications and cancella-
tions so that the proper conditions are satisfied. It is not any more difficult
to prove that this operation is associative than to prove the operation associa-
tive in the free product of a family of semi-groups. Of course, for each 4 € O,
one must admit the existence of a void sequence from 4 to 4 to have a unity
morphism for 4 in €. For each ¢ € I, there is an obvious canonical imbedding
O-functor T';: €; — € and these functors define € as a direct sum of {€;},¢; in
Po (S, X, 0).

Given an O-category €, by a regular equivalence relation of € we mean a
family R = {R(4, B)} 4,80, where each R(A4, B) is an equivalence relation
of the set M (A4, B), such that if f,f € M(4,B) and g, g € M(B, C), then

f=f(R(4,B))and g = ¢ (R(B, () = ¢gf = ¢f (R(4, ).

The following properties of regular equivalence relations of € are obvious
generalizations of well-known properties of regular equivalence relations on
semi-groups.
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1. The regular equivalence relations of € may be partially ordered in the
obvious way: any family of regular equivalence relations of € then has an
intersection, and there is a coarsest regular equivalence relation of €.

2. If T is an O-functor defined on € and if for each 4, B € O, one defines
an equivalence relation Ry(4, B) on M (4, B) by

f=fR(4,B) =T =T,

then Ry = {Ry(4, B)}4,s0 is a regular equivalence relation of €.

3. Let R be a regular equivalence relation of € and for each morphism
f: A — B in G, let f denote the equivalence class containing f determined by
R(4, B) in M(A4, B). One can define a quotient O-category €/R as follows:
for 4, B € £, the class of morphisms from 4 to Bin §/Ris M (A4, B)/R(A4, B)
and given f € M (A4, B), g € M(B, C), gf = gf. There is an obvious canonical
O-functor T from € to €/R defined by T(f) = fand one has that R, = R.
Furthermore, this canonical O-functor has the following universal property:
if 7: € —» D is an O-functor and if R; is coarser than R, then there exists a
unique O-functor S: €/R — D such that T" = ST';.

One is now able to prove that any two O-functors 7, 77: 8 — € have a
cokernel. There is at least one regular equivalence relation R on € such that
TrT = TxT’, namely the coarsest regular equivalence relation of €. There is
then a finest regular equivalence relation R of € with this property, namely
the intersection of all the regular equivalence relations of € with this property.
Then, T'y: € = €/R is a cokernel of the pair (7, 7). Then, by a result in
(7), any diagram in Po(&, X, O) with a proper category of indices has a
direct limit.

Remark 1. 1f one defines an O-precategory as what is left of an O-category
when one drops the operation, then it is possible to define a notion of free
©-category generated by a given O-precategory.

Remark 2. One could show that in the category P'o(S, X, 0) of all -
groupoids, i.e. ©-categories in which all morphisms are invertible, and all
their O-functors, every diagram with a proper category of indices has a direct
limit, and that every O-precategory generates a free O-groupoid. The argu-
ments involved are now obvious generalizations of known arguments for
groups.

Remark 3. If C is a category of the second type, then one may define a
regular equivalence relation R on Gy as follows: if f, f* € My(4, B), then f R f’
if there exists a finite sequence of morphisms

F=5f, fi—5 0y, o fs fi—2sfs

ending with f’. The canonical functor T'z: Cy — Cy/R may be extended in a
trivial fashion to a double functor T: C — Cy/R, i.e. one defines for each
a:f—f" in M(4,B), T(a) = 17,(f). Then T has the following universal
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property: if U is a double functor from C to the ordinary category D, then
there exists a unique functor V: Cy/R — ® such that U = VT.

Before we turn our attention to the category Po(Ub, ®, Z), let us consider
the following situation. We are given an adjoint morphism

(Hv Gr Py 0-): @1_) 6-:

with the following properties:

Cl. Given two morphisms f, f': A — B in €, if H(f) = H(f"), then f = f'.

C2. Given a family of morphisms {f;: H(A;) — H(A)}; in G, there exists
g: A — B in €, with the following properties:

(i) For each ¢ € I, there exists f;: A; — B such that H(f,) = H(@)fs

(ii) If h: A — C is such that for each ¢ € I, there exists f/;: A; — C such
that H(J';) = H(h)f,, then there exists a unique k: B — C such that & = kg.
In this situation, we may assert the following:

If € is a direct J-category, then so is €.

For let F: & — §; be a functor. Then HF has a direct limit

Nt HF — Eq(4).

Let I be the class of objects of & and let 3: G(4) — B be the morphism in
S, correspondmg to the family {pA i} ier by C2. For each ¢ € I, there exists
fi: F(Gi) = B such that H(f) = H(g)pa \+. Then {f.}.; is a natural trans-
formation from F to Eg(B) and we show that it is a direct limit of F. Let
a: F— Eg(C) be a natural transformation. Since M is a direct limit of HF,
there exists a unique 8: 4 — H(C) such that H(a) = Eg(B)\. Then, there
exists a unique h:G(4) — C such that 8 = H(k)p so that for each ¢ € I,
H(a;) = BN; = H(h)p\; and therefore, by the choice of 7, there exists a unique
k: B — C such that A = kg. Thus, k is the only morphism from B to C such
that

H(a:) = H(k)H@pNi = HE)H () = H3f),

i.e. by C1, such that a; = kf;, for each i € I.

As an application of the preceding criterion, we consider the case where
(H, G, p,0): Ub — &, H being the forgetful functor and therefore obviously
satisfying condition C1. But it is easy to show that it also satisfies condition
C2, for given a family of functions {f;: H(A;) — H(A)} ., the natural
homomorphism g: A — A/N, where N is the submodule of 4 generated by
all elements

fila 4+ a’) — fi(a) — fi(@), a,d € 4,1 € I,

has the desired properties. Thus, we may conclude that since & is a direct
J-category for each proper category &, b is also a direct §-category for each
proper category &. But then, (H, G, p, 0) induces the adjoint morphism

(Po(H, v, B), Po(G), Po(p), Po(0)): Po(Ab, ®, Z) —» Po(S, X, 0)
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and P, (H, v, B) is also a forgetful functor (it assigns to each additive category
its “‘underlying ordinary category’’). We show that Pg(H,», B) satisfies
condition C2. We shall call the objects and morphisms of Pg(b, ®, Z)
simply additive O-categories and additive O-functors.

By a regular equivalence relation of an additive -category €, we mean a
regular equivalence relation R of the ordinary O-category € which is com-
patible with addition, i.e.

f=f(R(4,B))and g = ¢'(R(4,B)) =f+ ¢ =f + ¢ R(4, B))

for any 4, B € O. A regular equivalence relation R of € is then determined
completely by the “ideal” It = {M (4, B)} 4,50, where each

M4, B) ={f € M(4,B) f=0(R(4, B))}.

An ideal M of € is just a family {M (4, B)} 4,50, where each I (4, B) is a
submodule of M (4, B) and where

f€ M(A4,B)and g € M(B, C) = gf € M(4, O),
g€ MB,C)and h € M(C, D) = hg € M(B, D).

One could obviously enumerate properties of these ideals analogous to those
we have given for regular equivalence relations in ©-categories, which general-
ize well-known properties of ordinary ideals in rings.

Given a family E = {E(A4, B)}4,se0, the intersection of all the ideals I of
@€ such that E(4, B) € IMM(A4, B) for all 4, B € O will be called the ideal of
€ generated by E.

Now, given a family of ordinary O-functors

T {Ci— €} ier

there exists an additive O-functor 7: € — D with the same properties as g
in condition C2. For each 4, B € O, let E(4, B) be the subset of Mg(A4, B)
consisting of all morphisms

Tl(f+fl) - Tl(f) - Ti(f,)7 f’f, 6 M@i(AvB))’i E 11

and let I be the ideal of € generated by E = {E(A4, B)}4,5e0'. Then, one
may take 7 to be the “natural”’ functor from € onto €/IN.

Then, since we know that Po (&, X, O) is a direct 3-category for each proper
category &, our criterion allows us to assert that Pa (b, ®, Z) is a direct
J-category for each proper category .
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