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Abstract

Higgins [‘The Mitsch order on a semigroup’, Semigroup Forum 49 (1994), 261-266] showed that the
natural partial orders on a semigroup and its regular subsemigroups coincide. This is why we are
interested in the study of the natural partial order on nonregular semigroups. Of particular interest are
the nonregular semigroups of linear transformations with lower bounds on the nullity or the co-rank.
In this paper, we determine when they exist, characterise the natural partial order on these nonregular
semigroups and consider questions of compatibility, minimality and maximality. In addition, we provide
many examples associated with our results.
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1. Introduction

In 1952, Wagner [14] introduced the natural partial order on inverse semigroups,
and then in 1980 this relation was independently extended by Hartwig [3] and
Nambooripad [10] to the class of regular semigroups. Later, in 1986, Mitsch [9]
generalised the notion of the natural partial order < to any semigroup S in the
following fashion: for any elements a and b in S,

a<b ifandonlyifa=xb=by and a=ay forsomex,yeS',

where S is the semigroup S with an identity 1 adjoined if S has no identity, otherwise
Slis§S. Additionally, we define a < b to mean a < b and a # b.

The concept of the natural partial order on semigroups has been studied over
decades. Many research articles considered various semigroups endowed with the
natural partial order; for example, see [1, 5, 7, 13]. Moreover, the compatibility,
minimality and maximality were also investigated. In 1994, Higgins proved the
following result.
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Prorosition 1.1 [4]. Let S be a semigroup containing T as its subsemigroup and let
x,y be elements in T. Then x <y on T implies x <y on S. In addition, the converse is
true if T is regular.

Therefore, the natural partial order on a regular semigroup can be derived from the
natural partial order on any semigroup containing it. However, this is not the case for
nonregular semigroups (see [1]). For this reason, we direct our attention to certain
nonregular semigroups or, more precisely, nonregular semigroups contained in the
semigroup of all linear transformations, one of the most well-known and important
semigroups.

Throughout this paper, we let V be a vector space and L(V) be the set of all linear
transformations on V. Then L(V) is a regular semigroup under composition. The
kernel and image of @ in L(V) are respectively denoted by ker @ and ima@. The
dimension of V is represented by dim V. For any subset A of V, the subspace spanned
by A is denoted by (A). As usual, 0 and 1 are respectively the zero map and the identity
map on V.

For a cardinal number « with k < dim V, let

K(V,x) = {a € L(V) | dim(ker @) > &},
CI(V,k) = {a € L(V) | dim(V/im @) > «}.

Observe that 0 belongs to K(V, k) N CI(V, «). Further, if dim V is finite, then K(V, k)
and CI(V, k) are equal to each other. Otherwise, as proved by Chaopraknoi and
Kemprasit [2], K(V, k) and CI(V, 1) are distinct whenever «, ¢ are cardinal numbers such
that k # 0 and «,¢ < dim V. In particular, when V is an infinite-dimensional vector
space, the semigroups K(V,8y) and CI(V,Ny) are not regular (see [6, 8] for details).
Furthermore, we can prove that both K(V,«) and CI(V, k) are regular if and only if
dim V is finite or x = 0. Therefore, the natural partial orders on K(V, ) and CI(V, k)
when dim V is infinite and 0 < « < dim V are of interest.

2. Preliminaries

In this paper, every linear transformation acts on the right-hand side of vectors. For
« € L(V) defined by xja = u and y;a = v; foralli € I, j € J, we write

a:({xi}iel )’j) 7
u Vj jeJ

where {x;}ies U {y;}jes is a basis of V and I,J are index sets. Other linear
transformations will also be represented in this way.

Prorosition 2.1 [12]. Let @ € L(V) and let By be a basis of ker « and B a basis of V
containing B). Then:

(i) foreachvi,v, € B\ By, vi = v, ifand only if via = va;
(i) (B\ By)a is a basis of im a.
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Now we give a characterisation for K(V, k) and CI(V, k) to be regular.

Tueorem 2.2. Let S(V, k) be either K(V, k) or CI(V, k). Then S(V, k) is regular if and
only if dim V is finite or x = 0.

Proor. Suppose that dim V is infinite and « > 0. Let B be a basis of V. There is a
partition {Bj, B} of B such that |B| = |B;| = |B;|. Let ¢ : B, — B be a bijection. Define
a,B € L(V), as in [6, Theorem 6.3.13], by

a= (%1 V‘;)vegz and vB=vgp ! forallveB.
Since dim(ker @) = |B;| = |B| = « and dim(V/im ) = |B \ B;| = |B}| > k, we have a €
K(V,k) and B € CI(V,k). Let y € L(V) be such that @ = aya. Then ya = 1, since « is
onto. This implies that y is one-to-one and hence y ¢ K(V, k), whence K(V, «) is not
regular. Next let A1 € L(V) be such that 8 = 548. Since § is one-to-one, f4 = 1. Then 4
is onto, so A ¢ CI(V, k). Therefore, CI(V, k) is not regular.

For the converse, it is clear that K(V,0) = L(V) = CI(V,0), which is regular. Assume
that dim V is finite. Then K(V,«) = CI(V,k). Let @ € S(V,«) and let B; be a
basis of ker @. Extend it to a basis B of V. Then, by Proposition 2.1(ii), (B \ B))«
is a basis of ima. Let C; = (B \ B)@ and let C be a basis of V containing C;. Define
y € L(V) by

Y= (C \ C va)

0 v veB\B;

Thus, dim(kery) = dim V — dim(imy) = |B| — |B\ Bj| = |Bi| = k, so y € S(V, k).
Clearly, @ = aya. Hence, S (V, k) is regular. O

For any a, € L(V), let
E(a,B)={veV|va=vB6}

a subspace of V contained in Va~!. Itis called the equaliser of @ and 8. The following
results about the equaliser are very useful for our paper.

ProrosiTion 2.3. Let @, 8 € L(V) be such that ker 8 C ker @ and let Ay, A,, A3 be disjoint
linearly independent sets such that Aj, A} U Ay, A1 U Ay U Aj are bases of ker 3, ker a,
V, respectively. If va = v for all v € As, then Vaf~' = E(a, ).

Proor. Let v € Vag~!. Then 1B = v'a for some V' € V. We write
v = Za,-xl- + ijyj + chzk and V' = Zal’-x,- + Zb}yj + Z Crlk
i j k i J k
for some x; € Ay, y; € A3, zx € A3 and some scalars a;, a;, bj, b}, Ck» €., Where i € 1,
jeJ,ke Kandl,J,K are finite index sets. Then

VB = Z biyiB+ Z azB and Va= Z caka = Z CLzP.
J k

k k
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Notice that (A, U A3)g is linearly independent by Proposition 2.1(ii). Since v8 =V'a,
b;j=0forall j€J. Hence, va = 3 crzxa = X i ck2iB = vB, so v € E(a, 8). Therefore,
Vap™' = E(a,p). o

Observe that for each a, 8 € L(V), Va~! = E(«, 8) implies ker 8 C ker a. The next
lemma is extracted from [13, proof of Theorem 2.5].
LevmMA 2.4. Let a, 8 € L(V) be such thatima C imf and Vo™ = E(a, B). Then
{xi}ier U {yjljes Zk) and B = ({Xi}iel Yj Zk) ’

0 Uk ) ek 0 yiB jedkek

where {xi}icr, {Xitier YUY} jes, {idiex and {xitier U {y;}jes U {zilrek are bases of ker B,
ker @, im a and V, respectively.

In addition, one can see the following result.
Lemma 2.5. Let a, 8 € L(V) be such that Ve~ = E(a, B).
(1) Ifima=1imp, then a = .
(i) Ifima Cimp and ker a = ker 3, then a = B.
For the remainder of this paper, unless stated otherwise, we assume that V is an
infinite-dimensional vector space and that « is a nonzero cardinal number not greater

than dim V. Note that both K(V,«) and CI(V, k) do not contain the identity. Thus,
K(V, k) is not equal to K(V, x)!, and similarly for CI(V, k).

3. The natural partial order
In this section, we characterise the natural partial order on K(V, x) and CI(V, ). We
first state a significant property of (L(V), <).
Tueorem 3.1 [13]. Let o, € L(V). Then a < 8 on L(V) if and only if ima C im S and
Vap™' = E(a,p).
The following example shows that (K(V, «), <) cannot be obtained from (L(V), <).

ExampLE 3.2. Let « > 1 and let B be a basis of V. Then there is a partition {B1, B,} of
B such that |B| = |By| = |By|. Let u € B,. Thus, there exists a bijection ¢ : B, \ {u} —
B\ {u}. Define o, 8 € K(V, k) by
o= (Bl ot vv¢) and = (%1 o Z) .
veBy \{u} veBy\{u}

Obviously, ima € imB. Substituting A; = By, Ay ={u} and A3 = B, \ {u} in
Proposition 2.3, we have VaS~! = E(a, 8). Therefore, by Theorem 3.1, a < 8 on L(V).
Let 4 € L(V) be such that @ = Su. Observe that 0 = ua = ufu = up. Letv e B, \ {u}. It
follows that v¢p = var = vBu = vpu. Since (B \ {u})¢ = B\ {u},

= (u v)
0 V) mum

Hence, dim(ker ) = 1 < k, so u ¢ K(V,«)". Therefore, @ £ 8 on K(V, ).
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TueoreM 3.3. Let a,8 € K(V, k). Then o < 8 on K(V, k) if and only if:

i) a=pgor

(i) ima Cimpg, VaB! = E(a,B) and a € CI(V, k).

Proor. Assume that @ < 8 on K(V, k). Then o < 8 on L(V) and therefore ima C imf
and VapB~! = E(a,8) by Theorem 3.1. Next we show that a € CI(V, k). Since @ <3
on K(V, k), @ = au for some u € K(V, k). Let B} be a basis of im« and B, a basis of

ker u. If there exists v € By N By, then v = ua = uau = vu = 0 for some u € V, which
is a contradiction. Hence, B; N B, = (. We claim that B; U B; is linearly independent.

Suppose that
Zaivi + ijwj =0
i J

for some v; € By, w; € B, and suitable scalars a;,b;, where i € I, j € J and I, J are finite
index sets. Notice that for each i € I, v; = u;a for some u; € V. Thus,

0= Za,-v,- + ijwj = Za,-u,-a+ ijwj,
i J J

i

0= (Zaiuia+2bjwj)u = Zaiuia+0= Zaivi.
J i

i i

SO

Hence, a; =0 =b; foralli € I, j € J, and we have the claim. Now extend B; U B, to a
basis B of V. Since u € K(V,«), dim(V/ima) = |B\ By| > |Bz| = k. Hence, a € CI(V, k),
as desired.

Conversely, suppose that the condition (ii) holds. By Lemma 2.4,

o= ({xi}iel U{yjtjes Zk) and B = ({xi}iel yj Zk)
0 Uk ) ek 0 yiB wm jeTkek

where {x;}ier, {Xitier U {y;}jer, {uilkex and {x;}icr U {y;}jes U {zilkek are bases of ker 3,
ker @, im & and V, respectively. Extend the linearly independent set {y;8} jc; U {us}rex
to a basis of V by joining {w;};er. Define A, u € L(V) by

1= ({xi}iel U{yitjes Zk) and = ({yjﬁ}jej U {wiker Mk) _
0 %k keK 0 U keK
Then dim(ker A) = dim(ker @). Also, dim(ker u) = dim(V/im @) > «, as @ € CI(V, k).
Hence, A, 4 € K(V, k). Since @ = A8 = Bu and @ = au, we have @ < 8 on K(V, k). O

The next example gives a reason why the partially ordered set (CI(V, k), <) will be
determined.

ExampLE 3.4. Let k > 1 and {Bj, B,} be a partition of a basis B of V with |B| =
|Bi| = |Bs|. Choose u € By and let ¢ : B\ {u} — B, be a bijection. Define distinct
a,B € CI(V,k) by

u v u v
a= and S= ( ) .
(O V¢)ve3\{u} V) g

https://doi.org/10.1017/S0004972714000793 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972714000793

[6] The natural partial order on linear semigroups with nullity and co-rank bounded below 109

Then im « C im 8. Furthermore, VoS~ = E(a,8) by choosing A; = 0, A, = {u} and
A3 = B\ {u} in Proposition 2.3. Hence, @ < 8 on L(V) by Theorem 3.1. Suppose that
a = AB for some A € L(V) \ {1}. Let v € B\ {u}. Thus, v8 = v¢ = va = vAB. Since S is
one-to-one, vA = v. Hence, dim(V/im 1) < 1 < k. Therefore, A ¢ CI(V, k), so @ £ S on

CI(V, k).
TueorREM 3.5. Let o, 8 € CI(V, k). Then a < 8 on CI(V, k) if and only if:
) a=pgor

(i) ima Cimp, Vap' = E(a,p) and a € K(V, k).

Proor. Assume that @ < 8 on CI(V,«). From Theorem 3.1, it remains to show that
a € K(V, k). Let A € CI(V, k) be such that @ = AB. It follows from Lemma 2.4 that

_ {xitier U {yj}jes Zk) and B = ({Xi}iel yj Zk) ’
0 Uk ) ek 0 YiB )ik
where {x;}ier, {Xi}ier U {y)}jes, {urtkex and {xi}ic; U {y;}jes U {zirek are bases of ker B,

ker @, im @ and V, respectively. We claim that for each k € K, z; + v € im A for some
Vi, a linear combination of the x;. Let ky € K. We write

Zko/l = Zaixi + ijyj + Z CrZk
; 7 k

for some scalars a;,bj,ci, where ie I’ CI, jeJ CJ, ke K’ CK and I',J', K’ are
finite. Then

= 24,0 = 2 AB= D b+ Y et
j k

socy, =1,bj=0and ¢y =0 forall j€J and k € K’ \ {ko}. Thus, z3,d = 3; a;x; + zi,
and the claim is proven. It is easy to see that {x;}ie; U {y;}jes U {zx + Vitkek is a basis
of V. Since A € CI(V, k) and {z; + Vi }rex C1im A,

dim(ker @) = [{x;}ier U {y;} jes| = dim(V/im ) > «.

Hence, a € K(V, k), as desired.
On the other hand, suppose that the condition (ii) holds. Then, by Lemma 2.4,

o= ({xi}iel U{yjtjes Zk) and B = ({xi}iel Vi Zk) ’
0 Uk ) rek 0 yiB w jedkek
where {x;}ier, {Xitier U {y}}jes, {urlrex and {x;}icr U {y;}jes U {zi}kek are bases of ker g3,
kera, ima and V, respectively. Notice that {y;8} je; U {ux}rex is linearly independent.
Extend this to a basis {y;8}jes U {urlrex U {wilier of V. Define A, u € L(V), as in
Theorem 3.3, by

1= ({xi}iel Uiyjtjes Zk) _ ({yjﬂ}jej U {wiker Mk)
= , U= .

0 k) kek 0 U/ ek
Then dim(V/im 1) = dim(ker @) > «, since @ € K(V,«). Asimu CimfBand S € CI(V, k),
dim(V/imu) > dim(V/im ) > «; it follows that A, u € CI(V, k). Since a = A8 = By and
a = au, we have a < 8 on CI(V, k). O
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By Theorems 3.3 and 3.5, we have the following result.

CoROLLARY 3.6. Let a,8 € K(V,k) N CI(V,k). Then a < on K(V,x) N CI(V, k) if and
only ifima Cimp and Vo' = E(a, ).

CoROLLARY 3.7.

(i) For each a,B € K(V,k), a < on K(V,«) if and only if @« < on L(V) and
a € CI(V, k).

(i) For each a,B € CI(V,k), a < B on CI(V,«) if and only if a < on L(V) and
a € K(V, k).

We use the condition (ii) in Theorems 3.3 and 3.5 to pursue another example in
which we can show that the natural partial orders on K(V, «) and CI(V, k) are totally
different.

ExawmprE 3.8. Let {By, By, B3} be a partition of a basis of V such that |B;| = |B;| = |B3| =
dim V and B\, B,, B3 are disjoint.
(i) Let ¢ : B, — By U B; be a bijection. Define a, 8 € K(V, k) by

B, UB, v) (31 w
= and S=
( 0 v vEB;3 0 W¢

Then @ € CI(V,k) and ima CimpB. Choosing A; = By, Ay = By, A3 = B3 and
applying Proposition 2.3, we have Va~! = E(a,8). Therefore, @ <3 on K(V, k) by
Theorem 3.3. Since S is onto, 8 ¢ CI(V, k).

(ii) Let ¢ : B; — B, and ¢ : B, U B3 — B3 be bijections. Define «, 8 € L(V) by

_Bl v
““lo v

v)
v WEBz,VEBg

w v

)vEBzUBg W"D v¢)W€Bl ,veB,UB3

Then a,B € CI(V,k), @ € K(V,«) and ima C im 8. Substituting A; =0, A, = By and
A3 = B, U B3 in Proposition 2.3, we get Va~! = E(a,8). Hence, & < 8 on CI(V, k) by
Theorem 3.5. As 3 is one-to-one, 8 ¢ K(V, k).

and ,B:(

4. The left and the right compatibility

For a semigroup S with a partial order p, an element ¢ € S is said to be left (right)
compatible with respect to p on S or, in short, on (S, p), if for any elements a,b € S,
apb implies capcb (acpbc). Moreover, c is said to be compatible on (S, p) if c is left
and right compatible on (S, p). In what follows, we describe the compatible elements
of (K(V, ), <) and (CI(V, k), <).

Tueorem 4.1 [13]. Lety € L(V) be nonzero. Then:

(1) vy isleft compatible on (L(V), <) if and only if vy is an epimorphism;
(1) 1y is right compatible on (L(V), <) if and only if y is a monomorphism.
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The following facts are helpful.
Lemma 4.2 [11].

(1) KV, k) is a right ideal of L(V).
(i) CI(V,k) is a left ideal of L(V).

Recall that for each a, 8 € L(V), if Vo~ = E(a, 8), then ker 8 C ker a.
TueorREM 4.3. Let y € K(V, k) be nonzero. Then:

(1) vy is left compatible on (K(V, k), <) if and only if y is an epimorphism;
(i1) vy is not right compatible on (K(V, k), <).

Proor. (i) Assume that y is not an epimorphism. Let B; be a basis of kery and B a
basis of V containing By. Then (B \ B})y is a basis of imy and we let Cy = (B \ By)y.
Extend Cy to a basis C of V. Letu e C\ C; and w € C;. Thus, w = wyy for some
wo € B\ Bj. Define «, 8 € K(V,«) N CI(V, k) by

a:({u,w} C\{u,w}) and IB:(M w C\{u,w})'

w 0 wou 0

It follows thatim & € imf3, and Ve ™! = E(e,8) by letting A; = C \ {u, w}, Ay = {u —w)
and A3 = {u} in Proposition 2.3. Hence, by Theorem 3.3, @ < on K(V,«). By
Proposition 2.1(i), we have vy # w for all v € B\ (B U {wy}), as wyy = w. For each
ve B\ (ByU{wp}),vyeCy\{w}CC\{u,w},sovya =0=vyB. Sincew = wa = wyya
and u = wB = wyyB,

B B
o= (V:‘? \({)wo}) and yB = (V:to \({)WO})'

Then imya € imyf and so, by Theorem 3.3, we get ya £ vB on K(V, k).

Conversely, suppose that y is an epimorphism. By Theorem 4.1(1), y is left
compatible on (L(V), <). Let a, 8 € K(V, k) be such that @ < 8 on K(V,«). Then a < 8
on L(V), and a € CI(V, k) by Theorem 3.3. Hence, ya < yB on L(V), and ya € CI(V, k)
since CI(V, k) is a left ideal of L(V). Therefore, by Theorem 3.3, ya < y8 on K(V, k).

(i1) Let B, be a basis of kery contained in a basis Bof V. Letu € By andw € B\ B;.
Define a, 8 € K(V, k) N CI(V, k) by

a:({u’W} B\{u,w}) and ﬁ:(u w B\{u,w}).

w 0 wou 0

By a similar argument to (i), @ < 8 on K(V, «). Since

_ (lu,w} B\ {u,w} _(u B\{u}
ay_(wy 0 ) and ﬂy_(WV 0 )
ker By ¢ ker ay. Hence, V(ay)(By)~! # E(ay,By). Therefore, ay £ By on K(V, k) by
Theorem 3.3. o

We investigate the left and the right compatible elements in (CI(V, k), <) in the
following theorem.
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TueOREM 4.4. Let y € CI(V, k) be nonzero. Then:

(1) vy is not left compatible on (CI(V, k), <);
(1) vy is right compatible on (CI(V, k), <) if and only if y is a monomorphism.

Proor. (i) Clearly, v is not an epimorphism. Similar to the proof of the necessity of
Theorem 4.3(i), by Theorem 3.5, we have that vy is not left compatible on (CI(V, k), <).
(ii) Suppose that y is not a monomorphism. Similar to the proof of Theorem 4.3(ii),
by Theorem 3.5, y is not right compatible on (CI(V, k), <).
The sufficiency can be proved as in the converse proof of Theorem 4.3(i), applying
Theorem 3.5 and Lemma 4.2(1). O

REmARrKk 4.5. Observing Theorems 4.3 and 4.4 and their proofs, we get the following
results.

(i) The zero map is the unique compatible element in (K(V, ), <) ((CI(V, k), <)).

(i) For each subsemigroup S of L(V) containing K(V, k) N CI(V, k), if y is left (right)
compatible on (S, <), then vy is an epimorphism (a monomorphism).

(iii)) Referring to @ and S in the proof of the necessity of Theorem 4.3(i), if we choose
Ay =C\{u,w}, Ay ={u—w} and A3 = {w}, then A; U A, U A3 is also a basis of
V but wa = w # u = wp. Hence, the converse of Proposition 2.3 is not true.

5. Minimal and maximal elements

In the rest of this paper, we describe minimal and maximal elements in K(V, ) and
CI(V, k). Since 0 is the minimum element in (L(V), <), it is interesting to find the
minimal nonzero elements in subsemigroups of (L(V), <).

Tueorem 5.1 [13]. Let a € L(V). Then:

(1)  «a is a minimal nonzero element in (L(V), <) if and only if rank @ = 1;

(1)  ais maximal in (L(V), <) if and only if @ is a monomorphism or an epimorphism.
TueoreM 5.2. Let S (V, k) be K(V, k) or CI(V, k) and let « € S (V, k). Then « is a minimal

nonzero element in (S (V,«), <) if and only if rank @ = 1.

Proor. Assume that « is a minimal nonzero element in (S (V, k), <). Let B; be a basis
of kera. As is usual, we extend this to a basis B of V. Let u € B\ B;. Define

B € K(V,k) N CI(V, k) by
= (B\O{u} u )

ua

ThenimpB C ima. We have VBa~! = E(B, ) by taking A; = By, A, = B\ (B} U {u}) and
A3 = {u} in Proposition 2.3. Therefore, by the assumption and Theorems 3.3 and 3.5,
B = a. Hence, rank o = 1.

The converse is clear by Theorem 5.1(i). O

The next corollary follows from Theorems 5.1(i) and 5.2.
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CoroLLARY 5.3. Let S(V,k) be K(V,k) or CI(V,k) and let a € S(V,k). Then «a is a
minimal nonzero element in (S (V, k), <) if and only if a is a minimal nonzero element
in (L(V), <).

From Theorems 3.3 and 3.5, we have the following result.
Lemma 5.4.

(i) Foreach a € K(V,x)\ CI(V,k), a is maximal in (K(V, k), <).
(i) Foreach a € CI(V,k) \ K(V, k), a is maximal in (CI(V, k), <).

However, we can have elements in K(V,x) N CI(V, k) which are maximal in
(K(V, k), <) orin (CI(V, k), <).
ExampLE 5.5. Let « be a natural number and let B = B; U B, be a basis of V, where
{B, B,} is a partition of B such that |B| = |By| = |B,|. Choose By C B such that |By| = «.
Let ¢ be a bijection from B\ By onto B;.
(i) Define a € L(V) by
o= (BO 1%

0 V¢)ve3\30
Observe that dim(ker @) = |Byg| = k and dim(V/ima) = |B| > k, so a € K(V,k) N
CI(V, k). To show that « is maximal in (K(V, k), <), we assume that @ < 8 on K(V, k)
for some 8 € K(V,k). Then, by Theorem 3.3, ima Cimg and Vap™' = E(a,p).
Moreover, ker 8 C ker @. Hence, « < dim(ker 8) < dim(ker @) = x. This implies that
dim(ker 8) = dim(ker @) = x. Since « is finite, ker @ = ker 8. Therefore, @ = 8 by

(B ) €B;
O ; .

(ii) Define a € L(V) by
Since dim(ker @) > « and dim(V/ima) = «, a € K(V,k) N CI(V,k). To see that
is a maximal element in (CI(V, k), <), we assume that @ < on CI(V, k) for some
B € CI(V,«). Then, by Theorem 3.5, ima € im 8 and Va,B‘1 = E(a,B). Notice that
k <dim(V/imp) < dim(V/ima) = «, so dim(V/img) = dim(V/ im @) = k. As « is finite
and ima Cimg, ima = imB. By Lemma 2.5(i), we get @ = 5.

The next lemma is a generalisation of Example 5.5, and we omit the proof as it is
similar to the example.

LEMMA 5.6.

(i) Any element « in K(V, k) with dim(ker @) = k < o is a maximal element in
(K(V, 1), <).

(i) Any element a in CI(V, k) with dim(V/im @) = k < oo is a maximal element in
(CI(V, k), ).

The characterisations of the maximality in (K(V, k), <) and (CI(V, ), <) are shown
in the following theorem. The sufficient conditions follow from Lemmas 5.4 and 5.6.
We therefore only show the necessity of the conditions via the contrapositive.
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THEOREM 5.7.

(1) For each a € K(V,«), a is maximal in (K(V, k), <) if and only if « ¢ CI(V, k) or
dim(ker @) = k < co.

(i1) For each a € CI(V, k), a is maximal in (CI(V, k), <) if and only if a ¢ K(V, k) or
dim(V/im @) = k < co.

Proor. To deal with (i) and (ii), we first provide common results needed in our proof.

Let @ € K(V,k) N CI(V,k) and let w € V \ im @. Suppose that B; is a basis of ker «

containing a nonzero element u. Then there exists a basis of V containing B, say B.
It is known that (B \ B;)a is a basis of im @. Define 8 € L(V), as in [13, Theorem 4.3],

by
1% u
= W
vae  w veB\{u}

Clearly, ima € imf, and VaS~! = E(a, 8) by substituting A| = By \ {u}, A; = {u} and
Az = B\ Bj in Proposition 2.3.

(i) Assume that dim(ker @) > « or « is infinite. Then

dim(ker8) = |B; \ {u#}| = |B1| — 1 = dim(ker @) — 1 > «,

so B € K(V, k). Hence, a < 8 on K(V, k), by Theorem 3.3.

(i1) Assume that dim(V/im @) > « or « is infinite. Note that im 8 = ({w} U im a). By
assumption,

dim(V/imB) = dim(V/ima) - 1 > «.

This implies that 8 € CI(V, k). Hence, @ < 8 on CI(V, k), by Theorem 3.5. O

Consequently, we have the following interesting results.

COROLLARY 5.8.

1) KWV,x)\ CI(V,k) is the set of all maximal elements in (K(V, k), <), where « is
infinite.

(1) CI(V,k)\ K(V, k) is the set of all maximal elements in (CI(V, k), <), where « is
infinite.

(iii)) There are no a, B € K(V, k) \ CI(V, k) such that a < 8 on K(V, ).

(iv) There are no a,f € CI(V,k) \ K(V, k) such that « < 8 on CI(V, k).

Finally, we construct maximal elements in (K(V, «), <) and (CI(V, k), <).

ExampLE 5.9. Let « be a natural number and let B and C be bases of V. There
exist By € B and Cy C C such that |By| = « = |Cy|. Moreover, we have a bijection
¢ : B\ By — C\ Cp. Define a € L(V) by

a/:(B() v

0 V¢)veB\Bo .

Then dim(ker @) = k = dim(V/ im @), so @ € K(V, k) N CI(V, k). Hence, a is maximal
in (K(V, k), <) and in (CI(V, k), <) by Theorem 5.7.
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