A NORM INEQUALITY FOR LINEAR TRANSFORMATIONS
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In 1949 Ky Fan [1] proved the following result: Let
)»1 < ... <\ be the eigenvalues of an Hermitian operator
- - n
H on an n-dimensional vector space Vn. If Ko wees xq is
an orthonormal set in Vn, and q is a positive integer such

that 1 < g<mn, then

q

q q
(1) TN <ZT T (Hx,x)<Z * XN . . .
i— A 3 — 7 n-j¥t

j=1

We shall use this result to prove the following

THEOREM. Let A be anormal operator and let B be any
operator on Vn. Let the eigenvalues aj =N, +ip,, j=1, ..., n,
J J

o (n)
Let ﬁii... i'pn

of A be ordered so that )\15...<)\n and Ho’(’l)i"'s—p'

for some permutation o¢. Let v .

? =T TR

be the eigenvalues of B + B", and vy S-Sy the eigenvalues
= )

of i(B - B¥). Then

(2) SN, -B)+ S vyt oy L)
=t i ] j =i Yn-‘J+1

! The work of this author was supported in part by the United
States Air Force Office of Scientific Research.

2 The work of this author was completed under a National Research
Council of Canada Postdoctorate Fellowship.
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< |Is - all® - [18]]?

n n
B> W b W . +Z  vi(iv, + V)
i i N R ﬁn-J+1) =i j

where ||B]| 12 is the trace of BB .

Proof. By the linearity of the trace,
(3) ||B - A]Iz - HB]]Z tr(B-A) (B-A)* - tr BB*
tr(AA¥) - tr(AB* + BA™).

Choose x,, ..., X tobe an orthonormal set of eigenvectors
n

for the normal matrix A, corresponding to ai, «.., @ . Then
B n

n n 2 n Z n 2

(4) tr(AA®) = (AA*x, x) =2 || =" A\, + = v

=t i =t =] =

Similarly,

tr(AB* + BA¥) T ([aB* + BA*]xj, )
’ J

=t

(B xJ,Ax)+ZJ (A*x,, B¥x)
J

J=1 i’

i

=? a(B X., x) + =® a (Bx,, x).
= J iz S R B

Thus

(5) tr(AB +BA)-2 X(Hx,x)-E v (Kx,, x,),
j=t J =3 i

where H = B + B* and K = i(B - B*). If we set Ay = 0, then

n n
b s =X - = s .
(6) j=1 Xj(ij xj) o=l (Xs )\s-i) j=s (ij xj)
By (1) we have
n
7 = , Z
(7) j=s ﬁn_jﬂ < J s (HxJ x) < j=s 6j
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Since )\s - X\ > 0, it follows from (6) and (7) that

s-1
n n n
P - = < Z Hx_,
s=1 (ks Xs—i) j=s ﬁn-j+i - j= )\j( xj xj)
n n
< Z - z ,
- s= ()\s )\s-i) j=s Bj

and, by the identity implied in (6),

n n

n

(8) oA B ., <Z  \N(Hx, x)<Z  \B,.

A SR R SRR N T A B b S B
A similar argument gives

n n n
(9) Zvy L, <Z  v(Kx,x)<Z vy,

=t ViTn-jr1 = i S RN R R £ S
Combining (5), (8) and (9), we have

n n * *
(10) Z A B - Z7 v,y. < tr(ABT + BA")

=t j n-j+i =t Vi =

<z n \ B n

. B.-Z. vy . ,-
=g =t 73 n-j+1
The result (2) follows immediately from (3), (4) and (10).

Two corollaries arise when A is Hermitian or skew
Hermitian.

COROLLARY 1. Let A be an Hermitian operator on V
n
with eigenvalues )\1 <...< Xn; and let B be an arbitrary

operator, where B + B* has eigenvalues ﬁi < ... < B . Then
- - 'n

n 2 2
z AN, -B)< ||B - A - |lB
o n0p -8 < 1B - Al - (]3]

n
<Z - .
S Zi M0y 7 P!

COROLLARY 2. Let A be a skew Hermitian operator on
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V  with eigenvalues ip,, where p.1< ... <pu.; and let B be an
n j - —'n

arbitrary operator, where i(B - B¥) has eigenvalues

yi_<_... _<_yn. Then

)< 1B - all® - [1BI1% < B2 i + v,

n
=, Ap, + .

n-j+1

REMARK. The theorem is not true for arbitrary A. For

example, consider A = <_1 -1> and B :(g Z) Here
= =0, =0, = 8, d = = 0. Th
a, =a, Bi 62 8, an Yy T Y, en
2 2
[1B - Al]” - [IB]]" =12 - 16
<zl -+l ud ) =0
=t 05 TN T T BT Y

We should like to thank Professor Marvin Marcus for
suggesting this problem.
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