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Abstract

Let (X, p, )ap be a space of homogeneous type with d > O and # € (0,1], b be a para-accretive
function, € € (0,0], |s| < ¢, and ap € (0, 1) be some constant depending on d, € and s. The authors
introduce the Besov space bl'?;,q(X) withay < p < occand 0 < ¢ < 00, and the Triebel-Lizorkin space
bF,,(X) withag < p < 00 and @y < g < 00 by first establishing a Plancherel-Polya-type inequality.
Moreover, the authors establish the frame and the Littlewood-Paley function characterizations of these
spaces. Furthermore, the authors introduce the new Besov space b~ B;q(X ) and the Triebel-Lizorkin
space b~ F ¢ (X). The relations among these spaces and the known Hardy-type spaces are presented.
As applications, the authors also establish some real interpolation theorems, embedding theorems, Tb
theorems, and the lifting property by introducing some new Riesz operators of these spaces.
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1. Introduction

It is well known that the remarkable 7'1 theorem given by David and Journé provides
a general criterion for the L*(R")-boundedness of generalized Calderén-Zygmund
singular integral operators; see [5, 35]. The T'1 theorem, however, cannot be directly
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applied to the Cauchy integral on Lipschitz curves. Meyer in [30] (see also [31])
observed that if the function 1 in the T'1 theorem is allowed to be replaced by a
bounded complex-valued function b satisfying 0 < § < Re b(x) almost everywhere,
then this result would imply the L?(R") boundedness of the Cauchy integral on all
Lipschitz curves. Replacing the function 1 by an accretive function, McIntosh and
Meyer in [30] proved the Tb theorem, where b is an accretive function. David, Journé,
and Semmes in [6] introduced a more general class of L>(R") functions b, namely,
the so-called para-accretive functions. They proved that the function 1 in the T'1
theorem can be replaced by para-accretive functions, which is why it is now called
the Th theorem. Moreover, they showed that the para-accretivity is also necessary
in the sense that if the Th theorem holds for a bounded function b, then b is para-
accretive. Moreover, Meyer in [31] observed that if b(x) is a bounded function and
1 < Reb(x), one can then define the modified Hardy space H)(R") simply via the
classical Hardy space H'(R"), that is, the space H,(R") is defined by the collection
of all functions f such that bf is in the classical Hardy space H'(R"). This space
has the advantage of the cancellation adapted to the complex measure b(x) dx and
is closely related to the T'b theorem, where b is an accretive function. In fact, Han,
Lee and Lin recently proved in [17] that if T7*(b) = 0, then the Calderén-Zygmund
operator T is bounded from the classical H?(R") to a new Hardy space H/(R") for
n/(n+¢€) < p <1, where ¢ € (0, 1] is some positive constant which depends on
the regularity of the kernel of the considered Calder6n-Zygmund operators. When
p,q > 1, the Besov spaces, bB’ ,(X) and b~ ‘BS ,(X), the Triebel-Lizorkin spaces,
bF 2q (XD and b~ F »q (X)), were con51dered by Han m [14], and the related T b theorem
was also estabhshed in that paper.

The main purpose of this paper is to study the Besov spaces, bB‘ ,(X) and

‘B‘ (X) the Triebel-Lizorkin spaces, bFs . (X) and b~ Fs (X) when p < 1 or
q < 1 and the related 7bh Theorem. We will do this in the settmg of metric spaces, or
more generally, spaces of homogeneous type.

Analysis on metric spaces has recently obtained an increasing interest; see [13,
25,27,34]. In particular, the theory of function spaces on metric spaces, or more
generally, the spaces of homogeneous type in the sense of Coifman and Weiss in [3, 4]
has been well developed; see [16,19-24,28,29,42,48]. It is well known that the
spaces of homogeneous type in Definition 1.1 below include the Euclidean space, the
C* Riemannian manifolds, the boundaries of Lipschitz domains, and, in particular,
the Lipschitz manifolds introduced recently by Triebel in [41] and the isotropic and
anisotropic d-sets in R". It has been proved by Triebel in [39] that the d-sets in R"
include various kinds of self-affine fractals, for example, the Cantor set, the generalized
Sierpinski carpet and so forth. We point out that the spaces of homogeneous type
in Definition 1.1 also include the post critically finite self-similar fractals studied by
Kigami in [26] and by Strichartz in [36], and the metric spaces with heat kernel studied
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by Grigor’yan, Hu and Lau in [12]. More examples of spaces of homogeneous type
can be found in {3, 4, 34].

We now state some necessary definitions and notation of spaces of homogeneous
type. A quasi-metric p on a set X is a function p : X x X — [0, 00) satisfying
that

(i) p(x,y)=0ifandonly if x = y;

(ii)) p(x,y)=p(y,x)forallx, y € X;
(iii) there exists a constant A € [1, o0) such that for all x, y and 7 € X,

plx,y) < Alp(x, 2) + p(z, Y)I.

Any quasi-metric defines a topology, for which the balls B(x,r) = {y € X :
p(y,x) <r}forall x € X and r > O form a basis.

In what follows, we set diam X = sup{p(x, y) : x,y € X}. We also assume the
following conventions. We denote by f ~ g thatthereis aconstant C > O independent
of the main parameters such that C~!'g < f < Cg. Throughout the paper, C will
denote a positive constant which is independent of the main parameters, however it
may vary from line to line. Constants with subscripts, such as C,, do not change in
different occurrences. For any g € [1, oo], we denote by ¢’ its conjugate index, that
is, 1/g+1/q’ = 1. Let A be a set and we will denote by x . the characteristic function
of A.

DEFINITION 1.1 ({23]). Letd > O and 8 € (0, 1]. A space of homogeneous type,
(X, p, )ayg, 18 a set X, together with a quasi-metric p, a nonnegative Borel regular
measure 1 on X, and, in addition, there exists a constant Cy > 0 such that for all
O<r<diamXandx,x',y € X,

(1.1) u(B(x,r)) ~rf
and
(1.2) lo(x,y) — px’, Y| < Coplx, XV [p(x, y) + p(x’, M]'°.

The space of homogeneous type defined above is an variant of the space of homo-
geneous type introduced by Coifman and Weiss in [3]. In [29], Macias and Segovia
have proved that one can replace the quasi-metric p of the space of homogeneous type
in the sense of Coifman and Weiss by another quasi-metric p which yields the same
topology on X as p such that (X, g, i) is the space defined by Definition 1.1 with
d=1.

Throughout this paper, we will always assume that u(X) = oo.

Let us now recall the definitions of para-accretive functions and the space of test
functions.
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DEFINITION 1.2. A bounded complex-valued function b on X, a space of homoge-
neous type, is said to be para-accretive if there exist constants C; > 0 and ¥ € (0, 1]
such that for all balls B C X, there is a ball B’ C B with xu(B) < u(B’) satisfying

1
w(B)
DEFINITION 1.3 ([14]). Let b be a para-accretive function. Fix y >0and 6 > 8> 0.

A function f defined on X is said to be a test function of type (xo, r, B, y) with xo € X
and r > 0, if f satisfies the following conditions:

Y
@ |fx)] Sc(r-{—p(x,xo))d*)’;

. plx,y)
) {f(x) — fl < C(r+p(x,xO)
[r + p(x, x0))/24;
(iii) /f(x)b(x)du(x)=0.
X

If f is a test function of type (xy, r, B, y) related to a para-accretive function b, we
write f € 9%,(xo, r, B, ) and the norm of f in %,(xo, r, B, y) is defined by

ZC1>0.

/ b(x) dp(x)
s

B rY
f L]
) CH oGy I =

Il f Iy x0.r.8.»» = Inf{C : (i) and (ii) hold}.
Now fix x; € X and let %,(8, y) = %, (xo, 1, B, ¥). It is easy to see that

gb(-xl’ r, ﬂv )’) = gb(ﬂt }’)

with an equivalent norm for all x; € X and r > 0. Furthermore, it is easy to check that
%,(B, y) is a Banach space with respect to the norm in %,(8, y). Also, let the dual
space (¥,(B, y))' be all linear functionals ¢ from ¥,(8, y) to C with the property
that there exists a C > 0 such that for all f € 4,(8, y),

(O < Clif g8

We denote by (h, f) the natural pairing of elements h € (4,(8, y)) and f € 4,(8, y)-
Clearly, for all & € (%,(B, y)), (h, f) is well defined for all f € %, (xo, r, B, y) with
xo€ Xandr > 0.

It is well known that even when X = R”", 4,(8,, y) is not dense in %,(8,, v) if
Bi1 > B,, which will bring us some inconvenience. To overcome this defect, in what
follows, for a given ¢ € (0, 8], we let 52’,,(,3, ) be the completion of the space %, (¢, €)
in%,(B8,y)when0 < 8,y <.

Let b be a para-accretive function. As usual, we write

b9,(B,y)=1{f: f =bg forsome g € 4(8,y)}
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If fe€b¥(B,y)and f = bg for some g € ¥,(B, ¥), then the norm of f is defined
by Il fllo%,6.y) = lgll4,.,). By this definition, it is easy to see that

(1.3) fe(®%B,y)) ifandonlyif bf e (%8, 7)),
where we define bf € (%,(8, y)) by (bf, g) = (f. bg) for all g € %,(B, ).

DEFINITION 1.4 ([16}). Let b be a para-accretive function. A sequence {S:}}_; of
linear operators is said to be an approximation to the identity of order € € (0, 6]
associated to b if there exists C; > O such that forallk € Zand all x, x', y, ¥y’ € X,
the kernel of Sy, denoted by S, (x, y), is a function from X x X into C satisfying

. 2—-k5
1) |Sk(X, }’)I <G Q-+ + o(x, y))d+e ’

.. , X' ¢ 2 ke
i) 15:0x,9) — Sulx', )| = G (2_k”f‘pfx) y)) R e
plx, x') < (27 4 p(x, ¥))/24; ’ ’

_ ’ P(y, y,) A ¢ 2—,“
IS0y = Sl ol = 6 (2"‘ +p(x, y)) Q27+ p(x, y))d+e
Py, Y) < @7+ px, )/24;

(v)  |[Se(x, y) = SiCx, YD1 = [Se(x', ) — Se(x’, y)

<c( p(x, x) )( p(y,y) ) 27k
= T\ 2 0, y) ) \2 7+ p(x,y) ) @+ plx, y))ite

for p(x,x') < 2% + p(x,y))/2A and p(y, y') < Q7% + p(x, y))/24;
(v) / Se(x, )b(y)du(y) = 1;

X
(vi) f Si(x, y)b(x)du(x) = 1.
X

REMARK 1.5. By Coifman’s construction in [6], if b is a given para-accretive
function, one can construct an approximation to the identity of order 6 such that
S« (x, y) has compact support when one variable is fixed, that is, there is a constant
Cs > Osuch that for all k € Z, Si(x, y) = 0if p(x, y) > C327%.

REMARK 1.6. We also remark that in the sequel, if the approximation to the identity
as in Definition 1.2 exists, then all the results still hold when » and »~' are bounded.
It seems that we do not need to assume that b is a para-accretive function. However,
in [6], it was proved that the existence of the approximation to the identity as in
Definition 1.2 is equivalent to the para-accretivity of b.

In the next section, we introduce the norms || - ||,,g;,q(x) and || - H,,p;"(x) on some
distribution spaces via approximations to the identity. Then we establish a Plancherel-
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Pdlya-type inequality related to these norms by using the discrete Calderén repro-
ducing formula in [17]. From this inequality, we deduce that the definitions of these
norms are independent of the choice of approximations to the identity. By the discrete
Calderdn reproducing formula again, we further verify that the definition of these
norms are also independent of the choice of the distribution spaces under some re-
strictions. After these preparatlons we introduce the Besov space bB’ ,(X) and the
Triebel-Lizorkin space b F (X ). Using the discrete Calderdn reproducmg formula,
we then establish the frame and the Littlewood-Paley function characterizations of
these spaces. By the results in [6] and [17], it is easy to see that bF 2(X ) = LP(X)
with an equivalent norm if 1 < p < o0, and bFl‘,’z(X ) = HP(X) with an equivalent
norm if d/(d + €) < p < 1. Itis still unknown if this is true for any other s, p and q.

In Section 3 of this paper, we introduce the new Besov space b~ 'B‘ ,(X) and the
new Triebel-Lizorkin space b~ lF s (X ). The frame and the Littlewood- Paley function
characterization of these spaces are also given. Moreover, the relations among the
spaces bB;q(X), bF;q(X), b"B;q(X), b"F;q(X), and the known Hardy spaces are
presented.

Section 4 is devoted to some applications of the theory of these spaces. Using
the frame characterization of these spaces, we first establish some real interpolation
theorems. Some embedding theorems on these spaces are also presented. Using
the interpolation theorem, we further establish the 7'b theorems on these spaces and
consider the boundedness of new Riesz potentials in these spaces. As a corollary,
we obtain the boundedness of the new Riesz potential operator I, for 0 < o < €
with € € (0, ] from the Hardy spaces H?(X) to the Hardy spaces H{ (X), where
l/g =1/p—a/dandd/(d+€—a) < p < 00. Moreover, using the Th Theorem, we
further establish the lifting property via the Riesz potential operators of these spaces.

Finally, we mention that the theory of the spaces ngoq(X ) and b"Fgoq(X ) with
|s] < € € (0,8] and max{d/(d + €),d/(d + s + €)} < g < 00 has been established
in [48].

2. Spaces bB’ (X) and bF‘ (X)

Let b be a para-accretive function as in Definition 1.2. We now introduce the norms
Il - II,,,-,;"(X) and | - ||,,F-;q( x) on some distribution spaces via the approximations to the
identity. In what follows, we denote max(0, x) for any x € R simply by x,.

DEFINITION 2.1. Let b be a para-accretive function as in Definition 1.2. Let € €
(0, 81, {Sk}2.; be an approximation to the identity of order € as in Definition 1.4, and
Dy =S8, — Si_fork € Z. Let |s| <e.

(1) I max{d/(d + €),d/(d+s+€)} < p <o0and 0 < g < oo, for all
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f € (@B, y)) with
2.1) max{0,—s+d(1/p—1)y} <B<e and max{0,s —d/p} <y <e,

we define the norm llfllb,;;q(x) by

) l/q
"f”bi?,‘,,,(x) = { Z 2k5q”Dk(f)”‘zl,p(x)}

k=—00

with the usual modifications made when p = 00 or g = o0.

(ii) Ifmax{d/(d+e) d/(d+s+e€)} < p < ococandmax{d/(d+e€),d/(d+s+¢€)} <
g <oo,forall f e (%(,8 y)) with 8, y asin (2.1), we define the norm Ilfll,,p x
by

l/q
1f Vo 0 = { > 2“4|Dk(f>|"}

k=—00 L(X)

with the usual modification made when g = oc.

The following theorem indicates that the definitions of the norms || - llb,;;q( x) and
I 1s £x,(x) Ar€ independent of the choice of approximations to the identity.

THEOREM 2.2. Let b be a para-accretive function as in Definition 1.2, € € (0, 6]
and |s| < €. Let {S}!.; and (G )i, be two approximations to the identity of order €
as in Definition 1.4, D, = S; — S,y and E, = G, — Gy, fork € Z.

() Ifmax{d/(d + €),d/(d+s+¢€)} < p <o00and0 < q < 00, for all
f € (%, y))' with0 < B, vy < €, we have

1/q l/q
{ 3 zmupk(fnupm] { 2 2ksq||Ek(f)”u(x)} -
k=—00 =

(i) If max{d/(d +e), d/(d+s+6)} < p<ooandmax{d/(d+¢€),d/{d+s+
)} <g oo forall f € (%,(ﬂ y)) with0 < B,y < €, we have

00 t/q 00 l/q
[ Z 2ksq|Dk(f)|q] ~ [ Z 2k‘yq|Ek(f)|q}

k==co LP(X) k=00 LP(X)

To prove Theorem 2.2, we first recall the following construction given by Christ
in [2], which provides an analogue of the grid of Euclidean dyadic cubes on spaces of
homogeneous type.
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LEMMA 2.3. Let X be a space of homogeneous type. Then there exists a collection
{Q* C X 1 k € Z, o € I} of open subsets, where I is some index set, § € (0, 1) and
Cs, Cs > 0, such that

(i) u(X \ Uy Q%) = 0 for each fixed k and Q% N Qs =0 ifa #B;

(i) foranya, B, k, | withl > k, either Qi,, c Q% or Q’ﬂ NQ* =9,

(iii) for each (k, @) and eachl < k there is a unique B such that Q% C Q\;

(iv) diam(Q}) < Cy8%

(v) each Q¥ contains some ball B(zk, Cs8*), where zt € X.

In fact, we can think of Q% as being a dyadic cube with diameter rough 8 and
centered at zX. In what follows, we always suppose § = 1/2. See [22] for how to
remove this restriction. In addition, for k € Z and t € I, we will denote by Q’;"’,

=1,2,..., N(k, 1), the set of all cubes Qf,” C Q*, where j is a fixed large
positive integer. Denote by y** a point in Q%".

REMARK 2.4. Since we always assume that ¢ (X) = oc in this paper, forall k € Z,
I, in Lemma 2.3 is an infinite index set.

Theorem 2.2 is a simple corollary of Lemma 2.3 and the following Plancherel-
Pdlya-type inequality.

THEOREM 2.5. Let b be a para-accretive function as in Definition 1.2, ¢ € (0, 6]
and |s| < €. Let {S;}2.; and {G,)?; be two approximations to the identity of order €
asin Deﬁnition 1.4, D, = Sy — Sic1and Ey = Gy — Gk_|f0rk e Z.

(i) Ifmax{d/(d +€),d/(d+s+¢€)} < p <ooand 0 < q < 00, there is a
constant C > Q such that for all f € (g,,(ﬂ, y))' with0 < B, y < €, we have

N(k.1) alp) /e
Z 2k [Z DBI(o) sup |Dk<f><z)|"]
k=-00 tel; v=l1
00 Nk.7) a/p )\
SCy 2T [Z 2 w(@r) inf |Ek<f)<z)|"]
k=—nc tel, v=I

(i1) If max{d/(d + €),d/(d+ s+ €)} < p < 00 and max{d/(d + €),d/(d +
s+ €)} < g < oo, there is a constant C > 0 such that for all f € (%(ﬂ, y)) with
0 < B, y <€, we have

Nik.t) 4
{ Z Z Z 2%s9 sup [ D (YD x gt }
k

=— 1
o rely v=l LP(X)
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Nk,1) l/q

Z N ok inf IEC(H@I Xt

—oo 1€l v=1 LP(X)

To show Theorem 2.5, the following discrete Calderdn reproducing formula in [17]
will play a crucial role.

LEMMA 2.6. Let b be a para-accretive function as in Definition 1.2. Let € € (0, 8],
{Gi)e.; be an approximation to the identity of order € as in Definition 1.4, and
E, =G, —Gy_fork € Z. LetO < B, y < €. Then there exists afamzly of functions
{Ex(x, ¥))xez such that for all fixed y** € Q% and all f € (%’b(ﬂ y))

Nk, 1)

22 f@=)_3 ) E(HOE / b(x) Ex(y, )b(y) du(y),
ot

keZ rel, v=1

where Ex(x,y) for k € Z satisfies (i) and (iii) of Deﬁmtton 1.4 with € replaced by
€ € (0, ¢), and

f Eux, y)b(x) dpa(x) = / Ee(x, )by diu(y) = 0.
X X

Moreover, the series in (2.2) converges in the sense that for all g € g’b(ﬂ’, y') with
B<pB <eandy <y’ <,

Nk,1)
M‘nanw<Z > ZEkm(yf”) / b(O)Eil(y, )b(y) du(y), g>=<f,g>.

k<M relk
plxo.2)<N

Another useful tool in dealing with the Triebel-Lizorkin space is the following
lemma which can be found in [8, pages 147-148] for R" and [22, page 93] for spaces
of homogeneous type.

LEMMA 2.7. Let0 < r < 1, k, n € Z, withn < k and for any dyadic cube Q*"
andallx € X, |fpo(x)] < (1 +27p(x, y£*))~*7, where y** is any point in Q% and
y >d(1/r —1). Then, forall x € X,

Nk,T) Nk, 1) yr
S5 gl for @)l < C2"“""’/’[ (Z D gl xgee )(x)} :

rel, v=1 rel, v=1

where C is independent of x, k and n, and M is the Hardy-Littlewood maximal
operator on X; see [3].
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PROOF OF THEOREM 2.5. We first verify (i). With all the notation as in Theorem 2.5,
by (2.2), we have that forallk € Zand z € X,

Nk’ ")

(23) Di(f)(2) = Z Y D E(HOE) f , Di(BEy(y, )(@b(y) du(y).
oL

k'=—ocot'ely v=I1

We recall the estimate in [14, page 66], that there is a constant C > 0 such that for all
k, kK eZandall y, z € X,

2—(k/\k’)e’
@ %%+ p(y, )

where €’ can be any positive number in (0, €) and k A k' = min(k, k').
Ifye 04" and z € 0%, then

2.4) DBy, N(@)| = C2o0e

(2.5) 270 L p(y, 2) ~ 27N 4 p (Y, R,

We also recall the well-known inequality that for alla, € Candg < 1,

q
(2.6) (Z |a,-|) < lal.
J j

Now suppose p < 1. In this case, from (2.3)—(2.6), it follows that

50 Nk,T) o/
Z oksq I:Z Z n(Q*) Sup |Dk(f)(Z)|p]

k=—00 tel, v=l

Nk, t) Nt
el (S wen | L Y ey

k=-o00 tely, v=1 k'=-oc0t'€ly v=I

2—(k/\k')e'p alp
x |Ec(f)ye)|
’ (2-%AK) 4 p(yff‘”', ykvy)d+erp

l/q

l/q

Z [Z Y k=k)sp=lk=K'€' p+K'd(1-p) ZNf)zk‘pl/«(Qk v

k=—00 [k'=-oc vely vV=1

l/q

e q/p
AT 2 (knk')e'p
X IEk'(f)(yr’ )l (2 knk') +p(yk R x))(d+6 )p /L(X)

oc oc
< C § E z(k—k Ysp—lk—k'le' p—(kAK' ) (1= p)+k'd(1—p)

k=—» {k'=—o0
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N(K. ') a/p) /9
} (Z 5 2""”’#(in'“')IEkf(f)(yﬁf'”')]”)}
vely v=l
00 N1 q/p) /4
<Cy{ ) [Z > 2k’”’u(Q5’:"’)IEk,(f)(yfi'”’)l”] ,
k=-00 Lrely v=1

where we choose €’ € (0, €) such that ¢’ > max{s, —s + d(1/p — 1)}, and in the last
inequality, if ¢/p > 1, we use the Holder inequality and the following estimate

o0 (o ¢}
Z + Z z(k—k’)sp—Ik—k’ié’p—-(k/\k’)d(l—p)+k’d(l—p) <C.

k'=—00 k=-o00

Ifg/p < 1, we use (2.6) and

00

§ : 2[<k—k’)xp-lk—k’le’p—(k/\k’)d(l—p)+k’d(l-p)]q/P <C.
k=-o00

v

Since yf," is arbitrary, we can further obtain a desired estimate in this case.
If p > 1, (2.3)-(2.5) and the Holder inequality yield that

NkT) q/p ) /9
Z ksq [Z > u@k SUp IDk(f)(z)I"}

k=—00 rel, v=1

N(k,t) oo
(Qk v ( 2(k—k'):p-|k—k’|é’p
cly [z > oo (%

k=-o00 Lrtel v=l

N ) y e P 2—(k/\k’)e'
sp WV WV
X Z Z 2 w(Q )|E"'(f)(yt’ )l (2—krkD +p(yff‘"',yf'”))“+"

vely v=1

2 knk)e! pIP\ P
d
Ux @ %0 p(y, yryyire H (y)] )]

o0 o0
<cC Z Z (k=K )sp—lk—K'le'p

k=—00 f=—-00

NK' ')
x (Z > 2*’%(Q5£”’)|Ekf<f)(yff'"’>|”)

vely v=I1
2—(k/\k’)s' alp
X/ e T g Anx)
x 270N+ p (YL, x))HHe
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l/q

00 Nk’ 1) o q/p
<Cqy 2. [Z D 2P QN Ee(H(E) "] ,

k=—o0 L t'ely V=l

where we choose €’ > |s| and we use the fact that for all x € X,

2 (kak")e
d <C
/x(2-<“*'>+p(y,x))d+f' H) =

< i + i ) k=k)sp—|k—=k'le'p <C,

'==00 =—00

and
o0
Z Hk=K)sp—lk=Kle'plalp « .
k=—00
Since yf,""' is arbitrary, a desired estimate follows, and this finishes the proof of (i).
To verify (ii), by Lemma 2.6, Lemma 2.7, (2.4)—(2.6) or the Holder inequality, we
have

Nkt /9
[ Z Z Z 2t sup |Dk(f)(2)quQku(x)}

—oo tely v=I1 ZEQ:

N, )
c{ Y 2k [ D2 2 @B (DO

=—00 k'=—oot'ely v=1

2—(k/\k’)e’ AR
R KV yvd+e
(2=% + p(x, yp 7 ))He

[o°]

[o 0]
< C § : § : 2(k—k’).\'—!k—k'|6'+[(k/\k’)—k’]d(l—l/r)

k=—o0 k'=—00

N(K'.1") 1yr\ 9 V9
vely v=1
o N'.t") q/r 1/q
1. [M (Z 2 2B )(Yff'”')l'thiv”')(")] ,
k'=-00 vely v=I

where we choose €' € (0, €) and r € (0, 1] such that ¢ > max{d(l/r — 1),s, —s +
d(1/r — )} and r < min{p, q}, and we use the fact that

00 00
§ + § 2(k—k Ys—|k—k'fe'+{(kAkY=k')d(1-1/r) < C,
k

'=—00 k=-00
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and Y ;o 20-K)s-k=KIe+kAK)-KM(=1/a < C. Thus, the vector-valued inequality
of Fefferman and Stein in [7] and the arbitrariness of y**' € Q%" further imply the

conclusion (ii) of the theorem, which completes the proof of Theorem 2.5. O

REMARK 2.8. From the proof of Theorem 2.5, it is easy to see that the key role
played by {D,}icz is the estimate of (2.4). However, to establish this estimate, we
need only to use the regularity (iii) as in Definition 1.4 of D, for k € Z; see [14, 16].
This means that if we replace the operators D; by some other operators D for k € Z
whose kernels have the same properties as the kernels of D, except for the regularity
(ii) of Definition 1.4, then Theorem 2.5 still holds. This observation is useful in some
applications.

Let us now verify that under some restrictions on 8 and y, the definition of the
norms || - |} bBs,(X) and || - ||bp~;q(x, is independent of the choice of the distribution space,

(“ 8, 7).

THEOREM 2.9. Let b be a para-accretive function as in Definition 1.2, € € (0, 6]
and [s] < €.

(i) Let max{d/(d+¢€),d/d+s+€)) < p<ooand0 <qg <00 Iff e
(%(B1, 1)) with max{0, —s +d(1/p — 1);} < By < €, max{0,s —d/p} <y <e,
and || f sy, 00 < 00, then f € (Fy(Ba, y2)) withmax(0, —s+d(1/p—1),} < B, < €
and max{0,s —d/p} < y» <e.

(ii) Let

d
d+e’ d+s+e

Fepnrd |
max < p <00 and max

_ }<qsoo.
d+e¢ d+s+e

If f € (%(B1, 1)) with max{0, —s + d(1/p — 1),} < B < €, max{0,s —d/p} <
Y1 <€ and ”f”bﬁ;q(X) <00, then f € (gb(ﬁZ’ }’2))’ withmax{0, —s+d(1/p—1),} <
B, < e andmax{0,s —d/p}) <y, <e.

PROOF. Let Y € 9, (¢, €). With all the notation as in Lemma 2.6, we first claim for
k=0,1,2,...,telyandv=1,2,..., Nk, 1) that

1
(14 p(y, x0))4*r’

andfork=-1,-2,...,tebandv=1,2,..., Nk, t) that

Q.7 [(BO Ec(y, ), ¥)| < C27% ¥ gy,

2-n

~ Ky}
(28) |(b()Ek(yv ')v ¢)| =< C 2" Illl’"gh(ﬂz‘)’z) (2—k + p(y’ xo))d+yz ’

where y, can be any positive number in (0, y,).
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In fact, for (2.7), by the vanishing moment of b(-)Ek (y,-), we have
(O Ec(y, ), ¥
Ei(y, )b(x)[¥ (x) = ¥ ()] dp(x)
X

- B2
< Cl¥ llgnigrm { f \Be(y, x))—PL ) du(x)

(r0)<(+p(y.%0))/2A (I 4+ p(y, xp))?+nth

+ / |Ec(y, x)] |: + ]dp.(x)}
> (D0t 2A (14 p(x, x0))7 (14 p(y, x0))d*7

1
(1 + p(y, xo))*+n’

—k
< C27™" ¥ g4

where we choose €’ > 0 in Lemma 2.6 such that ¢’ > max{y,, 8,}. This verifies (2.7).
Similarly, the vanishing moment of by yields that

(b)Y Ee(y. ). ¥
= ‘ [ [Ec(y. x) — Ex(y, x0)]b(x)¥ (x) dpu(x)
X

275 p(x, xo)"? du(x)
< C"‘//"gh(ﬂz'yz) {/ “k d+e+y! d+
plx.xp) <2 +p(y,x0)) /24 (2 +,0(y, XO)) 72 (1 +p(x, xO)) "

2 ke ke
T T e
plx.x0)>(2 % +p(v.x0))/2A (2 + p()’, x)) € (2 + P()’y xO)) €

du(x)}
27kn

(275 + p(y, xp))d+r’

X
(14 p(x, xo))d*r

<27 1 14,809

which is just (2.8).
Observe thatifk > 0,7 € ,,v=1,...,N(k, t),and y € Q%" then

(29) 1 + p(yv -x()) ~ 1 + p()’f'v,xo)-
andifk =—-1,-2,...,t€ ,v=1,...,N(k,1),and y € Q*", then
(2.10) 27+ p(y, x0) ~ 275 + p(¥E, xo).

The estimates (2.7) and (2.8) and the observations (2.9) and (2.10) tell us that

Nk 1)

Z > EHOEN / BOEG. ), v)p () dr(y)
"

k=-00 tel; v=]
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o0 N(k.t)

< Cl¥lggm § 2. D D 272 u(Q)E( (Y

k=0 rel, v=I1

1

X
(1 + p(ykv, xp))d+r
Nk, 1) 2—kyz

k y k,v kv
+ Z Z Z 2 VH(Q NEL(H) )|(2 -k 4 p(ykv, xp))d+7 ]

k=—00 tely v=l1

If p <1, Lemma 2.3, Theorem 2.5, (2.6) and the Holder inequality yield that

.11)  [{f, ¥ < ClY N4, Z2—k(ﬂz+s)—-kd(l-l/p)

k=0

Nk,7) 1/p
(Z Y 2P U@ E( ) ”)I")

tel, v=1
Nek.7) I/p
+ Z 2Rl (Z D 2rueh ">|Ek<f><y“)|")
k=—00 tely, v=1

l/q
< ClY g { Y 2k Ek(f)nmx,]

k=—00
=< Cll‘/f“%(ﬁz.n)“f”b[};q(xp
where we choose y; € (0, y2) such that y; > s — d/p and use the fact that
B> —s+d(/p—1).

If p > 1, similar estimates, except that (2.4) is replaced by the Holder inequality,

lead us to
(2.12)
Nk,t) Ip
A < ClY gy Zz “ [Z > ok ">|Ek<f)(y“>|"}
k=0 tel, v=I1

1 t/p
d
X Ux (L% Py, xgyim WO )]

Nk.t) I/p
b 3 2o [Z 2 u(Q“)wk(f)(y“)l"]

k=—00 tely v=I1

9=kp: 1/p’
d <C g (X)
x [/x PR M(y)] < CIY gyl £ oy
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where we use the fact that 8, > —s in this case and choose y, > max{0, s — d/p}.
Suppose h € 4 (B, y»). We choose h,, € 9 (¢, €) for any n € N such that

n—oc

Nhn — hligpy — O
The estimates of (2.11) and (2.12) show that for all n, m € N,

10, B = ha)l < CULf o ol = Bl

which shows lim,_, {f, h,) exists and the limit is independent of the choice of A,.
Therefore, we define

(foh) = lim (f,h,).
By (2.11) and (2.12), for all h € Z(B,, v2),
[f < I F llis, o0 Il g

Thus, f € (% (B, v2))". This finishes the proof of (i).
The conclusion (ii) can be deduced from (i) and the fact that

s < .: .
0oy 00 < CllF Moty o0

4

see [37, Proposition 2.3.2/2]. This finishes the proof of Theorem 2.9. ]

Now we introduce the Besov, bB;’, q(X ), and the Triebel-Lizorkin, bF ;q(X ), spaces.

DEFINITION 2.10. Let b be a para-accretive function as in Definition 1.2, € €
(0,6] and |s] < €. Let {S;} ., be an approximation to the identity of order € as in
Definition 1.4 and D, = S, — S,_, fork € Z.

(i) Ifmax{d/(d+¢€),d/(d+s+¢€)} < p <oocand0 < g < 00, we define the
space bB;_(X) to be the set of all f € (%, (8, ) with

max{s,0, —s+d(l/p—1),} < B <€ and

(2.13)
max{s —d/p,d(1/p—1,,—s+d(1/p—1D}) <y <€

such that
o0 /g

L logs, o = D 2°NUD(P) Ny | <00

k=—o00

with the usual modifications made when p = co or g = oc.
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(ii) Ifmax{d/(d+€),d/(d—+js+e)} <p< ooandmax{d/(d-o}-e), d/(c?+s+e)} <
g < 00, we define the space bF, (X) to be the set of all f € ({9’,,(;9, y)) with 8, y
as in (2.13) such that

0 Vg
1l 0 = [ > 2“"|Dk<f>|"} <00

k=—00 LP(X)

with the usual modification made when g = oc.

Theorem 2.2 and Theorem 2.9 tell us that the definitions of the Besov space
bB; (XD and the Triebel-Lizorkin space bF 5e(X ) are independent of the choice of the

approximation to the identity and the distributional space, (% (8, ¥))', with 8, y as
in (2.13).

REMARK 2.11. To guarantee the definition of the spaces bB;q(X) and bF g (X)

is independent of the choice of the distribution space (f?,,(ﬂ, ¥))’, we need only to
restrict that max{0, —s +d(1/p — 1),} < B < € and max{0,s —d/p} < y < €;
see Theorem 2.9. However, if we restrict max(0,s) < 8 < ¢ and max{d(l/p —
Dy, =s+d(1/p—1)} < y < ¢, we prove in the following proposition that the space
of test functions, b %,(B, y), is contained in the spaces bB;q(X yand bF N q(X ). Thus,

the spaces bB;q(X) and bF;q (X) are non-empty if we restrict 8, y asin (2.13).

PROPOSITION 2.12. Let b be a para-accretive function as in Definition 1.2, € € (0, 6]
and |s| < e.

(1) If max{d/(d+¢€), d/(d+s.+e)} < p<ooandmax{d/(d+e€),d/(d+s+¢€)} <
q < 00, then bBS o, 0 (X) CHES (X) C BB .y (X).

() If f € b¥% (B, y) with max(0,s) < B < € and max{d(1/p — 1), —s +
d(l/p—1)} <y <€, then f € bB;q(X) withmax{d/(d+¢€),d/(d+s+€)} < p < 00
and0 < q <00, and f € bF, (X) with max{d/(d + €),d/(d+ 5+ €)} < p <0
and max{d/(d + €),d/(d + 5 + €)} < g < 00. Moreover, if p, q < 00, then the
space b%,(B, y) with B, y as above is dense according to the norm || - llb,;;q( x) in the
space bB;q(X), and according to the norm || - "bﬁ;q(x) in the space bI:’;q(X).

(iii) If1 < p < 00, then bFl‘,’z(X) = LP?(X) with an equivalent norm; and if
d/(d+¢€) < p<1,then bF,‘,’z(X) = HP(X) with an equivalent norm.

PROOF. The proof of (i) is trivial; see [37, Proposition 2.3.2/2] and [40, Proposi-
tion 2.3].
Let f € b¥,(B, y) with max(0, s) < B8 < € and

max{d(l/p—-VD,,—s+d(l/p—D} <y <e.
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Then f = bg for some g € 9,(B, ) and || flls4,.y) = I1gll4,5.,)- Let { Di}iez be the
same as in Definition 2.10. The same argument as in (2.7) and (2.8) yields that for
k=0,1,2,...,te Lhandv=1,2,..., Nk, 1),

1
(14 p(y, xp))*r’

andfork=-1,-2,...,tehandv=1,2,..., Nk, 1),

(2.14) ID(F)X)] < C27| fllog 8.9

2k
2+ p(y, x0))4+7’

(2.15) IDL(£)(X)] < C2Y'|| fllogy8.0)

where y’ can be any positive number in (0, y).
From (2.14), (2.15) and Definition 2.10, it follows that

00 t/q
MMWF{Z?wmmm4
k=-00

-1 l/q

k —_
< Cll f s 122 “Pa 4 Z QHs+y'=d(1/p=]q

k=0 k=-—00

< Cll fllos (8.1

where we choose y’ € (0, y) such that y’ > —s +d(1/p —1). Thus, f € bB’ (X
From this and (i), it is easy to deduce that f is also in bF pq (X)-

The density of the space b¥, (8, y) in the space bB: (X ) and the space bF ’q(X )
can be proved by the same argument as in [14, Proposmon 3.8]. This proves (i1).

If 1l < p < oo, David, Journé and Semmes in [6], proved that bF (X)) =
L?(X) with an equivalent norm. Moreover, Han, Lee and Lin in [17], proved that if
d/(d+¢€) < p < 1,then bF,‘,’Z(X) = H?(X) with an equivalent norm. This finishes
the proof of this proposition. Q

REMARK 2.13. Based on Proposition 2.12 (iii), it is interesting to make clear
under what resmctnons on s, p and g one will have that bBY ,(X) = B‘ . (X) and
bF ;q(X ) = pq(X ), with an equivalent norm.

Lemma 2.6, Theorem 2.5 and the same argument as the proof of [16, Theorem 3]
can also give the characterization of the Littlewood-Paley S-function of the Triebel-
Lizorkin space bF, (X) as below. We omit the details.

THEOREM 2.14. Let b be a para-accretive function as in Definition 1.2, € € (0, 8]

and |s| < €. Let {S)i.; be an approximation to the identity of order € as in Defini-
tionl.d4and Dy = S, — S;_ fork € Z. If max{d/(d +€),d/(d+s+¢€)} < p <0
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and max{d/(d + €),d/(d + s +€)} < g < 00, then f € bF;q(X) if and only if
fe (fg’b(ﬂ, y)) with B, y as in (2.13) and S,(f) € LP(X), where

l/q

3 / 24 (2 De (W] dpe(y)

k=—00 Y PLx.Y)S27*

i) = {

forall x € X. Moreover, in this case, ”f”bﬁ;,,(X) ~ IS, (M o)

We now establish the frame characterizations of the Besov space bB’ (X ) and
the Triebel-Lizorkin space bF s (X ). To this end, we first introduce some spaces of
sequences, b’ (X ) and f X ) Let

(2.16) A=A ikeZ tel,v=1,...,Nk 1)}

be a sequence of complex numbers. The space B; ,(X)withs € Rand0 < p,g < o0
is the set of all A as in (2.16) such that
/9

Nk,1) /p
NAdlss, o) = Z 20 |:Z Z “(Q” Ay vlp] < 00.

==00 tely v=l

The space ;q(X) withs € R,0 < p < 0o, and 0 < g < 00 is the set of all A as in
(2.16) such that

N(k,T) 1/q
")"“f;q(X) = { Z Z Z 2ksq Xl' v(q XQ""] < 00,

k=~00 r€ly v=! LP(X)

THEOREM 2.15. Let b be a para-accretive function as in Definition 1.2, € € (0, 8]
and |s| < €. With all the notation as in Lemma 2.6, let A be a sequence of numbers as
in (2.16).

(i) Ifmax{d/(d+e€),d/(d+s+¢€)}<p<000<g =<ocoand ”)»”b;q(,\') < 00,
then the series

Nk, t)

2.17) T YY) f B E(, 0B di(y)

k=—00 7€l v=I
converges to some f € bB‘ (X) both in the norm obe (X) and in (,‘%(ﬂ, y)) with
2.18) max{0,—s+d(/p—-1),}<B<e and max{0,s —d/p}l <y <€

when p, q < 00 and only in (@’b(ﬂ. v)) with B and y as in(2.18) when max(p, q) =

o0. Moreover, in all cases, llfll,,,;;w(x, < CHAH,;;”(X).
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(i) Ifmax{d/(d+e¢€),d/(d+s+¢€)} < p <00, max{d/(d +¢€), d/(d+s+.e)} <
q < ooand ||A| fr0 < 00, then the series in (2.17) converges to some f € bF, (X)
both in the norm obe;q(X) and in (g’b(ﬂ, y)) with 8, y asin (2.18) when p,q < 00
and only in (4,(B, y))’ with 8 and y as in (2.18) when max(p, q) = co. Moreover,
in all cases, || fllofs 0 < ClIAjz o0

The proof of this theorem is similar to the proof of the frame characterizations
of the Besov space B;q(X ) and the Triebel-Lizorkin space F ;q(X ) in [48]; see also
[23,43]. We omit the details here.

From Lemma 2.6, Theorem 2.14 and the Plancherel-Pdlya inequalities, and Theo-
rem 2.5, the frame characterizations of the spaces bB;q (X) and bE e (X) follow.

THEOREM 2.16. Let b be a para-accretive function as in Definition 1.2, € € (0, 6]
and |s| < 6. With all the notation as in Lemma 2.6, let \** = E,(f)(y**) fork € Z,
te€liandv =1,..., Nk, 1), where y*¥ is any fixed element in Q*".

@) If max{d/(d + €),d/(d+s5s+¢€)} < p < c0oand 0 < q < 00, then
f € bB;q(X) if and only if f € (?,,(ﬂ, ¥)) for some B, v as in (2.13), (2.2)
holds in (?,,(,3’, YY) withf < B <eandy <y <€, and X € b";,q(X). Moreover,
in this case, ||f||bl'3;,q(x; ~ ”)\"i);,q(xy

(i) If max{d/(d +¢€),d/(d + s+e)} < p < ooand moax{d/(d +€),d/(d+
s+e€)) <q 200, then f € bF, (X) ifand only if f € (4,(B, y))' for some B,
y as in (2.13), (2.2) holds in (f;’,,(ﬂ', YY) withB < B <eandy <y < ¢, and
A€ f;q(X). Moreover, in this case, || f otz 000 ~ 1M f, 000

3. Spaces b™'B:, (X) and b~'F3,_(X)

In this section, we introduce another new Besov space b~! B; . (X) and new Triebel-
Lizorkin space b™' F ;q(X ), which are closely related to the Besov space bB;q(X ) and
the Triebel-Lizorkin space bF, (X), respectively.

DEFINITION 3.1. Let b be a para-accretive function as in Definition 1.2, € € (0, 6]
and |s| < €. Let {S;)%., be an approximation to the identity of order € as in Defini-
tionl1.4and D, = S, — Si_, fork € Z.

(i) fmax{d/(d+¢€),d/(d+s+¢€)} < p <ocoand0 < g < 0o, we define the
space b"B;q(X) to be the set of all f € (b%,(B, y)) with 8, y as in (2.13) such that

o0 l/q

If g0 =1 D 2°UUDeBAHILr | <00

k=—-00

with the usual modifications made when p = 00 or g = 0.

https://doi.org/10.1017/51446788700013094 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700013094

[21] Besov and Triebel-Lizorkin spaces 249

(ii) Ifmax{d/(d+e),d/(d+§+e)} < p < oocandmax{d/(d+€),d/(d+s+€)} <
q < 00, we define the space b“F;q(X) to be the setof all f € (b%,(B, v)) with 8, y
as in (2.13) such that

0 l/g
i|f||b~'ﬁ;q(X) = [ Z 2"“’|Dk(bf)l"} < 00
koo LX)
with the usual modification made when g = 00.
To verify that Definition 3.1 is independent of the choice of the approximation to
the identity, we first need to establish the following Plancherel-P6lya inequality.

THEOREM 3.2. Let b be a para-accretive function as in Definition 1.2, € € (0, 6]
and |s| < €. Let {§;}%_; and {Gi}e.; be two approximations to the identity of order €
as in Definition 14, D, = §; — 8,1 and E; = Gy — Gy_ fork € Z.

1) If max{d/(d +¢€),d/(d+s+¢€)} < p <ooand0 < q < 00, there is a
constant C > O such that for all f € (b%,(B, y)) withQ < B,y < €, we have

N a/p ) /9

Z 2% [Z D Q) sup le(bf)(Z)l":l

k=—00 rely v=I ZEQ(

1/q

N N q/p
3 2 [z 3 et inf 'Ek“’f)“""}
=—0C tely v=I1

(1) If max{d/(d +¢€),d/(d+s+¢€)} < p < o0 and max{d/(d°+ €),d/d+
s+ €)} < g < 09, there is a constant C > 0 such that for all f € (b%,(B, y)) with
0 < B,y <€, we have

Nik,1) Ve
[ DX 32 s D@ g }

=— = 2€Qv”
k oo tel, v= r L?(X)

Nk, 1) /e
[ Z Z Z 2ksq mf |Ek(bf)(Z)IqXQ ]

=-o00 rely v=l LP(X)

Theorem 3.2 can be proved in a way similar to Theorem 2.5, if we replace
Lemma 2.6 by the following discrete Calderdn reproducing formula in [17]. We
omit the details.

LEMMA 3.3. Let b be a para-accretive function as in Definition 1.2. Let € € (0, 6],
{Gi}b.; be an approximation to the identity of order € as in Definition 1.4, and
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Ey =Gy — Gy fork € Z. Let0 < B,y < €. Then there exists a family of functions
{E«(x, ¥)}ez such that for all fixed y* € Q%¥ and all f € (b¥,(B,y))

Nk, t)

6h  f@=Y ¥ Y BeH0M [ E0.x000)duo)
ot

keZ tely v=l1

where E(x, y) for k € Z satisfies (i) and (iii) of Definition 1.4 with € replaced by
€ € (0,¢), and

f Eu(x, y)b(x) dus(x) = ] Ev(x, »)b(y) du(y) = 0.
X

X

Moreover the series in (3.1) converges in the sense that for all g € bﬁl;’b(ﬂ’, y') with
B<fB <eandy <y' <g,

N(k.1)
M_uanm<Z Yo D EGHOE fQ . Ex(y, -)b(y)du(y),g>= (f &)

lk|l<M Tel; v=1
plxo. 2 )N

By Lemma 3.3 and Theorem 3.2, we can also obtain a counterpart of Theorem 2.9
by the same procedure as in Theorem 2.9. Thus, Definition 3.1 is also independent of
the choice of the distribution space (bE;’,,(ﬂ , 7)) with 8, ¥ as in (2.13); and, therefore,
Definition 3.1 is reasonable.

REMARK 3.4. To guarantee the definition of the spaces b"’B; ,(X) and b™! F 5 (X)
is independent of the choice of the distribution space (bfoﬁ,(ﬂ, ¥))’, we need only to
restrict that max{0, —s + d(1/p — 1);} < B < € and max{0,s — d/p} < y < ¢€;
see the proof of Theorem 2.9. However, if we restrict max(0,s) < B < € and
max{d(1/p — )., —s +d(1/p — 1)} < y < €, we can prove that the space of test
functions, %,(B, y), is contained in the spaces b“'B;q(X) and b"F";q(X} in a way
similar to that of Proposition 2.12. Thus, the spaces b“B;’,q(X) and b"F;q(X) are
non-empty if we restrict 8, y as in (2.13).

Moreover, using Lemma 3.3 and similar to proofs of Theorems 2.15 and 2.16, we
can also obtain the frame characterizations of the spaces b™' B} _(X) and b~'F; (X).
We will not give the details of these proofs.

THEOREM 3.5. Let b be a para-accretive function as in Definition 1.2, € € (0, 6]
and |s| < €. Let all the notation be the same as in Lemma 3.3 and X be a sequence of
numbers as in (2.16).
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() Ifmax{d/(d+e€),d/(d+s+€)} < p=<000<g <ooand|rllz x) <00,
then the series
Nk, 1)

(3.2) Z Yoo / Ex(y, ©)b(y) duu(y)

k=—00 1€l v=1

converges to some f € b"B;q(X) both in the norm of b™! B;q (X) and in %, (B, v))’
with

(33) max{0,—s+d(l/p—1),} <B<e€e and max{0,s —d/p} <y <€

when p,q < oo and only in (bfof,,(ﬂ, y)) with 8 and y as in (3.3) when max(p, q) =
00. Moreover, in all cases, ||f||rlé;,q(x> < Cll)»ll,;;q(x).

(ii) Ifmax{d/(d+¢€),d/(d+s+¢€)} < p < oo, max{d/(d +€), d/(d+s+.e)} <
g < o0, and ”A'”f';q(X) < 0Q, then the series in (3.2) converges to some f € b"F;q (X)
both in the norm of b™! F" (X) andin (b?b(ﬂ ) withB, y asin(3.3)whenp,q < o0
and only in (bfé’b(ﬂ y)) wzth B and y as in (3.3) when max(p, q) = 00. Moreover,
in all cases, || fllp-1£:,00 < CliAl g5, 00-

THEOREM 3.6. Let b be a para-accretive function as in Definition 1.2, € € (0, 8]
and |s| < 6. With all the notation as in Lemma 3.3, let \** = E (bf)(y**) fork € Z,
telyandv=1,..., Nk,T1), where yi"" is any fixed element in Q’;"’.

(i) If max{d/(d +€),d/(d+s5s+€)} < p <o0and0 < q < oo, then f €
b“B;q(X) ifandonly if f € (b?,,(ﬁ, y)) for some B, y as in (2.13), (3.1) holds in
bYG,B .,y withB < B <eandy <y <€ and: € b;q(X). Moreover, in this
case, "f||b-li3;,,,(X) ~ ")\”[,;,q(xr

(i) If max{d/(d +€),d/(d + s + €)} < p < ocoand max{od/(d +e€),d/(d+
s+€)} <q <00 then f € b“F;q(X) if and only if f € (b%,(B, v)) for some
B,y as in (2.13), (3.1) holds in (bf%’b(ﬁ’, Y)Y withp < B <eandy <y’ <e€, and
A€ f;q(X). Moreover, in this case, || fllo- g5, ) ~ 1A s, -

We also have the characterization of the Littlewood-Paley S-function of the Triebel-
Lizorkin space o' F »q(X), which can be proved in a way similar to Theorem 2.14.

THEOREM 3.7. Let b be a para-accretive function as in Definition 1.2, € € (0, 8] and
Is| < €. Let {Si}. be an approximation to the identity of order € as in Definition 1.4
and Dy = Sy — Si_ fork € Z. If max{d/(d + €),d/d+s +€)} < p <
and max{d/(d + €),d/(d+ s +€)} < g <00, then f € b“F;q(X) if and only if
f € (b%(B. y)) with B, y as in (2.13) and S} ,(f) € LP(X), where
1/4

S ()x) = [ Z/ N 242D W) dp(y)
plx,y)<27*
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forall x € X. Moreover, in this case, || f\lp-1£3,000 ~ 1S5 5(f W Lox)-

From Definition 2.10, Definition 3.1 and (1.3), it is easy to deduce the below
rel_ations between the space I_)B; ,(X) and the space b~ B; ,(X), and between the space
bF; (X) and the space b"F;q(X).

On the other hand, ford/(d 4+ ¢) < p < 1, let H?(X) be the Hardy spaces studied
by Macias and Segovia in [28]. We define the Hardy space H/ (X) to be the set of all
f € (bg,,(ﬂ, y)) withd(1/p — 1), < B,y < € such that bf € H?(X). Moreover,
we define || fllgzxy = bflurx). When X = R”, H}(X) was first introduced by
Meyer in [31] and H/ (X) was first introduced by Han, Lee and Lin in [17]. Based
on the results in {16, 17], we can easily obtain the relation between the Hardy spaces
H{ (X) and the Triebel-Lizorkin spaces b~' F5 (X).

PROPOSITION 3.8. Let b be a para-accretive function as in Definition 1.2, € € (0, 8]
and |s| < €.

(1) Ifmax{d/(d +€),d/(d+s+€)) < p<o0cand0 < q < 00, then f €
b"B;q(X) ifand only if bf € bB; (X). Moreover, in this case,

P
||f||b-'ii;,,,(X) = "bf"bf!;q()()'
(i1) Ifmax{d/(d-{—e), d/(d+s+e€)) < p < ooar.tdmax{d/(d+e),d/(d+s+e)} <
q < oo, then f € b“F;q(X) ifand only if bf € bF, (X). Moreover, in this case,
"f"b—'é;,q()() = “bf"bb;,,()()-

(iii) If1 < p < oo, then b"Fl‘,’z(X) = L?(X) with an equivalent norm; and if
d/(d+¢€) < p <1, then b“Fl‘,’z(X) = HF (X) with an equivalent norm.

4. Some applications

We ﬁr'st consider real interpolations of the spaces bB;q(X), bF;,"q(X), b! B;q (X),
and b~'F 5q(X). Let us now recall the general background of the real interpolation
method; see [1] and [38, pages 62-64].

Let 5% be a linear complex Hausdorff space, and let <, and &, be two complex
quasi-Banach spaces such that &, C J# and & C 2. Let &, + &) be the set of all
elements a € 5% which can be represented as a = ap + a, with qy € 2% and a, € .
If0 <t < ooanda € & + o, then Peetre’s celebrated K -functional is given by

K(t,a) = K(t, a; %o, &) = inf (laoll o + tllaille),
where the infimum is taken over all representations of a having the form a = ay + a,

with gy € & and a, € .
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DEFINITION 4.1. Let0 < 0 < 1. If 0 < g < 00, then

o0 dt l/q

(%, »071)0.4 = {(1 rae 'IQ{O"'M’ ”a“(.ﬂfo.ﬂ[)n.q = {f [I—GK(ts a)]qT} < OO} .
0

If g = o0, then

)ﬂ.x =

(Fo, g0 = {a ra € @+ A1, llallw.o sup t K (t,a) < 00] .

O<t<o0

Using Lemma 2.6, Theorems 2.15-2.16, Lemma 3.3, Theorems 3.5-3.6, and the
method of retraction and coretraction as in the proofs of [37, Theorem 2.4.1 and
Th.eorem 2.4.2_], we obtain thegrems on the real interpolations of the spaces bB; . (XD,
bF;,'q(X), b“B;q(X) and b™! F;q(X). We omit the details; see also the proofs of [43,
Theorem 3.2 and Theorem 3.3].

THEOREM 4.2. Let b be a para-accretive function as in Definition 1.2, € € (0, 8]
ando € (0, 1).

(1) Let —€ < 59,81 <€,50# 8,1 <p <00,and0 < qo,q,,q < 00. Then
(bB;o-qo(X)’ bB.:’l‘m (X))a.qb = bBI"ll(X)
and

(b7'By,(X),b7'By (X)), =b"'B; (X),

Pq

wheres = (1 — o)syo + 0s).
(i) Let—e <s <¢€,1<p=<000<qy,q <00, and gy # ¢q,. Then

(0B, (X).bB, (X)), =bB; (X)

p.qy
and

(b7'B: , (X).b7'B (X)), =b""B (X),

a,q

where 1/q = (1 —0)/q0 + o/q:.
(iii) Let —e < sg,5) <€ and 1 < py, p, < 0. Then
(bB (X)), bB) (X))”‘p =bB) (X)
and

(b—lB.\'o (X), b—lB.\‘,

Po. Po prp

(X)),, =b"'B, ,(X),
where | /p = (1 —0o)/po+0/pi-

THEOREM 4.3. Let b be a para-accretive function as in Definition 1.2, € € (0, 6]
ando € (0,1). Let —€ < 54,8, < €, max(d/(d + €),d/(d + € + 543)) < py < 00,
max(d/(d+€),d/(d+€+s5)) <p <00, 1 <qo,q <00, 5= (1l —0)sp+ 05,
l/p=(0—-0)/po+o/p,and1/q = (1 —a)/qy+ c/q,.
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(1) Ifso # s\, then
(b[';xo (X). bF.V] (X))ap = bB;p(X)( = bﬁ;‘p(X))

po.go Pi.qy
and

(B Ep (X6 ER (X)), =bT'B, (X)(=b7"F; (X)).

0. o P1.q;
(i) Ifso=s1=5, po =qo. p1 = q, and qo # q., then
(bF:  (X),bF?

Po.po P1.ps

(X)), , = bB; (X)
and
(b E: (X)), b7V

Po.Po F4Ry 4!

(X)),, =b"'B; (X).
(i) Ifso = s, =5, 9y =q, = q, and py # pi, then
(bF"' (X),bF? (X))a.p = bF;q(X)

Po.q p.q
and

(b7 Fy, (0,67 (X)), = b7 E (X,

pPo.q p1.q

Moreover, by Lemma 2.6, Lemma 3.3, and some similar computations to the proof
of [47, Theorem 2.1], we can further establish the following general interpolation
theorem; see also [37, Theorem 2.4.2].

THEOREM 4.4. Let b be a para-accretive function as in Definition 1.2, € € (0, 6],
o€ (0,1), 59,5 €(—¢€,€), 50 sy, ands = (1 —o)sp+05).
(i) If max(d/(d + €).d/(d +so+€),d/(d+ s +¢€) < p <o0and 0 <
go, q1, q < 00, then
(BB, (X0, b}, (X)), = bB,,(X)
and

(67! By, (X), 7' By (X)), = b7' B, (X).

P

(i) Ifmax(d/(d +¢€),d/(d+ so+¢€),d/(d+ s +¢€)) <p < oo max(d/(d +
€),d/{d+s;+¢€)) <q <oofori=0,1,and 0 < q < 00, then
(bF;‘f(lo(X), bF;l,q.(X))a,q = bB‘,",q(X)
and

(b7 e (). b7 ED (X)), = b7 By (X).

G

By Lemma 2.6 and Lemma 3.3 with the estimate (2.4), and the same argument as
in [18] (see also [15, 23, 44]), we can also obtain the following embedding theorem.
In the sequel, for two quasi-Banach spaces . and &, &, C @) means a linear and
continuous embedding.
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THEOREM 4.5. Let b be a para-accretive function as in Definition 1.2, € € (0, 0]
and —e < 5, < 5| < €.

() If0<g <00 max(d/(d+€),d/(d+e€+s)) <p <oofori=1,2, and
si—d/pi = s, —d/ps, thenbB}! (X) C bB: (X)andb™'B3 (X) C b™'B2 (X);

(i) If max(d/(d+¢€),d/(d+e€+s))) < p; <ooandmax{d/(d+¢€),d/(d+e+
5)) < qi <o0ofori =1,2,ands\—d/p, = s, —d/py, thenbFy  (X) C bF2  (X)
and b'F* (X) C b~'F2_(X).

Prq P q2

REMARK 4.6. In [15, 18,23, 44], all the results similar to Theorem 4.5 asked that
—€ < s —d/p, = s, —d/p, < €. However, s, — d/p, < € is automatically true
since s; < €. A careful check of their proofs shows that one has not used the condition
—€ <s—d/p,.

We now turn to consider the Th theorems on the spaces bB;q(X), bF;q(X),
b“'B;q(X) and b"F;q(X). We first recall some notation. In what follows, for

n € (0, 81, we let Cy(X) be the set of all functions having compact support such that

I Pl = sup LU LN
Ay P, y)

Endow C, (X) with the natural topology and let (Cg (X))’ be its dual space. Moreover,
if b is a para-accretive function as in Definition 1.2, in what follows, we will use M,
to denote the corresponding multiplication operator and bCg(X) to denote the image
of CJ(X) under M, with the natural topology. This means that f € bCJ(X) if and
only if f = bg for some g € Cy(X) and we define W llsczx, = gllezon-

Let b, and b, be two para-accretive functions as in Definition 1.2. A continuous
complex-valued function K(x,y) on € = {(x,y) € X x X : x # y}is called a
Calderén-Zygmund kernel of type € if there exist € € (0, 8] and Cg > 0 such that for

p(x, y) #0,

4.1) |K (x, y)| < Cep(x, »)™,

and for p(x, x) < p(x, y)/(2A),

(4.2) |K (x,y) — K(x', y)| < Cep(x, x) plx, y)™"°°,
and for p(y, y) < p(x, y)/(2A),

(4.3) 1K (x, y) — K(x, Y)| < Cep(y, y) px, ») ™75

and a continuous linear operator 7 : b;CJ(X) — (b,Cy(X))' is a Calderon-Zygmund
singular integral operator of type € if there is a Calderén-Zygmund kernel K (x, y) of
type € such that

(Tf, g) =/fg(X)bz(x)K(x,y)bn(y)f(y)du(X)du(y)
X JX
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for all f, g € Cy(X) with disjoint supports. Moreover, a Calderén-Zygmund singular
integral operator T is said to have the weak boundedness property, if there exist
n € (0,08} and C; > 0 such that

KT f, &) < Cor™™|l fliguolglegn

for all f, g € Cj(X) with diam(supp f) < r and diam(supp g) < r, and we denote
thisby T € WBP(X).

THEOREM 4.7. Let b be a para-accretive function as in Definition 1.2, € € (0, 8},
and |s| < €. Suppose T is a Calderon-Zygmund singular integral operator of type €,
TMb) =0=T*b), M,TM, €¢ WBP, and its kernel K(x, y) satisfies (4.1), (4.2),
and (4.3).

(i) If max(d/(d+€),d/(d+s5+¢€)) < p <00and0 < g < 00, then T is bounded
from bB;q(X) tob™! B;(I(X) with an operator norm not larger than C max(Cg, C7);

(ii) If max(d/(d+¢€),d/(d+s+¢€)) < p <ooandmax(d/(d+¢€),d/(d+s5+
€)) < q < oo, then T is bounded from bF";q(X) tob™! F;q(X) with an operator norm
not larger than C max(Cq, C7).

PROOF. We only give an outline of the proof. Let {D,} ¢z be as in Definition 2.10.
With all the notation as in Lemma 2.6, under the assumptions of the theorem, we can
verify that forall j,k € Zandall x,y € X,

2—(k/\j)('

(2—(k/\j) + p(x, y))d+e’ ’

(4.4) {[DijTM,,E,((y, .)] (x)l < ok

where € can be any positive number in (0, €); see |14, Lemma 3.13] and [46,
Lemma 2.3] for details. From the estimate (4.4), Lemma 2.6 and Lemma 2.7, and by
an argument similar to the proof of Theorem 2.5, we can prove (ii).

The estimate (4.4) and some trivial computation also lead to the conclusion (i) with
p = g = 0o. This, together with (ii) and Theorem 4.4, will then give (i); see also [46]
for details. This completes the proof of Theorem 4.7. O

Finally, we consider the boundedness of Riesz potentials on the spaces bB;q(X ),
bF; (X),b™'B; (X), and b"F;q(X).

DEFINITION 4.8. Let b be a para-accretive function as in Definition 1.2, € € (0, 8],
{ D, }icz be the same as in Definition 2.10, and ¢ € R. Then the Riesz operator 1, for
f €%, (B, y) with0 < B,y < € is defined by I,(f)(x) = Y ;2 __ D/(f)(x) for all
x € X.
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Obviously, when a > 0 and b = 1, I, is the discrete version of the fractional
integrals introduced in [9-11]; while when ¢ < O and b = 1, [, is the discrete version
of the fractional derivatives introduced there. When ¢ = 0 and b = 1, [, is just
the identity. We also mention that in [32, 33], Nahmod considered some discrete and
inhomogeneous fractional integrals and derivatives similar to those above.

THEGREM 4.9. Let b be a para-accretive function as in Definition 1.2, € € (0, 6],
el <€, |s| <€ and|s +a| <e.

(1) Ifmax{d/(d+¢€),d/d+e+s+an0),d/(d+e—-a) <p < oo, and
0 < q < 00, then I, is bounded from bI;’;q(X) into b"B;;""(X).

(ii)) Ifmax{d/(d+¢€),d/(d+e+s5s+an0),d/d+e—-a)) <p < o0 and
max{d/(d+e€),d/(d+e+s+an0),d/(d+e—a))} < g < oo, then 1, is bounded

from bES, (X) into b™' 31 (X).

PROOF. We only give an outline; see [45,46] for details. Let {D,}«z be as in
Definition 2.10. With all the notation as in Lemma 2.6, under the assumptions of the
theorem, we can verify that forallk, k' € Zand all x, y € X,

“5) |[DeMo 1M B (v, )] )

2—(kAk’)(e’-—u)

—(kAK Yo 4~k =Kk'| (€' +aA0)
<
<C2 2 G- 1 p(r.y)iea’

where ¢’ can be any positive number in (0, €); see [45, Lemma 2] for details. The
estimate (4.5), Lemma 2.6, and an argument similar to the proof of Theorem 2.5
yield (ii).

From the estimate (4.5) and some trivial computation, the conclusion (i) with
p = q = o0 can be deduced. This, together with (ii) and Theorem 4.4 will then
give (i); see also [45] for details. This completes the proof of Theorem 4.9. ]

REMARK 4.10. Theorem 1 and Theorem 2 in [45] also ask that s < 6 + « A 0. This
is superfluous and the mistake is caused by the factor 27** in (2.1) there, which should
be 2-*"e a5 in (4.5).

From Theorem 4.5 and Theorem 4.9, we can deduce the following interesting

conclusion.

COROLLARY 4.11. Let b be a para-accretive function as in Definition 1.2, € € (0, 8],
O<a<eandl|s| <e.

(1) Ifmax{d/(d+¢€),d/(d+€+s),d/(d+e€ _—01)} < p1 £, 0 <gq =< o0,
and 1/p, = 1/p, — a/d, then I, is bounded from bB;,  (X) into b“B;Z‘q(X).
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(i) Ifmax{d/(d +¢€),d/(d +¢€ +5),d/(d+ € —a)} < p; < 0o, max{d/(d +
€),d/(d+¢€ +s.),d/(d + € —a?} <q<oo,andl/p, =1/p —a/d, then I, is
bounded from bF; (X) into b~ F5, (X).

We remark that Corollary 4.11 (ii) is specially interesting by noting Proposi-
tion 2.12 (iii) and Proposition 3.8 (iii). It means that /, is bounded from the Hardy space
HP (X) into the Hardy space H,>(X), where p, and p; are as in Corollary 4.11 (ii).

Using Theorem 4.7, we can also establish the converse of Theorem 4.9.

THEOREM 4.12. Let b be a para-accretive function as in Definition 1.2, € € (0, 8],
x| <€, |s] <e€and|s + x| < €.

(i) If max{d/(d + €),d/(d + € + @), d/(d +€ +5 — |x])} < p < o0 and
0 < g < 00, then there are ay(s) € (0,¢€) and a constant C > 0 such that if
la| < aols), forall f € bB, (X), | flloss, 0 < Clllalp-15550x0)-

(ii) If max{d/(d + €),d/(d + € + a),d/d+ € +5s — |a])} < p < 00 and
max{d/(d + €),d/(d + € + a),d/(d + € + 5 — |a])} < g < 00, then there are
ao(s) € (0, €) and a constant C > 0 such that if la| < wy(s), forall f € bI:";'q(X),
I flotz, 0 < ClLa(H) o1 332 00)-

PROOF. We only give an outline of the proof. The key of the proof is to verify
that the operator /_,M,I, M, is invertible in the spaces b"B;q(X) and b“F;q(X),
respectively. To this end, we need to show that the operator T = I — I_ M, I, M, is
bounded on the spaces b"B; ,(X) and b-'F ~¢(X) with an operator norm less than 1
when « is small. We show this by using Theorem 4.7. In fact, by using Coifman’s
idea in [6], for any given N € N, we write

[o¢] o0
T=1-1MIMy=7) 3 (1-27")DM,DiriM,
k=—00l=—00

[o o]

=1 Y A=27"DM, Dy +)_ ) (1=27YDeM, Dis { My = T M,

k=—00 {I|<N k=—o0 ll|>N

It is easy to see that T(b) =0 = T*(b). For any € € (0,¢), all k,1 € Z and all
x,y € X, recall
2—[1(/\(k+1)k

(2-UAG+D) 4 p(x, y))dte’
and if p(y, ¥') < (1/4A%)p(x, y), forall o € (0, 1),

(4.6) | DMy Dyyi(x, y)| < C 271

4.7) | DeMyDiii(x, y) — DMy Dy (x, y)|
+ | DMy Dyt (y, x) — DeMy Dy (v, %))
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< C 2—I1|s’a P()’, y’) (1=o)e 2 lkntk+le .
- 2-Un®+DT + p(x, y) (2-*AGHD] 1 p(x, y))d+e ’

see [14] for details.
From the estimates (4.6) and (4.7), we can verify that Tisa Calder6n-Zygmund
singular integral operator of type (1 — 0)e with

Cor C1 < Cg ) _ |1 =27 271 4 270",

=N

where § = min{oe + o, 0€ — a}, Cg is independent of & and N, Cs is independent
of N, and if |o| < ¢, where a; > 0 (and its value will be chosen later), then Cy is
also independent of «, but it may depend on «;.

By Theorem 4.7, we know that T is bounded from bB’ (X Ytob~ B $ (X ) and from
bF‘ (X) to b~ ‘F‘ (X) with an operator norm no more than Cm = Cmax{CG, C,).
Note that M, 1sboundedfromb B‘ (X)tobB‘ (X), and fromb~ P (X)tobF‘ (X)
with an operator norm to be 1. Thus T is bounded on b~ 1B‘ (X) and b~ F‘ . (X)
with an operator norm no more than Cyy. Now, if we choose a, small enough and
if o] < «, then I_,M,I, M, is invertible in the spaces b~ 'B‘ (X) and b"F;’q(X).
Thus, by Theorem 4.9, we have that for all f € b~ ’B‘ .0,

1 loa00 = | U-aMoluM) ™" LMy LMy () |5
=< C ”I—aMbIaMb(f)”b"B-,‘w(X)
< CUMp I My () grzex)
< C N aMp(H)llp-1g32o0x) 5
and for all f € b™'F} (X),

1o g0 = [ T-aMoLaMy) ™" LaMy LMy ()],
< C ”I—aMblaMb(f)”[,—I[Z‘;w(X)
=C ”MbIaMb(f)”b[i“;;"(x)
< C Moy prgexy -
Proposition 3.8 then tells us the conclusion of the theorem. L

By combining Theorem 4.9 with Theorem 4.12, we obtain the following simple
conclusion.

COROLLARY 4.13. Let la] < €, |s] < €, and s + af < €.
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(i) Ifmax{d/(d +€),d/(d + € — |a]),d/(d+ € +s — |a])} < p < 00 and
0 < g < 00, then there is an ay(s) € (0, €) such that if la| < ao(s), for all
f € bB, (X), ”f”b[?;;q(X) ~ W (o1 832 x)-

(i) If max{d/(d + €),d/(d + € — |«|),d/(d+ € +5s —|a})}) < p < 00 and
max{d/(d+e€),d/(d+e+a),d/(d+e+s—|a])} < g < 00, thenthere isan ay(s) €
(0, €) such that if |a| < ao(s), forall f € bF, (X), | fllors, 00 ~ MaC o=t 52 x)-

From Corollary 4.13, it is easy to see that I, can be used as a lifting operator
for the spaces bB;q(X )} and bF ,‘j q(X ) when « is small; see also [38] for R” case.
Moreover, by Corollary 4.13, we can also see that /, is independent of the choice of
the approximation to the identity; see also [23,45].
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