
WEAK FAMILIES O F MAPS 

J . C. T a y l o r 

( r e c e i v e d M a r c h 12, 1965) 

1. I n t roduc t ion . Le t SX be an i ndex se t and for e a c h 
a € <TL l e t f : X -»• X be a function w h e r e X and X a r e s e t s . 

a a a 
A s s u m e tha t , for e a c h a, a topology O i s g iven for X . 

—or a 
T h e n , a s i s w e l l - k n o w n , the funct ions f and the topo log ies 

a 
O d e t e r m i n e a topology for X. Th i s i s the s o - c a l l e d w e a k 
—a 
o r i n i t i a l topo logy , which i s g e n e r a t e d by (J { f O J O ^ O } . 

a 

B o u r b a k i [ l ] shows tha t the w e a k topology i s the unique 
topology O for X sa t i s fy ing the fol lowing condi t ion: a function 
f : Y -* X i s (T , O) -con t inuous if and only if, for e a c h a, 
f o f i s (T , O ) - con t i nuous . T h i s s u g g e s t s t ha t the concept of 
a — — a 

a w e a k topology could be defined us ing the l anguage of c a t e g o r y -
t h e o r y . 

L e t A denote t h e c a t e g o r y of t opo log ica l s p a c e s , and le t 
E denote the c a t e g o r y of s e t s . Denote by a : A -**B,b, . . . the 
m o r p h i s m s of A and by f : X -+ Y, g, . » . t h o s e of E. L e t 
F : A ~* E denote the forget fu l func tor . 

Denote by A the space (X, O), by A the s p a c e 
— a 

(X , O ), and le t (f ) be a f ami ly of funct ions f : X ~* X . 
a —-a a a a 

The topology of the s p a c e A is the w e a k topology d e t e r m i n e d 
by (f ) and (A ) if and only if the following a s s e r t i o n ho lds . 

a a 
A function f : Y ^ X i s of the f o r m F(b ) , for b : B -* A, if 
and only if, for e a c h a , t h e r e e x i s t s b : B -* A wi th 

a a 
f o f = F(b ). 
a a 
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A s s u m e tha t the topology of A is the w e a k topology 
d e t e r m i n e d by (f ) and (A ). Since the iden t i ty m a p 1 i s 

a a X 
F ( l ) , e a c h f~ is of the f o r m F(a ). H e n c e , a s i s we l l 

A a ûr 
known, the f ami ly (f ) d e t e r m i n e s a f ami ly (a ) of m o r p h i s m s 

a a. 
of A. 

The fami ly (a ) of m o r p h i s m s a of A, wi th c o m m o n 
a a — 

d o m a i n A, h a s the fol lowing p r o p e r t y : if a funct ion 
f : F(B) -*• F(A) i s s u c h tha t t h e r e e x i s t s a fami ly (b ) of 

m o r p h i s m s b : B -* A wi th , for e a c h a, F (a ) o f = F(b ), 
a a a a 

then t h e r e e x i s t s a unique b : B -* A with F(b) = f and , for e a c h 
a, a o b = b . In t e r m s of d i a g r a m s , (a ) i s s u c h tha t the 

a a & 
c o m m u t a t i v i t y , for e a c h a, of 

F(B) B 

f 

v F(b ) i \ b 

o F(A ) i m p l i e s b » > A 
a . j y\ a 

a 
a 

\l^^F(a ) 

F(A) A 

wi th F(b) =f. 

Lret A_ and E^ b e a r b i t r a r y c a t e g o r i e s , and le t 
F : A -+ E be a c o v a r i a n t func tor . The p u r p o s e of t h i s 
e x p o s i t o r y no te i s to p r o v i d e s o m e e x a m p l e s and to d i s c u s s 
s o m e e l e m e n t a r y p r o p e r t i e s of f a m i l i e s (a ) of m o r p h i s m s 

a 
a of A which have the above p r o p e r t y . When E i s the 

a — — 
t r i v i a l c a t e g o r y wi th a unique m o r p h i s m such f a m i l i e s def ine 
the d i r e c t p r o d u c t s tha t e x i s t in A. 

While the t h e o r y out l ined h e r e i s e s s e n t i a l l y a t r a n s l a t i o n 
of B o u r b a k i 1 s t h e o r y of i n i t i a l s t r u c t u r e s [2] in to the l a n g u a g e of 
c a t e g o r i e s , it d i f f e r s in s e v e r a l r e s p e c t s . The e m p h a s i s h e r e 
i s on f a m i l i e s of m o r p h i s m s of A, r a t h e r t han on the d e t e r m i 
na t ion of an objec t of A by f a m i l i e s of m o r p h i s m s of E and 
f a m i l i e s of o b j e c t s of A- F u r t h e r , the t h e o r y of i n i t i a l 
s t r u c t u r e s r e s t r i c t s A t o be the c a t e g o r y d e t e r m i n e d by a type 
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of s t r u c t u r e , E to be the c a t e g o r y of s e t s , and F to be the 
forge t fu l func tor . 

In the c a s e w h e r e the i ndex se t i s a s ing le ton t h i s theory-
i s to be found, in i t s dua l f o r m , in a r e c e n t p a p e r of 
E h r e smann [3] . 

I would l ike to thank Ï. Connel l for s o m e i n t e r e s t i n g 
c o n v e r s a t i o n s on r i n g s du r ing the p r e p a r a t i o n of t h i s n o t e . 

2. Weak f a m i l i e s . Le t A and E be two c a t e g o r i e s 
and denote by F : A -+ E a c o v a r i a n t functor . 

A fami ly (a ) of m o r p h i s m s a : A -> A of A wi l l be 
a a a — 

ca l l ed an F - w e a k fami ly o r a w e a k fami ly if it h a s the fol lowing 
p r o p e r t y : if a m o r p h i s m f : F(B) -*• F(A) is such tha t t h e r e 
e x i s t s a fami ly (b ) of m o r p h i s m s b : B ~* A wi th , for 

a a a 
e a c h a, F (a ) o f = F(b ), then t h e r e e x i s t s a unique b : B -*• A 

a a 
with F(b) = f and , for e a c h a , a o b = b . A m o r p h i s m 

a a 
a : A -* C of A i s c a l l ed w e a k if i t i s a w e a k fami ly when 
v i ewed a s a fami ly indexed by a one -po in t se t . In the t e r m i n o l o g y 
of E h r e s m a n n [3] , a weak m o r p h i s m i s an (E , F) in jec t ion . 

If (a ) i s a f ami ly of m o r p h i s m s a : A -*• A the 
a a a 

f ami ly (A ) wi l l be ca l l ed the r a n g e of the fami ly and the object 
a s— 

A w i l l be r e f e r r e d to a s i t s d o m a i n . Two f a m i l i e s (a ) and 
. a 

(a ' ), wi th the s a m e r a n g e and wi th d o m a i n s A and A ! , wi l l 
a 

be ca l l ed i s o m o r p h i c if t h e r e i s an i s o m o r p h i s m a of A with , 
for e a c h or, a o a = a ' 

a a 

E x a m p l e s . 

1. A fami ly (a ) of m o r p h i s m s of A wi l l be sa id to 
a — 

h a v e the left c a n c e l l a t i o n p r o p e r t y (LCP) if b = c w h e n e v e r , 
for e a c h or, a o b = a o c. When A. = E and F i s the 

a a — — 
iden t i ty functor it fol lows tha t (a ) i s w e a k if and only if {a ) 

a a 
h a s the L C P . In p a r t i c u l a r , a m o r p h i s m i s w e a k if and only if 
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it i s a monomorphism. Consequently, a weak family can be 
thought of as a generalized monomorphism. 

2. Let A be the category of uniform spaces , E be the 
category of se ts , and let F be the forgetful functor. Then, 
a family (a ) of uniformly continuous functions is weak if and 

only if the uniformity on F(A), A being the domain, is the weak 
uniformity defined by the functions F(a ) and the uniformities 

a 
U on the sets F(A }. 
—a a 

3. Let E be the category with a unique morph ism. There 
is a unique functor F : A -* E. A family (a ) of morph i sm s 

a is weak if and only if (A, (a )) is a direct product of the 
a a 

family (A ). Hence, weak families might well be called 

relat ive direct: products . 

4. Let A be the category of groups. Take F to be the 
forgetful functor from A to the category of se ts . A family 
(a } of group homomorphisms a : A -*- A. is F-weak if and 

a a a 
only if 0 ker (a ) is the t r iv ia l subgroup of A. In par t icular 

ot a 

a group homomorphism is weak if and only if it is a monomorphism. 

5. Let A denote the category of vector spaces over the 
field of ra t ionals . For E take the category of abelian groups, 
and let F(A) denote the underlying abelian group of A. Then, 
every family of l inear t ransformat ions a : A ~* A is weak. 

a a 

6. Let A denote a ring R, with unit, viewed as a 
category with one object i and morph i sms the e lements of the 
ring, the law of composition being ring multiplication. A. left 
R-module defines a covariant functor M : A -* E where E is 
the category of abelian groups. 

A ring element r i s M»weak if, for a group homomorphism 
f , r * f(x) = s . x for all x€ M (1) implies that there exis ts a 
unique t € R with f(x) = t • x for al l x* M (1). In order that 
M-weak elements exist, it is nece s s a ry that M have zero 
annihilator. Clear ly , an element of the r ing with a left inverse 
is M-weak for al l such modules M. 
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Conversely, if r is M-weak for all modales M with 
zero annihilator then r is left-invertible. Consider the left 
R-module M = R X R/ ( r ) , where (r) is the principal left ideal 
determined by r . Define f : M ~* M by f(x, y) = (o,y). Then 
r • f(x, y) = 0 • (x,y) =0. The group homomorphism f is of the 
form f(x, y) = t • (x, y) if and only if R/( r ) - { 0} . This is 
equivalent to r being left-invertible. 

Every ring R is a left R-module with zero annihilator. 
The element 0 is R-weak if and only if every endomorphism f 
of the additive group of R is given by left multiplication with 
some element of the ring. For example, 0 is a 1L-weak 
element of 2£ . 

7. Let A again denote a ring R viewed as a category, 
and let E now be the category of sets . Let F be the composi
tion of the functor corresponding to R as a left R-module with 
the forgetful functor from the category of groups to E. 

A ring element r is F-weak if, for a function f, 
r • f(x) = s • x for all x€ F(l) implies that there exists t € R 
with f(x) = t • x for all xe F( l ) . When 0 ^ 1 this is equivalent 
to r not being a left divisor of zero. 

Assume r € R is not a left divisor of zero. Let f : R =*• R 
be a function for which there exists s with r • f(x) = s • x for 
al l x c R. Let t =f( l) . Then, r • f(x) = (r • t) • x, for all 
x € R. Since r is not a left divisor of zero , f(x) = t • x for 
al l x€ r . In other words , r is F-weak. 

Assume that r is F-weak. Then r / 0. Let r be a 
left divisor of zero and let p € R be such that r - p = 0 and 
p / 0. Define f : R — R by f(x) = 0 if x / p and f(p) = p. 
Then, r • f(x) =0 • x for all x« R. Hence, there exists 
t € R with f(x) = t . x for all x € R8 Since 1 4 P> 0 = f(l) = t. 
This is a contradiction. 

3. Elementary proper t ies of weak families. As might 
be expected, a weak family (a ) is determined up to isomorphism 

ot 

by i ts range and (F(a )). 
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PROPOSITION!. Let (a ) and (a ' ) be two weak 

families with the same range. They a re isomorphic if, for 
each a, F(a ) = F(a ' ). 

a a 
Proof: If A and A' a re the respect ive domains of 

(a ) and (a ! ), then F(A) = F(A' ) = X. Therefore , 
a a 

F(a ) o 1 = F(a ' ) = F(a ' ) o l =F(a ). It follows that there 
a X a a X a 

a re unique morph isms a : A' -* A and a' : A -*-A1 such that, 
for each a, a o a = a ' and a ' o a' =a , and F(a) = F(af ) 

a a a a 
= 1 . The uniqueness condition in the definition of a weak 

X 
family implies that a and a1 a r e inverse to one another. 

A family (a ) of morph i sms will be said to have the left 
a 

cancellation property (L. C P) if, for each a, a o b = a o c 
a a 

implies b = c. If the family (a ) defines a di rect product in 
a 

A of the family (A ) of objects A of A, then (a ) has the 
— a a — a 
L C P. 

In general , if (A ) has the L. C P the family (F(a )) 
a a 

need not have this property . However, when F has a left 
adjoint the family (F(a )) inher i t s the L, C P from (a ). 

a a 

Since a 'weak family can be thought of as a generalized or 
relat ive direct product, the question a r i s e s as to whether a 
family (a ) that defines a direct product in A is weak. 

a — 

PROPOSITION 2. Let (a ) define a d i rect product in A. 
The following a r e equivalent: 

(1) (a ) is weak; 
Û' 

(2) for each family (b ) of morph i sms of A, with domain 
a — 

B and range (A ), there is a unique morph ism f : F(B) *-» F(A) a 
with, for each a} F(a ) o f = F(b ). 

a a 
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In par t icular , (a ) is weak if F has a left adjoint or , more 

generally, if (F(a )) has the L C P . 
a 

Proof: Since (a ) defines a direct product in A, for 
— a —~ 

each family (b ) of morphisms of A, with domain B and 
a 

range (A ), there is a unique b : B -*• A with, for each a, 
a 

a o b = b . Consequently, there is at most one f : F(B) -* F(A) 
a a 

of the form F(b) where b satisfies, for each a, a o b =b . 
a a 

From this observation, it follows immediately that (1) and (2) 
a re equivalent. 

Examples. 

8. Let both Â  and E_ be the category of topological 
spaces and let F be the functor defined by the generalized 
Stone-Cech compactification. It is well known that F does 
not p rese rve direct products [4]. However, every family (a ) 

a. 
of continuous functions that defines a direct product is F-weak. 

9. Let A ^ F_ be the category of abelian groups and let 
F be the functor obtained by associating with each group A~ the 
tensor product A & Q . Denote by A a direct product of the 
modules 2£., where i = 1 , 2 , 3 , . . . and by (a.) the family of 

projections a. : A ~**2£.. The family (a.) is not F-weak. 

Clearly, for each i, F(X.) = 1 , ® fi is the zero group and 

F(A) =A ® Q is not the zero group. Hence, there a re at least 
two morphisms f , f : F(A) -* F(A) with, for each i, 

1 2 
F(a.) o f. =F(a.) =0 . 

The following proposition is a converse to proposition 2. 

PROPOSITION 3. If (a ) is a weak family in A for 
a '— 

which the family (F(a )) defines a direct product of the family 
a 

(F(A )), then (a ) defines a direct product of the family (A ). 
a a a 
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Proof: Let (b ) be a family of m o r p h i s m s b : B -* A 
———- a a a 

of A. There i s a unique m a p f : F(B) -*> F(A) = X wi th , for 
e a c h at f o f = F(b ). Since (a ) i s w e a k and F(a ) = f , 

a a a a a 
t h e r e i s a unique m a p b : B -*• A wi th , for e a c h a, a o b = b 

a a 
H e n c e , (a ) de f ines a d i r e c t p r o d u c t of (A ). 

a a 

L e t B be a t h i r d c a t e g o r y and let F : A -* E be equa l 
to HG, w h e r e G : A — B and H : B -*_E . ~" 

PROPOSITION 4. When H i s fai thful , a f a m i l y (a ) 

of m o r p h i s m s of A i s G - w e a k if i t i s F - w e a k . If the f ami ly 
of m o r p h i s m s (a ) i s G~weak 

a 
H - w e a k , t hen (a ) i s F - w e a k . 

of m o r p h i s m s (a ) i s G~weak and the f ami ly (G(a )) i s 
a a 

a 

Proof : A s s u m e tha t (b ) i s a f ami ly of m o r p h i s m s 
a 

b : B -*> A and tha t g : G(B) -*- G(A) i s such tha t , for e a c h a, 
a a 

G(a ) o g = G(b ). Then , for e a c h o<, F(a ) o H(g) = F(b ). 
or or a a 

Consequen t ly , t h e r e is a unique b : B -*• A wi th F(b) = H(g) 
and , for e a c h a, a o b = b . 

a a 

Since F(b) = HG(b) = H ( g ) , the fa i th fu lness of H i m p l i e s 
tha t g = G(b). C l e a r l y , t h e r e i s a t m o s t one b wi th G(b) = g 
and sa t i s fy ing the condi t ion a o b = b for e a c h a . 

a a 

L e t (b ) b e a f a m i l y of m o r p h i s m s b : B -* A and 
a a a 

le t f : F(B) — F(A) be such t ha t , for e a c h a , F (a ) o f = F(b ). 
a a 

Since (G(a )) i s H - w e a k , t h e r e i s a un ique g : G(B) -* G(A) 
a 

with , for e a c h a , G(a ) o g = G(b ) and H(g) = f . The 
a a 

G - w e a k n e s s of (a ) i m p l i e s tha t t h e r e e x i s t s a un ique b : B -** A 
Of 

with , for e a c h a , a o b = b and G(b) = g . 
a a 

C l e a r l y , F(b) =f . It r e m a i n s to show the u n i q u e n e s s of b , 
L e t b f : B -•> A be such t h a t , for e a c h a , a o b ' = b and 

a a 
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F(bf ) = f. Then, G(b! ) = g since, for each a , 
G(a ) o G(bf ) = G(b ) and HG(b')= F(bf ) = f. It then follows 

a a 
from the G-weakness of (a ) that b' = b . 

a 

Examples. 

10. Let A be a ring R viewed as a category and let B 
denote the category of abelian groups. Let G : A -* B be the 
functor corresponding to R as a left R-module and let 
H : B -*• E , where IC is the category of sets, be the forgetful 
functor. Then, F = HG is the functor of example 7. The 
faithfulness of H and proposition 4 imply that every r € R which 
is not a divisor of zero is G-weak. 

11. Lret A = B be the category of abelian groups and let 
E be the trivial category with one morphism. Denote by G the 
functor of example 9 and by H the unique functor from B to E. 
The family (a.) of example 9 is then F = HG-weak, but it is 

not G-weak. 

4. Weak families and direct products. Let S~L be an index 
set, and for each a € JX let 1(a) be an index set. For each 
6 € 1(a) let a ! : A -** A be a morphism of A, and for each 

a?P or ûrp — 

a € St let a : A «•-A . Define a to be a' o a . 
a a ap afi a 

PROPOSITIONS. If (a ) and, for each a, 
a 

(a1 ) are weak families, the family (a ) is weak. Conversely, 
ap ap 

if (a ) is weak the family (a ) is weak. 
ap , a 

Proof: Let (b ) be a family of morphisms b : B -*• A. 
— ap - ap ap 

Assume f : F(B) -*• F(A) is such that, for each a and p , 
F(a J of = F(b J . 

ap ap 

Let f : F(B) -*• F(A ) be the morphism F(a ) o f. Since, 
a a a 

for each a , (a* ) is weak, there is, for each a, a unique 
ap 

morphism b : B -* A with F(b ) = f and, for each P , 
a a a a 

af o b =b fl . 
x ap a ap 
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Since f = F(a ) o f = F(b ), t h e r e i s a unique b : B -*• A 
a a a 

with F(b) = f and , for e a c h a , a o b = b . It r e m a i n s to 
a a 

show t h a t b i s the unique m o r p h i s m wi th F(b) = f and , for 
e a c h a and ( 3 , a o b = b . 1 orp ûr(3 

A s s u m e F(b f ) =f and t h a t , for e a c h a and p , 
a o b 1 = b . Le t bT = a o b ' . T h e n , F ( b ! ) = F(a ) o f = f 

ap ap a a a a a 
and , for e a c h 6 , a1 o b 1 = b . T h e r e f o r e , b ! = b , 

ap a a$ a a 
F r o m t h i s i t fo l lows i m m e d i a t e l y t ha t b = b f . 

The proof of t h e c o n v e r s e i s s i m i l a r . 

A m o r p h i s m e of A wi l l be c a l l e d an e m b e d d i n g if e i s . 
weak and F(e) i s a m o n o m o r p h i s m . An objec t A of A wi l l 
be c a l l e d a subob jec t of B if t h e r e i s an e m b e d d i n g e : A -*- B » 

PROPOSITION 6. L e t (A ) be a f ami ly of o b j e c t s A 
a a 

of A. Le t (nA , p r ) b e a d i r e c t p r o d u c t of the f ami ly (A ) . 
— a a a 

A s s u m e tha t (pr ) i s w e a k and t h a t ( F ( p r )) h a s the L C P . 
a a 

The fol lowing s t a t e m e n t s a r e equ iva len t : 

(1) A i s a subob jec t of n A ; 
a 

(2) t h e r e i s a w e a k f a m i l y (a ) wi th d o m a i n A and r a n g e 
a 

(A ) for which (F(a )) h a s the L C P . 
a a 

Proof: T h e r e i s a 1-1 c o r r e s p o n d e n c e b e t w e e n f a m i l i e s 
(a ) wi th doma in A and r a n g e (A ) and m o r p h i s m s e : A -* nA 

a a a 
To the m o r p h i s m e c o r r e s p o n d s the f ami ly (a ) w h e r e , for 

a 
e a c h a, a = p r o e . Since (pr ) i s w e a k , p r o p o s i t i o n 5 

a a a 
shows tha t e i s w e a k if and only if t he c o r r e s p o n d i n g f ami ly 
(a ) i s weak

er 

If (F(a )) h a s the L C P i t i s c l e a r t h a t F(e) i s a 
a 

m o n o m o r p h i s m . C o n v e r s e l y , s ince ( F ( p r )) h a s the L C P , 
a 
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the family (F(a )) has the L C P whenever F(e) is a 
a 

monomorphism. 

Example. 

12. Let A be the category of topological spaces, let E 
be the category of se ts , and let F be the forgetful functor. 
A family (a ) with domain A is such that (F(a )) has the 

a a 
L C P if and only if the functions a separate the points of 

a 
F(A). Hence, the embedding lemma in [5] is a part icular case 
of the resul t in proposition 6. This proposition also shows that 
a s imilar embedding lemma holds for uniform spaces. 
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