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Free products and residual nilpotency

. M. S. Dey

Let G Dbe the free product of groups G , [Ga] the cartesian
subgroup of G and k[Ga] the intersection of [Ga] with the
k-th term of the lower central series for & . Then the k[Ga]
form a descending chain of subgroups of [Ga] and it is shown
that if the intersection of all the subgroups in this chain is
trivial then (G and hence each Ga , is residually n?lpotent.

This answers a question of S. Moran.

Let Ga , 0€AN be a set of non-trivial groups where the cardinality

of A is at least 2 and let G = a;A Ga be the free product of the

Ga . If [Ga] is the cartesian subgroup of G , that is the kernel of the

map from G to the direct product of the G  , we define subgroups k[Ga]

of [Ga] for each integer k > 1 as follows;
J[Ga] = [Ga] s k[Ga] =[G, (k - 1)[Ga]] .

These subgroups were first introduced by Golovin and it follows from his
results that

Y (& N [0 1 = kla,) (1)
where Yk(G) is the Kk-th term of the lower central series of G (see
Moran [1], p. 559).

If we put w[G ] = k@l k(G ]
and w6 = kg&—Yk(G)
then Moran ([7], p. 561: Theorem 8.6) proves the following theorem.

THEOREM 1. If G,, €N isa setof residually nilpotent groups

such that either no Ga possesses generalized periodic elements or, for
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some prime p no G, possesses elements of infinite p-height then
w[Ga] =1.

Moran states that he does not know if the condition of residual

nilpotence for the G& is necessary. Here we show that this is so.

THEOREM 2. If G <s the free product of a set of groups G, s 0 €A
such that m[Ga] =1 then wG=1.

COROLLARY. In the statement of Theorem 1 the condition that each G,

18 residually nilpotent is necessary.

Proof of the Corollary. If w[Ga] = 1 +then Theorem 2 implies that
wG =1 which is Just the statement that G is residually nilpotent. Now
any subgroup of a residually nilpotent group is also residually nilpotent

so that each Ga ., as a subgroup of G , is also residually nilpotent.

Proof of Theorem 2. Let X = wG; then X g;yk(G) for each k so

that
knle ey nlicl
ckl6,] from (1)
This implies
knlélcuwlé]l=1,

so that X and [Ga] are two normal subgroups of (G with trivial
intersection and therefore the normal subgroup M of (G generated by KX

and [Ga] is their direct product.

Now the Kurosh Subgroup Theorem (MacLane [4]) implies that M i=s
itself a free product of a free group and certain conjugates of subgroups
of the factors Ga . However from Baer and Levi [2] a free product can
not be expressed non-trivially as a direct product; so either M is
infinite cyeclic or, as M 1is normal in G , M is a subgroup of some

factor G
a

As [Gu] c M and [Ga] is a subgroup of G which intersects each
factor Ga trivially, M must be infinite cyclic. Now as an infinite
cyclic group is directly indecomposable and [Ga] is a free group of

rank at least one (Dey [3]), X = wG must be trivial as required.
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