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ON A GENERALIZATION OF A MODEL BY LINDLEY
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Abstract

The flexibility of a notion considered by Lindley and Singpurwalla is
pointed out. It is shown that their set-up can be generalized by looking at
systems whose component life lengths are a priori dependent.

BIVARIATE EXPONENTIAL DISTRIBUTION; DEPENDENT FAILURES

1. Introduction and the proposed model

Lindley and Singpurwalla (1986) consider the behavior of a two-component system, with
independent life lengths, in an environment which is harsher or gentler than the laboratory
environment. However, there are many situations wherein the assumption of independence in
the laboratory environment cannot be defended. A multivariate model, taking into account
component dependencies, would be a good starting point to generalize the Lindley and
Singpurwalla theme, and the object of this note is to point out one such generalization.

By way of motivation, consider a two-component system which operates in a test
environment consisting of shocks that lead to Marshall and Olkin's (1967) bivariate
exponential distribution, BYE (Ab A2 , A3) , as distribution for the component lifelengths. Note
here that the density of BYE (At, A2 , A3) can be written in the following form:

f( )
_ { A;Yj exP (- {A;X; + YjXj}) for O<x;<xj with 1~i*j~2,

Xt,X2 -
A3exp(-A,X) for 0<Xt=X2=X.

Here A= At + A2 + A3 and Y; = A; + A3 ; i = 1, 2.
The actual operating environments for the system often change over time, and are

usually harsher (or gentler) than the test environment. Let us assume that the operating
conditions remain the same over time, but the rate of occurrence of shocks is TJ times the rate
of occurrence of shocks in the test environment, where TJ is an unknown quantity whose
uncertainty is explained by the distribution function G(TJ) as follows:

a, b >0, TJ >0.

One would expect TJ > 1 for harsher operating conditions, and TJ < 1 for operating conditions
gentler than testing conditions (accelerated testing case, for example). Now, given TJ, the
component lifelengths will be conditionally distributed as BYE (TJAt, TJA2 , TJA3) where At, A2 ,
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A,3 are parameters of the joint distribution of lifetimes under test environment. Note that if
G -- BVE (71Ah 71A2, 71A3) and F -- BVE (Ah A2, A3), then the survival functions are related as
G(X1' X2) = [F(Xh X2)]". One can easily show that this condition occurs if and only if F and G
have proportional bivariate hazard rates. So we are assuming that the random environment is
changing the bivariate hazard rates of the component lifetimes in a proportionate manner, the
constant of proportionality being random.

We can show in this case that the unconditional joint density of lifetimes is

O<Xl =X2 =x,for[1+ Ox](a+1)

a(a + I)O;fJt for
11 0 < Xi < xj with

[1 + OiXi + 0tXj](a+2)

a03
(1.1)

where 0i = Ai/b; i = 1, 2, 3; 0t = OJ + 03 ; j = 1, 2 and 0 = 01 + O2+ 03 • We shall call this
BVE-G distribution.

2. Some properties of the model

The joint survival function, the marginal survival function and density function of
Xj' j = 1, 2 are as follows:

(2.1) F(X1' X2) = [1 + 01X1 + 02X2 + 03 max (XlJ X2)]-a; Xl' X2 ~ O.

(2.2) H](x)=Pr[Xj>x]=[1+0tx]-a; x~o.

(2.3) hj(x) = - ~ H](x) = aOt[l + 0txr<a+l); x ~O.

Note that (2.2) is the univariate Pareto type 2 distribution. Min {Xl' X 2} is also a univariate
Pareto type 2 distribution. This result can be useful in calculating reliability of a series system.
It is observed that if {(Xli~ Xu); l~i~n} is a random sample from distribution (2.1), then
(min {Xu, ... ,X1n}, min {X2lJ ... , X 2n}) is also from distribution (2.1) with parameters
(a' = na, 01, O2 , 03) . The distribution (2.1) can be shown to be bivariate decreasing failure
rate (BDFR) distribution and if (XlJ X 2) follows (2.1), then (XlJ X 2) is positively quadrant
dependent (POD).

The conditional density of X 2 given Xl =x l and the regression of X 2 on Xl are as follows:

O<Xl=X2=X,for

(a + 1)010i[1 + OlXl + Oix 2]-(a+2) for 0 <Xl <X2Oi[l + Oixl]-(a+l)

(a + 1)02[1 + 02X2 + Oix l]-(a+2)
!X2IXt=Xt(X2) = [1 + OiXl]-(a+l)

. 0
3(1

+ ox)-(a+l)
-Oi[1 + Oix ]-(a+1)

1 [X 0(1 + Ox )][ 1 + Ox ]-(a+l)
E[X21Xl =XI) = aO~ (1 + O~XI) - 03 O~ + a020~0; 1 + O~:l .
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Since one needs a > 2 for finite second moments, it can be shown that 0 < P < (0 + ( 3)/20.
Assuming 03 =0 one gets

E(~) = [(a - 1)Oj]-I; var (~) =a[(a - 1)2(a - 2)OJ]-t; j = 1, 2.

E(XI . X 2) = [(a -1)(a - 2)Ot02]-t; COV (Xl' X 2) = [(a -1)2(a - 2)Ot02]-t

cor (X b X 2 ) =a-I.

These results completely agree with Lindley and Singpurwalla's (1986) results.
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