
FORMAL CATEGORIES 

J.-M. MARANDA 

1. Introduction. A category S is made up of its class of objects O, of a 
function M (or Mçg) which assigns to each (A,B) Ç O X O the class M(A, B) 
of all morphisms from A to By of an operation JJL which is a class of maps 

fiABC: M{B, C) X M(A, B)-* M(A} C), 

A, B, C £ O, and of a family of maps 

.4 G D, where 0 is a set with a single element. The operation is associative, 
i.e. for any A, B, C, D Ç £), 

1. MACD W C D ) X iXABc) = »ABD(»BCD X M ( 4 , 5 ) ) , 

and each map ^ picks out from M (A, A) the identity morphism of A, so that 

2. HABB(kB X MG4, 5)) = 1MU,B) = HAAB(M(A, B) X kA). 

This characterization of the notion of category leads quite naturally to the 
following generalization. One starts out with a class of objects D. Then, instead 
of assigning to each (A,B) £ £) X O a set 717 04 ,5 ) , one could choose M(A, B) 
in the class of objects of some ordinary category 6. One must then have a 
functor ® : S X Ë —» Ê to be able to define an operation ju consisting of 
morphisms 

MA*C: M(B, C) ® Af(,4, B) - * AfU, C) 

and one must choose some special object / of 6 to play the role of the set 0. 
Then, to be able to express generalizations of 1 and 2, one must assume that 
® is associative, i.e. that ((£ ® Ê) ® 6 and (S ® (S ® Ë) are equal or 
identifiable, and that 7 acts as an identity for ®, i.e. the functors 7 ® S and 
S ® I are equal to or identifiable with lg. We thus need to assume precisely 
that ((£, ®, 7) is a multiplicative category in the sense of Bénabou (1). A 
system (£), 5DÎ, /z, &) satisfying these conditions will be called a (£, ®,7)-
formal category, or simply a ((£, ®, 7)-category. One may then generalize the 
notion of ordinary functor to a notion of ((£, ®, 7)-functor. The (S, ®, 7)-
categories with classes of objects in some fixed universe (with fixed class of 
objects D), and their (6, ®, 7)-functors (leaving the elements of D invariant), 
form a category P (S , ®, 7) (P©(S, ®, 7)). 
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If the objects and morphisms of £ are categories and functors, multiplied 
in the usual way, if ® is the ordinary direct product of categories and functors, 
and if / is a trivial category with a single morphism, then the (S, ® , / ) -
categories are what we shall call categories of the second type. This notion 
is studied in §2. It is characterized by the five "laws of calculation with functors 
and natural transformations" of Godement (4, Appendice) and is a special 
case of the notion of double category of Ehresmann (3). It is also a natural 
abstract setting for the study of adjoint functors. 

In §3, to the notion of multiplicative category and morphism of multiplica­
tive categories of Bénabou (1), is added a notion of natural transformation of 
these morphisms. If one starts out from a class of categories, the multiplicative 
categories (S, 0 , 7 ) , where S is in this class, with their morphisms and the 
natural transformations of these, form a category of the second type Cm. 
Necessary and sufficient conditions for a morphism of multiplicative categories 
to have an adjoint are then given. Given two multiplicative categories (S, ®, I) 
and (Si, ®, / i ) , if G: Ê —> Si is a functor permuting with tensor products, 
then 

(G , l0® f l 7 l ) : (6, ® , / ) - > ( 6 i , ®,J i ) , 

and as a corollary of the preceding results, if G has a right adjoint, (G, 1#®, 17l) 
also has a right adjoint. 

In §4, the functions P and P© are extended to double functors on Cm. That 
a morphism of multiplicative categories 

(G, *,«):(<£, ® , I ) - + ( S , ®,Jx) 

induces a functor 

Po (G ,* .ô ) :Po (6 , ® , / ) - > P o ( S i , ® , / i ) 

generalizes Theorem 4.2 of (5). Results of the preceding section are then applied 
to show that, in particular, the forgetful functor which assigns to each additive 
category its underlying ordinary category has a left adjoint, and then to show 
that if 3 is any category and if (S, ®, I) is a multiplicative category, where 
every 3-diagram in S has an inverse limit, then every ^-diagram in P©(S, ®, 
I) has an inverse limit, and furthermore, if 

(G.<M): (6, ® , / ) - * ( 6 i , ® , / i ) , 

where Si also has the property that every ^-diagram has an inverse limit and 
where G permutes with inverse limits of ^-diagrams, then P©(G, 0, d) also 
permutes with inverse limits of 3-diagrams. These results are modified to 
analogous results for the functor P in the fifth and last section. Direct limits 
of diagrams in P©(S, ®, I) are also studied there for particular multiplicative 
categories (S, ®, I). 

2. Some remarks on functors and natural transformations. 
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DEFINITION 1. " Category of the second type" is the name we shall give to a 
system consisting of 

(1) objects A, B, C, . . . , 
(2) for each ordered couple (A, B), a category M(A} B), with objects/, g, h, . . . 

and morphisms 0, \p, x> • • • > 
(3) a function which assigns to each object A an object 1A of M (A, A), 
(4) for each ordered triple (A, B, C), a functor 

M(B,C) X M(A,B)^M(A,C) 

satisfying the following conditions: 

Al. Iffe M(A,B), 1B * ^ = ^ = * * 1 A . 
A2. 7 / 0 G M(.4, 5 ) , ^ G M ( 5 , C),andx G M(C, £>), *&ew 

x * (^ * 0) = (x * i£) * <£• 

The hypothesis that * is a functor of two variables may be written down as 
follows : 

A3. 1, * lf = 1*,. 

A4. (M) * (4/0) = (<£' * 00 (<A * «). 
Also it is well known that A4 is equivalent to the following: 

Bl . (*V) * / = (*' * / ) ( * */) and g * (0'0) = (g * 00 (g * *) . 
B2. (g'*4>)(4>*f) = ( * * / ' ) ( * * * ) . 

Furthermore, A2 obviously implies the following: 

B3. (A * g) * 0 = h * (g * 0) and x * (g */) = (x * g) */ . 
B4. (h *\[/) *f = h * ty */). 

Conversely, if we assume that Bl and B2 hold, then B3 and B4 imply A2, for 
we have that if 0 : / —>/', \p: g —» g', and x' h -^ h\ then 

X * O * 0) = (x * (g' * /0) (A * (<£ * 0)) 

= (x*(g' */0)(A *((**/)fe**))) 
= ((x * g0 */0 (̂  * (* */)) (A * (g * *)) 
= ((x*gO*/O((/**^*/O((/**g)*0) 
= (((x**0(W))*/ ') ((***)**) 
= ( ( x * i « *f')((h*g) *0) 
= (x * i/O * 0. 

Thus, in the définition of the notion of category of the second type, one may 
replace Axiom (4) by the following, denoting the class of objects of M (A, B) 
b y M 0 ( i , 5 ) : 

(40 for each ordered triple (A, B, C), there exist functions 

M(B, O X M 0 ( i 4 , S ) - > M ( 4 f Q , 

Mo(B,C) X M(A,B)-»M(A, C) 

satisfying conditions Al , A3 (modified in an obvious way), and Bl to B4. 
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The notion of category of the second type is a particular case of the notion 
of double category of Ehresmann (3). 

We notice that an ordinary category may be considered as a category of the 
second type in which each M (A, B) is simply a class, i.e. a category whose 
only morphisms are all identity morphisms. In general, in a category of the 
second type C, the function M0 defines an ordinary category C0, the product 
gfolg £ Mo (B, C) a n d / £ M0(A, B) being just g * / . With this new notation 
in mind, one notices the similarity between the laws Bl to B4 and the five 
rules of calculation with functors and natural transformations of Godement 
(4, Appendice). This gives us a means of constructing categories of the second 
type. One takes as objects categories §1, S3, ( £ , . . . . For each ordered couple 
(̂ 4, B), one denotes by F (A, B) the category whose objects are the functors 
from A to B and whose morphisms are the natural transformations of these 
functors. For each category SI, 1% denotes the identity functor from SI to 31. 
Thus, for each ordered triple (SI, 33, S), one defines the functions 

F(33, 6) X F0(3l,33)-*F(3l, <£), 

F0(33, <£) X F ( 3 I , 3 3 ) ^ F ( 3 t , <£), 

in the usual way, i.e. given f}\ S —» S' in F (S3, Ë) and given U £ F0(3t, 33), 
(0 * U)A = Puu) f° r e a c n object A of SÏ so that ft * U: SU —> S' U and given 
S G F0(33, S) and a: U -> U' in F(3l, 33), (S * a)A = S(aA) for each object A 
of 31 so that (5 *a): SU —> SU'. The five rules of calculation of Godement 
state that these functions satisfy Bl to B4. That they also satisfy Al and A3 
is obvious. Thus, one has defined a true category of the second type. We shall 
say that these categories of the second type are * 'concrete." 

A very simple example of a category of the second type is that of a pre-
ordered semi-group (it has just one object). 

Given two categories of the second type C and D, a functor from the first 
to second is just a functor from the double category C to the double category 
D in the sense of Ehresmann (3), i.e. it is a function T which assigns to each 
object A of C an object T(^4) of D, to each object / of M(A, B), an object 
T(/) of M(T(A),T(B)) and to each morphism 0 : / - > / / in M(A,B) SL mor-
phism Tfo): T ( / ) - > T ( / 0 in M(J(A),T(B)) such that T(lA) = l T U ) 

T(l ,) = W T(*'*) = TfoOTfo), T ( * **) = T(*) *T(«) . This is equiva­
lent to saying that the restriction T(A, B) of T to M (A, B) is a functor, that 
T ( 1 A ) = 1-ru), and that each diagram 

M ( 5 , C) X M ( i ^ ) * +M(A,C) 

T(£, C) XT(A,B) 1 | T(A,C) 

M(T(£) , T ( O ) X MÇT(A), T(B)) ^ M ( T ( ^ ) , T ( Q ) 

is commutative. We shall simply call these functors of categories of the second 
type, or more generally of double categories, "double functors." We notice 
that the restriction of T to Co is an ordinary functor T0 from Co to D0. It is 
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obvious what the definition of the notion of double functor of more than one 
variable should be. 

Let C be a category of the second type. Given four objects A, B, C, and D 
of C, an ob jec t / of M(A,B), and an object h of M(C, D), we denote by 
M(f, h) the function which assigns to each ^ M ( 5 , C ) the morphism 
(h *£) * / = & * ( * * / ) (by B4) of M (4 , D). By A3 and Bl , M (/, A) is a functor 
from M(B, C) to M(A, D), i.e. an object of F (M(S , C),M(A, D)). Thus given 
0:/—>/'and \p:h-*hf, for each object g of M (B, C), we define 

M(<t>, x) , = X * g * *: hgf = M(f, h) (g) -> M(f, A') (g) = ft'gf, 

and one can show easily that the family M($, x) of all the M(<£, x)g is a 
natural transformation from M(f,h) to M (/',&')• Now, we assert that the 
function M we have just defined is a double functor in two variables, con­
tra variant in the first variable with respect to the *-operation, taking its 
values in the concrete category of the second type whose objects are the 
M (5 , C). Obviously, we have that 

M( l / , I*) = 1M(/,») and M(1A , l c ) = l M u , o 

and then, for each object g of M(B, C), if 4>\f->f in M(A, B) and x' h -> h' 
in M (C,D), 

M(* '* ,x 'x ) , = (x'x) * £ * (*'*) 
= (x'x) * ((g*4>')(g *<*>)) 
= (x' * g * <£') (x * g * <t>) 
= M(*' f x ' ) , M ( * f x) , = (M (<*>', x')M(* f x)), 

so that M(0'4>, x'x) = M(0' , xr)M(<£, x) while if X: 1 —> 1' in M ( X A) and 
n: rn —> rnf in M(Z>, F), then 

M (0 * X, /x * x)<7 = (M * X) * g * (* * X) 

= (m' * x * g * 0 * l / ) ( i L t * ^ * & * / * X ) 

= (M(X>M) * M f o > x ) ) , 
so that 

M(0 * X, /x * x) = M(X, M) * M(0, X). 

The restriction M0 of M to C0 is obviously an ordinary functor of two vari­
ables, contravariant in the first variable. In the case where C is a concrete 
category of the second type, we use the symbols F and F0 instead of M and M0. 

Many notions and results concerning functors and natural transformations 
may be generalized to categories of the second type. This is the case for the 
notion of an adjoint functor. Let C be a category of the second type. For any 
two objects A and B of C, by an adjoint morphism from A to B we mean a 
quadruple (/, g, f, 77), where 

/ G M 0 ( i , B), g e Mo(B, A), f : 1B - / g in M(B, B) 
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and rj: gf —> 1A in M(^4, A), such that 

(f*i?)(f*jO = 1/ and (i?*g)(g*f) = 1,; 

see the characterization of adjoint functors given in (5, Theorem 4.1). We 
shall also say t h a t / is a right adjoint of g and that g is a left adjoint of/. 

Adjoint morphisms 

A (A g, f, g) , ^ (7, g> f, q) , c 

may be multiplied as follows (8, pp. 106-107): 

(J,g,ï,î)(f,g,t,ri) = (Jf,gg, (!*ï*g)ï,r>(g*V*f)):A-+C. 

This product is associative and with respect to it, every object A of C has an 
identity adjoint morphism (1A, lAi 11A, 11 A). Given two adjoint morphisms 

(A g» r, 7?) 
4̂ , 3 , 

( f , «',*•',*') 

by a morphism from the first to the second, we mean a pair (a, /3), where 
a:f-+f in M(^4,5) and 0: g -> g' in M ( 5 , 4 ) , such that (a * 0)f = f and 
T/O? * a) =?;. I t is obvious that if 

Cf. g. f. u) - ^ ^ (f. «'. r, uo (a'' ̂  > (/", g", r . u"), 
then 

Cf. g. f. u) ( a 'a ' ^ » Cf". g"> f". i»") 

and we define (a', $') (a, fi) = (a'a, P'0). This product is obviously associative, 
and with respect to it, each adjoint morphism (/, g, f, rj) has an identity 
morphism (1/, 1 )̂. Thus, the adjoint morphisms from A to B with their 
morphisms, multiplied in this way, form a category M#(^4, B). 

Then, in the situation 

(A g, r, 77) 3 (J, g, f, 7?) ? 

(f, g;, r, i?o' WTFJWT 
we define 

(a, /3) * («, 0) = (a * «, /3 * |5) 
and this is a morphism from (J, g, f, TJ)(/, g, f, ij) to (/', £'. f, ^') (/', g', f',17'), 
for 

(a * a * j8 * |3) (/ * f * f ) f = (a * ((a * j8)f) * /3)f 
= (a * f * /3)f = (/' * i' * | ' ) (a * Is * /3)f 

= (J'*r'*r)(«*/3)f) = (/'*f*g')f' 
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and, similarly, one shows that 

nf(gf *rj' */ ' )(£ * ^ * â *a) = 7)(g *rj * / ) . 

It is then obvious that we have just defined a new category of the second 
type C#. Furthermore, it is obvious that if T: C —> D is a double functor and 
if, in the situation 

if, g, r, i?), 

A i (a, 0) B, 

(/'. «', f', V) ' 
one sets 

T*(4) = 4 , 

T'Cf.f.r, '») = ( T ( f ) J W , T & ) , T W ) , 
l*(«,/3) = (T(a), T(/?)), 

then T# is a double functor from C* to D#. If T were contra variant with respect 
to the *-operation, then, setting, for each adjoint morphism, (/, g, f, );) : 

T*(f,g,t,r,) = ( T ( ? ) J ( / ) , T ( f ) , T W ) , 

one could verify that T#(/ , g, f, 77) is an adjoint morphism from T(A) to T(B) 
and that if one defines T#(^4) and T#(a, 0) exactly as above, then T# is a 
double functor from C# to D# covariant with respect to both operations. 

These definitions are immediately generalizable to functors of the second 
type of more than one variable. In particular, given any category of the 
second type C, in the situation 

A ( (/• g. r. v) Bi c (LMLA> D> 

M # ( ( / ,g , f , r , ) ( / , i . f , i j ) ) 

= (M(g,/) , M(f, g), M(f, f), M(„, ij)): M ( 5 , C) - M ( ^ , £ ) . 

Given a category of the second type C, we now use the adjoint morphisms 
of C to define an ordinary category C#. The objects of C# are simply the 
adjoint morphisms of C. Given two such objects 

(/, g, f. „) : A - B, (f\ g', f, „') : A' -> B', 

the morphisms from the first to the second are the couples (v, w), where 
v G M 0 ( i , A') and w G M 0 (£ , 5') such that 

(1) wf =f'v, vg = g'w; 
(2) w * f = f ' * w, Î; * 77 = t\ * y. 

We notice that given a pair (z/, w) with property (1), if it satisfies half of 
condition (2), then it satisfies the other half. For example, if w * f = f' * w, 
then 
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= (wf*r})(w *f */) 

= W* ((/*)?)(? */)) 

= W * 1/ = U , = lf>v. 

However, we know that (/' * 77') (f' */ ') = l r so that 

(/w*iO(r'*A) = i/'-
and, therefore, v * 77 = 77' * z/. 

Given two such morphisms 

(f, g, f. v) - ^ * (/', g', r, vi ^*X, (j", g", r, v"), 
we define their product as follows : 

W, w') (p, w) = (v'v, w'w) : (/, g, r, 1,) -* (/", g", f", , " ) . 

This operation is associative and, with respect to it, every adjoint morphism 
(/» g> ?» v) n a s a n identity morphism (l r , 1 )̂. Thus, we have effectively defined 
a category C#. Now if T: C —> D is a double functor, it is obvious that if for 
each adjoint morphism (/, g, f, 7?) of C, one sets 

T#(f, g, f, „) = (T(/), T(g), T(f), T W ) = T#(f, g, f, „) 

and if for each morphism 

(v,w):(f,g,ï,r,)-*(j',g',ï',r,') 

one sets 

T#0, w) = (T(v), T(w))f 

then T# is a functor from C# to D#. Similarly, if T is contravariant with respect 
to the *-operation and if one sets 

T#(f, g, r, v) = (Tig), T(/) f T(f), T W ) = T#(f, g, f, 77), 
Tt(v,w) = (T(i;),T(w)), 

then T# is a contravariant functor from C# to D#. These definitions extend 
trivially to double functors of more than one variable. 

We shall say that a category 6 is a direct ^-category if every functor 
F: 3 —> 6 has a direct limit in 6. This is equivalent (6) to saying that the 
canonical functor 

has a left adjoint, i.e. that there is an adjoint morphism 

(E 9 ,L , X, 1*): 6->F(3!,<S). 

Given a functor V: 33 —> S, we shall say that it a direct 3-functor if for 
every functor F: 3 —> 93 with direct limit \F: F -+ E$(B), 
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V * \F: F F - > VE$(B) = E3(V(B)) 

is a direct limit of VF. When SB and Ê are direct ^-categories, this just means 
that (F, F (3 , V)) is a morphism from (£ 3 , L, X, llffi) to (£3, L, X, l i g ) . We 
notice that in this case, since the diagram 

» • 

F 

<S-

E$ 

Est 

- » F ( 3 , 8 ) 

F (3 , F) 

•F (3 , 6) 

is commutative, to show that F is a direct ^-functor, it suffices to verify that 
VL = L F ( 3 , V) and that F ( 3 , V) * X = X * F ( 3 , F). 

PROPOSITION. GW?Z hew categories 33 and S, if & is a direct ^-category, then 
sois¥(%, S). 

Giz^n taw functors: V: 21 —» 33 and F : S —> S), if S and © are direct $-
categories and if V is a direct ^-functor, then 

F ( F , y ) : F ( » , e)->F(»,2)) 

is a direct Q-functor. 

Proof. We know that 

(F(SB, £«,), F (58, L), F (SB, X), F (SB, l l 6)) 

is an adjoint morphism from F (£3, F ( 3 , (£)) to F (SB, S). However, since 

F(S8, F ( 3 , <£)) =* F(S8 X 3 , g ) ^ F (3 , F(S8, 6)), 

the categories F (SB, F ( 3 , (£)) and F (3 , F(S8, 6)) may be identified and then 
F (SB, Eg) is identified with 

£ 3 : F ( 3 , F ( S , (£))-> F ( « , 6), 

which proves the first part of the proposition. One, of course, identifies F (SB, L) 
with L and F (SB, X) with X. 

The diagram 

F(S8, F ( 3 , 6)) F ( S B , L ) > F(S8, 6) 

F(S8,F(3, F)) F (SB, F) 
F (SB, L) 

F(SB, F ( 3 . 3))) —K—L-J-+ F(S8, 3» 

F(F ,F(3 ,£>) ) F(F ,3) ) 
F (31 Z.) 

F ( 1 , F (3 , 3))) — ^ - ^ — F (31, 3)) 
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is commutative. The first square is commutative because V is a direct ^-functor. 
The second square is commutative simply because F is a functor. Thus, the 
diagram 

F(»,F(3f,(£))-

F(V, F(% V)) 
F ( S , L) 

F (23, (S) 

F ( 7 , y) 

F(g,F(3, !D)) F ^ ' L ) >F(g,a)) 

is commutative. But if the categories F (S3, F (3 , (S)) and F(SÏ, F (3 , S))) 
are identified with the categories F (3 , F (S3, S)) and F (3 , F (21, £>)) as indicated 
above, then the functor F(V, F ( 3 , V)) is identified with F ( 3 , F ( F , 7 ) ) . 
Thus, we have proved the commutativity of the diagram 

F (3 , F (»,<£))• 

F(3,F(F, 7)) I 

F (& F ( « , $ ) ) • 

Furthermore, we have that 

L 

L 

-»F(» , 6) 

F ( F , F) 

F(2t, £)) 

F(V, F ( 3 , 7))*F(X, X) = F(A*T/, F ( 3 , 7)*X) 

= F(X*F, X*F(3, V)) = F(X, X)*F(F, F ( 3 , V)) 

so that, carrying out the proper identifications, we have that 

F ( 3 , F ( F , 7))*X = X*F(3,F(F, V)). 

Dually, we shall say that S is an inverse 3-category if the functor 

£ 3 : 6 ^ F ( 3 , <£) 

has a right adjoint, i.e. if there exists an adjoint morphism 

{L,E9, l l g , X ) : F ( 3 , <£)-><S, 

and that a functor F : 33 —> S is an inverse ^-functor if for every functor 
F : 3 ~^ 33 with inverse limit 

XF : E3 (5) —» F, 

V*\F : VE3(B) = E9(V(B)) -> VF 

is an inverse limit of VF. The dualization of the preceding proposition is left 
to the reader. 

We end this section by noticing that given a category of the second type C 
one may define a double category CD containing both C# and C#. It consists 
of all configurations 
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A (f.g.r.q) >B 

(1) 

4' -

a 
/ 

w 

•+B' 
(/', g'. r', u') 

where (/, g, f, 77) and (/', g', f', 77') are adjoint morphisms of C, where v and w 
are objects of M (A, A') and M ( 5 , 5 ') respectively, and where a:wf-+fv 
and /3: vg-^> gfw are such that 

(f * P) (fit * g) O * f) = f' * w, 

W *v)(g**)(P*f) = v*7), 

and two operations which we define as follows : given two configurations 

(f.g'.rW) . n, ^ ^ ' ->£' 

(2) w' (3) w 

(/. I, f. *?) 

£ 
5' 

(/'> f . f . *»') 
the "vertical" product of (1) by (2) is the configuration 

A' >B 

<5L «^ 

» » 

(/, g, f, V) 

i X 
(0' * w) W * /3) (a * v) (w' *a) w w 

A' ->B„ 
(/", g", f, v) 

while the "horizontal p roduc t " of (1) by (3) is the configuration 

A ; > C 
(If, gg, (I * f * g)f, v(g* v */)) 

4 ' 
\ ' 

(jg'*$)(fi*g) (/' * « ) ( a * / ) / | 

(/r, s'f, (/* r *r)rw(g' **'*/)) 
If one only considers configurations (1) for which v = 1A and w = ljg, then 

one is working in C#. If one only considers configurations (1) for which a = lwf 

and 13 = lvg, and the "vertical" operation, then one is working in C#. Any 
double functor T : C —> D induces a double functor T D : C a —• DD . 

3. Multiplicative categories. We begin by recalling some definitions of 
Bénabou (1) in trivially altered form. To simplify the notation, whenever 
it is convenient, we shall identify functors F, F': Ë —» (£' that are isomorphic 
in the sense that there is a natural equivalence between them. 
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A multiplicative category is a triple (S, ®, I) when 6 is a category, ® is a 
functor from S X S to S that is associative, i.e. the functors (fë ® S) ® E 
and 6 ® (S ® S) are equal (or identifiable), and / is an object of S such that 
/ ® S and S ® / are both equal to (or identifiable with) 1&. 

Given two multiplicative categories (S, ®, / ) and (Si, ®, Ji), a morphism 
from the first to the second is a triple (G, <£, 5), where G is a functor from 
S to Si, 0 is a natural transformation from ® (G X G) to G ® such that for 
any three objects, A, B, C of S, 

CI. <t>A®B,c{4>AB ® G(C)) = 0AIfl®c(G(i4) ® 0BC) 
and where ô: I i —> G(7) is a morphism in Si such that 

C2. 4>IA(* ® G(i4)) = 1 G U ) = 4>AI(G(A) ® Ô). 

Given two such morphisms 

(S, ® , I ) 

their product is 

(G, 0, 5) 
(Ei, ® , / i ) -

(Gi, 0i, 3i) 
(62, ®,i"2) , 

{GXG, ( G i * * ) ( 0 i * (G X G)),Gi(ô)ôO: (S, ® , / ) - + (S2, ®, J2). 

This product is associative and, with respect to it, every multiplicative 
category (S, ®, / ) has an identity morphism (lg, 1(g), 17). 

To these definitions of Bénabou, we add the following. Given two morphisms 
of multiplicative categories 

(G, <f, S), (G', <*>', «'): (6, ®, / ) -* (61, ®. /1), 

a natural transformation from the first to the second is a natural transformation 
a from G to G' satisfying the condition that the diagram 

^(GXG) 
* (a X a) 

a * 

* ® (G' X G') 

G' ® 

is commutative and the condition that ô' = ar S. 

PROPOSITION 1. Given two natural transformations 

(G, 4>, S) - 2 U (G', ^ ' , 8') - 5 i U (G", <*>", «"), 

Jfteir product a'a is a natural transformation from (G, #, ô) £0 (G", <£", b"). 

Proof. <£"(® * (a'a X a'a)) = 4>"(® * (<*' X a'))(® * (« X a)) 
= (a' * ®)<*>'(® * (a X a)) 
= {a * ®)(a * ®)<£ 
= (a'a * ®)0, 
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Thus, the morphisms from ( S , ®, I) to ((Si, ®, I\) and their natural trans­
formations, multiplied in the ordinary way, form a category 

F„(((S. ®,I), (S i , ® , / i ) ) . 

P R O P O S I T I O N 2. i ^ //ze situation 

( G , » , 8 ) ? ( g i , » i , 8 i ) 

(<S, ®, J) Ja ((Si, ® , 7 0 | a i (<52, ® , I 2 ) , 

( G ' , 0 ' , 8 O ' (G'i, 0 ' i , 5 ' i ) : 

«i * a : (Gi, 0!, 80 (G, 0, 8) -> (G'i, 0 \ ô;i) (G', 0 ' , 8'). 

Proof. Le t 

(G2, 02, 82) = (Gi, 0i , 81) (G, 0, 8), 

(G72, 072, à'2) = (G'i, 0 \ , 8ri) (G', 0 ' , 8 r). 

Then 

02(® * ((«1 * a ) X («1 * a ) ) ) 

= (G7i * 0 0 (ai * ® * (G' X G 0 ) ( ® * (ai X ai) * (G' X GO) 

(® * ((Gi X Gi) * (a X a))) 

= (G'i * 0 O ( a i * ® * (G' X GO)(0i * (G' X G 0 ) ( ( ® ( G i X GO) * (a X a)) 

= (ai * 0 0 ( 0 1 * (a X a)) 

= (ai * (G' ® ))(Gi * 0 0 ((Gi ®) * (a X a)) (0i * (G X G)) 

= (ai * (G' ® )) (Gi * a * ® ) (Gi * 0) (0i * (G X G)) 

= (ai * a * ®)02 

and 

(«i * a ) 7 8 i = («OG'C/) Gi(a7)Gi(8)8i 

= (ai)o'(j) Gi(808i 

= G / i ( 5 , ) ( « i ) / i * 1 

= G'i(808'i = 8'2. 

Thus , if we s ta r t out from a concrete category of the second type C,1 we m a y 
define a new category of the second type Cm . T h e objects of Cm are the mul t i ­
plicative categories ((£, ®, J ) , where 6 is an object of C. Given two such 
objects ((£, ® , I ) and (S i , ® , 7 0 the category of morphisms from the first 
to the second is 

F m ( ( E , ® , 7 ) , (S i , ® , / i ) ) . T h e ^-operation of Cm is jus t the *-operation 
of C. One m a y obviously define a canonical double functor T m : Cm —> C by 
set t ing 

T M ( 6 , ® , / ) = 6 , T m (G, <*>, 5) = G, T w (« ) = a. 

What we are doing in the first half of this section (up to the Corollary of Theorem 4 
inclusively) can be done more abstractly in an arbitrary category of the second type. 
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We are now able to make the following assertion : Given two morphisms 

(G, <t>, à) 
(6, ®,D ( S i , ® . Ii), 

(H, +, (1) 

if p: Is —> HG and a: GH —» l^x are natural transformations, then 

aH,4,,0),(G,4>,à),p9a) 

is an adjoint morphism from (Si, 0 , 3>i) to (S, 0 , 3 ) in Cm if and only if 
(H, G, p, 0-) is an adjoint morphism from fëi to (£ and p and or are natural 
transformations in Cm> from l«s,®,j) = (1$, 1®, 17) to (77, \p, ff)(G, 0, ô) and 
from (G, </>, 5) (77, \p% 0) to 1(^,0,70 = (le l f 1®, In) respectively. This immedi­
ately yields the following theorem. 

THEOREM 1. Given two morphisms of multiplicative categories 

(G, 0, ô) % 

(S, 0 , / ) ^ 
(#, *, « 

(Clf 0 , / i ) 

awd two natural transformations 

p: l e ^ i 7 G , 
a: GH —» l(£n 

((77, \p, /3)} (G, <£, 8), p, a) is aw adjoint morphism from ((Si, 0 , 7X) /# (6, 0 , 7) 
w Cm if and only if (i7, G, p, cr) is an adjoint morphism from ^ to & and the 
following diagrams are commutative: 

. {HG X HG) * * ( G X G) >, 77 0 (G X G) HG{I) J^L H(h) 

* (p X P) H*4> 

— HG® 

0 (Gi7 X G77) • 

* (a X <T) 

4>*(HXH) 
H.G 0 (HXH) GH(I1) «• G(/5) 

G *I/M 

— G77 0 

0-/1 

/ / i 

G(I) 

Ô 

Ii<-

Another criterion for adjoint morphisms in Cm will be given in Theorem 4. 
If (S, 0 , I) is a multiplicative category, then 0 may be thought of as a 

functor from 6° X E° to (£° and then (S°, 0 , 7 ) is also a multiplicative 
category. Then, if (S, 0 , / ) and (6i, 0 , 7 i ) are multiplicative categories, a 
morphism from (S°, 0 , 7 ) to (Si0, 0 , 7i) is a triple (G, x, Y) where 

G : 6 - > 6 i , x :G ( G X G ) , and y: G{D ^ h 
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such that 

(XAB ® G(C))XA®B,C = (G(A) <g> XBC)XA,B®C, 

(T ® G(A))XIA = W ) = (G(A) <g> 7)XA7. 

THEOREM 2. if (G, x> Y) ^ # morphism from (S°, 0 , 7 ) to (Si0, ® , / i ) 
and if (if, G, p, c) w an adjoint morphism from (Si £0 S, //ze?z £/zere exis/s a unique 
natural transformation \p : (8) (7f X H) —> 7f ® and a unique morphism 
/3: 7 —» H(Ii) such that the diagrams 

GH 
G * ^ 

o- * ® x* (H X H) 

® * ((7 X O") 

G® (HXH) 
GHil^J^-Gil) 

o-Ji 

(Gif X GH) 
Vi 

are commutative. Furthermore, 

HG, x, 7) = (# , *, 18): (Si, ®. Ii) - • (6, ®, I ) . 

Proof. First we notice that 

(F(6i X (Si, # ) , F ( 6 i X 6x, G), F (S i X 61, P) , F(SX X Si, <r)) 

is an adjoint morphism from F(S i X Si, Si) to F(S i X Si, S). Then, since 

(® * iff X <r))(x *(HXH)):G® (HXH) 

= F (S i X Si, G)(® ( # X fl)) -> ®, 

there exists a unique natural transformation 

*: ® ( # X # ) ^ F ( S i X 6 i . f l ) ( ® ) 

such that the diagram 

F ( 6 i X 6 i , G ) F ( 6 i X < S i , H ) ( ® ) < 

f ( 6 i X 6i, <r) 

F ( S i X S i , G ) W 

* (o- X a) 

F ( 6 1 X 6 i , G ) ( ® ( H X - H ) ) 
II 

G ® (HXH) 

X*(HXH) 

(GH X GH) 

is commutative, i.e. such that the first diagram in the theorem is commutative. 
The existence and uniqueness of /S is obvious. Let us show that 

(H,f,0): (Si, ® , I 0 - > ( 6 , ® , I ) . 

First of all, if ^4, J3, and G are arbitrary objects of Si, we have that 
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(TA®B®CG(\[/A®B,C(^AB ® H(C))) 

= VA®B®cG(lpA®B,c)G(\l/AB ® H(C)) 

= ((?A®B ® <rc)XH(A®B)H(C)G(\l/AB ® H(Q) 

= (°A®B ® <Tc)(G(\[/AB) ® GH(C))XH(A)®H(B),H(C) 

= (<?A®BG{\PAB) ® O~C)XH(A)®H(B) ,H(c) 

= ( ( O A ® O'B)XHU)H(B) ® CC)XH(A)®H(B),H(C) 

= ((aA ® aB) ® VC)(XH Q$H(B),H(C) 

= (<TA ® (VB ® (TC))(GH(A) ® XH(B),H(C))XH(A),H(B)®H(C) 

= {dA ® ((°B ® 0-C)XH(B)H(C))XH(A),H(B)®H(C) 

= (<TA ® (o-B®cG(\pBc)))XH(A),H(B)®H(C) 

= ((TA ® <rB®c){GH(A) ® G(\I/BC))XHU),H(B)®H(C) 

= {(TA ® (TB®C)XH{A),H{B®C)G(H(A) ® \//BC) 

= (TA®B®CG(\I/A,B®C)G(H(A) ® \I/BC) 

= (TA®B®CG(\I/A,B®C(H(A) ® ypBc)) 

so t h a t 

^A®B,C(^AB ® H(C)) = \pAtB®c(H(A) ® \I/BC) 

and then 

CTA G^IA(p ® H(A))) = aA G&IA)G(p ® H(A)) 

= (Ti®AGttIA)G(f3 ® H (A)) 

= ((Ti ® (TA)XH(A)H(I)G((3 ® H(A)) 

= (o/ 0 <rA)(G(p) ® GH(A))XI,HU) 

= ((TïGiP) ® <TA)XI,HU) 

= ( 7 ® <TA)XI,HU) 

= (i®<rA){y ®GH(A))XIMU) 

= (TA ̂ GH(A) = (TA G(1H(A)) 

so t h a t $iA(fi ® H (A)) = \H{A)- I n similar fashion, one shows t h a t 

*AI(H(A) ® fi) = 1HU). 

T h e preceding theorem may be applied in the following si tuation. Again, 
(S , ®, I) and (Si , ®, Ii) are multiplicative categories and (H, G, p, o) is an 
adjoint morphism from S i to E. Then , (G, H, a, p) is an adjoint morphism 
from g ° to Sx0 and if 

( f f . l M ) : (61, ® , / i ) - > ( 6 , ® , J ) , 

then 

(H,I,,P): (EX00, ®,/i)->(so°, ®,/) 
and, b y Theorem 1, there exists a unique na tura l t ransformation 

X : G ® - * ® (G X G) 
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and a unique morphism 7: G (I) —> I i such that the diagrams 

HG® HT~X >H ® ,<G x G> zrco) ^ M , ff(/0 

* ® f * (G X G) 

® * (p X P) 
® (HG X AG) 

are commutative. Furthermore, 

¥ ( # , *, « = (G, x, 7) : (S°, ®, / ) -» (<Si°, ®, /1). 

THEOREM 3. Give» two multiplicative categories (S, ®,i") and (Si, ® , / i ) 
and a» adjoint morphism 

(ff,G.p,(r):(S1-*S l 

2Â6 correspondences <£ and \I> defined above are inverses of one another. 

Proof* We start out from a morphism 

and set *( i J , & 0) = (G, x, 7) and $(G, x, T) = (# , *', £'). Then 

<riiG(P) = aI1GH(y)G(pI) = y<rG(I) G(p7) = 7 

so that by the definition of /3', /3 = /3'. Also, for any objects A and B of Si, 

(TA®BG(}I/AB) = <TA®B G(\I/AB)G(1H(A) ® lff(B)) 

= <TA<g)B G(\I/AB)G(H((TA) ® H(<TB))G(pHU) ® PH(B)) 

= 0-A®BGH((TA ® ^B)G(\(/GH(A)GH(B))G(pH(A) ® Pff(B)) 

= (TA®BGH(<JA ® ^B)GH(XHU)H{B))G{PHU)®H{B)) 

= VA®BGH{{(TA ® (?B)XHU)H(B))G(PHU)®H(B)) 

= (crA ® <TB)XHU)H(B) <rG(H(A)®H(B)) G(pH{A)®H(B)) 

= (aA 0 (TB)XHU)H(B) 

so that 

(a- * ® ) ( G * *) = ( ® * (a X cr))(X * (JÏ X # ) ) 

and therefore, by the definition of ^', ^ = ^'. 
Thus, we have shown that $ty(H, \}/, /3) = (H, ^, 0). The proof of the other 

half of the theorem is immediate, by duality. 

In the situation of Theorems 1 and 2, we have thus established a duality 
between the morphisms 

( f f , l M ) : (Si, ® , / i ) - > ( S , ® , J ) 

and the morphisms 

(G,X ,7):(<S°. ® , / ) - » ( < £ I < > , ® , / 1 ) . 
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THEOREM 4. A morphism of multiplicative categories 

(G, 4», Ô): (S, ® , 7 ) - > ( 6 i , ®,J i ) 

Âas a ngfei adjoint if and only if there exists an adjoint morphism 

(H, G, p, a) : Si -» 6 

ared a morphism 

(G ,x ,7 ) : (6 ° , ® , / ) - » ( 6 i ° , ® , / i ) 

4>X = 1G®. <$Y = 1 <?(/)> 
(® * (a- X cr))(x* * ( # X fl)) = ® * ((7 X er), 7« = l/i-

WAew these conditions are satisfied, 

((H, *, 0), (G, 0, 5), p, cr): (<&, ®, JO -> (6, ®, / ) 

wAere (H, \l/} 0) is the dual of (G, x> 7)-

Proof. Assume first of all that there exists an adjoint morphism 

((H, tf, 0), (G, 4», S), P, v): (Sx, ® ,/i) -» (6, ®, / ) 

and let (G, x. 7) be the dual of (H, if/, 0). By Theorem 1, we know that 
(H, G, p, <r) is an adjoint morphism from Si to S and that the following 
conditions are satisfied : 

(1) ( # * 4 > ) ( x * ( G X G ) ) ( ® *(pXp)) = p*®,H(ô)l3 = P / ; 

(2) (a * ®) (G * f) (<t>* (HXH)) = ® * (a- X o-), o-7lG(/3)ô = l7 l . 

Then, since (i?, t̂ , /3) and (G, x, 7) are dual, we have that 

(3) (H * X)(P * ®) = (* * (G X G))(® * (p X P)) , fl-(7)p/ = /J, 

(4) (<r * ®) (G * if) = (® * (<r X o-)) (x*(HX H)), cr7lG(y3) = 7. 

Then 

(tf* (*x))(p*®) = (H*<t>)(H*x)(p* ®) 
= (H*4>)(f*(GX G))(® * (p X P)) 

= (p * ®) = i? ( lo®)(p* ®) 

so that <̂>x = 1 o® and 

jff(«7)P/ = H(5)H(y)Pl = H(8)/3 = p, = # ( 1 0 ( / ) ) P / 

so that Ô7 = 1 G(/). Then 

(® * («x X <r))(x* * (H X H)) = (® * (<r X <r))(x * (ff X fl))(* * ( # X H)) 
= (a X ®) (G * *) (4>*(HX H)) 

= ® * (o- X <r), 

T5 = er/.GdS)* = l7 l . 
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Conversely, assume that (H, G, p, a) is an adjoint morphism from Si to S 
and that 

(G,x,7):(<S°, ® , / ) - > ( 6 I ° , ® , / I ) 

satisfies the conditions of the theorem, and let (H, \p, ff) be the dual of (G, x< y)-
Then 

(p * ®) = (H * lG®)(p * ®) 

= (H*<t>)(H * x ) ( p * ®) 

= (H*<t>)(4'* (GX G)) (® * (p X p)) ; 

iJ(5)0 = H(i)H(y)Pl = # ( S Y ) P / = ^(1C(/))P/ = P/; 

® * (<r X a) = (® * (<r X <r)) (x4> * {H X # ) ) 

= (® * (<r X <r))(X * (H X fl))(* * (-ff X H)) 

= ((7* ®)(G*t)(<i>* (HXH)); 

ffllG(p)S = yÔ = \ n . 

Thus, conditions (1) and (2) are satisfied so that, by Theorem 1, 

((i7, *, 0), (G, 0, 5), p, (r): ( S I , <g>, A) -> (6, ®, 7). 

Given two multiplicative categories (S, 0 , 7 ) and (Si, ®,7X), a functor 
G: S —» Si is said to commute with tensor products if G <8> = 0 (G X G) (i.e. 
these two functors are identifiable) and I\ = G (I) (i.e. these two objects are 
isomorphic; Bénabou (1)). When this is true, then 

(G, 1G®, 17 1):(S, ® f / )->(<& l f ®,7i) , 

which we indicate simply by 

G : ( S , ® , 7 ) - > ( S i , ® , / i ) 
and obviously 

G: (S°, ® , / ) - > ( 6 i ° , ® f / i ) . 

If, furthermore, there exists an adjoint morphism 

(H, GlP,<r): Si -><£, 

then the conditions of Theorem 4 are trivially satisfied so that we have the 
following 

COROLLARY. Given two multiplicative categories (S, 0 , 7 ) and (Si, ®,7i) 
and an adjoint morphism 

if 
G:(<S, ® , J ) - > ( 6 i , ® , / i ) , 

<AeK £&ere exists a unique morphism 
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such that 
((i7, *, (I), G, p, a): (6 l f 0 , 70 -» (6, 0 , / ) . 

We now consider some examples. If S is a category with a functor * 'direct 
product of two factors," which we denote by X, and with a zero-object 0, 
then (S, X, O) is a multiplicative category. The category © of sets and 
functions (in some fixed universe) has these properties, the role of zero-object 
being played by any set with a single element. 

Given any multiplicative category (S, 0 , 7 ) , M<&(I, Ê) is a functor from 
© to ©. If, given h £ M<s(7, A) and & G M<E(7, B) one defines 

lk*(A, *) = h 0 £ £ MŒ(J, 4 , 0 , 5 ) , 

then the family ty of all the \j/AB is a natural transformation from X (M<&(I, (S) 
X Mç(7, S)) to Me(7, S ) 0 . Then, if 0 is the function from 0 to M<g(l, I) 
which maps the only element of 0 onto 17, it is easy to verify that 
(Afc(7, 6), ^, j8) is a morphism from (g, 0 , 1 ) to (©, X, 0). We shall say 
that (M<&(7, S), ^, /?) is the canonical morphism from (fè, 0 , 7) to (©, X, 0) . 

If 216 is the category of abelian groups, considered not as an additive category 
but as an ordinary category, if 

0 : 31b X 216 -> 216 

is the ordinary tensor product functor, and if Z is the ring of ordinary integers, 
considered as an abelian group, then (21b, 0 , Z) is a multiplicative category. 

We shall denote by H the forgetful functor which assigns to each abelian 
group its underlying set. For any two abelian groups A and B, vAB will denote 
the canonical bilinear map from H (A) X H(B) to H (A 0 B). From the very 
definition of the functor 0 , we see that the family v of all the vAB is a natural 
transformation from X (H X H) to H®. Then, if ft is the function from 0 to 
H(Z) which maps the only element of 0 onto the generator of Z, one can 
verify that (H, v, 0) is essentially the canonical morphism from (216, 0 , Z) 
to (©, X , 0 ) . 

Now, it is well known that there is an adjoint morphism 

Cff,G,p,(r) :»b->© f 

G being the functor which assigns to each set the free abelian group it generates. 

LEMMA. If E and F are two sets, if A is an abelian group, and if 
f:E X F —> H (A), then there is a unique bilinear function g making the diagram 

HG{E) X HG(F) 

pE X pF 

E X F—J—> (HA) 

commutative. 
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Proof. For each x G E, let fx denote the function from F to A which maps 
each y G F onto/(x , y). There exists a unique homomorphism gx making the 
diagram 

HG(F) 

PF 

F U 

H(gx) 

>H(A) 

commutative. Let us consider the function <f> from E to Hom(G(F), A) which 
maps each x onto gx. Then, there exists a unique homomorphism \p making 
the diagram 

HG(E) 

PE 

0 

Htf) 

H(Hom(G(F),A)) 

commutative. We then define, for all a G HG{E) and all b G HG(F) 

g(a,b) = (^(a))(ô) eH(A). 

It is easy to show that H(g) is bilinear. Then, for any x G E and any y G F, 

(PE X pF)(x,y) = g(pE(x),pF(y)) = (^(pE(x)))(pF(y)) 
= (<l>(x))(pF(y)) = H(gx)pF(y) = gx(y) =f(x,y) 

so that g(pE X PF) = / . 
Now assume that g' is a bilinear function from HG(E) X HG(F) to #G4) 

such that g'(p# X PF) = / . For each x G E, let g'̂  denote the homomorphism 
from i7G(F) to # ( 4 ) that maps each b G HG(F) onto g'(p*(x), b). Then, for 
each y £ F, 

H(gf
x)pF(y) = g'(pE(x), pF(y)) =f(x,y) = fx(y) = H(gx)pF(y) 

so that H(g'x)pF = H(gx)pF and therefore g'x = gx. 
Now let \f/f denote the homomorphism from G(E) to Horn(G(F),A) which 

maps each a G G(E) onto the homomorphism from G(F) to A which maps 
each b G G (F) onto g' (a, b). For each x G £ , 

(H(i')PE(x))(b) = g'{pE{x), b) = g'x{b) = & ( i ) 

= (*(*)) (J) = (Htt)PE(x))(b) 

so that H{\(/')pE = H(\f/)pE and therefore ^ ' = ^. Then, for any a € G(£) and 
any b € G(F), 

g'(c,J) = W(a))(b) = (*(û)) (é) = *(a,ft) 

so that g' = g. 
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PROPOSITION 3. G: (©, X , 0) -> (%b, ®, Z) . 

Proof. I t is obvious t h a t G(O) = Z so t h a t we mus t prove t h a t 
G X = ® (G X G). Let £ and 7? be any two sets and l e t / : E X F -> i ? ( 4 ) , ^ 
being an abelian group. Then , we know tha t there exists a unique bilinear 
map g: HG(E) X HG(F) -> i f U ) » making the diagram 

# G ( £ ) X HG(F) 

PE X PF 

£ X F—Ï—>H(A) 

commuta t ive . Then , we know t h a t there exists a unique homomorphism 
0 : G(E) ® G(F) —» 4̂ making the diagram 

ff(G(£) ® G(F)) 

VG(E)G(F) 

HG(E) X HG(F)-^H(A) 

commuta t ive . Thus , (j> is the unique homomorphism making the diagram 

H(G(E) ® G (JO) 

, Y J \H(*) 
VG(E)G(F)\PE X PF) \ 

£ X F-^—>H(A) 

commuta t ive so t h a t G(E) ® G(F) may be identified with G(E X F) and 
VG(E)G(F)(PE X PF) may be identified with pEXF. 

We are now able to conclude, by the corollary of Theorem 4, t h a t there 
exists a unique natura l transformation \p' : X(H X H) -^ H® and a unique 
morphism 0 ' : 0 —> J Ï (Z) such t h a t ((77, ^ ' , /3'), G, p, <r) is an adjoint morphism 
from (2lb, ® , Z ) to (©, X , 0 ) . 

I t is easy to see t h a t $' = fi and we shall show t h a t \f/f coincides with v. 
If A and B are any two abelian groups, 

F[{(TA®BG(VAB))PHU)XH(B) = H(?A®B)HG(VAB)PHU)XH(B) 

= H((TA®B)PHU®B)VAB = vAB = VAB(H(GA) X H{(TB)){PHU) X PH{B)) 

= H(<TA ® <TB)VGHU)GH{B)(PHU) X PH(B)) 

= H (aA ® (TB)PHU)XH(B) 

so t h a t (TA®SG(Z/A S) = (TA ® CS and therefore ^ ' = *>. 
Following are a few more examples of a similar type . 
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1. If (H, G, p, cr) : 2lb —» © is the same adjoint morphism as above, 

ff:(2lb°, X , 0 ) - > ( © ° , X , 0 ) 

and (G,iJ,(T,p):©0->2l6°. 

2. Let © be the category of groups and homomorphisms, let * denote the 
functor "free product of two groups," let 1 denote the group with one element, 
let + denote the functor "direct sum of two sets," and, of course, let 0 denote 
the void set. Then, (@, *, 1) and (©, + , 0 ) are multiplicative categories, if 
H is the forgetful functor from ® to ©, H has a left adjoint G, i.e. there is an 
adjoint morphism 

(if, G, P | * ) : © - © , 

G being the functor which assigns to each set the free group it generates and 

G: (©, +,0)->(©,*, 1). 

3. If (H, G, p, a) : © —» © is as in the preceding example, then 

(G,H, c7,p):©°->©° 

a n d i J : (@°, X, 1) -> (©°, X, O). 

Our next example is a relative one. We start out from a given multiplicative 
category (Ë, ®, i"). If 3 is any category, then one may identify the categories 
F ( 3 , 6) X F ( 3 , (S) and F ( 3 , S X S), (F (3 , 6), F ( 3 , ®), £ 3 ( / ) ) is a multi­
plicative category, and obviously 

E ^ E - F O , © 

commutes with tensor products. Now, let us assume that (S is an inverse 
3-category, i.e. that there exists an adjoint morphism 

(L,£ 3 > l l g , X) :F(3 , <£)-<£. 

By the Corollary of Theorem 4, we know that there exists a unique natural 
transformation ^ : 0 ( L X I ) ^ £ F ( 3 \ ®) and a unique morphism 

P:I-*LES(I) = I 
such that 

(L, *, 0): (F(3f, 6), F(3f, ®), £«,(/)) -» (6, ®, / ) 
and 

((L, +, 0), El9 l l 6 , X) : (F (3 , <£), F ( 3 , ®), £ 3 ( / ) ) — (6, ®, / ) . 

Obviously, 0 = 17. 
For our final example, we start out from an arbitrary category of the second 

type C. It is obvious that for each object A of G, (M(^4, A), *, 1 )̂ is a multi­
plicative category, which we also denote by '1(A). 
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PROPOSITION 4. If (f, g, Ç, TJ): A ^>B is an adjoint morphism of C, if for 

each pair of objects h,kofM(A,A) one sets 

<t>hk = fh*r) * kg:fhgfkg -*fhkg, 

<t> = {<t>hk} is a natural transformation from * (M(g , / ) X M ( g , / ) ) to M(g,f)* 
and 

t ( f , g, f, T?) = ( M f e , / ) , 0, f) : ( M ( i , ,4), *, U -> ( M ( S , B), *, 1B). 

Proof. T o prove t h a t 0 is a na tura l transformation, one mus t show t h a t 
given y: h —» A' and ô: k —> k', the diagram 

fhgfkg 

f*y*gf*Ô*g 

f h * rj * kg 
fhkg 

f * y * < $ * g 

^•7/ ^L/ fh' *7} * k'g , , , , , 

is commutat ive . Bu t this follows from 

(A' * rj * &') (7 * gf * 5) = 7 * 77 * ô 

= (/zr * 1A * 5) (7 * lA * k) (A * 77 * k) 

= (A' * ô)(y * k)(h * rj * k) 

= (7 * 8) (A * 77 * &). 

One must then show t h a t if A, k, I are objects of M (A, A), 

4>hk,e(4>hk *flg) = <t>h,kl(fh * 0w)i 

i.e. one mus t show t h a t 

(fJlk * 7] * /g) (/A * 7] * Ag/7g) = (fh * 7] * klg) ifhgfk * 7j * /g), 

which follows from 

(A * 77) (77 * Agf) = (A * 77) ((77 * k) * gA) 

= (77 * A) * 77 

= 77 * (A * 77) 

= (77 * A)(gA * (A * 77)) 

= (77 * A)(gAA * 77). 

Finally, one mus t show tha t if h is an object of M (A, A ), 

*iA»(f */*g) = 1m = <t>hiA(fhg * f) , 

i.e. t h a t 

(/ * 77 * Ag) (f */Ag) = I,*, = (/A * 77 * g) (fhg * f ) . 

Bu t this is obvious by the very definition of the notion of adjoint morphism. 
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This proposition was established in the case of a concrete category of the 
second type of Bénabou (1) and the generalization given here is trivial. 
However, we now add the following: 

PROPOSITION 5. If 

(*,P)'-(f,g,?,v)-*(f,g',t',ri') 

in C# and if one sets T(a, (3) = M(/3, a), then 

f(«,/3):f(f,«,f,u)->f(r,g',f,V). 

Proof. We must show first of all that the diagram 

®(M(g',f)XM(g'J')) 

M(g,f) ~ ^ , - / ~ , M(g',f) 

®(M(g,f) XM(gJ)) 
* (M(/3, a) X M(fi, a)) 

M(/3,a)® 

is commutative, i.e. we must show that if h, k are any two objects of M(^4, ^4), 
the diagram 

a*h*f}*a*k*l3 
fhgfkg * fhg'fkg' 

fh * 7] * kg 

a * hk * 13 
fh * 7)' * kg' 

fhkg fhkg' 

is commutative: 

(f'h * T) * kg') (a*h*f3*a*k*/3) 

= (a*h) * (r/(/3 * a)) * {k * 0) 
= (a * h) * 7) * (& * 0) 

= (a * hk * P)(fh * T) * kg). 

Then, one must verify that f' = M(/3, a)igf = (0 * a)f. But this is true by 
the very definition of a morphism in C#. 

THEOREM 5. T is a double functor defined on C#. 

Proof. L e t A ^ ^ ' ^ . 5 Mhlhîli^L C 

be two adjoint morphisms of C and let 

(A, g2, f2, i?2) = (fi, gi, fi, î?i)(f, g, f, 77) = ( f i / , g gi, (fi * f * gi)fi, ^(g * 771 * / ) ) 

Then, if & and & are objects of M (A, A), 
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((M(g,f) **)(*! * (M(g,/) X M (g,/))))„ 

= (fifh*ri* kggi) (fifhg * vi *fkggi) 

= fifh * (ri(g *TJI */)) *kggi 

= f2 h * rj2 * kg2 = (4>2)wfc. 

Thus, 

t ( f l , «1, fl, Ul)T(f, g, f, 1,) = ( M ^ , , / ! ) , 0 lf fl)(Af(g,/), <*>, f) 

= (M(g1,f1)M(g,f), (M(g1,fl) *4>)(<t>i * (M(g,f) X Af(g,/)), Af(gi,fi) (f)fi) 

= (M(g, , /0 , *», fi) = TCfx. «i, fi, li)(f, g, f, l))-

In the situation 

(f, g. f, »?), (fi, gi, f î, *>i) , 

^ i(«;/s) s i(«i,i8i) c, 

d'g', r, 7 f ai'.g'i.fi.u'i)' 
f ((ax, /30 * (a, /S)) = T(ai *a, 0 * 0,) 

= M(/3 * j8i, «i *a) 

= M (/Si, «0 * M OS, a) = f (ax, j9x) * f (a, 0). 

Then, if 

(/, g, f, U) — >(f, g'- f- „') (g/-^) ,(f", g», f», „"), 
f (a', £')(«, P)) = f («'«, /S'/S) = M(j8'0, a'a) = M OS', a')M0S, a) 

= f(a',/S')T(a,/S).-

Now, let 

( f , g , * M j ) : ^ - S 

be an adjoint morphism of C. We know that 

(M(g,f),M(f,g),M(ï,ï),M(r,,v)) 

is an adjoint morphism from (M(A, A), *, 1A) to (M(B, B), *, 1B). Thus, we 
may speak of the dual of 

(M(g,f), <*>, f): ( M ( i , ^ ) , *, 1A) - (M(B, B), *, 1B). 

Now, one may define a new category of the second type Ci by simply replacing 
each M(A,B) in C by M(A,B)°, keeping the same *-operation, and in 
Ci,(g,jf, T], f) is an adjoint morphism from B to A. One may then define, for 
any two objects A', jfe' of M (B, B)°, 

fa'*' = gh' *Ç* k'f 
and one has that 

(M(f, g), *, i,): (M(B, B)\ *, 1B) -> (M(4, A)\ *, 1A). 

One may then easily verify that this morphism is the dual of (M(g,/) , #, f). 
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4. Formal categories. Given a multiplicative category ((£, ®,7) , by a 
(S, ®, 7)-formal category, or simply a (S, ®, 7)-category, we mean a quad­
ruple (£), Af, /x, &), where O is a class, where M is a function from O X O 
to the class of objects of (£, where /z is a family of morphisms in £, 

^ s c : M ( 5 , C) ® M ( 4 , 5 ) -> M ( ^ , C), 

i , 5 , CÇ O, and & is a family of morphisms in 6, 

*A: J->Jlf( i4, ;4) , 

i G O, satisfying the following two conditions. 

FC1. M is associative, i.e. if A, B, C, D £ £), 

HA CD (M(C, D) ® ,xABC) 
— HABD 

FC2. Each kA is a unity, i.e. if A, B £ £), 

M i M f c ® Af(^4,5)) = IMU.B) = M A A B ( M U , ^ ) ® *A) . 

The elements of £) will be called the objects of (O, Jkf, /z, &). 
Given two (S, ®, J)-categories (£), If, M, £) and (£)', M'f/*', £')• by a 

((£, ®, 7)-functor from the first to the second we mean a function T, assigning 
to each i G O a n element T(A) of £)' and assigning to each (A, B) 6 O X O 
a morphism in 6 

T(A,B):M(A,B) -> M'{T{A), T{B)) 

satisfying the following two conditions. 

FF1. UA,B, C £ 0, 

T(A, QUABC = H'TU)T(B)T(O(T(B, C) ® T(A,B)). 

FF2. For any A G O, T ( ^ , y l ) ^ = k'T(A). 
Given two (6, ®, i")-functors 

(O, M, M, *) - ^ - » (£>', AT', /*', *') - ^ - * (O", M", M", * " ) , 

we define their product T T as follows: r T ( i ) = T'(T(A)) and 

T'T(A,B) = T'(T(A), T(B))T(A, B): M(A, B) - • M"(T'T{A), T'T{B)). 

Let us show that T'T is effectively a (S, ®, 7)-functor from (£), Af, M, £) to 
(©", If", fi", k"). If 4 , 5 , ( 7 ^ £), then 

T'T(A, QMABC = r ( r U ) , T(B))T(A,B)nABC 

T(A) T(B) T( C) (T(B,C) <g> T(A,B)) 
= n"T'T(A)T>nB)T>T(o(T'(T(B),T(Q ® T'(T(A),T(B)))(T(B,C) ® T(A,B)) 

(T'(T(B), T(C))T(B, C) ® r ( r U ) , T(B))T{A,B)) 
= fl" T'TU)T'T(B)T'T(C)(T'T(B, C) ® T'T(A, B)) 
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so that T'T satisfies FF1. Then 

rT(A,A)kA = T'(T(A),T(A))T(A,A)kA = T'(T(A), T{A))k'TU) = * ' V r U ) 

so that T'T satisfies FF2. This operation is associative and the function which 
assigns to each A £ D itself and to each (A, B) £ £) X £) the identity mor-
phism of M (A, B) is a (E, ®, i>functor from (0, Mfx, k) to itself which acts 
as an identity. 

At this point, we are tempted to speak of the category P(Ë, ®, I) of all 
(Ê, ®, 7)-categories and all (Ë, ®, 7)-functors, and this one can do, if one 
assumes, and we assume this from now on without further mention, that the 
classes of objects of (C, ®, 7)-categories are all taken from some fixed universe. 

THEOREM 1. If 

(G, * ,«:(<£, ® , / ) - ( < £ i , ® , / i ) 

is a morphism of multiplicative categories, if (O, M, ^, k) is a (Ê, ®, I)-cate­
gory and if one sets, for A, B, C (z O, 

M(A, B) = GM(A, B) , fxABC = G(tiABC)<l>M(B,c),MU,B), kA = G(kA)ô, 

then (D, M, /Z, k) is a ((Si, ®, I\)-category which we denote by 

P(G,0,S)(O,Af,/*,*), 

T: (£>, M, ju, *) -> (O', M', M\ *') 

i» P(_e, ®,7) and # one defines T(A) = T(^) arcd 7*04, £ ) = GT(A,B), 
then T is a (Si, ®. I)-functor from (©, ilf, /z, k) to (£)', ilf', /z', F) ze/AicA we 
denote by P(G, <£, 5)(T). TAe correspondence P(G, #, 5) is a functor from 
P ( 6 , ® , I ) toP(6i, ® , / i ) . 

Proof. Let us show first of all that (O, ilf, #, &) is a (Si, ®, 7i)-category. 
We notice that 

M{B,C) ® M(^,J5) 

= GM(5, C) ® GM(i4, 5 ) - - >G(M(B, C) ® M ( 4 , £)) G^ABCK 
<PM(B,C),M(4,5) 

G ¥ ( i , C ) = M(A,C) 

and that 

h^G{I) G^A) >GM(A,A) =M(A,A). 

Then, if 4 , B, C, D £ £), 

UABD 

®GM{A,B)) 

= G(jiABD)G(jtBCD ® M ( ^ , B ) ) * „ ( o 
® GM(A, B)) 
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= G(ÏIACD)G{M(C, D) ® HABc)<t>M(C,D),M(B,C)®MU,B)(GM(C, D) 

® <t>M(B,C)M(A,B)) 

= G(fxA (GM(C,D) ® G(HABC)){GM(C,D) ® 4>M(B,C)M(A,B,) 

= HACD{M{C,D) ®ÏABC) 

so that (D, M, /x, k) satisfies FC1, and also, 

J^ABB(^B ® M(A,B)) = G(IÂABB)<I>M(B,B)M(A,B) (G(kB)5®GM(A,B)) 

= G(»ABB)<t>M(B,B)MU,m(G(kB) ® GM(A, B))(ô ® GM{A,B)) 

= G(jiABB)G(kB ® M ( 4 , S))*j , *<*,«(« ® GM(i4, 5)) 

so that (O, itf, /Z, ft) satisfies half of FC2. That it satisfies the other half of 
FC2 may be shown similarly. 

Now, let us show that 

f:(£>,M,p,k)^(0',M',n',k'). 

UA,B, C, 6 O, 

T(A, OUABC = GT(A, C)G(JIABC)4>MIB ,C)MU,B) 

= G(n'ABC)G(T(B, C) ® T(A, B))4>M(B 

= G(fA ABCj<j>M'(B,C)Mr(A,B) (GT(B, C) ® G T ( 4 , 5 ) ) 

= ^BC(r(s, o ® r(i,B)) 
so that T satisfies FF1 and also 

f(A,A)kA = GT(A,A)G(kA)ô = G(T(A,A)kA)ô = G(k'A)ô = k'A 

so that r satisfies FF2. 

Finally, that P(G, 0, ô) is a functor is trivial. We notice that if G permutes 
with tensor products and if (O, M, /x, k) is a (S, ®, 7)-category, then 

P(G)(£), M, M, *) = (O, GM, G(M), G(&)). 

If (S, ® , / ) is a multiplicative category, there is a canonical morphism 
(see §3) 

(MC(J, 6), *, 0): (6, ®, / ) - * ( © , X, 0) 

and P(Mc(7, S), ^, 0) assigns to each (S, ®, J)-category (O, M, n, k) its 
"underlying ordinary category" (©, M, /z, fc), where 

M ( 4 , 5 ) = Mv(I,M(A,B)), 

ÏABc(gJ) = »ABc(g®f)'I->M(A,C), 

and kA assigns kA to the only element of 0. 

THEOREM 2. Given two morphism s of multiplicative categories 
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(G, <t>, S), (G\ 0 \ Ô1): ( 6 , ® , I ) -> (Si , ® , / i ) 

arad gwew 

^(G.^a)-*^1 ,*1^1) 

if for each ((5, ®, Ï)-category (D, M, /i, k), one sets, for each A,B Ç. O, 

P W ( C , * , i . , e U ) = 4̂ and 

P(a)(o.M,,,k)(A,B) = a M U | B ) : G t f ( i , B ) ^ G W ( ^ , B ) , 

/Aera P(O)(O,M,M,« *5 a functor from P(G, <t>, d)(0, M, /*, £) to 

P ^ . ^ . ^ X O . M . / i , * ) 

awd ^ e family P (a ) <?/ a// <Ae P(a)(o,M,M,« ^5 a natural transformation from 
P(G, 0, «) to P ( G \ 4>\ S1). 

Proof. Firs t we set 

P(G, tf>, 8) (©, M, n, k) = (D, M , p, k), 

P ( G \ <j>\ Sl)(Ot M, M, k) = (G, M 1 , M \ fc1). 

Then , 

P(«) (A, C)pABC 

— G1\VABc)aM(B,C)(g)MU,B)<t>M(B,C)M(A,B) 

— G1(^ABc)(t>1M(B,C)M(A,B)(^M(B,C) ® <*<M(A,B)) 

= &lABcW(a)<&,M*tk)(B, C) ® P(a)(0,M,MlA;)G4, B)) 

so t h a t P(a)(o,M,M,fc) satisfies FF1, and 

P(a)(0,M,M,*)(^t^)*ii = aMU,A)G(£A)<5 = Gl(kA)aIb = G1(kA)ô1 = kA
l 

so t h a t P(a)(o,M,/x,fc) satisfies FF2. 
Then , to prove t h a t P(a ) is a natural transformation, one must show t h a t 

given any (S , ®, 7)-functor 

r:(o,M l M ,*)^(©^', / ,*') , 
the diagram 

P ( G , * , S ) ( © , M ) M , * ) 

P ( G , * , f i ) ( r ) 

P ( G , < M ) ( D ' ) M ' , M ' , £ ' ) 

P(a)(0,j/.«,H 

P(a)(0',Af',M' *') 

P C G 1 , * 1 ^ © , - ^ , / » , * ) 

P(G\<t>\ôl)(T) 

V{G\<t>\V){£',M',n',k') 

is commuta t ive . Bu t this is equivalent to showing t ha t for any A, B £ £), the 
diagram 
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GM(A,B) 

GT(A,B) 

GM'(T(A), T(B)) 

O-MU.B) 

<*-M'(.T(A),T(B)) 

-* GlM(A,B) 

GlT{A,B) 

GlM'(T{A), T(B)) 

is commutative, and this is true simply because a is a natural transformation 
from G to G1. 

THEOREM 3. For any concrete category of the second type C, P is a double 
functor on Cm. 

Proof. First of all, let us consider two morphisms of multiplicative categories 

(6, ®, I) B * i * L (6lf ®, JO - f e î U «g,, ®, j2) 

and let (0, AT, M, k) be a (6, ®, /(-category. Set 

P(G, <£, ô)P(G, <*>, «)(£), M, M, Jfe) = (O, M", M", *")• 

Then, for any A,B, C G O, 

v" ABC — G(G(HABC)<I>M(B,C)MU,B))<I>M(B,C)M(A,B) 

= GG (HAB c)Gi<t>M{B, C)M(A ,B))<f>GM{B, C) GM(A ,B) 

and 
&"A = G(G(*A)5)Ô =GG(*A)G(ô)« 

so that (O, M'7, M", k") = P((G, 0, ô)(G, 0, ô))(D, M, M> *). If 

T: (O, M, M , * ) ^ ( 0 ' f M', ,* ' ,* ' ) , 

then it is trivial to show that 

P(G, <£, Ô)P(G, «, ô)(D = P((G, 0, Ô)(G, 0, Ô))(D. 

Thus, we have shown that P(G, 0, Ô)P(G, 0, Ô) = P((G, 0, ô)(G, 0, ô)). Then, 
it is also trivial to establish that if 

(G, 4>, Ô) —a-> (G', <*>', &') - 2 l > (G", <*>", 8"), 

then P(a 'a) = P(a ' )P(a) ; while if 

(ô, m, 6) — 

then P(â * a) = P(â) * P(a) . 

(<?',$', 5'), 

Before we consider some examples, let us reconsider the situation of the 
Corollary, Theorem 4, §3. One is given two multiplicative categories (S, ®, I) 
and (Si, ®, Ii) and an adjoint morphism 

(H, G, p, <r) : G -» C, 
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where G commutes with tensor products. There exists a unique natural trans­
formation ^: ® (H X H) -+ H ® and a unique morphism fi: I —> ff (i"i) 
making the diagrams 

GfiTi 

O" * 

\ 

\ G * ^ 

* (<r X a) (GHXGH) =G® (HXH) 

GH(h) 

°n 

\ 
\G(fi) 

l*lH-I1=G{T) 

commutative and (H,rp,0) is a morphism, while {(H,^/, 0),G, p,<r) is an 
adjoint morphism from (Si, ®, Ii) to (6, ®, 7). Then 

P#((Jf, *, /?), G, p, <r) = (P(H, *, /?), P(G), P(p), P(«r)) 

is an adjoint morphism from P(Êi, ®, 7i) to P (S , ® , / ) . Of course, PCG) 
assigns to each ((£, ®, 7)-category (O, M, /x, &) the (Si, ®, 7i)-category 
(O, GM, G(M), G(*)). Let (£>, M, /z, Â) be a (G^, ®, 7i)-category and let 

(O, If, M, *) = P(ff, f, P) (O, M, M, «). 

Then, AT = ifikf. Given A,B,C € O, 

MABC = H(jXABC)Tp-M{B,CmU,B) 

is the only morphism in 6 making the diagram 

G(HM(B, C) ® i7MG4, 5)) 

GHM(B, C) ® GHM(A, B) 

&M(B,C) ® ^ I U I B ) 

M(£ , O ® M(A,B)-

G(fJLABc) 

VABC 

GHM(A, C) 

&MU, C) 

>M(A,C) 
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commutative, while kA = H(kA){3 is the only morphism making the diagram 

GHM(A,A) 
/ 

G(kj 
&M(A,A) 

G (I) = I~^M(A,A) 

commutative. Then, P(P)(O,M,M,AO is a (S, ®,I)-functor with the following 
universal property: given a (S, ®, J)-functor 

7 : (©, M, M, *) -> P(ff, *, |8) (S), M, M, *), 

there exists a unique (Si, ®, Ii)-functor T making the diagram 

P ( / 7 , ^ ) P ( G ) ( 0 , i k f , M , f c ) 

\ P ( t f , * , , 8 ) ( T ) 
P(p)(0,M,M,*) 

r 
\ 

(O, M, /x, *) — — P ( # , *, « (S), M, p, A;) 

commutative. If ^4, 5 G D, ?(^4, 5 ) is the only morphism in Ëi making the 
diagram 

HGM(A,B) 

PM(A,B) \H(f(A,B)) 

M(A,B) 
T(A,B) \ 

HM(T(A), T(B)) 

commutative. 
Similarly, P(o\)CS.M,;;,*) is a (Si, ®, 7i)-functor with the following property: 

given a (Si, ®, 7i)-functor 

f: P(G) (O, M, M, *) — (S>, M, P, k), 

there exists a unique (S, ®, J)-functor 7" making the diagram 

P(G)P(ff,*,0)(£>,2lf,jz,fc) 

P(^)(S),M,M,"/ 

\ 

(©, M, p, k) «-

\P(G)(r) 
\ 

\ 
\ 

P(G)(0,M,M l*) 
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commutative. If A,B £ O, T(A,B) is the only morphism in & making the 
diagram 

GHM(T(A), T(B)) 

<TII(T(A),T(B)) \G(T(A,B)) 

M(T(A), TÇB)) c T(<A' B) GM{A, B) 

commutative. 

We now consider some examples. First of all, it is obvious that the (©, X, 0)-
categories are just the ordinary categories (S, where for any two objects A and 
B of S, M {A, B) is a set, and that the (©, X, 0)-functors are just the ordinary 
functors of these categories. 

In the more general case of an arbitrary category S with direct product and 
0-object, the ((£, X, 0)-categories with a single object are the semi-group-like 
objects of (2). If the objects and morphisms of S are categories and functors, 
multiplied in the usual fashion, if X is the ordinary direct product of categories 
and functors, and, of course, if 0 is the trivial category consisting of a single 
morphism, then the (S, X, 0)-categories are categories of the second type and 
the (S, X, 0)-functors are double functors. 

The (21b, ®, Z)-categories are just the additive categories and the (31b, ®,Z)-
functors are just the additive functors. The (2lb, ®, Z)-categories with a single 
object are essentially just rings. Now we know that there is an adjoint 
morphism 

((ff, v, 0), G, p, a): (Sib, ®, Z) -> (©, X, 0), 

which induces an adjoint morphism 

P#(Cff, is 0), G, p, a) = (P(H, v, 0), P(G), P(p), P W ) 

from P(§16, ®, Z) to P(®, ®, 0). It is easy to see that in this case P(H, v, 0) 
assigns to each additive category its " underlying ordinary category" and to 
each additive functor, itself considered as an ordinary functor. We notice that 
P(G) assigns to each (©, X, 0)-category with a single object, i.e. to each 
semi-group, the semi-group-ring over Z that it generates. 

For each additive category (£), M, /x, k), we shall call P(G)(D, M, n, k) the 
free additive category generated by (£), M, /*, k) and P(p)(ofM,M,*)tne canonical 
functor from (O, If, M, *) to P(if, ,̂ /3)P(G)(D, If, M, *). 

At this point, we notice that if O is a fixed class of objects and if, for each 
multiplicative category (Ê, ® , / ) , P o ( S , ® , / ) denotes the subcategory of 
P (S , ® , / ) whose objects are the (6, ®,/)-categories with © as class of 
objects and whose morphisms are the ((£, ®, 7)-functors leaving the elements 
of £) invariant, then P© may be extended in the obvious way to a double 
subfunctor of P, which we also denote by P©, and that what we have said so 
far about P also holds for P©. 
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Now, let 3 be any category and let (Ê, ®, 7) be a multiplicative category, 
where Ë is an inverse ^-category. We know that there is an adjoint morphism 

((L, *, 17), ESl l l g , X): (F(3f, S), F(3f, ®), E 3 (J)) -> «S, ®, / ) 

so that 

P©#((L, *, 17), £ 3 , l l e , X) = (P©(L, *, 17), P D ( ^ ) , PoClic), PO(X)) 

is an adjoint morphism from P©(F(3, g), F ( 3 , ® ), £ 3 CO) to P 0 ( S , ®, 7). 
But the category P©(F(3, S), F ( 3 , ®), £$( / ) ) may be identified with the 
category F ( 3 , P©(fè, ®, 7)) and then the functor Po(£^) is identified with 

ET : P c ( g , ®, 7) - F ( 3 , Po(S f ®, 7)). 

Thus, we have the following theorem. 

THEOREM 4. Gwen a multiplicative category (S, ®,7) , i / 6 is aw inverse 
^-category, then so is P©(E, ®, 7). 

Let us see what inverse limits look like in P©(fè, ®, 7). Let 

T ^ ^ P o C S , ®,7) 

be a functor. For each object i of 3 , let F{i) = (£), M"*, /x(*\ k{i)). Then, for 
A,B G £), the function il7C4,72) which assigns to each object i Ç 3 the 
object il7*C4, B) and to each morphism i : i —>j in 3> the morphism F(c) C4, 7?) 
is an ^-diagram of 6. Furthermore, the family /z of all the MÏBC> A, B, C £ £), 
is a natural transformation from M(B, C) ® M(A,B) to MC4, C) and the 
family k of all the &^} is a natural transformation from E$(I) to MC4, A). 
One sees that (£>, M, p, fc) is the (F (3 , 6), F ( 3 , ®), £3(7))-category with 
which F is identified. Applying P©(L, i/s 7) to (£), M,jz,ic), one obtains a 
(6, ®, 7)-category (£>, M, /x, &), where for ,4, 5 , C £ O, 

MC4,£ ) = LM(A,B). 

Now JUABC is the unique morphism in 6 making the diagram 

Es(LM(B, C) ® LM(A, B)) ^ ( ^-> E^LM(A, C) 
Es(flABc) 

EsLM(B, C) ® E$LM(A, B) 

^M(B,C) ® ^M(A,B) 

M(B, C) ® M(A,B) VABC 

W U , C) 

-> M(A,C) 

commutative and kA is the unique morphism in 6 making the diagram 

E$LM(A,A) 

E%(kA)/ 

E$(I) 

^M(A,A) 

M {A, A) 
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commutative. Furthermore, if we set 

Au.*> = *MU,B) : E3M(At B) -> M(A, B), 

then the family A of all the A(A,B) is a natural transformation from 
£ ^ ( 0 , M, fj,, k) to (O, M, ft, k), which is identified with F, with the following 
universal property: given a natural transformation 

there exists a unique (E, ®, /)-functor T making the diagram 

E3(£), M, », k) 

n 
\E9(T) 

commutative. For i , ^ g O, rC4,Z?) is the unique morphism of E making 
the diagram 

E3M(A,B) 

\ 

A(A, B) = Xjtfu.z?) \E9(T(A,B)) 

E9M'(A,B) 

\ 
\ 

nw,s) 
commutative. 

As a corollary of Theorem 4, we have that for any class O, the categories 
Po(@, X, 0) and P©(2tb, 0 , Z ) are inverse 3-categories, at least for any 
proper category 3 . 

THEOREM 5. Given a morphism of multiplicative categories 

(G,<M) : (6, ® , / ) - * ( 6 i , 0 , / i ) , 

if E awd Ei are inverse ^-categories and if G is an inverse ^-functor, then P© (G, 0,8) 
is an inverse ^-functor. 

Proof. By hypothesis, (F(3 , G), G) is a morphism from 

(L,£3,1 1 ( S , \ ) : F ( 3 f , 6 ) - > 6 
to 

(L ,E 3 , l l g l ,X ) : F(3f, <Ei)-> 61. 
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It is then easy to verify that ((F(3f, G), F (3 , <j>), E3(S)), (G, <f>, 8)) is a 
morphism from 

((L, *, h), Eg, l l g , X) : (F(3f, IS), F ( 3 , ®, ), £3(7)) - • (S, ®, J) 
to 

((L, £ 1x0, £ 3 . 1%- X) : (F (3 , Sx), F ( 3 , ®), E3(IX)) -> (&, ®, h). 

It then suffices to apply (Po)# and remark that when the categories 

P 0 ( F ( 3 , <£), F ( 3 , ®), £<»(/)) and P0(F(3f, Sx), F ( 3 , ®), EgtfO) 

are identified with the categories F ( 3 , P©(£, ®, /)) and F ( 3 , P©(@i, ®, Ji)) 
respectively, then the functors P©(F(3, G), F ( 3 , 0), £3(0)) and 

F ( & P o ( 6 , ® , D ) 
are identified. 

Finally, let us consider a concrete category of the second type C. In C, we 
consider an adjoint morphism 

which induces a morphism of multiplicative categories 
t ( r , UA,ri) = (M(C7 , r ) , * , f ) : (M(6, 6), *, U) - (M(Si, 6i), *, lŒl). Now 
M(U, T) has a left adjoint, i.e. 

{M(U,T),M(T,U),M(Ç,ï),M(ri,.n)) 

is an adjoint morphism from M ( S , S) to M (Si, Si). But, in general, this 
adjoint morphism does not satisfy the other conditions of Theorem 1, §3, so 
that it does not induce an adjoint morphism from P©(M(S, S), *, 1®) to 
P©(M((5i, Si), *, Ici). However, if S and Si are inverse 3-categories, by the 
Proposition of §2, in dual form, M ( S , S) and M (Si, Si) are inverse 3-cate-
gories and then, since M(Z7, T) is a right adjoint, it is an inverse 3-functor (2, 
II, Proposition 2.9) so that by Theorem 5, 

Po(M(U, T), <j>, f): P0(M((S, <£), *, l c ) - PoCM^x, SO, *, lCl) 

is an inverse 3-functor. 
We notice that when £) contains a single element Pr>(M(S, S), *, lç) is 

essentially the category of fundamental constructions of Godement (4) (or of 
dual standard constructions of Huber (5)) of S and their morphisms, a funda­
mental construction of S being a triple (5, 7r, K), where 5 is a functor from 
S to S and 7r: S2 —> 5 and K: 1$ —» 5 are natural transformations such that 

IT (iT * S) = IT (S * 7r) , 7T (K * 5 ) = 1 S = 7T (5 * K) 

and a morphism from (5, 7r, K) to (5", 7r', K') is a natural transformation 
r : 5 —> S' such that 

T7T = 7r'(r * r) and r/c = K'. 
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We notice that in this context, part of Theorem I is a generalization of (5, 
Theorem 4.2). 

5. Appendix on inverse and direct l imits. Let 3 be a category and let 
((£, ®, I) be a multiplicative category. We shall show that if one replaces 
P© by P in Theorems 4 and 5 of §4, then these theorems remain valid, provided 
3? is not too large. Of course, one cannot use the same method of proof; the 
categories P(F(3 , <£), F ( 3 , ®), E3(I)) and F ( 3 , P ( 6 , <g>, / )) cannot be 
identified. 

We begin with a remark. If (O, M, /z, k) is a ((£, ®, 7)-category and if 
/ : £)' —> O is a function, then one can define a new (fë, ®, /)-category 
(£>', M', //, *') by setting 

M'(A',B') = i t f W ) , / ( B ' ) ) , M W C = M/cn/cm/co, *'A' = */u') 

and, obviously, there is a canonical functor 

r : (£)', M', /*', *') -> (O, M, M, *) 

defined by 

r^o =/(i47), m' , s ' ) = I^/U')./(BO). 

We shall say that (£)', M', /*', kf) is obtained from (£), ikf, /x, &) by replacing 
O by £)' through / . 

Now let F: 3 —> P(S , ®, / ) be a functor. We have assumed that the classes 
of objects of ((£, ®, /)-categories are all taken from some fixed universe, and 
we now assume that 3 is not too large, i.e. that the class of all its objects and 
morphisms is in this same universe. For each object i of 3 , let 

Fix) = (Ou Mit /Xi, kt). 

The function which to each object i of 3 assigns the class Oi and which to each 
morphism i: i —>j assigns the function tL :Oi—>Oj induced by F(i) is a 
functor which has an inverse limit (£)', {qt: £)'—»£)*}). Now, F induces a 
functor 

where for each object i of 3 , F'(i) = (O', M'it n'u k't) is obtained from 
(Ou Mu Pu kt) by replacing £)* by £)' through g* and where for each morphism 
i:i-*joî 3 , ^ ' ( 0 0 4 ) = ^ and 

F(0G4' ,£ ' ) = F(c)(qi(A
,)1qi(Bf)):Mi(qi(A

,),qi(Bf))-^ 
MtiaM'^t&ilP)) = MMA'),^')). 

Furthermore, for each object * of 3 , there is a canonical (S, ®, J)-functor 

Qt: (©', Af'«, / „ *\) -» (©» M„ M„ kt) 
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and these form a natural transformation Q: Ff —» F. Given a natural trans­
formation 

P:Es(0",M",ii",k")->F 

for each object i of 3 , Pt induces a function />*: £>" —> D* and there exists a 
unique function A: D " —» £)' such that pt = g* A for each i. Then, for each 
i, we set H^A") = A" and 

Ht(A",B") = P<(i4",B"): M"{A",B")-*Mt(pM"),Pt(B")) 

= MMiKAn)^MBff)) = M',(A(i4"), A(S")) 

and the class H of all the Ht is the only natural transformation making the 
diagram 

\ 

\ 

F<-

\ 
E3(8",M",*",k") 

commutative. 
By Theorem 4, §4, F ' has an inverse limit 

A: £ 3 ( 0 ' , M',/i ' , * ' ) - > * * 

in P©'((£, ®, / ) . Then, F ' induces a functor 

^ ' : 3 - > P A < 0 " ) ( 6 , ® , / ) , 

where for each object i of 3 , F"(i) is the (S, ®, 7)-category obtained from 
(£)', M7*, /*'*, A'*) by replacing £)' by A(D") through the natural inclusion 
A' of A(D") in £)', and the direct limit of F " in P»(0")(®» ®i ^) i s J u s t the 
(£, ®, 7)-category obtained from (£)', AT, //, A') by replacing £)' by A(£)") 
through A. It is then easy to see that there is a unique (6, ®, 7)-functor K 
making the diagram 

E9(tD',M',v',k') 
\ 

\ 
\ £ 3 ( i 0 

^ -
H 

E<s{D",M",,i",k") 

commutative. We have thus proved the following theorem: 

THEOREM 1. If (£, ®, / ) is a multiplicative category and if E is an inverse 
^-category, then P (S , ®, / ) is also an inverse ^-category provided the class of 
all objects and morphisms of 3 is in the universe from which the classes of objects 
of (S, ®, I)-categories are taken. 
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The proof of the next theorem is left as an exercise to the reader. 

THEOREM 2. Given a morphism of multiplicative categories 

(G,<M): (6, » , / ) - > ( 6 i , ® , J i ) , 

if (S and (£i are inverse ^-categories and if G is an inverse ^-functor, then 
P(G, <£, ô) is an inverse ^-functor, provided 3 satisfies the condition of the preceding 
theorem. 

It is now natural to ask under what conditions a category Po(®> ®, I) is 
a direct ^-category. Although we cannot answer this question in general, we 
shall be able to answer it for the categories P©(®, X, 0) and Po(3lb, ®, Z) 
when 3 is a proper category (the class of its morphisms is a set). 

First of all, in P©(©, X, 0), direct sums may be constructed pretty much 
the same way as one constructs the direct sum (or free product) of a family 
of semi-groups. We shall call the objects and morphisms of P©(®, X, 0) 
simply ©-categories and ©-functors. Let {&i}UI be a family of ©-categories, 
where 7 is a set. One may construct a new ©-category 6 as follows. If A, B £ ©, 
the morphisms from A to B in (£ are the finite sequences 

(1) f:A =Ao^A1-^> ^ A m =B 

where each fih is a non-identity morphism in (§,ih and no two successive 
morphisms in this sequence belong to the same category fë*. Given another 
such sequence 

(2) g:B =BoIil+B1-^ •&+Bn = C, 

the product gf is the sequence from A to C obtained by writing sequence (2) 
after sequence (1) and carrying out all possible multiplications and cancella­
tions so that the proper conditions are satisfied. It is not any more difficult 
to prove that this operation is associative than to prove the operation associa­
tive in the free product of a family of semi-groups. Of course, for each A G O, 
one must admit the existence of a void sequence from A to A to have a unity 
morphism for A in 6. For each i £ 7, there is an obvious canonical imbedding 
©-functor Tt'. (£*—>(£ and these functors define S as a direct sum of {S A itj i n 
Po(®, X , 0 ) . 

Given an ©-category 6, by a regular equivalence relation of S we mean a 
family R = {R(Af B)}AtBe£)j where each R(A,B) is an equivalence relation 
of the set M (A, B), such that if / , / ' G M (A, B) and g, g' G M(B, C), then 

f=f'(R(A, B)) and g = g'(R(B, C)) => gf - g'f(R(A, C)). 

The following properties of regular equivalence relations of Ê are obvious 
generalizations of well-known properties of regular equivalence relations on 
semi-groups. 

https://doi.org/10.4153/CJM-1965-076-0 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1965-076-0


798 J.-M. MARANDA 

1. The regular equivalence relations of S may be partially ordered in the 
obvious way: any family of regular equivalence relations of S then has an 
intersection, and there is a coarsest regular equivalence relation of S. 

2. If T is an O-functor defined on (5 and if for each A, B Ç O, one defines 
an equivalence relation RT{A, B) on M (A, B) by 

f=f(RT(A,B))**T(f) = T(jf), 

then RT = {RT(A, B)}AtBto is a regular equivalence relation of S. 
3. Let R be a regular equivalence relation of S and for each morphism 

/ : A —» B in Ê, let / denote the equivalence class containing / determined by 
R(A, B) in M (A, B). One can define a quotient ©-category S/i? as follows: 
for A, B e O, the class of morphisms from A to B in S/i? is M ( 4 , B)/R(A, B) 
and g iven/ G Af(4, B), g G ikf(i>, C), gf = gf. There is an obvious canonical 
D-functor TR from 6 to S/i? defined by T^f/) = / a n d one has that RTR = i?. 
Furthermore, this canonical O-functor has the following universal property: 
if T: S —» © is an £)-functor and if i ? r is coarser than R, then there exists a 
unique O-functor S: fè/i? —> 3) such that T = 5T/2. 

One is now able to prove that any two £)-functors T, T' : S3 —> Ë have a 
cokernel. There is at least one regular equivalence relation R on £ such that 
TRT = TBTr, namely the coarsest regular equivalence relation of S. There is 
then a finest regular equivalence relation R of S with this property, namely 
the intersection of all the regular equivalence relations of S with this property. 
Then, TH: £ —> &/R is a cokernel of the pair (T, T'). Then, by a result in 
(7), any diagram in P©(©, X, 0) with a proper category of indices has a 
direct limit. 

Remark 1. If one defines an O-precategory as what is left of an O-category 
when one drops the operation, then it is possible to define a notion of free 
D-category generated by a given O-precategory. 

Remark 2. One could show that in the category PV)(©, X, 0) of all £)-
groupoids, i.e. O-categories in which all morphisms are invertible, and all 
their O-functors, every diagram with a proper category of indices has a direct 
limit, and that every £>precategory generates a free O-groupoid. The argu­
ments involved are now obvious generalizations of known arguments for 
groups. 

Remark 3. If G is a category of the second type, then one may define a 
regular equivalence relation R on C0 as follows: if f,f G M0(^4, B), then f Rf 
if there exists a finite sequence of morphisms 

J vi, h >/b h ~—va, /4 >/s, . . . 
ending with / ' . The canonical functor TR: Co —> C0/R may be extended in a 
trivial fashion to a double functor T: C —> G0/R, i.e. one defines for each 
a:/—>/' in M(A,B), T(a) = l r B ( / ) . Then T has the following universal 
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property: if U is a double functor from C to the ordinary category £), then 
there exists a unique functor V: C0/i? —> 2) such that U = VT. 

Before we turn our attention to the category P©(2lb, ®, Z), let us consider 
the following situation. We are given an adjoint morphism 

Cff ,G,p,er) :e i->G 

with the following properties: 
CI. Given two morphisms / , f : I -* B in Si, if i7(/) = H(f'), then / = / ' . 
C2. Given a family of morphisms {ft: H (Ai) —» H (A)} itI in £, there exists 

g: Â —> B in Si with the following properties: 
(i) For each i £ 7", there exists /*: 4* —» 2? such that H(fi) = H(g)fi. 

(ii) If h: À —» C is such that for each i G 7, there exists /'*: Â* —» (7 such 
that H(Jfi) = H(h)fu then there exists a unique k: B —> C such that ^ = &g. 
In this situation, we may assert the following: 

If E is a direct ^-category, then so is (Si. 
For let F: 3 —> Si be a functor. Then if/7 has a direct limit 

X: i ïF->E3( i4) . 

Let 7 be the class of objects of 3 and let g: G (A) —> 5 be the morphism in 
Si corresponding to the family {pA \t} UI by C2. For each i £ 7, there exists 
ft: F(i) -+B such that H(ft) = H(g)pA \ t . Then []i\Ui is a natural trans­
formation from F to E$(B) and we show that it is a direct limit of F. Let 
a: F —> E$(C) be a natural transformation. Since X is a direct limit of HF, 
there exists a unique jô: A —> i7(C) such that if (a) = E$(B)\. Then, there 
exists a unique h:G(A) —» C such that # = H(h)p so that for each i Ç 7, 
H (ai) = /5Xi = H(h)p\i and therefore, by the choice of £, there exists a unique 
&: j§ —» C such that ^ = fc|. Thus, & is the only morphism from B to C such 
that 

#(««) = HfàHfâpXt = H(k)H(]x) = ff(fc/<), 

i.e. by CI, such that at — k]u for each i Ç 7. 
As an application of the preceding criterion, we consider the case where 

(H, G, p, 0-) : 21b —> ©, H being the forgetful functor and therefore obviously 
satisfying condition CI. But it is easy to show that it also satisfies condition 
C2, for given a family of functions {ft: H (Ai) —» 77(A)} UI, the natural 
homomorphism g: A —> A/N, where N is the submodule of A generated by 
all elements 

fi(a + a') - fi(a) - ft(a'), a, a1 G Âu i £ 7, 

has the desired properties. Thus, we may conclude that since © is a direct 
3-category for each proper category 3 , Sib is also a direct 3-category for each 
proper category 3 . But then, (77, G, p, a) induces the adjoint morphism 

(Po(77, v, 0), P0(G), P0(p), P o W ) : Po(3t6, ®, Z) -> P 0 (® , X, 0) 
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and Y*o(H, v, j8) is also a forgetful functor (it assigns to each additive category 
its "underlying ordinary category"). We show that ¥&(H,v,fi) satisfies 
condition C2. We shall call the objects and morphisms of P©(2lb, ®,Z) 
simply additive O-categories and additive D-functors. 

By a regular equivalence relation of an additive O-category (5, we mean a 
regular equivalence relation R of the ordinary O-category S which is com­
patible with addition, i.e. 

/ s f(R(A, B)) and g = g'(R(A, B)) =>f + g=f + g'(R(A, B)) 

for any A, B £ O. A regular equivalence relation i? of S is then determined 
completely by the "ideal" Wl = {$tt(A, -^U.ueO, where each 

m(A,B) ={fe M(A,B)j=0(R(A,B))}. 

An ideal 2)? of 6 is just a family {9JÎ(^4, jB)}A,Be©, where each ^(A, B) is a 
submodule of M {A, B) and where 

/ € M ( , 4 , £ ) a n d g e 2»(5, C) =>gf 6 2» (4 , C), 

g 6 2»(B, C) and h 6 M (C, D) => hg e 2»(B, D). 

One could obviously enumerate properties of these ideals analogous to those 
we have given for regular equivalence relations in D-categories, which general­
ize well-known properties of ordinary ideals in rings. 

Given a family E = {E(A, B)}AtB€o, the intersection of all the ideals 9W of 
E such that E(A,B) C 2K(4, 5 ) for all A, B G £) will be called the ideal of 
S generated by E. 

Now, given a family of ordinary O-functors 

there exists an additive ©-functor T: 6 —•» 35 with the same properties as g 
in condition C2. For each A, B £ O, let E(A, B) be the subset of M&(A, B) 
consisting of all morphisms 

Tt(f + f) - Tt(f) - Tt(f'), f,f e MeM,B),i G / , 

and let 9JÎ be the ideal of S generated by E = {E(A, B)}AtBe£>*. Then, one 
may take T to be the "natural" functor from 6 onto E/9DÎ. 

Then, since we know that P©(®, X, 0) is a direct ^-category for each proper 
category 3 , our criterion allows us to assert that Po(2Ib, ®,Z) is a direct 
3-category for each proper category $. 
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