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1. In t roduc t ion . In 1955, J . Suranyi and P . T u r a n [8] 
in t roduced the n o m e n c l a t u r e (0, 2 ) - i n t e r p o l a t i o n for the p r o b l e m 
of finding p o l y n o m i a l s of d e g r e e < 2n-1 whose v a l u e s and 
second d e r i v a t i v e s a r e p r e s c r i b e d in c e r t a i n g iven n o d e s . 
In a s e r i e s of p a p e r s ([2], [3], [8]) P r o f e s s o r T u r a n and h i s 
a s s o c i a t e s d i s c u s s e d the p r o b l e m s of e x i s t e n c e , u n i q u e n e s s , 
exp l ic i t r e p r e s e n t a t i o n and c o n v e r g e n c e of such i n t e r p o l a t o r y 

2 
p o l y n o m i a l s when the nodes a r e the z e r o s of (1 -x ) P ' , (x) , 

n- 1 
P (x) being the L e g e n d r e po lynomia l of d e g r e e n - 1 . 

L a t e r Ma thu r and S h a r m a [5] have c o n s i d e r e d the z e r o s 
of the H e r m i t e p o l y n o m i a l s a s nodes for (0, 2) and (0, 1, 3) 
i n t e r p o l a t i o n . K i s [4] and S h a r m a and V a r m a [7] have 
c o n s i d e r e d (0, 2) and (0, M ) - i n t e r p o l a t i o n r e s p e c t i v e l y 
by t r i g o n o m e t r i c p o l y n o m i a l s . 

If n is odd and if the nodes a r e only known to be 
s y m m e t r i c about the o r i g i n Suranyi and T u r a n [8] have shown 
tha t the i n t e r p o l a t o r y po lynomia l s e i t he r do not ex i s t or a r e 
not un ique . However in the l i t e r a t u r e on (0, 2 ) - i n t e r p o l a t i o n 
(whe re the v a l u e s , f i r s t and th i rd d e r i v a t i v e s a r e p r e s c r i b e d ) 
and a l so in the o the r ex tens ions of l a c u n a r y in t e rpo la t ion , 
the z e r o s of L a g u e r r e po lynomia l s do not a p p e a r to have been 
c o n s i d e r e d as p o s s i b l e nodes for such an i n t e r p o l a t i o n p r o b l e m . 

#We e x p r e s s our g r a t i t u d e to Prof . A. S h a r m a for h is 
g e n e r o u s help in p r e p a r a t i o n of this p a p e r . 

* * T h e second author acknowledges f inancia l suppor t f rom the 
Canadian M a t h e m a t i c a l C o n g r e s s dur ing the S u m m e r of 1966. 
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F o r a c o m p l e t e h i s t o r y of the p r o b l e m and for a de t a i l ed 
b ib l iog raphy , we r e f e r to a r e c e n t p a p e r by J. B a l a z s [ l ] . 

The ob jec t of th is note i s to c o n s i d e r the p r o b l e m s of 
e x i s t e n c e , u n i q u e n e s s and exp l i c i t r e p r e s e n t a t i o n for p o l y n o m i a l s 
R (x) of d e g r e e < 2 n - 1 for (0 r 2) i n t e r p o l a t i o n when the nodes 

a r e the z e r o s of x L ' (x): 
n 

(1 .1 ) 0 = x„ < x < . . . < x < oo 
0 1 n- 1 

and w h e r e L (x) deno t e s the L a g u e r r e p o l y n o m i a l of d e g r e e n. 

We sha l l p r o v e the fol lowing: 

T H E O R E M . If a and p (v = 0, 1, . . . , n- 1) a r e any 
v y 

p r e a s s i g n e d n u m b e r s then t h e r e e x i s t s a unique p o l y n o m i a l 
R (x) of d e g r e e < 2n -1 sa t is fying 

n a _ 1 a. 

(1 .2) R (x ) - a , RM(x ) = p (v = 0r 1, .. . , n -1) 
n y y n y y 

w h e r e x a r e g iven by ( 1. 1 ). F o r the exp l i c i t f o r m of th is 
v 

p o l y n o m i a l we have 

n - 1 n - 1 
(1 .3) R (x) = S a U (x) + 2 p V (x) 

n -n v v -n v v 

w h e r e U and V (x) a r e g iven by (5. 14), (5 .15 ) , (5 .3 ) and 5 . 4 . 
v v 

If we c o n s i d e r (0, 2 ) - i n t e r p o l a t i o n of the above type on 
(a) 

the z e r o s of L (x), a > - 1, then i t is p o s s i b l e to p r o v e the 
e x i s t e n c e and u n i q u e n e s s of the i n t e r p o l a t o r y p o l y n o m i a l s for 
- 1 < a< 1, but exp l i c i t f o r m s of the i n t e r p o l a t o r y p o l y n o m i a l s 
b e c o m e m o r e c o m p l i c a t e d . So we r e s t r i c t o u r s e l v e s to the c a s e 
t r e a t e d in the above t h e o r e m . It i s i n t e r e s t i n g to o b s e r v e that 
the i n t e r p o l a t o r y p o l y n o m i a l s e x i s t for both n odd and even . 
We s h a l l r e t u r n to c o n v e r g e n c e p r o b l e m s l a t e r . 

2 . P r e l i m i n a r i e s . In th is s e c t i o n we sha l l s t a t e c e r t a i n 
wel l -known f o r m u l a e which we s h a l l u s e l a t e r on. 
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(2 .1 ) x L " ( x ) + (1-x) L» (x) + n L (x) = 0 

i s the d i f f e ren t i a l equat ion sa t i s f ied by L (x). 
n 

It i s e a s i l y ver i f ied that 

(2 .2) L ' (0 ) = - n 
n 

, , n ( n - l ) 
L"(0) = - L

r ~ 
n 2 

L , „ ( 0 ) = . n ( n - l ) ( n - 2 ) 
n 6 

and 

(2 .3) x L n (x . ) = - n L (x.) 
n J n j 

x. L I M(x.) - (x . -2) L"(x.) = - n ( l - — ) L (x.) 
J n J j n j x n j 

x. L1 V(x.) = - — (x + — - n - 3) L (x ). 
j n j x j x n j 

We sha l l denote by I (x), the fundamenta l po lynomia l s 
v 

L a g r a n g e i n t e r p o l a t i o n based on x ' s (v = 0, 1, 2, . . . , 

the z e r o s of x L 1 (x) i . e. 
n 

x L1 (x) 
(2 .4) £ (x) - S . v > l 

v x (x -x ) L n ( x ) 
v v n v 

L ' (x) 
i (x) = -

o n 

f r o m which it can be e a s i l y s een that 

(2 .5 ) i ( x ) = 1 
v v 

I (x.) = 0 
v J 
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( 2 . 6 ) 

( 2 . 7 ) 

i * ( x ) 
V V 

i ' ( x . ) 
v J 

i " ( x ) 
V V 

l ' ( 0 ) 
o 

i " ( 0 ) 
o 

i ' ( 0 ) 
V 

-

= 

= 

= 

= 

= 

i 

~2 

x . L " (x . ) 
J n j 

x ( x . - x ) L " ( x ) 
v J v n v 

1 n 

3 3 x 
V 

( n - 1 ) 
Z 

( n - l ) ( n - 2 ) 

2 

1 

x L (x ) 
v n v 

We a l s o r e q u i r e t h e f o l l o w i n g w e l l - k n o w n r e l a t i o n s 

( 2 . 8 ) n L (x) = ( - x + 2 n - l ) L ( x ) - ( n - l ) L ^ 
n n - 1 n - 2 

and 

( 2 . 9 ) L (x) = Z ( n ) ± f x V . 
n n - v v-

v=o 

3 . We s h a l l now p r o v e t h e f o l l o w i n g l e m m a w 
u s e i n t h e s e q u e l . 

L E M M A 3 . 1 . We h a v e 

-oo t / 2 
( 3 . 1 ) r 0 0 e W ^ L ' ( t ) d t = 3 n - l . 

•'O n 
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P r o o f . We h a v e 

• oo oo 

f e t / 2 L ' ( t )d t = [ e " t / 2 L » ( - t ) d t 
JCi n Jn n 

t / Z ^r 

r ! ( r + 1 ) ! ( n - l - r ) ! ^0 n - l - r ! Jo 

J0 n ^0 

n - 1 , oo 

= Z 

r = 0 

( m a k i n g u s e of ( 2 . 9 ) ) . Now s u b s t i t u t i n g t / 2 = u w e h a v e 

-co n - 1 f r + 1 oo 

f e t / 2 L ' ( t ) d t = X , , n " . , , f e " U u r d u 
JO n r = 0 r ! ( r + 1 ) ! ( n - l - r ) ! JQ 

n - 1 r 
= 2 2 n ! 2 

r = Q ( r + 1 ) ! ( n - l - r ) ! 

n « o r 

n! 2 
r ! ( n - r ) i 

r = l 

[ 2 Ô 2 r - 1 ] 
r = 0 r 

= ( 3 n - D , 

f r o m w h i c h t h e L e m m a f o l l o w s . 

4 . P r o o f of T h e o r e m . T h e e x i s t e n c e and u n i q u e n e s s 
a s s e r t i o n w i l l b e p r o v e d if w e s h o w t h a t t h e p o l y n o m i a l 
g^ t (x) of d e g r e e < 2 n - 1 s a t i s f y i n g t h e c o n d i t i o n s 

2 n- 1 — 

( 4 - 1 ) g 9 , ( x ) = 0, g» ( x ) = 0, v = 0 , 1 , . . . , n - 1 
2 n - l v 2 n - l v 

i s i d e n t i c a l l y z e r o . T o p r o v e t h i s we w r i t e 

( 4 . 2 ) g (x) = x L ' ( x ) q (x) 
2 n - 1 n n - 1 

w h i c h s a t i s f i e s t h e f i r s t c o n d i t i o n i n ( 4 . 1) w i t h a r b i t r a r y 
p o l y n o m i a l q ( x ) . In o r d e r t h a t t h e s e c o n d c o n d i t i o n i n 

( 4 . l ) i s a l s o s a t i s f i e d , w e h a v e u n d i f f e r e n t i a t i n g ( 4 . 2 ) t w i c e 
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and using (2. 1): 

2q! ,< x ) + q „ ( x > = ° > v = 1 , 2 , . . . , n - i 
n - 1 v n - 1 v 

whence 

(4 .3) 2q ' (x) + q (x) = c L ' (x) 
n - 1 n - 1 n 

w h e r e c i s a n u m e r i c a l c o n s t a n t . Sett ing 

n - 1 
(4 .4) q (x) = S a L (x) 

n - 1 k = Q k k 

and us ing the r e c u r r e n c e r e l a t i o n ([6] p . 299) 

(4 .5) L (x) = L ' ( x ) - L ' (x) , 
n n n + 1 

we have f r o m (4. 3): 

S (3a - a , ) L ' ( x ) - a L' (x) = c L ' ( x ) . 
k k - l k n - l n n 

k=l 

Equa t ing coef f i c ien t s of v a r i o u s p o w e r s of L1 (x) in the above 

we get 

(4 .6 ) 3a, - a, i = 0 , k = 1, 2, . . . , n - 1 
k k - 1 

- a = c . 
n- 1 

F r o m (4 .6 ) we have 

(4 .7) 1 
a, = —; a , k = 1, 2, . . . , n- 1 k 3 k o 

n- 1 

F u r t h e r we should a l so have g'' (0) = 0 which r e q u i r e s 

2 L ' ( 0 ) q! (0) + 2 L " ( 0 ) q 10) = 0. 
n n - 1 n n - 1 

564 

https://doi.org/10.4153/CMB-1967-054-6 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1967-054-6


Now using (2. 2), (2.3 ), (4 .4) and <4. 5) we have 

n - 1 
S [(n-1) a, - (n-3) a ] k + n ( n - l ) a M = 0 

k=l k _ 1 k n _ 1 

F r o m th is on us ing the second p a r t of (4. 6) we get 

r n - l , n+1 n+3 3n-3 -, 
[ — + — +—r- + . . . + ] a = 0 . 

1 3 2 ^n -1 o 

i . e . a = 0. Hence f r o m (4. 6) 
o 

a = a = a = . . . = a = 0 . 
o 1 2 n - 1 

This shows that g (x) = 0. 
2 n - l 

5. Exp l ic i t f o r m of U (x) and V (x) : 
v v 

In th is s ec t i on we d e t e r m i n e the expl ic i t f o r m of the 
)mia l s U (x) a: 

v 
following cond i t ions : 

p o l y n o m i a l s U (x) and V (x) in (1 .3 ) , which sat is fy the 
v v 

(5 .1 ) U ( x . ) = ° î 0 r \ * \ U" (x . ) = 0 
v J 1 for j = y y J 

(5 .2 ) V (x.) = 0, V»'(x.) = J J ° r j * v j = 0 , 1 , ... , n-1 
v J v J 1 for j = v 

The po lynomia l s V (x) 
v 

We have 

, 5 . 3 , V o W = ^ - [ / 0 e " 2 L ; ( t , d t - , 3 " - , ) ] 
n (3 -3) w 

w h e r e oo(x) = x L' (x) e ~ x ' ^ and for 1 < v< n - 1 
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(5 .4) V (x) = w (x ) [c fX L ' ( t ) e t / 2 d t 
v 1 J 0 n 

+ 1 fX i ( t ) e t / 2 dt 
2x L"(x ) 

v n v 

+ c2] 

y0 v 

w h e r e 

- 00 

(5 .5) c , = - ~ L i ( t ) e t / 2 d t 
2(3 - 3 ) x L"(x.) 

v n v 

(5 .6) c 2 - -2 c ^ 

F i r s t we show tha t (5 .3 ) and (5 . 4) sa t i s fy ( 5 . 2 ) . F o r th i s we 

: 2 tC 

• x / 2 

s t a r t wi th c o n s t a n t s c and c to be c h o s e n su i t ab ly . Since 
1 2 y 

CO (x) = e x L ' (x) 

t h e r e f o r e we have 

( 5 . 7 ) oo(x ) = co"(x ) = 0 
V V 

a n d 

"X /2 
(5 .8) co ' (x) - - n e v L (x ) v = 1,2 , n - 1 . 

v n v 

Also 

co(0) = 0 

oo'(0) = - n 

2 
oo " (0 ) 

Due to (5 .7) and (5 .9 ) the f i r s t condi t ion of (5 .2) i s s a t i s f i e d . 
In o r d e r to sa t i s fy the second condi t ion of (5.2), we have on 
accoun t of (5 .7) V'^x.) = 0, j 4 v at any cho ice of c and c 

v J 1 2 
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S i m i l a r l y 

Gû'fx ) e 

x / 2 
v 

(5 .10) V"(x ) 
vv v x L'»(x ) 

v n v 

Hence f r o m (5 . 10), using (2. 3) and (5 . 8) we have 

- n L (x ) 
V»(x ) = T " V, = 1 . 

v v x L."(x ) 
v n v 

On accoun t of (2 .2) and (5 .9) we have 

(5 .11) V"(0) = c a,»(0) + 2c oof(0) L ! (0) . 
v 2 I n 

Using (2 .2 ) and (5 .9 ) we have for VM(0) = 0 
v 

(5 .12) c + 2 cA = 0 . 
2 1 

In o r d e r that V (x) i s a po lynomia l we m u s t have with the help 
v 

of L e m m a 3 . 1 

(5 .13) ( 3 n - l ) c + / i (t) e l / * dt + c . = 0 . 
1 2x LM(x ) ^n v 2 

v n v 

Thus (5 . 12) and (5 .9 ) a r e s i m u l t a n e o u s l y sa t i s f ied if we choose 
c and c a s g iven by (5 . 5) and (5 . 6) . 

S i m i l a r l y we can ver i fy the condi t ions (5 .2) for V (x) 

g iven by ( 5 . 3 ) . We o m i t the d e t a i l s . 

The po lynomia l s U (x) . 

(5 .14) U (x) - -*r L ' 2 (x ) + oo(x) [c f e
t / 2 L1 (t)dt 

0 Ù 3 Jn n 
n u 

x / 2 
+ ^ - y {2L^(x) - 3L'(x)} + c J 

4n 
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where 

GO(X) = xL 1 (x) e 

2 
5n - 6n + 1 

° 3 = 4nZ(3n-3) 

n Z 
3 -1 5n - 6n + 1 

C4 " " n Z 
3 - 3 4n 

and for 1 <_ v <_ n- 1 

P ' 1 5 j U (x) = i (x)+w(x)[c_ f L ' ( t ) e ' * d t 
v v 5 JQ n 

x (1+x -t)l ( t ) -2 | ' ( t ) . 

+ c I : e dt 
6 JQ

 t - x 

v 

+ c7] 

where 

C5 

, , , M , -oo (t-x - l ) i (t)+2i!(t) . ' 
(5.16) 1 /« v v v__ t/Z 

Zx (3n-3)Ln(x ) ° t -x 
v n v v 

(5.17) 
"6 Zx L"(x ) 

v n v 

a n d 

(5.18) c ? - -Z c 5 . 

We shall only give the details of the verification that U (x) 
v 

given by (5.15) satisfies (5.1). For U (x) the verification 
o 

can be done s imilar ly . 

We see from (5. 15) that on account of (Z . 5), (5.7) and 
(5.9) the f irst condition of (5.1) is satisfied . Now from (5 . 15) 
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u s i n g ( 2 . 6 ) , ( 5 . 7 ) a n d ( 5 . 8 ) w e h a v e 

2 x . 2 L " 2 ( x . ) 
U " ( x . ) = 2 i ' ( x . ) - - r — ' $ J = 0 

V J V J x 2 ( x . - x ) 2 L " ( x ) 
v J v n v 

if c i s c h o s e n a s i n ( 5 . 1 7 ) . 
6 

N o w f r o m (Z. 6) , ( 5 . 8 ) , (5 . 17) and (Z. 1) we h a v e 

x /Z 

U " ( x ) = (T - - T 5 - ) + 2 c , w f (x ) [ i ' ( x ) - i (x ) - 2 i » ' ( x )] e V = 0 
V V D J X D V V V V V V V 

if c , i s g i v e n b y ( 5 . 1 7 ) . I t r e m a i n s to s h o w t h a t U " ( 0 ) = 0 
D v 

and t h e e x p r e s s i o n of U (x) i s a p o l y n o m i a l of d e g r e e Z n - 1 . 
v 

T o s h o w t h i s w e g e t f r o m ( 5 . 15) , ( 5 . 9 ) , (Z. 7) and (5 . 17) 

2c I f (0) 
U " ( 0 ) = ~TT + n 2 c 7 + 2 a ) ' ( 0 ) [ c . L ' ( 0 ) + 6 V ] 

v Z_ Z. . 7 5 n x 
x L (x ) v 

v n v 
? 2 2 ? 

+ n c + Zn c -
2 T 2 / Ï 7 5 2 T 2 / \ 

x L« (x ) x -L (x ) 
v n v y n v 

. 2 Z 
= Zn c_ + n c 

5 7 

if 

( 5 . 19) Z c + c = 0 . 
5 7 

In o r d e r t h a t U (x) i s a p o l y n o m i a l of d e g r e e Z n - 1 we m u s t 
v 

h a v e f r o m ( 5 . 15) and L e m m a 3 . 1, 

. _oo ( t - x - l ) i ( t ) + 2 i ' ( t ) . 
/ Q

n ox 1 r v v v _ t / Z 
c (3 - 3 ) - —— / e dt = 0 

5 Zx L " x ^n t - x 
V ' Zx L n ( x ) JQ t - x 

v n y v 
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o r 

_ o o ( t - x - l ) i ( t )+2 i ' ( t ) 
(5 .20) ( 3 n - 3 ) c _ = ' / ^ — * r - K - e

t / 2 d t 
5 2x L"(x ) J 0 t - x 

v n v u v 

(5 .19) and (5 .20) a r e s i m u l t a n e o u s l y sa t i s f i ed by the v a l u e s 
of c and c g iven in (5 . 16) and (5 .18) r e s p e c t i v e l y . 

5 7 

R e s u l t s ana logous to t hose of B a l â z s [ l ] unde r the 
cond i t ions used by h i m can be obta ined in th i s c a s e a l s o . 
In o the r w o r d s we could r e p l a c e (1 .2) with 

x 1+a 

However we sha l l not p u r s u e the sub jec t h e r e . 

A c k n o w l e d g e m e n t 
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