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BOUNDED POINTWISE APPROXIMATION OF SOLUTIONS
OF ELLIPTIC EQUATIONS

A. BONILLA AND R. TRUJILLO-GONZALEZ

ABSTRACT.  We characterize open subsets U of RY in which the bounded solutions
of certain elliptic equations can be approximated pointwise by uniformly bounded
solutions that are continuous in . This result is established in terms of certain capacities.

For closed subsets X, this characterization allows us to approximate bounded so-
lutions in X° uniformly on relatively closed subsets of X° by solutions continuous on
certain subsets of the boundary of X.

1. Introduction. Vitushkin’s theorem [16] on uniform approximation of holomor-
phic functions on compact subsets of the complex plane gives, in terms of the continuous
analytic capacity, the necessary and sufficient conditions on compact subsets K of the
complex plane in order that holomorphic functions in the interior of X and continuous
on K could be approximated by rational functions with poles off K. Vitushkin’s result
has been extended to unbounded closed subsets of the complex plane by Hadjiiski [7]
making use of a covering lemma by A. M. Davie [4].

In a natural extension this scheme has been considered in the theory of approximation
of solutions of elliptic operators. For these spaces we recall the work of Bagby for the
L#-norm [1], Verdera for the C™-norm [15], O’Farrell with Lipschitz norm [9] and for
solutions of elliptic systems with the C™-norm by Tarkhanov [13]. In [1] Bagby proves
a theorem on approximation in the mean of solutions of certain homogeneous elliptic
equations. One of the most important ideas in Bagby’s paper is the definition of a set
of capacities with the objective to construct approximating functions with fixed coeffi-
cients in their Laurent expansion up to a fixed order. Bagby’s scheme requires to define
one capacity for each possible Laurent expansion of the functions to be approximated.
Using this idea, Tarkhanov proves in [13] the analogue of Vitushkin’s theorem for C™-
approximation of the solutions of homogeneous elliptic systems of differential equations
on compact subsets of RV.

Gamelin and Garnett [6] considered Vitushkin’s scheme in order to approximate
bounded analytic functions on open subsets U of the complex plane with compact
boundary by analytic functions on U and continuous on U. This choice of approximated
and approximating functions required a weak type of convergence, namely the bounded
pointwise convergence. In this paper, with Tarkhanov’s result as a starting point, we
characterize proper open subsets U of R such that the class of continuous functions on
U that satisfy on U a homogeneous elliptic equation is dense with respect to bounded
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pointwise convergence in the space of bounded solutions on U. This result is in some
sense an extension of Gamelin and Garnett’s theorem to a larger class of equations and
to more general sets U without any restrictions on the boundary of U.

Let X be any compact set of the plane where the functions continuous in X and
analytic on X° are dense with respect to bounded pointwise convergence in H*°(X?). If
E is relatively open subset of d.X and FF C X° is closed relative to X° U E, then any
function in H*°(X°) can be approximated uniformly on F by functions analytic on X°
and continuous on E. This result, due to A. Stray [12, Theorem 2.1], makes a decisive
use of Gamelin and Garnett’s theorem. Thus, our characterization of bounded pointwise
density gives an extension of Stray’s theorem to proper closed subsets of R and for
solutions of the elliptic equations considered.

2. Preliminaries. We begin by giving some notation which will remain in effect for
the rest of the paper. For any subset 4 of RV we use the standard notation of 4%, 4,9 4 to
describe the interior, the closure and the boundary of A respectively. The characteristic
function of 4 is denoted by x4. We will use the letters C, M, R to denote constants
that can change its value from line to line. We write C = C(P, N, . ..) to indicate that C
dependson P, N, ... and so on. For any function / we denote the supremum of f on 4 by
|If1l4. In case that 4 = RN we only write ||f].

Let D(RY) be the complex vector space of all C* functions in RY with compact
support. Its dual, the space of Schwartz distributions, is denoted by 2’(R"). We use
the notation (T, ) to denote action of the distribution 7 € 2’(RV) on a function
¢ € D(RY). The class of functions defined on a locally compact Hausdorff space X
vanishing at infinity is denoted by C,(X).

Ifa=(ay,...,ay) e NV welet|a] = oy +---+ay, a! = oy - ay!, x* =x]t gy
forx = (x1,...,xy) € RY, and D* = (3 /dx))™ - - - (3 /dxy)*. If the polynomial Q is
given by O(€) = ¥ aq €%, we let O(€) = ¥ a.£* and Q(D) = ¥ a,D*.

Consider in RY the equation P(D)f = 0 generated by a homogeneous polynomial
P(§) = ¥qj=p Pa€™ of degree p with complex coefficients such that

1. P satisfies the ellipticity condition: P(€) # 0 if ¢ € RV \ {0}.

2. p<N.

Under these assumptions, the differential operator P(D) considered admits a funda-
mental solution ¥ € L} (RY) whose restriction to R¥\ {0} is a real-analytic homogeneous
function of degree p — N [8, Chapter III].

Let P, denote the space of all homogeneous polynomials of degree & in n variables
with complex coefficients. This space has the Hilbert space structure with the inner
product [10, Chapter III,Section 3.1]

{Ri,R:} = R(D)R; = Ra(D)R, = 3 ! D,
|a|=k

where R, and R, are elements of P, with

Ri(€)= > cV¢* fore eRY; i=1,2.
|er|=k
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Let #(P) denote the orthogonal complement of the vector subspace P(¢)[P—,] of
‘P;. Then we can write

B = P Pip] ® Hi(P).

For each multi-index o with || = k we introduce the polynomial AG(€) = ¥jpi= N’
that represents the projection of £ on #(P). These polynomials characterize #4(P) in
the following way

PROPOSITION 2.1 ([14, LEMMA 2.6]). The polynomial h(§) = T|qj=k ca§™ belongs to
H(P) if, and only if, for every multi-index o with || = k we have ca = ¥jpj=k naCp-

Consider now the following polynomials which will play a fundamental role. For any
multi-index «, define M,(y) by

Maly) = (—DF 3 2228,
3=k P!

Given F C R", let O(F) denote the vector space of solutions of P(D)f = 0 in a
neighborhood of F. For the rest of the paper K will denote a compact subset of RY. We
now establish the theorem of representation for the functions in O(RY \ K) that vanish
at infinity.

THEOREM 2.2 ([14, LEMMA 4.6]). Letf € ORN \ K) vanish at infinity. If x, is a point
of K and ro = sup,cyx{|y —xol}, then, in the complement of the closed ball B(xo, roaN?),

@.1) S(x) =3 DV(x — xo)cas

where the series converges absolutely and uniformly on closed subsets of the complement
of B(xo, roaN?). Moreover, the coefficients co with || = k are defined by

Ca = calf,x0) = / Ma(y — x0)(P(DY) () dy
and satisfy the condition ¢, = 218|=k MBaCp-

We have an equivalent representation of the coefficients ¢, that will be very useful in
the next section. Consider the Green Operator G(g, /) of the differential operator P(D)

G NH= Y (DADpgs., 858 f dylj]

|B+y+1,1=p
[3, Section 14.3.4] where dy[j] = Ai=1,...» dyi, and 1; represents the unit vector on the
i#
xj-axis. Then any function f € O(RY \ K) vanishing at infinity can be represented in the
neighborhood of the infinity given in the theorem by

1@ == [ 6(Vex—»).10)),

https://doi.org/10.4153/CJM-1996-025-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1996-025-0

BOUNDED POINTWISE APPROXIMATION 499

where I is its boundary. This representation gives the equivalent definition of the coef-
ficients ¢, as

ca = calfsx0) = — [ G(Maly — 01,1 ().

We point out that this representation of the coefficients ¢, does not depend on the
choice of the surface I" provided that I is contained in RN \ K, surrounds K once and is
oriented so that the outwards normal vector points toward infinity.

The relevance of Vitushkin’s result for holomorphic functions in the plane is the
sufficiency of just one capacity to fix three coefficients of the Laurent expansion of the
admissible functions [5, Chapter VIII]. Here, we follow the scheme established by Bagby
[1] and for each possible Laurent expansion of the function to be approximated we define
one capacity.

Let Q be an open subset of RV, K a compact subset of Q and H(¢) = ¥|aj=k Ca€* afixed
element of #(P) with k € N. Denote by By(K, Q) the set of functions f € ORY \ K)
vanishing at infinity, with Laurent expansion

f@) =23 D*V(x)ca +o(xPVF) asx — o0
|a|=k

for some scalar A € C and such that ||f]|q = sup,q |[/(x)| < oo.

Let C(Q2) be the set of all continuous functions on Q, and denote Cy(K,Q) =
Bu(K, Q)N C(Q).

DEFINITION 2.3. We define the following capacities:

@2 wED= sw |(POY.H)= sw |[G(HO.LI0),

fEB(K,Q) fEBY(K Q)
[le<t IMe<t
0 a®D= sw [POVEI= sw |[G(HO)./0)|
JECH(K,Q) SECH(K,Y)
Ifla<t o<t

If F is an arbitrary precompact subset of Q, then we set Yy(F, Q) = sup Yy(K, Q) and
ay(F, Q) = sup ay(K, Q) where the supremum is taken over all compact subsets K of F.

These capacities are similar to the capacities defined by Tarkhanov in [13] for the
C™-approximation. For the main properties of this capacities see [13]. Here we mention
two equivalent definitions of those capacities that will be useful later.

LEMMA 2.4. The identity

{H, H}
YK, Q) = ———
D=
holds, where the infimum is taken over all functions f € ORN \ K) that vanish at infinity

with

f@) =3 DV(x)ca +o(xfP™ %) asx— oo.
|a|=k
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If we take the infimum over the functions on Cu(K, Q) then we get
{H, H}
inf [|flla’

From now on we take Q = RV so we write Y (F) = Yy (F, RY) and ay(F) = ay(F, RY)
for simplicity.

Another useful tool for the resolution of our problem is the Localization Operator that
we define below.

aH(Kv Q) =

DEFINITION 2.5. For a fixed g € D(R") we define the Localization Operator V,:
D'RN) — D'(RY) by

Ve(f) =V * [gP(D)] iff € D'RY).

The main properties of the Localization Operator are incorporated in the following
lemmas. For a complete study see [1, Section 5] or [13, Section 3].

LEMMA 2.6 ([13, SECTION 3]). Ifg € D(RN) and f € D'(RN) then

L Ve(N=8f+% (a0 aas[D?V % fDg].
lac+Bl=p
2. Velf) is continuous at every point of continuity of f and vanishes at infinity.

3. P(D)Vg(f) = gP(D)f. Hence, V(f) is a solution of the operator P(D) off the support
of g and wherever f is, and f — Vy(f) is a solution in the interior of the set on which
gequalsto 1.

LEMMA 2.7. Let g € D(RN) satisfy suppg C B(0,6) and ||D%g|| < R]a|5_|°‘| for any
multi-index a. Then ||Vo(f)|| < C||f]| for any bounded measurable function f.

3. Bounded pointwise approximation. Let U be an open subset of R¥. We denote
by O°°(U) the subspace of O(U) of bounded functions on U, and by A(U) the subspace
of O(U) of continuous functions on U. Clearly, O®°(U) is a Banach space with the
supremum norm in U.

DEFINITION 3.1. We say that A4(U) is bounded pointwise dense in O*°(U) if each
S € O®(U) is the pointwise limit on U of a sequence {f, } in A(U) satisfying ||f»||v <
Mi|f|v-

The characterization in terms of capacities of the open sets where this kind of ap-
proximation holds was established by Gamelin and Garnett in [6] for P(D) = 3 in the
complex plane. The independence of the constant M with respect to the function f can
be easily established by a category argument.

We begin with two lemmas. The first lemma is a higher dimensional version of a
result of A. Davie [4], but for our proof we follow the construction given in [2]. Davie’s
lemma allowed Hadjiiski [7] to generalize the Vitushkin theorem to unbounded sets.

LEMMA 3.2. Let Q) be a proper open subset of RN. Then, for any positive function p(x)
in Co(), there exists a sequence {B;}2, = {B;(x;, 7))}, of open balls whose closures
lie in Q such that:
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1. Q=UZ B

2. No point of Q lies in more than Z = Z(N) balls B;.

3. Ifx € Bj then1; < p(x).

4. There is a C*®-partition of unity {q&, X, subordinate to {B 1 with ||D%¢;|| <

Ry e for any multi-index c.
5. Forallx € RV,

e
C being an absolute constant.

PROOF. Take any positive function p € Cy(2), and consider the increasing sequence
of compact subsets of (2 defined by

Vi={xeQ:px)>27*}, k=1,2,...

that cover Q. For each integer k£ define oy = min(l, dist(V;, RV \ Q)) and B =
min( 1, dist(V;, RV \ V1))

Now, choose recursively a sequence {m;}{2, of integers satisfying m;_; < my and
Br > 2™+ For k = 1,2,... let {Big}2: be an enumeration of the balls of radius
3 32~ for which the coordlnates of their centers are integral multiples of 27,

Let ko be the smallest k for which ¥, is nonempty. We construct a covering starting
with the balls By, that intersect V. Recursively, for k > ko we select those balls By 4
which intersect V; and are not contained in the union of the balls that have already been
selected. The covering of Q considered consists of the coecentric balls with a double
radii; we renumber this sequence {2By,} as {B;},

Note that, by the choice of m,, any ball of the k-generation meets only the balls of the
(k — 1) and (k + 1)-generation. Moreover, this latter property, along with the choice of
centers and radii, guarantees that the maximum number of balls that contains any point
does not exceed an absolute constant Z. This covering {B;} of Q satisfies 1), 2) and 3).

It is easy to get a partition of unity satisfying 4). We choose ¢ € CX(R") with
0 < ¢ < lsuchthat$(x) = lin|x| < 2 ,$(x) = 0if |x| > 2 and ||D¢|| < Ry Then,
for € N, we defne @) = L), 1(6) = 1), and 60) = SIIES (1 — ).

Since {}B;} covers Q and each function ¢; equals one for |x| < v/2-27™, we
conclude that {¢;} satisfies 4).

To get 5) we first prove that for any £

(3.2) Zmin(l,—g_—m)—}l) < Cmin(l,—-—ﬂ———)
q

e — xp 6|V dist(x, U, B.q)

for any k and any point x € RY, with C = C(N) an absolute constant, and where the sum
ranges over the indices g such that 2By , is included in the covering {B;}%,.

Indeed, fix x € RY and consider the annulus A(x, 1327, (I + 1)327™). Then, the
number of centers x, contained in this annulus is less than N4¥Z/¥~! [1, Lemma 7.1].
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Now, taking into account that it is possible to meet centers in each annulus only for /

greater than )
_1 dist(x, U, Big)
0 — 2 %2—”11; ’

we prove (3.2)

(2—mk) 2 N+1 N 00
<(=Z NAYZS " —
7 = xgM T (3) =210[2
< Ci I <cC 2™
T2 dist(x, Uy Bx, q)

We cannow prove 5). Fix x £ Q. Then, dist(x, U, Bx ) > ax—3-2" > 3, —3-27™ >
2k=1-m By (3.2), this yields

TN 2 Mk 2 Mk
_J )< infl, ——| <CY —— <C_C.
|N+1) < C;‘“‘“( GG, U, Bk‘q)) SOy gmim =€

On the other hand, if x € Q, we can assume that x € V; \ V,_,. Again, (3.2) allows us
to divide (3.1) into three sums:

me( s -

7_N+1 i+2 27
me( W) < (k§0+k—,21+k§3) mm( ,m)-

Let us estimate each part. For the first one, take into account that dist(x, U, Bk 4) >
Bk — 3-27™ > 2k=1=m_since x is not in V;_,. Hence,

Mk i—=2 p—my
| <
> dist(x, Uq Bk,q))

i—2 —2 1

> min(l < Z -

fr & B A2

The second one is trivially bounded by 4. Thus, it only remains to estimate the third

sum. Since dist(x, U, Bx4) > Br—3 we have

o0 2‘mk [o¢) 2—mk [ele} 2—mk_3 o0 1
infl, — | < < <
2 m‘“( dist(x, quk,q))

k=i+3
In the last two inequalities we have made use of the recursive properties of the sequence
{me3,-

With these estimates, we finish the proof of the lemma by taking C to be the maximum
of the constants calculated above.

The next lemma is an extension to solutions of more general differential equations of
a localization result for analytic functions in the plane due to Gamelin and Gamett [6].

< < < =
W By TS Bz T SR 2R

LEMMA 3.3. Let U be an open subset of RN with a compact boundary andf € 0®(U)
vanish atinfinity. Let {U;};=\....m be afinite open covering of d Usuch that in each UNU}, f
is a pointwise limit of a sequence { h; » }o2| in A(UNUj) satisfying || hj.a|| uny, < M||f]|uny,
with M independent of f.
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Then f can be approximated pointwise on U by a sequence {f,} C A(U) satisfying

Il < Mifllo,

where ) depends only on the covering {U;}.

PROOF. Takef = 00offU. Let {y;}7; C D(R")satisfyingsupp ¢; C U;,0 < ¢; < 1
and ¥ ¢; = 1 neard U. Then, /= £, Vo, (f).

For every j € {1,...,m}, we choose a sequence {4;,}°2, in A(U N U;) such that
hjnlluny, < M|f|luny, and Aja(x) — f(x) for any x € UN U;. We can assume that
hjn € C(RY)and h;,, — 0 off U[10, Chapter VI]. Hence, there exists a bounded function
h; such that {h;,} converges to A; in the weak-star topology of L(R").

Consider gj,, = V,,(h; ), and define G, = 5 g;,. Then G, € A(V) and ||G,| <
AiM||f]|, where A, depends only on {;}j=1,..m-

Since supp ¢; C Uj, the pointwise convergence of {%;,} to f on U; N U implies the
same convergence of ¢;h; , to ¢;f on U. Hence, for every x in U,

Iim g() = lim ()W) + T aaslDPV * byuD" 1))

lflzlgllgp
R A aaglD°V * D% 0;1(x)
|er+B]=p
PILE [, PPVx = DB0ID*0;(v) dy
lo+Bl=p
=V, (N@+ 3 aagHjap(),
ll‘iglégp

where H; o5 = [DPV x xauhiD%p;] € A(U) and ||H; o 5]| < X2M||f]|, with X, depending
only on {¢;}j=1,..m- Denote by H; =% 420 GapHjap-
a+f|=]

The sequence f, = G, — L%, H; szlltiffligs o € AW, Ifall < W1 + X)M||f]| and
Ja@) = L, Vi, (N(x) = f(x) as n — oo forevery x € U. This completes the proof.

Now we establish the main result of this section. As said before, Tarkhanov’s scheme
of approximation in C" —norm solutions of elliptic systems is the starting point for our
result, as it is Vitushkin’s scheme for Gamelin and Garnett’s characterization of bounded
pointwise approximation given in [6]. The characterization of those proper open subsets
U of R where A(U) is bounded pointwise dense in 0°(U) is given in terms of capacities
7Y and o

THEOREM 3.4. Let U be a proper open subset of RN. Then, the following assertions
are equivalent:
i) A(U) is bounded pointwise dense in O°(U).
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ii) For eachr > 1 there exists 1 > 0 such that
(3.3) Y (B(x,8) \ U) < now(B(x,r6) \ U)

foranyH € H, (k€ N), allx € RN and all § > 0.
iii) There exist constants § > 0, r > 1 and 1 > 0 such that if H € \ J;_, H, then, for
every point x € RN and for all § < &,

(3.4) Yr(B(x,6) \ U) < noy(B(x,r8) \ U).

PROOF. First we prove that iii) implies i). Fix § < §p and f € O°°(U). For this §
we consider a §-neighborhood Qs of d U, Lemma 3.2 then yields a sequence of balls
{B)(x;,7)}?, and a partition of unity {¢?}%, for Qs satisfying 1)-5). Without loss of
generality, we can assume 0; < —j; for any j.

Set /= 0 off U and write f; = V,(f). By property 3) of the chosen partition of
unity and Lemma 2.7 we can write /' = ¥ f; + G, where ||fj|| < M||f]| for each j, with
M = M(P,N) and G € ORM).

To prove the approximation statement for 1" it is suffices to find functions ®; € C(R")
satisfying

a) supp P(D)®; C B(x;,0j) \ U;

b) o)l <Ml (M = MP,N,m);

c) f; and @; have the same coefficients in their Laurent expansions at infinity with

indices || < p.

Assume for the moment the existence of these functions and define @5 = 3_; ®; + G.
Then we have a sequence {®s }5-0 in A(U), that converges pointwise to f in U as § — 0,
and is uniformly bounded by M”||f||, with M" = M"(P, N, 1, r).

Indeed, by c) the Laurent expansion of f; — @; has the expression

) —®ix)= Y. D*V(x —x))ca
la>p+1

for any x outside some ball centered at x;. The uniform boundedness of f; and ®;
allows us to estimate the coefficients c, in the following way. Take ¢ € CX(RV) with

supp C B(x;, (7 + )7y), ¢ = 1in B(x;, °0;) and D] < Rigy (¢ + 1)) . Then,

leal = |17 [, PONeOIMaty = 5)1(50) — 0,0)) ]
(S4pal) s - oslsup |t )3ety — 51|y
=P

IN

)N‘Fl(]l

Nel (@ + 1y
(laf =p)! N+|a|—p

< Millfl(sup G ) (¢ + )
Ivlsl;)

P 1Y e, (NG? + D)
T.
N 1L U (a—p)

(3.5) < Mlllfll(
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where we have mainly made use of the Leibniz formula, the properties of ¢ and the
estimates of the derivatives of the polynomials M, [14, Lemma 2.2].

Estimate (3.5) makes it possible to estimate the evaluation of f; — @; at any point, as
follows:

i) — @) < 3 [DVix —x))| |eal
lo|>p+1

(NG + 1) ¢ alel)ay
Px — x;|¥=P*lel (|| —p)!

+1)V o
< MM 5
al|>pt+l

< My||f|| (Z(aNz(”p“L 1)0) (p+l+l)l) (a N(rP+1)TJ)

|x — x| (+1) |x — x;| V!

=0

So, if |x — x;| > 2aN?(# + 1)1}, we have

+1

7
(3.6) V(X) @; (X)l < M3“f” | IN+1
On the other hand, for |x — x;| < 2aN*(#* + 1)7; we can write

(2aN2( + 1))

(3.7) () — @) < Il + Nyl < 2Mif]| P
Formulas (3.6) and (3.7) give
U]y+l
(3.8) i) — ;)] < CIIf| min(l, |7_’—X|N—+1)
j

for any x € RY,where C = C(N, P, r,n).
The estimate (3.8) and the property 5) of the covering {B;} allow us to bound uniformly
the function @; as a consequence of the following estimate

+1

o
0 = @560l < 1560 = o) < AN i1, ) <

valid for any point x € R”, with C= C(P, N, r, 7).

Now we prove the pointwise convergence to f on U. For a fixed x € U, denote by d
the distance of x to 4 U. Then, recalling the construction of the covering {B;} from the
proof of Lemma 3.2 above, we have

p—
dist(x, U, Brp)

If|| mt o W &
< WU sngm < ZWI = 5k,
Sis ~d—5,;~’;,i

[f(x) — @s(x)| <

o __M8
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Since m} — oo when § — 0, we obtain @;(x) — f(x) for § — 0.

It remains to prove the existence of functions ®; satisfying a), b) and c). If we
consider the Laurent expansion of each f; at x;, fi(x) = 3o D*V(x — x;)b4, then the choice
of the function ¢;, along with Lemmas 2.6 and 2.7, yields f; € By, (B(xj7 o)\ U). Now
Lemma 2.4 and the estimate (3.4) imply

(3.9) {bo, bo} < MI|f1|Ve, (B, 07) \ U) < Mn||fl|ats, (B(xj,r0y) \ U).

From (3.9), the definition of a, guarantees the existence of a function ®? € C(RY)
with supp P(D)(Dj(.’ C B(xj,rg)) \ U, bounded by 2Mn||f|| and with the expansion

DY(x) = boV(x — x;) + o(|x} ™).

Take FY = fi—®). Then, supp P(D)F C B(x;, rap)\U, || F7|| < (M+2Mn)|[f]| = Mo||f]|
and
R =3 biDV(x —x).
lof>1
Since H(§) = Zjq=1 b¢* € H,(P), by Proposition 2.1 and Theorem 2.2, it follows
that FJ0 belongs to By, (B(x,-, roj) \ U). Therefore, again Lemma 2.4 and (3.4) give

(3.10) {Hi, Hi} < Mo||f 17, (B, ra)) \ U) < Mon|f |, (B, P ) \ U).

Equation (3.10) provides a function ®} € C(RY) with supp P(D)®} C B(x;,*a;)\ U,
[®} [l < 2Monllf]l = M, ||f]| and a Laurent expansion of the form

j(x)= Y bIDV(x —x;) +o(|xfV).

lof=1

Iterating this procedure, we get at the p-th step a function <I>j” € C(RM) with
supp P(D)®! C B(x;, P oj) \ U, || || < 2Mp_i7||f]| = Mp|/f]|, and

D(x) = 3 BEDV(x —x) +o(lx| ™).

lal=p

The function ®; = 5, ®; satisfies a), b) and c) by construction. This completes the
proof of this implication.

That ii) implies iii) is trivial, so to conclude the proof of the theorem we shall show
that i) implies ii).

Fix H € H,6 > 0,r > 1 and a point xo € RV. Take f € %H(B(xo,é) \ U) satisfying
I/l < 1and
(3.11) 2(P(DY, H)| > Y1 (B(x0,6) \ V).

Consider 1 < ¥ < r, and define W = UU{|x — xo| > r’6}. Then W, = {|x — x| > 6}
and W, = {|x — xo| < 6} cover d W. The functions {f!(x)} = {f(x +1(x —xo))} belong
to A(W)), are uniformly bounded on ), and converge to f pointwise on this set. On
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the other hand, since W, "W C U and f € O°°(U), our hypothesis assure the existence
of a sequence {f?} C A(W>, N W) converging pointwise to f on W, N W and uniformly
bounded on W, N W, by M, say. Applying Lemma 3.3 we get a sequence {f, } in A(W)
that converges pointwise to f on # and is uniformly bounded on W, say by M’, with M’
independent of f. Since ¥’ < r, it follows that supp P(D)f,, C B(xo,r6) \ U and, without
loss of generality, we can assume that {f, } C C(R").

To prove this implication we need for each n € N a function ®, € C(RV) satisfying:

1. supp P(D)®, C B(xo, 1)\ U.

2. ||®@,|| < M; with M, independent of / and f,,.

3. (f» —f) and @, have the same coefficients in their Laurent expansion at infinity

with indices |a| < k.

Assume again for the moment the existence of these functions and continue with the
proof of (3.3). The cited properties of @, imply the following ones:

a) supp P(D)(f, — ®,) C B(xo,76) \ U.

b) |Ifn — ©n]| <M + M, = M,.

€) fu(x) — @n(x) = XH(D)V(x — x0) + o(Jx]P"V*) as x — o0.

d) (PODY, H) = (PD)(f, — D), H).

The latter statements allows us to estimate ozH(B(xo, r§) \ U) as follows:

(PO — ©).H) 1

(3.12)  ay(Bxo,r8)\ U) > M, A

(B(xo, 78) \ U).
That gives (3.3), with n = 2M,.

We now prove the claim concerning the existence of the functions ®,. Consider the
Laurent expansion of f,, — f at xo,

Ja) = f(x) = 32 DV (x — x0)ba

which converges absolutely and uniformly on closed subsets of the complement of a
neighborhood of x¢. Since ||f, — f|| < 1+ M, (3.5) permits us to estimate b, by

[bal = | [ Maty = x0)PDIf, =) | < K1+ M),

with K"’l = Klal(P’ N,b,r, ).
Consider now a function x € Z)(B(xo, ré)\ U) with [x = 1, and define

O)(x) = bo [ Vix = y)x() dy.

Then @0 € C®(RY), supp P(D)D(x) C B(xo,r8) \ U, |®Y| < My(1 + M’) with
MO =M0(P7N763r7 U)’ and

DO(x) = boV(x — x,) + o([xP™) asx— oo
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Take FO = (f, —f) — @°. Then ||F3|| < (1+Mo)(1+M'), supp P(D)FS C B(xo,76)\ U,
and
Fox) = 3 bADV(x — xo).

laf>1

Using (3.5) again we have
|62] < Kjaj(1 + Mo)(1 + M').
Similarly, we define

o= b [V =»D*xw)dy
al=1

to produce a function ®. € C®°(RV) satisfying ||®,|| < M(1 + M') with M; =

MI(P7N767 r, U)a SuppP(D)q)::(x) - B(X(),I’(S) \ U, and

OYx) = Y beD*V(x — x0) + o(IxfP V") asx — oo.
la|=1

Now set F! = FO — @}, then ||F}|| < (1+M;)(1+ M), supp P(D)F} C B(xo,r8) \ U
and

Fix)= > bLDV(x — xo).

o >2
Continuing this process by induction, we construct at the k-th step a function ®* €
C>(RM) given by
ko) = 3 B [ Ve — D () dy
|a|=k
satisfying supp P(D)®%(x) C B(xo,76) \ U, ||®n]] < M1 + M) with M; =
Mk(Pan(S’r’ U), and

Dx) = 3 baD*V(x — x0) + o(jxP V) asx — o0.
Jorl=k
To finish the proof it suffices to take ®, = =k @), € C°(R") that clearly satisfies 1),
2) and 3). The proof of the theorem is complete.

4. Approximation by functions continuous up the boundary. The characteri-
zation of bounded pointwise density established in the previous section allows us to
prove Stray’s theorem for solutions of the differential operators considered, replacing
the compact subsets of the plane with proper closed subsets of R".

For any set X and any E C d.X, we denote by Oz°(X) the functions of O°°(X”) that are
continuous in E.

THEOREM 4.1. Let X be a proper closed subset of RN where A(X°) is dense with
respect to bounded pointwise convergence in O®(X°). Then there exists a constant k
such that if E C 0 X is relatively open to d X, h € O®°(X°) and F C X° is relatively closed
in X° UE, then for any € > 0 we can find a function f € O (X) such that |h — f||r < e
and ||f]] < kl|A].
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PROOF. By Theorem 3.4, the hypothesis provides constants 7 > 0 and > 1 such
that
(4.13) Yu(B(x,8) \ X°) < noy(B(x, r8) \ X°)
for any x € RV, any § > 0 and any H € ;e H(P).

Take sequences { ¥, } and {K,} of open and compact sets respectively satisfying:

a) K, C V, foreveryn € N,

b) V,NVy=0if|ln—m| >1;

¢) E=UR Kn

d) V,NF={foreveryn € N;

e) For any compact K in R \ (0.X'\ E), then K N 7, # () only for a finite number of

open subsets V.

Now, for each integer n we choose &, > 0 such that L = d(K,,RY \ V,)/6, is
sufficiently large. Later on we will specify the precise size of L.

For this §,, following a construction due to Bagby [1, p. 779], we can obtain a sequence
of points {x,4}%, and a sequence of functions {¢, s}, satisfying:

D) onk € CF(B(nks6n));

i) T2 ¢ = 1in RY;

i) ||D%pnull < R|a|5;|ul;
iv) Each point of R" is contained in no more than Z balls B,; = B(xy,6,) With Z
independent of §,;

v) If I, = {k : B,x N K, # 0}, then I, N L4, = () for every n.

Set i = 0 off X. Take now G, = ¥V, (h). From (4.13), for every k there exists a
function @, ; € C(R") such that:

1) supp P(D)®, i C B(xns, P81) \ X°;

2) (| @ull < Mi|Al|;

3) Gpx(x)and @, x(x) have the same coefficients in their Laurent expansions at infinity

with indices || < p.

For each n € N, define the function h, = Y4¢;, (Gox — Ppnx). From 3) we have that
(3.8) holds for any G, ; — ®,x(k € 1,). Hence, by v), for any pointx € R¥ andany / > 1
the number of points x,, contained in the annulus A(x, 16,,(+ 1)6,,) is no greater than
N4NZIN=! for [1, Lemma 7.1], and the value of 4,(x) is bounded by

x & N+17N—1 x 1
@.14) 1h,,(x)|gcnf||(; TNz +m0)§C|[fH<m0+§ﬁ),

where my is the number of centers contained in the ball of center x and radius é,.. Since
my is no greater than N4"Z, from (4.14) we conclude the uniform boundedness of the
sequence {h,} by M'||f]|, with M’ = M'(P, N).

Fix 0 < £ < 1 and choose 4, such that B(y, %) N B,y = 0 for any k € I, and any
y €RVY \ V. From the choice of 6, and therefore the value of L, no point x,, lies in the
annulus A(x, %6,,, (% + 1)6,,), and by (4.14) we can write

> 1
4.15) ) < ClIRI( 3 5) < gr Al

I=L/2
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The last inequality holds with an appropriate choice of §,,.

Define g = h — 2, has—1. Then ||g|| < M ||h]|, g is in O°(X”) and is continuous in
K5, foreveryn € N.

We now repeat the process for g instead of 4, considering now the pairs (K5, V2,) to
obtain a function f = g — ¥, g2, € 0O®(X°), continuous in E that approximate 4 on F
in the following terms:

=1l < =gl + g =l < || +[S ]

1
< Mty + 3 lganllunss, < (3 57 )<l

The last inequality follows from (4.15). This concludes the proof of the theorem.

REMARK. In case when P(D) is the laplacian in RV with N > 2 and X is the closed
unit ball B, the space O°°(X) is the well known harmonic Hardy space A/*®(B), and it is
easy to prove the bounded pointwise density of A4(B) without making use of the capacity
estimates [11, Chapter IV, §2]. Thus, Theorem 4.1 holds.
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