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In the scrape-off layer and the edge region of a tokamak, the plasma is strongly turbulent
and scatters the radiofrequency (RF) electromagnetic waves that propagate through this
region. It is important to know the spectral properties of these scattered RF waves, whether
used for diagnostics or for heating and current drive. The spectral changes influence
the interpretation of the obtained diagnostic data, and the current and heating profiles.
A full-wave, three-dimensional (3-D) electromagnetic code ScaRF (see Papadopoulos
et al., J. Plasma Phys., vol. 85, issue 3, 2019, 905850309) has been developed for
studying the RF wave propagation through turbulent plasma. ScaRF is a finite-difference
frequency-domain (FDFD) method used for solving Maxwell’s equations. The magnetized
plasma is defined through the cold plasma by the anisotropic permittivity tensor. As a
result, ScaRF can be used to study the scattering of any cold plasma RF wave. It can
also be used for the study of the scattering of electron cyclotron waves in ITER-type
and medium-sized tokamaks such as TCV, ASDEX-U and DIII-D. For the case of
medium-sized tokamaks, there is experimental evidence that drift waves and rippling
modes are present in the edge region (see Ritz et al., Phys. Fluids, vol. 27, issue 12,
1984, pp. 2956–2959). Hence, we have studied the scattering of RF waves by periodic
density interfaces (plasma gratings) in the form of a superposition of spatial modes
with varying periodicity and random amplitudes (see Papadopoulos et al., J. Plasma
Phys., vol. 85, issue 3, 2019, 905850309). The power reflection coefficient (a random
variable) is calculated for different realizations of the density interface. In this work,
the uncertainty of the power reflection coefficient is rigorously quantified by use of the
Polynomial Chaos Expansion (see Xiu & Karniadakis, SIAM J. Sci. Comput., vol. 24, issue
2, 2002, pp. 619–644) method in conjunction with the Smolyak sparse-grid integration
(see Papadopoulos et al., Appl. Opt., vol. 57, issue 12, 2018, pp. 3106–3114), which is
known as the PCE-SG method. The PCE-SG method is proven to be accurate and more
efficient (roughly a 2-orders of magnitude shorter execution time) compared with
alternative methods such as the Monte Carlo (MC) approach.
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1. Introduction

In tokamaks, antennas that are placed near the wall of the device generate
radiofrequency (RF) electromagnetic waves. These RF waves propagate across the
turbulent plasma edge region and couple power to the core plasma for heating and
non-inductive current generation. The plasma in the turbulent edge consists of blobs and
filamentary structures (Krasheninnikov 2001; Grulke et al. 2006; Myra et al. 2006a; Myra,
Russell & D’Ippolito 2006b; Zweben et al. 2007; Pigarov, Krasheninnikov & Rognlien
2012)), drift waves, rippling modes (Ritz et al. 1984) and random fluctuations. Theoretical
and computational studies have shown that the RF waves propagation properties are altered
owing to their interaction with blobs and filaments (Ram & Hizanidis 2016; Ioannidis
et al. 2017). These studies have provided physical insight into the scattering process by
constructing full-wave analytical solutions. However, in these solutions it is assumed that
the edge plasma is a single spherical blob (Ram, Hizanidis & Kominis 2013) or a single
cylindrical filament (Ram & Hizanidis 2016). In the general case, the edge plasma is a
more intricate mixture of blobs and filaments of different shapes and sizes as well as
wave-like magnetohydrodynamic (MHD) instabilities.

In these studies, two approximations are made. First, the edge plasma is considered to
be cold and thus thermal effects are ignored. As a result, only the cold plasma RF waves
propagate in the edge region. Second, the edge plasma is considered to be stationary. This
is supported by the fact that the time scales of the RF waves are much shorter compared
with those of the edge turbulence. The edge turbulence time scales are in the kHz range of
frequencies (MHD) and the fluctuation speeds are in the ion-acoustic range. On the other
hand, the RF time scales are from 10 s of MHz to 100 s of GHz (kinetic regime) and the
group speeds are near the speed of light. Under these assumptions, in a full-wave analysis
for RF propagation, Maxwell’s equations should be solved where the plasma permittivity
in the edge region is an anisotropic tensor that depends on the local density. In addition, it
is assumed that the ambient magnetic field is uniform and of arbitrary direction.

Experimentally, detailed measurements of the plasma density in the edge region cannot
be obtained. Therefore the effective permittivity is modelled under some assumptions. One
possibility is to adopt a generalization of the Maxwell–Garnet homogenization technique
(MacKay & Lakhtakia 2015; Bairaktaris et al. 2017), where it is assumed that there is
some distribution of filamentary structures of random sizes and densities. Alternatively,
many different representations of density fluctuations are implemented in the literature.

Williams et al. (2014) developed a full-wave finite-difference time-domain (FDTD)
code, for isotropic media, and studied the three-dimensional (3-D) propagation of a
Gaussian beam. However their scattering results were limited to a simplified cylindrical
filament geometry and under the assumption that the density spatial distribution was
two-dimensional (2-D) Gaussian. Kohn et al. (2018) studied the microwave Gaussian beam
broadening (BB) as a result of propagation through turbulent density fluctuations. The
beam propagation was analysed by use of the wave kinetic equation solver WKBeam,
which is valid for a range of parameters such that the Born approximation holds. The
density fluctuations used are random as they contain a part generated by a truncated sum
of Fourier-like modes with uniformly distributed phases. The solver is used for various
density realizations, and the Ensemble-Averaged Electric Field (EAEF) is calculated.
The EAEF is assumed to follow a Gaussian or Cauchy distribution. The parameters of
these distributions are estimated by fitting the EAEF data, and from these parameters the
BB is found. The BB results were also benchmarked to the full-wave code IPF-FDMC.
Following similar steps, Snicker et al. (2018) showed that the Born approximation in the
WKBeam code is valid for parameters specific to ITER and that the calculated BB is
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a quantity of major interest for ITER sized reactors. In addition, their WKBeam results
are benchmarked not only to the IPF-FDMC but also to the the paraxial WKB code
TORBEAM.

In this work, the effect of periodic density interfaces (plasma gratings) on RF waves
is of interest. This is inspired by experimental results that indicate the existence of
drift waves and rippling modes in the edge region (Ritz et al. 1984). To understand
in detail the effect of such an interface on the scattering of a RF wave, the full-wave
code ScaRF (Papadopoulos et al. 2019) has been developed. ScaRF is a finite-difference
frequency-domain (FDFD) (Smith 1996) code. The FDFD method solves Maxwell’s
equations in the frequency domain. It is a method without approximations (full-wave),
and thus describes reflection, refraction and diffraction effects. ScaRF is used here
for the RF-scattering analysis of a random-profile periodic density interface generated
as a superposition of spatial harmonics with random weights such as to resemble the
experimentally observed rippling waves reported by Ritz et al. (1984). The aforementioned
homogenized anisotropic permittivity tensor is used to approximate the permittivity in the
turbulent region. Both permittivities (incidence and turbulent regions) are approximated
by those of cold plasma. To handle these problems, ScaRF uses FDFD formulated for
anisotropic media, in conjunction with the total-field scattered-field (TFSF) method for
inserting the RF excitation into the computational grid, the perfect matching layer (PML)
absorbing boundary condition for absorption of irrelevant boundary reflected waves, and
Floquet–Bloch periodic boundary conditions (FBPBC) for the definition of the periodic
interface. ScaRF is a 3-D code, and thus can model cases of any magnetic field orientation.
In addition, it can consider general density fluctuations and non-periodic interfaces. It is
a fact that rippling modes or modulated interfaces in the edge region exist along with
random fluctuations, blobs and filaments. ScaRF can analyse any representation of the
edge plasma density but we are primarily interested in understanding the ripple density
effect on RF waves. This work complements previous studies on random fluctuations,
blobs and filaments. Papadopoulos et al. (2019) used ScaRF to analyse RF scattering from
density cosinusoidally varying (modes) ripples, and a case of RF scattering from random
ripples (defined as a superposition of modes with randomly modulated amplitudes) was
presented without quantifying it. This work complements the RF scattering analysis from
random ripples (Papadopoulos et al. 2019), by rigorously quantifying the uncertainty of the
power reflection coefficient (which is now a random variable and in the following is called
reflection for simplicity) by use of the polynomial chaos expansion coupled with Smolyak
sparse-grid integration (PCE-SG) method. The main focus of this study is to formulate the
PCE method for scattering of random ripples rather than to investigate various scattering
scenarios. Therefore, this study is restricted to the single case of Papadopoulos et al.
(2019).

The structure of the paper is as follows. Initially, taken from the paper by Papadopoulos
et al. (2019), a brief description of the simulation set-up and the ScaRF code is presented.
In particular, in § 2 the geometry of the plasma structure (plasma grating) is presented and
the relation of the coordinate system for microwave diffraction analysis with the magnetic
field and plasma coordinate systems in the torus is explained. Next the anisotropic
permittivity tensors for cold plasma in the interface regions are derived (Stix 1992). A
summary of the ScaRF code follows. In § 3, the PCE method in conjunction with the
Smolyak grid multi-dimensional integration is presented, along with useful statistical
quantities derived from it. In § 4, the PCE-SG numerical results are shown and discussed
for a random periodic (of multiple spatial frequencies) plasma grating for the O-incident
RF-mode (Papadopoulos et al. 2019). The results are also compared with those obtained
from the standard but very computational demanding Monte Carlo (MC) method for
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uncertainty quantification (UQ) (Crestaux, Le Maitre & Martinez 2009), and the efficiency
and accuracy of PCE-SG is verified. In addition, predictions are made for the maximum
energy transmission of the incident RF wave into the fusion plasma, which can provide
guidance to experimentalists on an appropriate choice of antenna phasing and spectrum.
Finally in § 5, the conclusions and main results are presented.

2. Scattering geometry and ScaRF code

The coordinate system ScaRF code is based on the toroidal plasma configuration of
figure 1, where two separate coordinate systems (CSs) are present relative to the toroidal
plasma configuration. The (xB, yB, zB) CS corresponds to the magnetic flux density CS
where the zB direction corresponds to the direction of the magnetic field. The (xp, yp, zp)
CS corresponds to the plasma coordinate system. The magnetic flux density can have a
poloidal and toroidal component therefore the two CSs can be related via Euler-rotation
angles, as shown in figure 2. Following the work of Stix (1992)), the relative permittivity
of the cold plasma is given by the following equation in the (xB, yB, zB) CS:

𝞮̃B =
⎡
⎣ S −iD 0

+iD S 0
0 0 P

⎤
⎦ , (2.1)

where the S, D, P parameters are defined as

S = 1
2 (R + L) , D = 1

2 (R − L) ,

P = 1 + Pe + Pi, R = 1 + Re + Ri,

L = 1 + Le + Li, Re = 1 + incol

1 + Ce + incol
Pe,

Ri = 1 + incol

1 + Ci + incol
Pi, Le = 1 + incol

1 − Ce + incol
Pe,

Li = 1 + incol

1 − Ci + incol
Pi, Pe = −

(ωpe

ω

)2 1
1 + incol

,

Pi = −
(ωpi

ω

)2 1
1 + incol

, Ce = −ωce

ω
,

Ci = ωci

ω
, ωpe = qe

√
ne

meε0
,

ωpi = qi

√
ni

miε0
= Zqe

√
ni

Ampε0
, ωce = qeBzB

me
,

ωci = ZqeBzB

Amp
, ncol = νcol

ω
.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(2.2)

The variables in the above equations are: the magnitude of the electron charge qe, the
electron rest mass me, the atomic number Z, the atomic mass number A, the proton rest
mass mp, the permittivity of free space ε0, the frequency of the electromagnetic radiation
ω = 2πf (where f is the frequency in Hz), the electron and ion plasma densities ne and ni,
respectively (in m−3), and the electron and ion collision rate νcol. The frequencies ωpe and
ωpi are the electron and ion plasma resonant frequencies and ωce and ωci are the electron
and ion cyclotron frequencies, respectively. In this work ωce = 7.915 × 1011 rad s−1 and
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FIGURE 1. A tokamak plasma torus is shown with the corresponding coordinate systems
of interest. The coordinate system (xB, yB, zB) corresponds to the magnetic flux density,
B, coordinate system while (xp, yp, zp) corresponds to the plasma coordinate system. The
zp-component of the magnetic flux density corresponds to the toroidal magnetic flux density
component, Btor, while the xpyp-component corresponds to the poloidal magnetic flux density
component, Bpol (Papadopoulos et al. 2019).

ωci = 2.155 × 108 rad s−1. Collisional absorption is absent in the current model, but can
be easily included by changing the relative permittivity tensor in (2.1) accordingly. The
relative permittivity tensor of (2.1) can be expressed in the plasma CS (xp, yp, zp) by use
of the transformation:

𝞮̃p = M̃
−1
𝞮̃BM̃, (2.3)

where 𝞮̃B is defined in (2.1) and M̃ is the Euler-angle transformation matrix. If a ripple is
present at the torus–plasma surface, diffraction of the incident microwave radiation could
occur. To study this effect, a periodic ripple at the plasma torus surface is considered. Its
geometry is shown in figure 3, where the ripple has been defined as

h(x) = d − d cos
(

2π

Λ
x
)
, (2.4)

where h(x) is the cosinusoidally varying ripple height, d is the ripple amplitude andΛ the
spatial period of the ripple (spatial mode).

The incident microwave excitation is considered to be a plane wave with an azimuthal
angle of incidence φ and a polar angle of incidence θ (figure 3). The regions above and
below the periodic interface are plasma regions of different plasma densities. Their tensor
relative permittivities 𝞮̃l,p can be determined by suitable use of (2.3) in the plasma CS.
Then the relative permittivities 𝞮̃1 and 𝞮̃2 needed for the diffraction analysis in the (x, y, z)
CS can be found from

𝞮̃� = Q̃ 𝞮̃�,pQ̃
T
, � = 1, 2, (2.5)
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FIGURE 2. The relation between the (xB, yB, zB) and the (xp, yp, zp) coordinate systems. The
angles ϕB, θB and ψB are the Euler angles that connect the two coordinate systems. All the
angles are defined positive as counter-clockwise (Papadopoulos et al. 2019).

where Q̃ is the transformation matrix from the plasma CS (xp, yp, zp) to the (x, y, z) CS
of the ScaRF code. The FDFD method in ScaRF is used in the analysis of the plasma
grating in figure 3, with FBPBC in the xy plane and PML in the xy planes parallel to the z
axis. The FDFD method solves Maxwell’s equations in the frequency domain. It is a stable
and rigorous method of well-known error sources (Smith 1996; Sadiku 2001; Taflove &
Hagness 2005), it can model systems of complex geometry and can run in parallel for
computationally intensive problems. In the FDFD method, electric and magnetic fields
are staggered in space according to the Yee grid (figure 4) and finite differences are used
to approximate Maxwell’s equations. This results in a large linear algebraic system whose
solution provides the electromagnetic fields in space. In particular, after normalization
of the magnetic field according to H̃ ≡ −iZ0H , where Z0 is the free space impedance
and i is

√−1, Maxwell’s equations with the wave-absorbing PML layer truncating the
computational grid become:

∇ × E = k0
[
𝞮̃
]

H̃ (2.6)

∇ × H̃ = k0
[
μ̃

]
E, (2.7)

where [ε̃] ≡ J [ε]J T/det( J ) and [μ̃] ≡ J [μ]J T/det( J ) are relative permittivity and
permeability tensors, defined so as to implement the PML for anisotropic media (Oskooi
& Johnson 2011), where J ≡ diag(s−1

x , s−1
y , s−1

z ) and sw ≡ κw + i(σw/ω), w = {x, y, z} are
the PML stretching factors with κw � 1 as the evanescent wave absorption parameter and
σw as the PML conductivity. The parameters of the stretching factors are polynomials
(Oskooi & Johnson 2011) spatially varying along the w direction. It is numerically
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FIGURE 3. A plasma ripple at the torus boundary is considered as a periodic spatial modulation,
i.e. as a plasma grating. The microwave radiation is represented as a plane wave incident from
the top towards the bottom region. The incident wavevector is shown as kinc and the incident
angles are defined as φ and θ . The scattering CS (x, y, z) is related to the plasma CS by x = yp,
y = zp and z = xp, as shown in the figure. The plasma relative permittivities of the top and of the
bottom regions are defined as 𝞮̃1 and 𝞮̃2, respectively. The plasma grating is assumed to have a
sinusoidal profile of periodicity Λ along the x direction, and an amplitude spatial variation of d
(Papadopoulos et al. 2019).

convenient to simplify Maxwell’s equations (2.6)–(2.7) by normalization of the grid
coordinates as w̃ = k0w, w = {x, y, z}, which leads to

∂Ez

∂ ỹ
− ∂Ey

∂ z̃
= μ̃xxH̃x + μ̃xyH̃y + μ̃xzH̃z (2.8)

∂Ex

∂ z̃
− ∂Ez

∂ x̃
= μ̃yxH̃x + μ̃yyH̃y + μ̃yzH̃z (2.9)

∂Ey

∂ x̃
− ∂Ex

∂ ỹ
= μ̃zxH̃x + μ̃zyH̃y + μ̃zzH̃z (2.10)

∂H̃z

∂ ỹ
− ∂H̃y

∂ z̃
= ε̃xxEx + ε̃xyEy + ε̃xzEz (2.11)

∂H̃x

∂ z̃
− ∂H̃z

∂ x̃
= ε̃yxEx + ε̃yyEy + ε̃yzEz (2.12)

∂H̃y

∂ x̃
− ∂H̃x

∂ ỹ
= ε̃zxEx + ε̃zyEy + ε̃zzEz. (2.13)
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FIGURE 4. Three-dimensional Yee cell and electric and magnetic fields staggered in space by
half a cell. Electric field components are staggered along their direction, while magnetic field
components are staggered perpendicular to their direction (Papadopoulos et al. 2019).

In ScaRF, the discretization of (2.8)–(2.13) is applied by the approximation of the
spatial derivatives by staggered central differences (Papadopoulos et al. 2019). Then the
electric and magnetic fields can be obtained everywhere in the computational domain by
solving the linear system Ã [e, h̃]T = b, where e ≡ [ex, ey, ex]T, h̃ ≡ [h̃x, h̃y, h̃x]T and the
right-hand side b is specified from the plane-wave incident source by use of the total
field/scattered field (TFSF) technique (Papadopoulos et al. 2019). The incident source
field must satisfy the dispersion and polarization of waves in the cold plasma medium
and is analytically described by Papadopoulos et al. (2019). It is noted that similarly, the
right-hand side b can by defined from a superposition of plane waves with amplitudes
specified from spectral analysis to represent a spatially localized incident beam.

3. PCE method

Uncertainty Quantification (UQ) quantifies the impact of a system’s (the ScaRF code
in this work) uncertain input to the system’s output quantities of interest (QoI). The PCE
method is among the most popular probabilistic UQ methods.

In PCE it is assumed that the ScaRF’s input uncertainty is specified by a d-dimensional
vector Ξ = (Ξ1, Ξ2, . . . , Ξd) with Ξi, i = 1, . . . , d independent identically distributed
variables and realizations ξ = (ξ1, ξ2, . . . , ξd). Then the joint probability density function
(j.p.d.f.) is f (ξ) = ∏d

k=1 f (ξk), where f (ξk) is the p.d.f. of Ξk. If the QoI y(Ξ) is a scalar
with finite variance, y(Ξ) can be expanded (PCE method) as

y (Ξ) =
∞∑

j=0

cjΨj (Ξ) , (3.1)

where Ψj(Ξ) are multivariate polynomials that are orthogonal with f (ξ) weights, and cj
are PCE deterministic coefficients that will be estimated.
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In reality the summation in (3.1) is truncated to the first P + 1 terms:

y (Ξ) =
P∑

j=0

cjΨj (Ξ)+ ε (Ξ) , (3.2)

where ε(Ξ) is the truncation error of the PCE. The construction of the multi-dimensional
polynomial basis function Ψj(Ξ) is based on the Askey (Xiu & Karniadakis (2002))
scheme, which is suitable for general non-Gaussian random inputs. In particular if ψjk(Ξk)

specify a complete basis set of single variable polynomials of order jk, where jk ∈ N ∪ {0}
and are orthonormal with respect to the p.d.f. f (ξk), the multi-dimensional basis functions
are

Ψj (Ξ) =
d∏

k=1

ψjk (Ξk) , (3.3)

where j = (j1, . . . , jd) specifies the order of Ψj(Ξ). If the maximum total order of Ψj(Ξ)

is pmax (
∑d

k=1 jk � pmax), the number P of basis functions in the truncated PCE expansion
(3.2) is

P = ( pmax + d)!
d!pmax!

. (3.4)

If y has finite variance then as pmax or P tend to infinity, the PCE in (3.2) is convergent (in
the mean-square sense). In addition, if the univariate polynomial basis is chosen based
on the Askey scheme, the error term in (3.2) tends to zero exponentially fast (Xiu &
Karniadakis 2002). The PCE coefficients cj are computed by projecting the QoI into the
corresponding PCE basis:

cj = E
[
yΨj

]
. (3.5)

In reality, (3.5) is inefficient to apply and so other methods have been developed. These
fall into two categories, intrusive and non-intrusive methods. In intrusive methods, the
deterministic solvers that relate the system output and input are modified, which can be
problematic (Crestaux et al. 2009). In non-intrusive methods, the deterministic solvers are
considered as a black box that provides QoI samples from particular system input samples.
In this work, the PCE coefficients are determined using a non-intrusive method based on
the Smolyak sparse-grid integration.

3.1. PCE coefficients calculation
The expansion coefficients in (3.2) can be calculated by use of the orthogonality of the
basis functions. In particular, the projection of y on each basis function leads to

ck = 〈y, Ψk〉
‖Ψk‖2 , k = 0, . . . ,P (3.6)

In (3.6), the numerical calculation of P + 1 integrals in the numerators need to be
performed (the denominators are computed analytically). For this task, the Smolyak
sparse-grid integration method is used, because it is more efficient than the full-grid
integration techniques, as long as sufficiently smooth quantities are integrated (Crestaux
et al. 2009). The improved performance arises from the fact that sparse grids exhibit
similar accuracy levels to full-grid integration with fewer nodes. Therefore, the number
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of deterministic simulations that are performed is reduced. The function values used in
the Smolyak algorithm are located on nodal points of grids given by

Θd =
m−1⋃

q=m−d

⋃
i∈Nd

q

(
Θ

i1
1 ×Θ

i2
1 × . . .×Θ

id
1

)
, (3.7)

where Θ i
1 = {θ i

1, θ
i
2, . . . , θ

i
mi

} represent one-dimensional (1-D) sets of mi nodes, N
d
q =

{i ∈ N
d :

∑d
l=1 il = d + q} and m is the accuracy order of the d-dimensional quadrature.

Actually, the sparse grid is built by combining selected smaller grids that satisfy specific
rules. For example, a 2-D sparse grid with accuracy order equal to 3 is built by considering
the Θ2

1 ×Θ1
1 , Θ1

1 ×Θ2
1 , Θ2

1 ×Θ2
1 , Θ3

1 ×Θ1
1 and Θ1

1 ×Θ3
1 grids, and normally includes

fewer nodes than the Θ3
1 ×Θ3

1 full grid. After the sparse grid has been defined, the
required integrations in (3.6) are calculated by

〈y, Ψk〉 

m−1∑

q=m−d

∑
i∈Nd

q

(−1)m−1−q
(

d − 1
m − 1 − q

) (
Vi1 ⊗ Vi2 ⊗ . . .⊗ Vid

) [
yΨk

]
(3.8)

where the terms Vi[yΨk] represent the 1-D quadrature. In the case that yΨk is a polynomial
of order 2m − 1 or less, then (3.8) is exact.

In this work, the nested Kronrod–Patterson (KP) nodal sets (Petras 2003) are used for
the construction of the various Θ1. These sets are nested, which means that lower-level
nodes comprise subsets of higher-level sequences and thus a significant number of
re-calculations are avoided when higher level sets are constructed. The number of nodes
in a 1-D KP sequence increases at a fast rate, according to

1, 3, 7, 15, 31, . . . , 2i − 1, . . . (3.9)

Therefore, even in the Smolyak algorithm case (3.8), the number of nodes in
multidimensional grids grows at an unnecessarily fast rate. To handle this issue, delayed
KP sequences are applied (Petras 2003) in a way that formulae are reused for some levels
before being updated, such that the growth in the number of nodes is under control.
In figure 5, the differences between ordinary and delayed KP sequences are shown.
In addition, full and sparse 2-D grids are compared in figure 6, where the cases of
tensor-based grids, sparse grids with normal KP sequences and sparse grids with delayed
KP sequences are examined by considering various construction levels. It is observed that
after a few iterations, a tensor grid contains more than 900 tensor grid nodes. The Smolyak
grid with normal KP nodes comprises 129 nodes in the same construction level, while this
number reduces to just 33 nodes for the case where the Smolyak algorithm is applied for
delayed sequences.

3.2. Calculation of statistics
The knowledge of the PC expansion coefficients allows the direct computation of the
statistical moments of the QoI. The mean value and the standard deviation of y are
calculated by

E[y] = c0 (3.10)

σ 2[y] =
P∑

k=1

c2
k ‖Ψk‖2 . (3.11)
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(a) (b)

FIGURE 5. One-dimensional quadrature nodal distributions corresponding to different accuracy
levels. Cases of (a) ordinary and (b) delayed KP sequences are shown (Papadopoulos et al. 2018).

(a)

(b)

(c)

FIGURE 6. Comparison of various grids (full grids, normal sparse grids and sparse grids with
delayed 1-D sequences) for different accuracy levels (Papadopoulos et al. 2018).
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In addition, as will be explained later, sensitivity indices can be easily obtained by the PC
coefficients.

3.3. Estimation of the reflection probability density function
Once the PCE coefficients have been calculated, the random output of the system is
approximated by the PCE expansion. This easily provides a large enough number of output
reflection samples such that a histogram can be built. This is an approximation to the p.d.f.
of the reflection. Because a histogram is usually non-smooth, a kernel smoothing method
is applied for better visualization of the p.d.f. In particular, the p.d.f. is approximated by

f̂R (y) = 1
NKhK

NK∑
i=1

K
(

y − y(i)

hK

)
, (3.12)

where K(x) is a positive-definite function (the kernel) and hK is the bandwidth parameter.
A Gaussian kernel (standard normal p.d.f.) and an optimum bandwidth h∗

K (for the
Gaussian kernel) is chosen as

h∗
K =

(
2

3NK

)1/5

min
(
σ̂R, ˆiqrR

)
, (3.13)

where σ̂R and ˆiqrR are the empirical standard deviation and interquartile, respectively.
Here, σ̂R is optimal in the sense that it minimizes the �2 approximation error ‖ fR − f̂R‖2.

3.4. Sensitivity analysis
To quantify the effect of each random input variable ξ (the random amplitude of each
mode) the Total Sobol sensitivity indices (STξ ) are calculated (Crestaux et al. 2009). The
STξ , ξ ∈ {Λ, d1, d2, f , θ} are directly computed from the PC expansion coefficients as

STξ =
∑
u
ξ

Su (3.14)

Su =
∑

k∈Ku
c2

k‖Ψk‖2∑P
k=1 c2

k‖Ψk‖2
(3.15)

Ku =
{

k ∈ {1, . . . ,P} | Ψk(ξ) =
|u|∏
i=1

φαk
i
(ξuk), α

k
i > 0.

}
(3.16)

where u ⊆ {1, 2, . . . , d}. The total Sobol index fpr each random input variable specifies
the percentage contribution of the random variable to the variance of the reflection.

3.5. Percentile calculation
Another useful statistical quantity is the Pth percentile (0 � P � 100), of the reflection.
If the Pth percentile is RP, it means that P% of the observations R are smaller than RP.
The percentiles are directly obtained from the PCE method. Once the PCE coefficients ck
in (3.6) have been calculated, a sufficiently large number, N, of reflection observations
can be generated analytically (and thus with insignificant computational cost) directly
from the PCE expansion (3.1). Then the Pth percentile, RP, of R can be calculated by the
nearest-rank method. In this method, the reflection samples Ri, i = 1, . . . ,N, are sorted in
ascending order, which creates a set of sorted reflection observations, Rs,i, i = 1, . . . ,N.
Then RP = Rs,n, where n = �PN/100�.
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FIGURE 7. Amplitude of the Poynting vector (|S|) and S-flow (red lines: (Sx, Sy) vector) for a
plane wave (O-mode) incident on a realization of a 5-mode interface (black line) with random
amplitudes.

4. Numerical results

The ScaRF code, in conjunction with the PCE method described in § 3, is used for
the scattering analysis of an incident O-mode at 170 GHz (electron cyclotron (EC)
frequency range) by a random periodic interface separating blob–background anisotropic
media. The interface is a superposition of 5 spatial sinusoidal modes of wavelengths
c = [0.25, 0.5, 1, 2.5, 5]λ0 and random amplitudes ξi, i = {1, . . . , 5}, with a 5 % variation
around ξi = 1. The toroidal, Ht, and poloidal, Hp, magnetic fields are 4.5T and 0.473T
respectively. The incident wave has a polar angle φ = 174◦ and experiments are performed
for samples of azimuthal angles ±10 % around θ = 30◦. For the O-mode, the normalized
wavevector components are βx = 0.3496, βy = 0.2007, βz = −0.0211, the background
and blob densities are 3 × 1020 m−3, 3.2 × 1020 m−3, respectively, and the relative
permittivity tensors, (2.1), are calculated via (2.2).

The use of ScaRF allows for the computation of the electric and magnetic field vectors
e, h at every node of the computational domain, where h = iZ−1

0 h̃ and therefore the
time-averaged Poynting vector, S is computed by

S = 1
2 Re{e × h∗}. (4.1)

Because S is known everywhere in the computational domain, the power reflection R,
defined as R = Pref/Pinc, can be calculated simply by numerically integrating S in the
y direction, which provides the incident and reflected power Pinc, Pref, respectively. For
visualization purposes, in figure 7, the amplitude of the Poynting vector S and the S-flow
are shown for an incident O-mode at θ = 30◦, scattered by a realization of the random
density interface.

In figure 8, the mean value (MV) and standard deviation (Std) of R are presented as
a function of θ , calculated by the PCE-SG and MC methods. For the PCE-SG and MC
methods, 51 and 1000 samples of R were produced by the use of ScaRF, respectively.
Therefore the MC method is orders of magnitude more computationally demanding than
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(a)

(b)

FIGURE 8. Mean Value (MV) and Standard Deviation (Std) of reflection as a function of the
angle of incidence (θ ) of the incident wave: (a) calculated by the PCE method; and (b) calculated
by the MC method.

the PCE-SG method. However, it is observed in figure 8 that the MV and Std values of
R are in good agreement, which verifies the accuracy and computational efficiency of
the PCE-SG method. The PCE-SG method was used for the maximum polynomial order
pmax = 2 and an accuracy level of the Smolyak grid m = 3. It is practical and desirable to
achieve a minimum value of R so that the maximum power of the incident RF wave will
be transmitted into the fusion plasma region. In figure 8, it is concluded that the minimum
MV of R,R ≈ 0.04, occurs at θ ≈ 30.5◦.

The p.d.f. of R is shown in figure 9. It is observed that the maximum of the p.d.f. for
θ = 30.5 is at R ≈ 0.047, which, on average, occurs in figure 8 for θ ≈ 30.5◦ as expected.
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FIGURE 9. P.d.f. of reflection for θ = 30◦.

FIGURE 10. Sobol Total Indices for the 5 random amplitudes of the spatial modes
(λ0/4, λ0/2, λ0, 2.5λ0, 5λ0) that define the density interface.

In figure 10, the Sobol total indices (STI) versus θ are presented for the five ξi random
variables. The R is more sensitive to the ξi with the highest STI. From this figure it is
concluded that the spatial modes λ0 and λ0/4 have respectively the highest and lowest
contribution to the variance of R, for all angles θ of the incident RF wave. For the
angle θ ≈ 30.5, which is of practical interest, the λ0, 5λ0 spatial modes have the same
contribution to the R variance, the 2.5λ0, λ0/4 spatial modes have the lowest contribution
to the R variance, while the spatial mode λ0/2 is somewhere in between.

Finally in figure 11 the 5th and 95th percentiles for the reflection, R, are shown. They
were calculated by the PCE-SG method, as described in § 3.5, where N = 20 000 random
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FIGURE 11. The 5 % and 95 % percentiles calculation as a function of the angle of incidence
θ . Percentiles were calculated by the PCE-SG method using N = 20 000 reflection samples.

reflection samples were used. An interesting observation in this figure is that the desirable
minimum reflection R ≈ 0.04 occurs at θ ≈ 30.25◦ and is a point closer to the 5 % curve,
which means that only roughly 5 % of the R samples will have reflection smaller than 0.04.
Therefore with high probability, launching the incident RF wave at θ ≈ 30.25◦ will result
in minimum reflection.

It is noted that the computation of an optimal launch angle of the waves provides
guidance to the experimentalists on an appropriate choice of antenna phasing and
spectrum. The efficient use of RF waves requires that the coupling of the power to the
plasma be optimal, so as to minimize reflections arising from turbulence. Becuase it is not
completely possible to quantify the turbulent plasma to any reasonable precision (density
variation in space and time), one has to develop statistical tools that can quantify the
effect of turbulence and help guide the experimentalists simulations that can be tested on
present experiments to gain confidence for future experiments and reactors. The emphasis
is not that a certain angle for launching the waves is optimal, but rather there exists such
a possibility, that is, there exists a launch window which minimizes the reflection. The
existing tools theoretically and/or numerically do not answer the questions: in the presence
of a large region of turbulent plasma, what is the most likely scenario for ideal delivery
of power and momentum to the core plasma, to minimize reflections and side-scattering,
and to control the spectrum of waves propagating in the core so as to optimize the current
drive and heating efficiency. One of the first approaches to address these questions is
the UQ method of this work whose effectiveness is shown in the presented scattering
configuration.

5. Conclusions

We have carried out a statistical analysis of the reflection (R) for a plane wave O-mode
(in the electron cyclotron range of frequencies) incident on a periodic plasma-density
interface. The Maxwell’s equations are solved for different realizations of the turbulent
interface using ScaRF. The mean value, MV , and the standard deviation, Std, of R are
calculated using the PCE-SG method. The PCE-SG method is much more computationally
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efficient for the statistical analysis of R than a Monte Carlo method that requires orders of
magnitude more R samples from the ScaRF code.

The PCE-SG method provides additional useful statistical quantities. The Sobol Total
Indices were calculated, which quantify the contribution to the variance of R of each
random design variable. The p.d.f. of R was also derived, for a particular angle of incidence
of the incident RF wave, and results were in agreement with the calculated MV and Std
of R. Finally, the 5 % and 95 % percentiles of R were calculated and it was concluded that
with high probability, and for an angle of incidence θ ≈ 30.25◦, the reflection would be
at a minimum, thus allowing most of the energy of the incident wave to be transmitted to
the fusion plasma. These results help to guide experimental feedback, which is going to
be important for future modifications and research. The present paper gets the ball rolling
in that direction, that is, it draws a link between theory, modelling and experiments. This
is the basis on which more sophisticated tools (analytical and numerical) can be built to
advance insight into wave propagation through turbulent plasma.

In the near future, we will consider higher dimensional uncertainty quantification
problems consisting, for example, of uncertain spatially localized incident beams and
more complex plasma density interfaces and distributions. These can be treated based
on Sparse and Adaptive PCE models (Blatman & Sudret 2011)). In addition, the PCE
method presented here could work in conjunction with other studies, such as the works
of Kohn et al. (2018); Snicker et al. (2018), where the WKBeam code was used for beam
propagation analysis through turbulent plasma media.
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