HARMONIC »-TENSORS ON NORMAL HYPERBOLIC
RIEMANNIAN SPACES

G. F. D. DUFF

Introduction. The subject of this paper is the study of boundary value
theorems for harmonic p-tensors on a Riemannian space with an indefinite
metric of the normal hyperbolic signature. The p-tensors or p-vectors ¢;,...4,
are alternating covariant tensors of rank p, which are closely related to differential
forms ¢ of degree p, p < m, on an m-dimensional manifold.

On a Riemannian space with positive definite metric, the harmonic p-tensors
have been studied by Hodge, de Rham, Kodaira, and others, and a theory
which generalizes the classical potential theory, and possesses in addition
certain new features, has been developed.

The present paper continues a program of extending the boundary value
theorems of the theory of partial differential equations to p-tensors. In the
positive definite (elliptic) case, boundary value theorems have been given [3]
for the Beltrami-Laplace equation

Ap =0
and for the harmonic field equations
dp =0, 6¢ = 0.

These equations are now investigated under an indefinite metric.

The principal result is the solution of the Cauchy problem for the Beltrami-
Laplace equation. After a preliminary section, the auxiliary conditions for the
Cauchy problem are formulated, and uniqueness under these conditions is
established. To construct the solution, I use the method of Riesz potentials.
For the sake of brevity, reference to Riesz’ paper [9] has been made wherever
possible. The solution of the Beltrami-Laplace equation thus obtained is then
applied to the construction of solutions of the harmonic field equations. In a
concluding section, some special cases, in particular the electromagnetic field
equations, are examined, and the main theorems are compared with the results
which hold in the elliptic case.

1. Preliminaries. Let M be an m-dimensional orientable Riemannian space,
with metric
ds’ = gy;dx'dx’
having the Lorentz signature. That is, cin being transformed to a sum of squares,
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ds? contains one positive and m-1 negative terms. For convenience we shall refer
to displacements as timelike if ds? > 0 and spacelike if ds? < 0. We shall also
distinguish the timelike coordinate, say x™, by the letter ¢ in certain cases.
This metric is also known as a normal hyperbolic metric (Hadamard), the
corresponding Laplace equation being of the normal hyperbolic type. During
most of this paper we assume that the metric is analytic, but this restriction
can be removed.

Throughout we shall use such terms as continuous, compact, convergent, on
the understanding that they refer to a suitable positive definite distance, such
as the Euclidean distance.

We introduce on M the skew symmetric covariant tensors ¢y,...y,; correspond-

ing to these are differential forms of degree p:
(11) ¢ = ¢, = 1 <}:<i bint, dX” AL A dX” = Gy dxT AL A dx
The bracket enclosing the group of indices shall mean that the indices inside it
are arranged in strictly increasing order. The differentials dx* are multiplied
together by the exterior multiplication indicated by the sign A ; hence these
differentials anticommute. We now define the differential operator d;

(1.2) d¢ = [dden...1n) dx™ A ... A dx®
Thus d¢ is a differential form of degree p + 1. Let

.52 -+ - 8tuids
(1.3) Dioits gooedn = | - b
' ! ! ! g’vfx . gfr]r
then
| AR

is just the Kronecker symbol often denoted by
6' i j).-.j‘p'

?

Also let
(1.4) Citntn = Dot [Tram, 12
We denote covariant derivatives of a p-tensor
®i...t, bY Di i 4,
and set D = g¥D,. Thus

_ 944
(1.5) Diéi,...s, = Fye

Y4
- Z { 221} ¢11... Te—1h Tk+1...19p°
k=1
In the notation of [8a],

$Crene I
@D)ir...tyer = Tiroitpss "Didi... 5

(1.6)

_ g O
Fi....i,,+. ? axj ¢(f,...jp)-
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The operator d.d is identically zero. If d¢ = 0, ¢ is said to be closed; if ¢ = dy,
¢ is said to be derived, and is therefore closed. The converse statement that if
¢ is closed then ¢ is derived, is true “locally,” but not in the large.

The dual *¢ of a p-form ¢ is an (m — p)-form whose components are defined
by the formula

1.7) (D) 1ty = Clin 1) ey 1
If p is the degree of ¢, then
wxp = (— 1"y,

Hence, save for a sign, the * operation is its own inverse. It will be seen that
¢ and *¢ are “‘perpendicular’’ forms at each point.
The operation of dual derivation is given by §, where

06)i...t—. = (— 1)mp+m+1(*d*¢)t....i,-.
= — Pm...t.—,(j'mj’)Ditﬁ(h...j,)

It follows from the preceding remarks that 6.6 = 0. If d¢ = 0, ¢ is said to be
coclosed, and if ¢ = 8x, ¢ is coderived. A p-tensor ¢ which is both closed and
coclosed will be known as a harmonic field [6].

The Beltrami-Laplace (B.L.) operator A for p-tensors is given by
1.9) — A =db+ dd,

and in expanded form may be written

(1.8)

P
(1.10) (A¢)s...s, = D'Didy,...s, — ;;_‘,1 T t,...t,i(j‘"'m &R j1® s daihinereds

where R?,; is the Riemannian curvature tensor and summation over the indices
i, j, b, k and (ji...Jj,) is understood. If ¢ is a scalar, then A¢ reduces to the
usual Laplacian. A p-tensor ¢ whch satisfies the B.L. equation

(1.11) Ad =0

is said to be a harmonic form.

From (10) it is clear that the B.L. equation is of the normal hyperbolic type
under our Lorentzian metric. In fact, the equation (1.11) stands for a system of
(™) equations, one for each component of ¢. Note that each of these equations
has the same principal part, namely,

7} 32¢i.1.... is
£ "o o -
Actually all terms containing first or second derivatives are of the same form in
each component equation. Furthermore the form of the second order (principal)
terms is independent of p, so the theory of the characteristics will be carried
over unchanged from the scalar case. The characteristic surfaces of each com-
ponent equation being the same, we may speak of a characteristic surface of
(11). These surfaces are given by
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Clx'...5™) = C(x) =0,

where

(1.12) i 9C 9C

' ax’
Let O be an arbitrary point of M which we select as origin of coordinates.
The geodesics of zero length through O form a conoid [5; 8] which is a charac-
teristic surface (1.12).

Let S be a sufficiently differentiable spacelike “initial”’ surface. For conven-
ience we assume that .S is compact. We construct a system of geodesic normal
coordinates in which S is the hyperplane x™ = ¢t = 0. Since the normals to .S
are timelike, we can write

(1.13) ds® = di* — gag dx® dx’,

0.

where the Greek indices range from 1 to m — 1. In this system [10], g = 6,5
D, = D™,

Associated with .S we define a region R as follows. R shall consist of those
points P on the positive side (¢ > 0) of S, such that the retrograde characteristic
cones (null cones) Cp with vertex P, together with that part of .S intercepted by
Cp, bound a simply-connected region of M. Denoting this region by D%,
following Riesz, we see that if P € R, every point of Dg” also belongs to R.
We may refer to R = Ry as the region of exclusive dependence upon .S, in the
sense that, as will be shown, solutions of the B.L. equation with data assigned on
S are determined throughout R.

Thus defined, Rs may contain non-bounding p-cycles. Any p-cycle of R is
however homologous to a p-cycle of S, since a continuous cylindrical (p 4 1)-
dimensional surface can be constructed on the cycle, lying in R and joining the
cycle to a (homologous) p-cycle which is its intersection with S. An analogous
remark holds for the relative p-cycles of R (mod .S): these can all be deformed
into S and are therefore zero.

A p-form ¢ induces on any surface S (supposed given by x™ = 0) a p-form i¢,
the components of which are precisely those components of ¢ which are not
multiplied by dx™. The form t¢ is known as the tangential boundary component
of ¢ on S. The residual part of ¢, which contains the factor dx™, is known as the
normal boundary component and is denoted by #¢. Thus

(1.14) ¢ =tdp+nd=tdp+ o1 A dx".

If p=0, tp =¢;if p =m, t¢ =0. On S, and only there, this division into
tangential and normal components has an invariant meaning. From the proper-
ties of the dual operator (7) it follows that the commutation rules

(1.15) *t = nx, *n = Ix

hold. Also we note that if ¢ is assigned on S (both f¢ and n¢), then td¢ and
nd¢ are thereby determined. However, nd¢ and {6¢ can be assigned independently,
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since each component of these forms contains a normal derivative of a component
of ¢. Note especially that nd¢ and t6¢ have (™) and (7=}) components respec-
tively, making a total of (7) components. Finally, we easily verify that

(1.16) td¢ = dS t¢y

where dg is the differential operator (6) in the surface S.

The surface S will be the carrier of the “initial”’ data for the Cauchy problem
for the p-tensor B.L. equation. Since this equation is of the second order, it is
to be expected that values of the components of ¢ and of thieir normal deriva-
tives will be assigned on S. In order to express the data on the surface S in an
invariant form, we shall use the following lemma.

LemMma 1. Let S be a surface whose equation is x™ = 0 in a sufficiently differ-
entiable system of coordinates in M, and let ¢ be a p-form defined in a neighbourhood
of S. Then the specification of any one of the following sets of data is equivalent:

i}
(1.17) () 6, 7d9, 1593 (b) 6, Dud, () &, 3o

The vanishing of one implies the vanishing of the other two.

Proof of the lemma will be given in cyclic order. First we show that knowledge
of (a) enables us to calculate (b). If ;... 1%, are all less than m, then from (6)
follows the value of

Dm¢i,...t,

in terms of
(d¢)i;...t,m

and covariant derivatives of ¢ along the surface. Similarly, if 7, = m, say
Dmd’i;...t,—xm

is given by (8) in terms of data included in (a). Next, (b) clearly implies (c),
since all components of ¢ are known on S. Finally, (c) implies that d¢ is known
on S, by (6). Since ¢ and D,«¢ are obtainable from (c), 8¢ is also known on S.
This proves the equivalence. The last statement of the lemma is evident.

Let C be a (p 4+ 1)-chain of M with real coefficients, and let its boundary be
denoted by 5C. Then Stokes’s formula

(1.18) J'qub - fw¢

holds. Hence, if ¢ is closed, its integral over a bounding cycle C vanishes. It
follows that a closed p-form ¢ has periods [, ¢ on p-cycles Z, which depend only
on the homology class of Z. In a manifold with boundary [2; 8b], a closed
p-form ¢ is derived if and only if its periods (on absolute cycles) vanish.

If ¢ and ¢ are two forms, the sum of whose degrees does not exceed m, we
have
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(1.19) ddAY)=de Adv+ (—1) ¢ A dy,

where p is the degree of ¢.
Consider a subregion of M, which we may take to be the region R. Let « and
B be two forms of degree p defined in R, and let

(1.20) @8a= [ anes=a

denote the scalar product over R. We remark that in the elliptic case (ds? > 0),
the scalar square (a, &)z is positive definite; however this no longer holds for our
metric. However, for any two forms ¢ and ¢ of degrees p and (p + 1) respectively,
we have the formula of Green:

(1.21) (@6, Ve — (68 ¥)n = f G A,

which follows from (18), (19), and (20). The metric being indefinite, we should
change the sign of the surface integrals over any timelike surface. However, for
all applications which we have in view, the surface &R will consist of spacelike
surfaces and null cones, and the integrand will be made to vanish on the latter;
so the formula will apply as written. From (21) we obtain by formal transforma-
tion the extended formula of Green, namely,

(1.22) — (Ad, ¥)z + (¢, A¥)z

= J;R(¢ Nxdy — Y A xddp+ 6 N =y— Sy A *4)),

where ¢ and ¢ are now of equal degree. Regarding the right-hand side of (22)
as a linear functional of the form ¢, ¢ being held fixed, we observe that the
successive terms contain t¢, nde, td¢, and né; and that each of these expressions
can be assigned independently of the other three. All four together are equivalent
to any one of (17).

2. A uniqueness property of the B.L. equation. Let R = R be the region
of dependence associated with an initial surface S as described in the preceding
section. In terms of the geodesic normal coordinate system (13), we may write
the partial differential equation (11) in the form

_ 32¢t,...1, of 324’{,...1,
(2-1) L(¢z,...1,) = o g ax"‘ax"

¥Jsnn ) O (Gaeee 19
+ a4 i Wi Oty + b4, ” @G =0,

d

where t = x™, 1 < a, 8 < m — 1; and

k(fx... Ip) (F1e..49)
Qipty T by

.. 1p

are polynomial functions of the components of the metric tensor and their first
derivatives, which are skew-symmetric with respect to the indices 7;. .. 7,;
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J1...Jp In this coordinate system the Cauchy problem consists of solving (2.1)
(in general with a non-homogeneous right-hand term) given the values of the

)
¢....1, and ) 1,1,
on S.
LemMA 1I. The solution of the Cauchy problem for (2.1) is unique in R,.

The argument which we use is of a standard type [1, II, p. 310]. Let P be a
point of R with retrograde null cone Cp, and suppose ¢ and d¢/d¢ are assigned
the value zero on the section Sp of S enclosed by Cp. We have to prove that
¢ (P) is zero. Let ¢; denote a typical component of ¢. For Q € R, we have

Q) 64’1
¢(Q) —-J; aTdt’

so that by the Schwarz inequality

st <@ [(%)a = oa

where ¢ = t(Q) and the integration is taken along a parametric line of the
coordinate system.

The subscripts « and ¢ will denote partial derivatives with respect to x* and
¢, respectively. Let D, be the region enclosed by Cp, and the planes ¢ = 0,
t = k, and Sp(k) that part of the plane ¢ = & cut off by Cp. We have

(2.2) f Sp(h)d;f(Q) dA < h f S, (h)dA fo ’ b dt

h
< hf 6.4V < hf E(h) dk
D, 0
where

(2.3) E.h) = fsh(qbif + 8% b1dyp) d4.

This follows since the metric form g.sdx*dxf in the spacelike surface S, is
positive definite. Integrating (2.2) with respect to ¢ from 0 to %, and noting that
E;(h) > 0, we have

(2.4) th¢3 dv < K’ fo hE,(t) dt.
We next consider the identity
2.5)  2¢4L(¢1) = 20101 — 287 1sdie + Bi(dy, bsar b50)
= (61" + (€% budw)s — 206 bubi)s + Bu($) b 10),

where B, denotes an expression linear in the components of ¢ and their first
derivatives, multiplied by ¢;;. Let @, and ¢, be the direction numbers ds/dx>,
ds/dt of the conormal » to a surface. On the surface Cr we have ds? = 0, whence
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(2.6) t, = g" 82,8, on Cp.

We integrate (2.5) over D, and apply the divergence theorem. Since L(¢,) is
zero we have

0= J;)Dh{(qf'u)zty + (gaﬁ¢ia¢iﬁ)tv - 2(gaﬁ¢m¢u)6v} dA + thBth-

On Sr (¢ = 0), ¢ and its derivatives are to be zero; on S, we have ¢, = 1,a, = 0.
Using (2.6) we then find

1) 4 o o
pr(h) t_v{g ﬂa,6,¢”2 — 2t,g ﬁ6v¢la¢'it +g ﬂtv2¢ia¢1ﬂ} dA

+ J‘Sh{d’tf + ga5¢ta¢m} dA

= B -
= Jer iy £ £ 0b — wbi) (b = Buse) A + Elh)

= - J‘DhB;dV = R{,

denoting the value of the last integral by R, Here we have denoted by Cxr(k)
that portion of Cp which lies between the planes ¢ = 0, ¢ = k. On Cp, ¢, is

positive. Recalling that the metric form g.s dx*dxf is positive definite, we
conclude that

2.7 E(h) < R;
Adding together these relations for all components ¢;, we find
(2.8) Z(h) =2 E«h) <2 R, =R

i i

Now the quantity R defined by (2.8) is an integral over D; of terms ¢y
¢;: Or ¢y ¢y, €ach of which is less than half the sum of the squares of the two
factors. The coefficients of these terms in the integral R are bounded. Hence, in
view of (2.4) we have an inequality

(2.9) R<K ‘L’.E(h) dh,
for some positive constant K. From (2.8) and (2.9) follows
(k) <K J;hz(t) dt < K J;kz(t) dt
for every k > k. Integrating between 0 and #,
(2.10) J;hz(h) dh < Kh J:E(h) dah.
But (2.10) is manifestly false for # < 1/K, unless Z(k) =0, (0 < & < 1/K).

Hence Z (k) must vanish in this range, so that all derivatives of components of
¢ vanish for ¢t < 1/K. Hence ¢ itself is zero in this interval of values of ¢. Since
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K can be chosen to depend only on .S and P and the metric, we can repeat the
above process starting from the surface Sy, and so on. Hence finally we obtain
¢(P) = 0. This completes the uniqueness proof.

3. The Riesz kernel. A detailed exposition of the solution of the Cauchy
problem for normal hyperbolic equations in Riemannian spaces has been given
by M. Riesz [9]. We shall construct the solution for the p-tensor B.L. equation
using Riesz’s method. For a complete discussion of matters upon which we only
touch, the reader is referred to Riesz’s work.

It is required to construct a double p-tensor kernel

(3.1) Ve, y) = Valx, y) = {V;’(x, V)t ta; j....j,}
having the properties:

(@) AV = V7

(b) V(x,y) = 0(s"™),
where s is the geodesic distance from x to y,

(c) Vx,9) = V(,%),

@ Jp: 7609 A <V263) = VG, ),

where D; is the double conoid enclosed by the retrograde null cone of one
argument point and the direct cone of the other,

(&) V™, ¥)|y=e = Z< ?,,Tl;l;—(m—_gdx" A ... AdxPdyt A LA dy”.
0:<...<tp

We proceed to construct V* by means of a series expansion in powers of s.
Properties (c) and (d) will be established later.

Certain facts from the theory of geodesics, which we now set forth, will be
required. Riesz gives a detailed account of these matters. Choosing the point x,
as origin, we denote by x!...x™ a coordinate system in M. On a family of
curves C, let p1 ... pn be the conjugate variables defined by

(3.2) be = gut', 8" = —‘;{f

where ¢ is a parameter along C. We introduce the Hamiltonian function H (x,, x),
where

3.3) 2H (xo, x) = g™ b,

and note that the differential equations of the geodesics can be written

(3.4) % = g‘% pi=— %CI’—{.

The geodesics passing through xo are determined by the quantities %§. As we
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shall need to consider only timelike geodesics (ds? > 0), we may take s as
proportional to the parameter ¢ on the curve. If we set ¢(x) = 1, then since H
is constant along a geodesic we have

1 1
s = s(x0, %) = fo V gux's* do = j; V g"pr do
1 ——
=f V 2Hdo = \/ 2H;
0

letting P = s? we find P = 2H.

We now select normal coordinates £ which determine [9, p. 173] the point x:
(3.6) & =0, %5 = s .
Taking S as parameter, we have £ = £ along the geodesic arc.

A number of useful identities may now be derived. Since H is constant along a
geodesic, we have

(3.7 g"‘(O)n, "% = g"‘(x)m Nk

where the 7, are variables conjugate to the £*. From (3.7) follows in view of
(3.2) the relation.

(3~8) gm(O)EiEk = gua(O)S?(O, E)ééf’g
= ga(8)s*(0, H)EE = gu(B)E'E;

3.5)

hence from (3.5)

(3.9) P(0,%) = s*(0,£) = gu(0)E't" = gu(b)E'E".

Thus, choosing Riemannian coordinates at xo such that g,, = 1, gu = — 1,
k= m, g% =0, 15k, we find for P the Lorentz distance

(3.10) P=s=(@E) - @) —...— )"

Next, denoting dP/9tt by P, we have
Py =2g,¢, P'=2¢,
whence
(3.11) P'P, = 4g,t't’ = 4P.

This partial differential equation for P shows, that, as has been mentioned, the
geodesics of zero length through x, form a characteristic surface for the B.L.
equation. In fact, the geodesic lines are just the bicharacteristics.

Again, let V be a differentiable function of position; then

10U _ iU _ 000U _ o dE'0U _ ) dU
(3.12) P il 2¢ i 2s¢ i 2s s oF = S g5
Finally, we note that
(3.13) g 9P 2ty + 2 B
‘ ot'at’ Y 9%’

2m + 0(s%).
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These formulae will now be applied to the construction of the kernel. We
shall need to calculate the Laplacian of a p-tensor ¢ multiplied by a power of
the geodesic distance. Let F(P) be a scalar function of P. Then we have

A(F(P)¢) = D'D(F(P)¢) + BF(P)¢
(3.14) = F(P)A¢ + (D'D.F(P) + 2D'F(P)D ),
where B denotes a suitable multiplying matrix. We find

D'D.,F(P) = D'(F'(P)P,)
(3.15) = g"*[F"(P)P.,P; + F'(P)Py — {4 F(P)P,]

= 4PF"(P) + 2mF'(P) + F'(P)sA,,
where A4, is a suitable bounded multiplying matrix. For the last term in (3.14)
we find
D*'F(P)D:i¢,... 1

ad
(3.16) _F'(P)[P‘ 25t P PZ (i) Bru. st Jnsn. J.]

F’(P)[ZS ﬂd&—ll‘ + SAz(h h)¢]

where A is a second matrix with bounded elements near x,.
In the preceding equations, ¢ is to be understood as a vector with () com-
ponents, while 4,, A2 and B are square matrices of order (7). Continuing with

this notation, we have

A(F(P)¢) = F(P)A¢ + [4PF"(P) 4 2mF'(P)l¢
(3.17) i
+ sF'(P)A¢ + 4F'(P)s a5

where A = A, + A. is also bounded, the bound depending solely upon the
bounds of components of the metric tensor and their first derivatives.
Following Riesz, we set

Zm sa—m+2ka _ sa—m © szk Vk(O, £)
=0 Hn (e, k) Kp(a) =0 Ln(a + 2k)’

and détermine the double (matrix) forms V; successively so that (a) shall hold.
Since P = s2, we have

. © A sa+m+2k+2 Vk
AV = Y e T ) Inta F 2)

(3.18) V0, £) =

o a—m+2k
G _% m(ﬂ Vet (= m+ 2% + D)+ 20V,

42— m 2%+ 2)sAVy + 2 — m + 2k + 2)s ‘”’*

https://doi.org/10.4153/CJM-1953-008-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1953-008-8

68 G. F. D. DUFF

a—m

_ N
" Knp(a+2)

Ms

S%< AVi a—m+2k+2 [ngﬁ
La(a+28) " Lo(a+ 2k +2) L% ds

0

x
I

+ (CI + Zk) Vk + ZSA Vk]>.

We now choose

(3.20) Lyla+2) = (a+ 2 — m) L,(a),

and determine the V; by the recurrent system of differential equations
(3.21) 2s%f 4 (k4 254)Vi 4+ AViy = 0,

with

(3.22) V_i= 0, 75(0,0) = I,

where I is the unit matrix of order (7). The expression (3.19) now becomes

© sa—m+ 2k Vk

AV = @
¢ Kn(a+ 2) & Ln(o+ 2k)

which is equal to V= if we choose
(3.23) Knla+ 2) = aKy(a).
From (3.20) and (3.23) we have

Kn(a) = K2°T (%) Ln(@) = L2 T (‘L:t%;m)
and we choose K, L so that (e) is satisfied:

(3.24)  Hp(a k) = o™ 271 (%) r <a + 2% 42- 2 — m)

In these details we follow the scalar treatment.
We have now to prove the convergence of the series for V2 The relation
(3.21) can be written

(3.25) (—id;(s* Vi) + A" Vi=— 1AV, 5"

To solve (3.25) consider the adjoint system

d '
(3.26) s Y=4'7,

and let Y be a (nonsingular) matrix solution of (3.26) with IY(O)[ =1. It
follows from the Lyapunov relation

Y(s) = Y(0) exp [ J:tr A ds]

that Y(s) is nonsingular, hence Y~!(s) exists and is bounded for [sl < 1. Since
s* Vy vanishes for s = 0, we find as solution of (3.25)
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(3.27) SVey= —177') f Y(0)AV-1(0)o* do.
0
With the vector and matrix norm
X[l = V ZIX.[

(sum over all components), we have

@28 S <3O [ 1T 8Vl .
Let us assume that for suitable constants r and & and for |s| < e,
(3.29) Vil < K"(l - T>‘2"“ =2 ¢’
Then [5; 6],
—2k—2
[AVi|| < K"K,<1 - ’;’) ,

and from (3.28) we have

o do o oMK K,( p)-”—‘
)\/T)2k+2 SS 2k \ ’

where A and M are independent of k. Since an estimate (3.29) holds for V, it
holds for V; and hence for all V,. It follows from (3.30) that the series Zs%*V,
converges geometrically for s sufficiently small. From (3.24) it follows that the
series for V= converges for all values of « if s & 0, is sufficiently small; and
uniforml 7 in any right half plane of a. Hence V= (0, £) is defined as an analytic
function of «, and regular for R(e) > m and ¢ € R [cf 9; 5].

Exactly as in [9, p. 186] it follows that an estimate

&)

holds, where R(a) > m, and C, ¢ are independent of a.

We remark that the present construction follows that of Riesz very closely;
the only additional features being that it was necessary to show that the matrix
A was bounded and to solve a system of recursive equations for the V;. For the
non-analytic case Riesz has given a method of construction for the kernel, and
the same formal considerations apply to the present p-tensor kernel. Since
the details are lengthy we omit them.

(3.30) *||Vil| < 1erc"mf i

(3.31) V@, 9)|] < C O™

leel®,

4. Construction of the solution. We continue the adaptation of Riesz’
method for the p-tensor B.L. equation. We now define the Riesz fractional
potential which plays the central role in the solution of the Cauchy problem. Let

@1) ) = (400, V@3 = [pe 60) A 577w 3), R@) > m =2

Here D5 is the conical region bounded by C, and .S, and ¢ is a p-form defined in
R and assumed sufficiently differentiable for the prupose in hand. Riesz has
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proved certain relations in the scalar case, which as we now show, can be extend-
ed to the present p-tensor treatment. If ¢ is of the class C[3(m — 1)], then

(4.2) I'¢=¢,
and in general,

4.3) AT = I° %,
and

(4.4) I*I’¢ = I*.

Riesz has also given a method of analytic continuation of [*¢ into the left
half-plane R(a) < m — 2.
First we shall prove (4.2). A typical component of I*$ is

I*®)4..s, = f z Z v ks (V) Vi tys ke, @V
(4 S) D: kai<...<kp

= k <Z:<k ijs ¢k,...k,(y)ﬁ-‘s—;’6j Vi ity kanks (%, ) @V,

m

where v*(x, y) is a double p-form regular on the cone. D} and such that

(4.6) v*(x, x) = Vo(x,x) = I,
The recurrence relation (3.25) for V, can be written
avy )
R + 4V, =0,

whence it follows that the off-diagonal elements of ¥, hence also those of »=
(x, ¥), are O(s). The typical component (4.5) then breaks up into a sum of
integrals of the type studied by Riesz. We may assume normal coordinates
lending to the Lorentz distance (3.10). Using this coordinate system, it has
been shown [4, 9] that an expression of the form

. Sa—m
fim fD’ﬁ H,(0) ¢ dVn
depends only on the value of ¢ at the point x, and is in fact equal to ¢(x). This
result implies that as a — 0, all terms of (4.5) save the diagonal term tend to
zero due to the factor O(s), and that the remaining term is precisely ¢q,...s,(x).
This establishes (4.2).
We now introduce the formula of Green (1.22) for the region D3, and set
¢ = V*+%(x, y). We obtain
a2 _ a+2
(8, V™) o = (6, A7)
- J;D, (VA xdd — ¢ A %dV™ £ V2N xg — 86 A V=),
8 | ]

Supposing that R(a) > m, the surface integrals over the cone vanish because of
the factor s=+2~™ contained in V*+2, and we are left with the surface integrals
over S%. Supposing further that A¢ = p and replacing AV=+t2 by V=, we find
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4.7) I"¢=I""p— J :(V"“ Axdp— ¢ A dV LV Axd—8o A V).
To facilitate the study of (4.7), we write

Ji(¢, @) = — fﬂV" A #d¢
“s) R =+ [ o nsav

Ji(p,a) = — fs‘aV“ A %9,

Ji(¢, @) = + f”&ﬁ A xV%

then (4.7) may be written
4
(4.9) I¢ = I"* + Z‘,l Ju(¢, 4 2).
pre

We now formulate our theorem.

THEOREM I. Let S be a spacelike surface of the class C[3(m + 3)], and let
R be its region of exclusive dependence. Let ¢ be a p-form of the class C[}(m + 3)]
defined in a neighbourhood of S (or let tt, nk, ndt, t6¢ be given on S); and let p be a
p-form of class C[3(m + 4)] in R. Then there exists in R a unique p-form ¢ such

that

(4.10) A¢p =p

wn R, and

(4.11) tp =1k, no =mnk ndp = ndk, 10 = téf

on S. This form is given sufficiently close to S by

4
(4.12) ¢=1Ip+ “Z_l Ju(§ 2).

The main steps of the proof are as follows. It must first be shown that (4.9)
can be continued analytically to @ = 0, so that (4.12) has a meaning. Then the
conditions (4.10) and (4.11) are to be verified. The uniqueness has been estab-
lished in Lemma II, so the proof will then be complete.

The analytical continuation has been carried through by Riesz [9] and by
Fremberg [4, pp. 19-53]; since the essentials of the matter are in no way altered
in the present case we shall not repeat the details. We remark that the continua-
tion is possible if the forms p, £ and the surface S have the differentiability
properties stated in the theorem. It also follows that (4.12) is then continuous
together with its first and second derivatives.

At a = 0, the function H,(a, 0) has a simple pole. Fremberg has also proved
that the surface potentials can be continued to a = 0, leading to finite expressions
apart from the factor 1/H, (e, 0). It follows that the expressions J, vanish for
a=0:
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(4.13) Ju(£,0) = 0.

We must now establish a number of relations involving the B.L. operator
and the integral I*. First we make the important observation that in calculating
derivatives with respect to x of I* and the J,, we may disregard the variation at
the limits of integration [9, pp. 67-70]. The justification of this is that for R(a)
> m + k, the kernel V= is zero, together with its derivatives up to order k,
on the cone D,. It follows by analytic continuation that for all @ we may calculate
derivatives by formal differentiation under the integral sign. In view of condition
(a) of §3, it therefore follows that (4.3) holds whenever it has meaning. In par-

ticular, if the continuation is valid to @ = — 2, we have

(4.14) A¢p = T4,

in view of (4.2) and (4.3). Similarly, the relations

(4.15) AT (¢, ) = Ju(d,a — 2), p=1,234
hold. From (4.13) we see that

(4.16) AT (£ 2) =0, p=1,234.

The relation (4.4) follows as in the scalar case from the formula (d) of §3
which may be written

@17 V5 V) e = [V ) A sVP,2) = V™G, ),
v v

and which we prove in essentially the same way. We apply Green’s theorem to
Dj for R(a) > m, R(B) > m, and, noting that the surface terms vanish, we
have

(V"™,2), V(0 2)) e = (V4. 2), ATVPH(9, ) 0
= (17", 2), VI, ) e = (Vi 2), V20, 2))
n=0,1,2,...,and, letting x, 83— 0 we find [9, p. 196]
Vi, 9) = V0, 2).
It follows that the coefficient forms V; are symmetric, hence
(4.18) Vix, ) = Vi, %),

so that condition (c) of §3 is satisfied.
Consider the expression

ve V")D, — Vet R(a2) > m, R(B) > m.
v

A typical component g(a) of this double form is an analytic function of « which
satisfies the estimate

(4.19) lg(a)] < ’ C<%>_aa” s
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for R(a) > m. Also g(a) is zero fora = 2n (n = 0, 1, 2...) by the preceding
formulae. We may now apply the following theorem [7, Abs. III, problem 298,
pp. 142, 327]: If two analytic functions g(2), k(2) are regular for R(z) > a,
and %(2) # 0 for R(z) > a, and

lg(2)| < ()],
then, denoting by 2z, the zeros of g(z) with R(z,) > a, Iz,,l > 1, the divergence of
the series
2 R(1/z)

implies that g(z) is identically zero. Taking k(a) equal to the expression in the
absolute bars on the right-hand side of (4.19), and noting that the series for the
zeros of g(a) is the divergent harmonic series, we conclude that g(a) = 0.
Hence (4.17) holds for R(a) > m, R(8) > m, and therefore in general.

Using (4.17) we find by inverting a certain double integral that

(4.20) I'Ju(¢, B) = Ju(¢, a + B), w=1,234;

for R(), R(B) sufficiently large, and therefore in general.

The kernel V= has certain additional properties which follow from the fact
that if an operator T commutes with A it commutes with I*. We first establish
this assertion. Let T be a (linear) operator such that TA = AT. We wish to prove
that

(4.21) TI¢ = I°T¢.
Now (4.21) is certainly true for o = 0, by (4.2). Using (4.3), we can prove
that it holds also fora = 2n (n = 0, 1, 2,...). For,

TI'¢ = ’ATI'¢ = I’'TAI'¢ = I'T¢,
since T and A commute, and Ais inverse to I2. By iteration of this, we find that
(4.20) holds for @ = 2n. Consider now any typical component of
(4.22) TI° — I°T¢,

this component is an analytic function of a which admits the estimate (4.19)
and vanishes for o = 2n. By the theorem we have just quoted above, we must
have (4.22) identically zero. This proves that T commutes with I

Now A commutes with «, d, and 3. Applying our remark to the x operator, we
have

*(¢(y)v V:(x» y))D’ = (*¢(y)v V;—ﬁ(x» y))D’ = (_)mp+p(¢(y),4; ':_P)D’
for all ¢. Taking the dual with respect to x, we find
(4.23) Vp(x, y) = #xViuyp(x, 3).

v

Similarly, from dI* = I*d we find that
(4.24) dVy(x,y) =8 Vp (x,9).
z v
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The relation §I* = I yields nothing additional. Note that (4.23) and (4.24)
are essentially the same as relations satisfied by de Rham'’s Green's form [8a]
and for the same reason.

From these relations it follows that the ‘“‘single layer” potentials J; and J,
are dual in the sense that

(4.25) Ji(x¢, @) = xJa4(9, a).
Similarly, the ‘“‘double layer” potentials J, and J; are related by the equation
(4.26) To(xé, @) = xJs(&, ).

Since derivatives may be calculated formally for the potentials J,, it follows
from (4.8) and (4.24) that

(4.27) §Js(¢, @) =0, dJs(¢,a) = 0.

In order to show that our solution (4.12) satisfies the conditions (4.11), we
must examine the potentials 12 and J,(%, 2) as x tends to the surface S. First let
us consider the volume potential I2. Just as in the scalar case it follows that
I*p — 0 since the conoid D becomes infinitesimal as x tends to S. The first
derivatives of I% also tend to zero.

As for the surface potentials, it will be sufficient, in view of (4.25) and (4.26),
to consider J; and J.. We shall reduce these expressions to integrals of the type
studied by Fremberg, and apply his results. We may assume that S has the
Lorentz form (3.10); it follows that as x tends to S, s becomes small of the same
order as £". We may discard all terms of V= except the first, noting that these
terms, together with their first derivatives, become negligible in comparison
with the first term.

Considering first J;, we have

sa—m
JX(E’ Ol) ~ = fsz Hm(a) Ip A *dfv
whence, on S,

(Jl)t....t, =

B sa-—m
8= H m (a )

In the integrand we have

(Lis.t, A #8E)1..m-1y = (= 1)7(d8) ... 1pm-

Hence the components of tJ, are simple layer potentials of Fremberg’s type, so
that [4, p. 44],

(Tie iy A %dE)1..m1dx* A ... A dx™7

d
tjl = 07 Ez(tjl)ix..-ip = ( - 1)p(d£)il---ipm'

Here n denotes the inward normal to the surface of the conoid. The integrand is
zero if, say, 7, = m, so that

n.h = 0, -d;(n]l) = 0.
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We now calculate
F (TR )
mdJ)4...t,m = Tistym 20,10 49

= Fi....i,,mmu‘mh)amjl(j,_,.j,) since nJ1 =0
( - l)p m Jl(i,
= (dg)h...i,m

I

Finally, we have
BT ivetyms = = Tite e D iy g

If the summation index 7 is less than m, then none of the j, are equal to m,
hence we get a tangential derivative of a component of ¢J;, which yields zero.
If ¢ = m, we get the normal derivative of a component of #J;, which is again
zero. Altogether, we have
(4.28) tJy =0, nJ, =0, ndJ, = nd§, t6J, = 0.

A similar analysis holds for J,. We find

Jz(s,a)~f £A *dl—r{% I,

(s A el dg—s E )) oo menda! . XL

Taking a typical normal component of J,, we find that the integrand is of the
form

a sa—m

Ez.---z,_.ta—ffm—), Bty ..ty <M,

which shows that components of nJ, are tangential derivatives of single layer
potentials. As we have seen above, these are zero. Hence #nJ, = 0. For tJ, we
find

a—m d sa—m
(é A { picts A d s <a)})‘---""—" = St Gy Ho @)’

which leads to a double layer potential of Fremberg's type for (¢J2)q,...s,-
From his results [4, p. 48] we conclude that

t]z = tE, a‘%t]z = 0

We note from (4.27) that .7, is zero. Again,
@J2)u...1ym = Pt,...t,mj(h'"j’)aj]uj,...;,)

For j = m, we obtain a normal derivative of a component of ¢J,, which is zero.
For j % m we obtain a tangential derivative of a component of #n.J,, which also
yields zero. Collecting our results, we have
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(4.29) t]z = tE, ’ﬂ]z = 0, ﬂd]2 = O, t5]2 = 0.

The corresponding results for J; and J, follow from (4.25) and (4.26).
The solution (4.12) may now be verified. From (4.14) and (4.16) we have

A¢ = A{I +Z; Jo (£ 2)} =p,

so that (4.10) holds. To verify (4.11) we note that the volume potential and its
first derivatives contribute nothing on S. Applying (4.28), (4.29) and their
duals, the result (4.11) follows.

The proof can be used to show that the kernel V= (x, y) is uniquely determined
independently of the coordinate system in which it was constructed. The
volume potential I%p is uniquely determined, hence so is V2 It follows from
(4.17) that V* is unique for » = 1, 2, 3, ... ; and the uniqueness theorem for
analytic functions quoted above shows that V* is unique for all values of a.
The kernel V* is defined in a small region only, but repetition of the integration
process shows that the solution can be extended throughout R.

5. The harmonic field equations. We consider the system of first order
equations for the components of the p-tensor ¢q,...s,;
(5.1) do¢ =p, 8¢ = o
and the problem of solving this system under conditions sufficient to determine
the solution uniquely. When p and ¢ are replaced by zero in (5.1) we have the
equations of harmonic fields. The solution of our problem will utilize Theorem 1.
Let S be a spacelike surface and R its region of dependence, as before. Obvious

necessary conditions that (1) should possess a solution are that p be a derived
form, and ¢ the dual of a derived form. Hence we impose the conditions

dp = 0, f p =0,
Zp+a

éc = 0, f x0 =0

for all cycles 2,41, 2—p+1 Of R.

Since (5.1) is a first order system, it is to be expected that the assignmeént of
t¢ and n¢ on S will determine the solution. That this is indeed true follows from
Lemma II. For, the homogeneous system

(5.3) d¢p =0 60=0inR, ¢ =00nS

has only ¢ = 0 as solution. To show this, we observe that A¢ = 0, t¢ = 0,
n¢ = 0, nd¢ = 0 and té¢ = 0. Hence ¢ = 0 in R.

Returning to the system (5.1) we observe that if ¢ = £ on S, then ¢ must
satisfy the conditions
5.4) td¢ = tp, ndt = no,

since the corresponding component equations contain only derivatives in

(5.2)
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directions lying in S. A p-form £ defined on S which satisfies (5.4) will be called
admissible with respect to (5.1), or, more briefly, admissible.

As a simpler example of the method which we shall use to solve (5.1), we
consider the homogeneous equations

(5.5) dp =0, 66 =0

with the boundary condition ¢ = ¢ € C [3(m + 1)] on S, where £ is admissible
with respect to (5.5). Let ¢ be the solution of A¢ = 0, such that t¢ = £, n¢ =
nk, ndp = 0, nép = 0 on S. Thus

(5.6) ¢ = Ja(& 2) + Js(§ 2).

It remains to be shown that ¢ is closed and coclosed. But td¢ = tdf = 0, nd¢ =
0, A(d¢) = d Ap = 0, and nd(dp) = 0 since d.d¢ is zero. Finally, we have

15(d¢) = — tdsg = — didg = 0,

since 6¢ = 0 on S. Hence, by Lemma II, d¢ = 0. Reasoning exactly dual to the
preceding shows that ¢ = 0 in R. Hence ¢ is the unique harmonic field which
assumes the admissible value ¢ on S.

Since the equations (5.1) are non-homogeneous, we shall need to treat them
in a less direct fashion. We divide the problem into two parts. Consider first the
problem of solving the system

(5.7) do =p, 66 =0

where

(5.8) tp =tk np =0

on S, and #¢ is admissible with respect to (5.7). That is,

(5.9 tdg = tp,

on S.

Assume for the moment that a solution ¢ exists. Then we have from (5.7),

dx¢p =0,

and

Jose=tore=o

from (5.8), where z,_, is any (absolute) cycle of R, and z°,, is a homologous
cycle of S. The cycle 2%, homologous to 2,—, always exists (see §1). It follows
that ¢ is a derived form in R:

(5.10) ¢ = oX.

We now obtain

déX = p,
which suggests that we attempt to solve (5.7) by solving
(5.11) AX = —p
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under conditions which ensure that dX = 0. This is a kind of “gauge” condition.
It is not difficult to write down the auxiliary conditions which X must satisfy
on S. They are

(5.12) X =0, nX =0, ndX = 0, #6X = t¢ = tf.
These conditions ensure that (5.8) are satisfied. To prove that X is closed, note
that
A(dX) =d(AX) = —dp = 0,
that tdX = 0, ndX = 0, and that nd . dX is zero. Finally, we have
t6dX = — tdéX + tp = — tdéX + tdg

= 1d(t = 6X) = d1(f — 8X) = 0

in view of (5.9) and (5.12). Hence dX = 0 in R.
From Theorem I we have

= — I2p+fsg/\*vgﬁ

’
a=0

whence from (5.10)

6= —o8+ a‘f:g A £Vt

= — I'sp + Ja(%,2),

in view of (4.8), (4.24) and the permissibility of differentiating under the
integral sign.
The dual problem, in which

(5.14) d¢ =0, 6¢ = o,

and the boundary conditions are easily written down, can be solved in the
same way, or by use of (4.23) and (4.26). The solution is

(5.15) ¢ =— I"do + Js(t 2).

Summing up these results, we have

a=

(5.13)

THEOREM II. Let S be a spacelike surface of class Cl3(m + 3)], and p, o
forms of class C[3(m + 3)], of degrees (p + 1) and (p — 1) respectively, which
satisfy (5.2). Let te C[3(m + 1)] be a p-form admissible with respect to (5.1).
Then there exists a unique solution of (5.1) defined in R, given by

(5.16) ¢ =— I'"(6p + do) + 12(£,2) + Ts(5, 2).

We note that if p and ¢ are harmonic fields, the first term of (5.16) vanishes,
and the solution is formally the same as (5.6). However £ must satisfy the
conditions of admissibility (5.4).

6. Concluding remarks. We consider certain special cases of the two theo-
rems which result when further restrictions are imposed on the manifold M or

https://doi.org/10.4153/CJM-1953-008-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1953-008-8

HARMONIC p-TENSORS ON HYPERBOLIC SPACES 79

the metric. A comparison of the present results with the boundary value
theorems for p-tensors in the elliptic case will also be made.

Under certain circumstances the solutions discussed in Theorems I and II
may be valid in a wider region than has been described. To begin with, we have
restricted ourselves to one ‘‘side” of the initial surface and it is clear that the
solution is valid both for ¢ > 0 and ¢ < 0 in the appropriate regions R+, R—.
The solution is also determined in the region R; associated with any surface .S;
which is spacelike and lies in R. Suppose for example that M is the product of
an (m — 1)-dimensional closed manifold and a line ( — © <t < + ); with
metric

ds® = dt* — gus(t) dx™ dx®

where gu.s(f) gives rise to a positive definite line element depending on ¢ as a
parameter. Let S be the surface £ = 0: the solution is then determined throughout
the entire manifold. If the g.,s(¢) are independent of ¢, the B.L. equation is
separable:

b= Dso

where A, is the B.L. operator for S. Setting ¢ = e®*, we would have

Agu + Nu =0
just as in the scalar case.
If the metric is of certain restricted types, the B.L. equation will separate

into (7) independent component equations. This is the case for the Lorentz
metric

ds* = dt* — (dx')’ — ... — (dx" )"
Each component of ¢ then satisfies a wave equation
b= Z @ a0

The Riesz p-tensor kernel reduces to the first term of the series:

Vilx, ) =I;,,,(a) i S dx" AL AdxP T dyt A LA dy”,

<..<tp

for which the relations (4.23) and (4.24) are easily verified. This case can
therefore be treated by scalar methods.
Of particular interest is the case m = 4, p = 2, since the equations

dp=p, 66 =0

are then, in the Lorentz metric, equivalent to Maxwell’s equations, with u = € =
1. In a general metric it would be natural to retain this invariant formulation.
The two-tensor ¢, 4, is the electromagnetic field tensor F;,,;, and the dual of the
three-form p is the charge-current vector. Theorem II may therefore be inter-
preted as a characterization of electromagnetic fields in a general relativity
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metric. The conservation of charge current is expressed by the fact that p is a
derived form, in other words that

=
for all cycles z;. '

It is interesting to compare our results with the boundary value theorems for
p-tensors in the elliptic case, and with the classical theory of differential equations
(p = 0 or p = m). We consider first the B.L. equation. The result in the elliptic
case is that the solution exists and is unique if /¢ and n¢ are given on the boun-
dary. This result has, however, only been proved under certain topological
restrictions [3]. In the hyperbolic case the initial surface does not bound the
domain of determination of the solution, but the additional data nd¢ and fd¢
are needed to determine the solution uniquely. If p = 0, n¢ is zero automatically,
and so is #5¢. Hence the data reduce to ¢ = ¢ and

=99
ndo = on dn,
in the hyperbolic case, and to ¢ in the elliptic case. A similar remark holds if

p=m.

For the harmonic field equations the elliptic boundary value problem is
uniquely solvable given either the normal boundary component and the absolute
periods, or the tangential boundary components together with the relative
periods. In the hyperbolic case both {¢ and n¢ are to be prescribed on the
(smaller) initial surface. The region R in which the hyperbolic solutions are
defined has no relative cycles (modulo the initial surface) and the periods on

- all absolute cycles are fixed by the given data t¢ and n¢ on .S since all absolute
cycles of R are homologous to cycles of S. In the hyperbolic problem, therefore,
period conditions are not needed explicitly.

REFERENCES

1. R. Courant and D. Hilbert, Methoden der mathematischen Physik (Berlin, 1937).
2. G.F.D. Duff, Differential forms in manifolds with boundary, Ann. Math., 56(1952),115-127.
3. G.F.D. Duff and D. C. Spencer, Harmonic tensors in Riemannian manifolds with boundary,
Ann. Math., §6 (1952), 128-156.
4. N. E. Fremberg, A4 study of generalized hyperbolic potentials, Lund Univ. Math. Sem., 7
(1946), 100 pp.
5. J. Hadamard, Lectures on Cauchy's problem (Newhaven, Conn., 1923).
6. K. Kodaira, Harmonic fields in Riemannian manifolds, Ann. Math., 50 (1949), 587-665.
7. G. Pélya and G. Szegd, Aufgaben und Lehrsitze aus der Analysis, (Berlin, 1925).
8. G. de Rham, (a) Harmonic integrals, Institute for Advanced Study Seminar Notes
(Princeton, 1950). (b) J. Math. pures appl., 10 (1931), 115-200.
9. M. Riesz, L'Intégrale de Riemann-Liouville et le probléme de Cauchy, Acta Math., 81 (1949),
1-223.
10. J. L. Synge and A. Schild, Tensor Calculus (Toronto, 1949).

Massachusetts Institute of Technology and
University of Toronto

https://doi.org/10.4153/CJM-1953-008-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1953-008-8

