DOUBLE TRANSITIVITY IN FINITE
PROJECTIVE PLANES

T. G OSTROM

Introduction. A projective plane is characterized to a certain extent
by the amount of transitivity it possesses. This amounts essentially to saying
that the plane is characterized by its group of collineations. The transitive
planes that have been most thoroughly studied are the cyclic planes (8; 10;
12; 13; 14).! It is believed that all finite cyclic planes are Desarguesian, but
it has not been proved that this is the case. Infinite cyclic non-Desarguesian
planes are known to exist (10). Closely allied are cyclic affine planes of
Hoffman (11). Zappa (17) has extended some of the notions of cyclic planes
to the case where the plane is transitive under a group of collineations which
is not necessarily cyclic. He arrives at a representation of the plane essentially
the same as Bruck’s group difference sets (6). Baer (3) has used a limited kind
of transitivity to coordinate planes. Bruck and Kleinfeld have shown that
alternative planes are transitive on quadrangles (7).

In this paper, we are limited to finite planes with #» 4 1 points on a line,
where 7 is odd and not a square. We show that such planes, if doubly trans-
itive, are Desarguesian. If they are doubly transitive on points not on a special
line, they are Veblen-Wedderburn planes which cannot be coordinatized by a
near-field.

1. Definitions and preliminary lemmas

DEeFINITION: A plane 7 will be said to be doubly transitive if, for every
two ordered pairs of points 4,B, and C,D (where A # B and C 5 D) there is
a collineation of = such that C is the image of 4 and D is the image of B.

LEMMA 1. If a collineation o leaves fixed every point on a line | and every line
through a point P, then no point not on | (with the possible exception of P) is
fixed unless o is the identity.

Proof. Suppose that Q ¢! is fixed by ¢, where Q % P. Since every line
through Q and a point of [ is fixed, every line through Q is fixed. Then every
point in the plane is fixed, since it must lie on a line through Q and a line
through P. Points on the line PQ are exceptions, but they must be fixed if
every other point of the plane is fixed.
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IThere is a misstatement in (14). On page 422, the remark immediately preceding Theorem
2.5 should read “... if two ovals have more than half of their points in common....” We
should also remark that the term ‘“‘perspectivity’’ as used in that paper is not intended to
indicate a collineation.
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Remark. 1t is fairly well known that if a collineation fixes every point on a
line, then it fixes every line through some point.

Definition: A collineation (not equal to the identity) which leaves fixed
every point on a line / and every line through a point P will be called a
perspectivity. The line [ will be called the axis of the perspectivity and P will
be called the center.

Definition: An involution is a collineation of order two.

LEMMA 2. If n is odd and not a square, every involution is a perspectivity in
which the center does not lie on the axis.

Proof. A collineation of order two leaves fixed the point of intersection
of each line with its image. Likewise, a line through a point and its image
will be fixed. The intersection of two fixed lines is a fixed point. Thus every
fixed line contains a fixed point and we have already shown that every other
line contains a fixed point. Our collineation ¢ is what Baer (4) calls a quasi-
perspectivity. He has shown that every quasi-perspectivity is either a perspect-
ivity or leaves fixed a subplane of order #*. Since # is not a square, ¢ is a
perspectivity. If the center P lies on the axis, consider any line (not equal to
the axis) which goes through P. By Lemma 1, we have a fixed line on which P is
the only fixed point. The # non-fixed points are interchanged in pairs, and =
must be even.

LEMMA 3. If the plane m is doubly transitive, = admits at least one tnvolution.

Proof. Let A and B be any two points of 7. If 7 is doubly transitive, there
exists a collineation ¢ such that A = B. Thus ¢ is of even order and, since =
is finite, some power of ¢ is of order two.

LeEMMA 4. Let p and o be two involutions with the same axis | but with different
centers. Then po is a perspectivity with axis | and center on .

Proof. Since every point on [ is left fixed by both p and o, these points are
left fixed by po. Suppose that some point Q not on / is fixed by po. If p inter-
changes Q with some point @, then ¢ must do likewise and therefore both
Q and Q, are fixed by po. If Q = Q,, then Q must be the common center for p
and o. If Q # Q4, po is the identity by Lemma 1 and p = 0.

LeEMMA 5. Let p and o be two involutions with the same center P but with
different axes. Then po is a perspectivity with center P and axis | which goes
through P.

LEMMA 6. Let p and o be two involutions such that the axis of each is incident
with the center of the other. T hen po is an involution with axis going through the
centers of p and o and center on the intersection of the axes of p and o.
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Proof. Let p have center P and axis I. Let Q and = be the center and axis
respectively of ¢. Let / and m intersect in R. Then P € mand Q € I. P, Q, and
R are fixed by both p and o, and therefore by po. Likewise, lines I, m, and PQ
are fixed by both p and ¢. Let 4 and A4, be two points on / interchanged by o.
Since all points of [ are fixed by p, po also interchanges 4 and A4,. Similarly,
if p interchanges B and B; on m, po also interchanges B and B;. Thus, except for
P, Q, and R, the points on / and m are interchanged in pairs by po.

Let X be any point not on the sides of the triangle PQR. Let PX intersect /
in the point 4 and let QX intersect m in the point B. Let A = 4, and B = B,
under po. Then if PA, and QB; intersect in X;, X and X are interchanged by
po. We conclude that pe must be an involution with axis PQ and center R.

Definition. If there is an involution with center P and axis /, [ will be said
to be an axis of P.

2. Doubly transitive planes

THEOREM 1. Let 7 be a doubly transitive finite plane, where n is odd and not
a square. Then w 1s Desarguesian.

Proof. By Lemmas 2 and 3, = admits an involution ¢ with some axis /
and center P ¢[. Let A be some point on [ and 4, be some point not on /.
Consider the collineation p which carries P into P and 4 into 4. This collinea-
tion will carry / into some line /; # I. Then I; will be an axis of P with respect
to the involution p~lop.

Let ! and I intersect in Q. Then Q lies on at least two axes of P. Suppose that
Q lies on exactly k axes of P. Given any point Q; # P, there is a collineation
which leaves P fixed and carries Q into Q;. Hence every point except P lies
on k axes of P, since a collineation which fixes P maps axes of P into axes of P.

Now no line through P can be an axis of P, since # is odd. Consider any line
through P. This line will contain 7 points besides P, each lying on k axes of P.
Hence there are exactly nk axes of P.

If I is some axis of P, each of the » + 1 points on / must lie on £ — 1 axes
of P besides [ itself. Hence

nk=m+1k-1)+1

and k = n. Therefore, each of the #? lines not through P is an axis of P.
Now, let Q # P and let ¢ = 01, 09, ..., 0, be involutions corresponding
to the n axes of P which go through Q. Then 1 = g0y, 00s, ..., 00, are n
distinct collineations, which by Lemma 5 are perspectivities with center P
and axes which go through P. Moreover, they all have the same axis PQ,
since Q is fixed in each case. Let 4 be any point not on the line PQ. The
images of A under the collineations 7; = o0 all lie on the line 4 P. Moreover,
if 7; ¥ 7, the image of 4 under 7, is different from its image under 7, for
otherwise 7,7;7! would leave A fixed as well as every point on PQ and every
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line through P. By Lemma 1, 7,7;7! would then be the identity. Since there
are n collineations 7;, 4 can be carried into every point on AP except P by
some collineation ;.

Baer (3, Theorem 6.2) has shown that this implies that the Minor Theorem
of Desargues is satisfied for center P and axis PQ. By further use of double
transitivity, there are sufficient collineations to leave P fixed and carry PQ
into any line through P, and finally P can be taken into any point. Thus the
Minor Theorem of Desargues is satisfied throughout and the plane is alter-
native (9). But Zorn (18) has shown that every finite alternative division
ring is Desarguesian.

3. Planes doubly transitive except for points on a special line

LeEMMA 7. Let the plane m admit a group of collineations =T which is doubly
transitive for points not on the line l,. Then (a) if P € 1, the group which leaves
P and 1, fixed s transitive on finite points and (b) Z is transitive over points on
Lo

Proof. Without loss of generality, we can assume that Z leaves [ fixed,
since otherwise 7 is doubly transitive on all points and the plane is Desargue-
sian. Let 4, B and A4, B; be two pairs of finite points such that 4, B and P
are collinear and also 4., By, and Q are collinear, where Q € .. Then the
member of ¥ which carries the pair 4, B into the pair 4,, By will carry P
into Q. If P = Q, P is fixed.

Definition. A perspectivity with axis /, and center on /., will be called a
translation.

LEMMA 8. Let w be a plane of order n, where n is odd and not a square. If
admits a group Z of collineations as in Lemma 7, then = admits a translation.

Proof. As in Lemmas 2 and 3, = admits an involution with some axis /
and center P ¢ 1. Suppose first that [ is the axis of an involution and P ¢
is the center. Since we have transitivity on finite points, there is another
involution with center P; ¥ P, and with /_ as axis. In this case, Lemma 8
follows from Lemma 4.

On the other hand, suppose that there is an involution with some ordinary
line [ as axis. Since [ is fixed, the center P is on [,. From Lemma 7(a), every
finite point is on an axis of P and P has more than one axis.

Now if two axes of P go through the same point Q € [, it follows from
Lemma 5 that there is a perspectivity with center P and axis through P.
Moreover, Q is on the axis (by Lemma 1) which must therefore be /.

Thus, Lemma 8 is established except for the possibility that no two axes
of P intersect in a point on /. Let m be an ordinary line through P. Corres-
ponding to the » finite points on m, there are n axes of P. If no two of them
intersect on a point of [, every point on [/, except P must lie on an axis of P.
From Lemma 7(b), it follows that a similar statement must hold for every
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point on /. Thus, there exist points P and Q € /, for which the conditions of
Lemma 6 apply and [, is the axis of some involution. But we have already
shown that Lemma 8 follows in this case.

THEOREM 2. Let w be a plane of order n, where n is odd and not a square and
let 7 be doubly transitive on points not belonging to the line l.. Then (a) 7 1s a
Veblen-Wedderburn plane and (b) m is Desarguesian if any of the coordinate
rings (using l,, as the special line) satisfy the left distributive law or the associative
law for multiplication.

Proof. By Lemma 8, = admits a translation. Suppose that 4 — B under a
translation. From the double transitivity, it follows that any finite point 4,
can be carried into any finite point B; by a translation. (Recall that, without
loss of generality, we can assume that I, is fixed by all collineations.) Thus
finite points are transitive under translations. André (1) calls such planes
translations planes and has shown that they are Veblen-Wedderburn planes.

André also has divided translations planes into six mutually exclusive
classes (2, Theorem 4). In cases II and IV, the plane is not transitive on
infinite points, contrary to Lemma 7. Case III is Desarguesian if = is finite.
Case V is doubly transitive on finite points, but » is a square (n = 9). The
remaining two cases are those in which = is Desarguesian or in which no
coordinate ring satisfies either the left distributive law or the associative law.
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