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ABSTRACT

Sen attached to each p-adic Galois representation of a p-adic field a multiset of numbers
called generalized Hodge—Tate weights. In this paper, we discuss a rigidity of these
numbers in a geometric family. More precisely, we consider a p-adic local system on
a rigid analytic variety over a p-adic field and show that the multiset of generalized
Hodge—Tate weights of the local system is constant. The proof uses the p-adic Riemann—
Hilbert correspondence by Liu and Zhu, a Sen—Fontaine decompletion theory in the
relative setting, and the theory of formal connections. We also discuss basic properties
of Hodge—Tate sheaves on a rigid analytic variety.

1. Introduction

In the celebrated paper [Tat67], Tate studied the Galois cohomology of p-adic fields and obtained
the so-called Hodge-Tate decomposition of the Tate module of a p-divisible group with good
reduction. The paper has been influential in the developments of p-adic Hodge theory, and
one of the earliest progresses was done by Sen. In [Sen81], he attached to each p-adic Galois
representation of a p-adic field k a multiset of numbers that are algebraic over k. These numbers
are called generalized Hodge—Tate weights, and they serve as one of the basic invariants in p-adic
Hodge theory, especially for the study of Galois representations that may not be Hodge—Tate
(e.g. Galois representations attached to finite slope overconvergent modular forms).

In this paper, we study how generalized Hodge—Tate weights vary in a geometric family. To
be precise, we consider an étale Q)-local system on a rigid analytic varieties over k£ and regard
it as a family of Galois representations of residue fields of its classical points. Here is one of the
main theorems of this paper.

THEOREM 1.1 (Corollary 4.9). Let X be a geometrically connected smooth rigid analytic variety
over k and let I. be a Q-local system on X. Then the generalized Hodge-Tate weights of the
p-adic Galois representations Lz of k(x) are constant on the set of classical points x of X.

The theorem gives one instance of the rigidity of a geometric family of Galois representations.
It is worth noting that arithmetic families of Galois representations do not have such rigidity;
consider a representation of the absolute Galois group of k with coefficients in some Q)-affinoid
algebra. One can associate to each maximal ideal a Galois representation of k. In such a situation,
the generalized Hodge-Tate weights vary over the maximal ideals.
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CONSTANCY OF GENERALIZED HODGE—TATE WEIGHTS OF A LOCAL SYSTEM

To explain ideas of the proof of Theorem 1.1 as well as other results of this paper, let us
recall the work of Sen mentioned above. For each p-adic Galois representation V of k, we set

H(V) = (V ®q, Cp)Cellk/ke)

where C, is the p-adic completion of k and koo := k(pipe) is the cyclotomic extension of k. This is
a vector space over the p-adic completion K of ko, equipped with a continuous semilinear action
of Gal(keo/k) and satisfies dimg H(V') = dimg, V. Sen developed a theory of decompletion; he
found a natural koo-vector subspace H(V)a, C H(V') that is stable under Gal(koo/k)-action and
satisfies H(V )an @k, K = H(V'). He then defined a ko-endomorphism ¢y on H(V )gy, called the
Sen endomorphism of V| by considering the infinitesimal action of Gal(ks/k). The generalized
Hodge—Tate weights are defined to be eigenvalues of ¢y .

Therefore, the first step toward Theorem 1.1 is to define generalizations of H(V') and ¢y for
each Qp-local system. For this, we use the p-adic Simpson correspondence by Liu and Zhu [LZ17];
based on recent developments in relative p-adic Hodge theory by Kedlaya—Liu and Scholze, Liu
and Zhu associated to each Q)-local system L on X a vector bundle (L) of the same rank on
Xk equipped with a Gal(ks/k)-action and a Higgs field, where X is the base change of X to
K. When X is a point and LL corresponds to V, this agrees with (V') as the notation suggests.
Following Sen, we will define the arithmetic Sen endomorphism ¢y, of L by decompleting (L)
and considering the infinitesimal action of Gal(ks/k). Then Theorem 1.1 is reduced to the
following.

THEOREM 1.2 (Theorem 4.8). The eigenvalues of ¢y, for v € X are algebraic over k and
constant on Xg.

Before discussing ideas of the proof, let us mention consequences of Theorem 1.2. Sen proved
that a p-adic Galois representation V' is Hodge—Tate if and only if ¢y is semisimple with integer
eigenvalues. In the same way, we use ¢r, to study Hodge-Tate sheaves. We define a sheaf Dy (L)
on the étale site X¢; by

DHT(L) = Uy (L ®Qp OBHT),

where OBy is the Hodge-Tate period sheaf on the pro-étale site X 06t and v : Xpr060 — Xy is
the projection (see §5). A Qp-local system L is called Hodge—Tate if Dyt(LL) is a vector bundle
on X of rank equal to rank L.

THEOREM 1.3 (Theorem 5.5). The following conditions are equivalent for a Q,-local system L
on X:

(i) L is Hodge—Tate;

(ii) ¢ is semisimple with integer eigenvalues.

The study of the Sen endomorphism for a geometric family was initiated by Brinon as a
generalization of Sen’s theory to the case of non-perfect residue fields [Bri03]. Tsuji obtained

Theorem 1.3 in the case of schemes with semistable reduction [Tsull].
Using this characterization, we prove the following basic property of Hodge-Tate sheaves.

THEOREM 1.4 (Theorem 5.10). Let f : X — Y be a smooth proper morphism between smooth

rigid analytic varieties over k and let I be a Z,-local system on X¢. Then if L is a Hodge—Tate
sheaf on X¢, R f.L is a Hodge-Tate sheaf on Y.
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Hyodo introduced the notion of Hodge—Tate sheaves and proved Theorem 1.4 in the case of
schemes [Hyo86]. Links between Hodge-Tate sheaves and the p-adic Simpson correspondence can
be seen in his work and were also studied by Abbes—Gros—Tsuji [AGT16] and Tsuji [Tsul8]. In
fact, they undertook a systematic development of the p-adic Simpson correspondence started by
Faltings [Fal05] and their focus is much broader than ours. Andreatta and Brinon also studied
Higgs modules and Sen endomorphisms in a different setting [AB10]. In these works, one is
restricted to working with schemes or log schemes, whereas we work with rigid analytic varieties.

We now turn to the proof of Theorem 1.2. The key idea to obtain such constancy is to
describe ¢, as the residue of a certain formal integrable connection. Such an idea occurs in
the work [AB10] of Andreatta and Brinon. Roughly speaking, they associated to L a formal
connection over some pro-étale cover of Xx when X is an affine scheme admitting invertible
coordinates. In our case, we want to work over Xpg, and thus we use the geometric p-adic
Riemann-Hilbert correspondence by Liu and Zhu [LZ17] and Fontaine’s decompletion theory for
the de Rham period ring Bgr(K) in the relative setting.

Liu and Zhu associated to each Qp-local system L. on X a locally free Ox ® Bgr (K)-module
RH(L) equipped with a filtration, an integrable connection

V:RH(L) - RH(L) ® QL,

and a Gal(ks/k)-action (see §4.1 for the notation). To regard ¢r, as a residue, we also need a
connection in the arithmetic direction Bqg(/K). For this we use Fontaine’s decompletion theory
[Fon04]; recall the natural inclusion ks ((t)) C Bqr(K) where t is the p-adic analogue of the
complex period 27i. Fontaine extended the work of Sen and developed a decompletion theory
for Bqr (K )-representations of Gal(ks/k). We generalize Fontaine’s decompletion theory to the
relative setting, i.e. that for Ox ® Bgg (K )-modules (Theorem 2.5 and Proposition 2.24), which
yields an endomorphism ¢qr 1, on RH(L)s, satisfying

Par,L(t"v) = nt"v + 1" dar,L(v)
and gr’ ¢dr,1. = ¢L. Informally, this means that we have an integrable connection

vV + gbdtﬂ ®dt : RH(L) - RH(L) ® (Ox @ Bar(K)) ® Q% + (Ox & Bar(K)) ® dt)

over X ® Byr(K) whose residue along ¢ = 0 coincides with the arithmetic Sen endomorphism ¢r..

We develop a theory of formal connections to analyze our connection and prove Theorem 1.2.
Finally, let us mention two more results in this paper. The first result is a rigidity of Hodge—

Tate local systems of rank at most two.

THEOREM 1.5 (Theorem 5.12). Let X be a geometrically connected smooth rigid analytic
variety over k and let . be a Q,-local system on Xg. Assume that rankIL is at most two.
If Lz is a Hodge—Tate representation at a classical point x € X, then L is a Hodge—Tate sheaf.
In particular, Ly is a Hodge-Tate representation at every classical point y € X.

Liu and Zhu proved such a rigidity for de Rham local systems [LZ17, Theorem 1.3]. We do
not know whether a similar statement holds for Hodge-Tate local systems of higher rank.

The second result concerns the relative p-adic monodromy conjecture for de Rham local
systems; the conjecture states that a de Rham local system on X becomes semistable at every
classical point after a finite étale extension of X (cf. [KL15, §0.8], [LZ17, Remark 1.4]). This
is a relative version of the p-adic monodromy theorem proved by Berger [Ber(02], and it is a
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major open problem in relative p-adic Hodge theory. We work on the case of de Rham local
systems with a single Hodge—Tate weight, in which case the result follows from a theorem of Sen
(Theorem 5.13).

THEOREM 1.6 (Theorem 5.15). Let X be a smooth rigid analytic variety over k and let . be a
Zy-local system on Xg. Assume that L is a Hodge—Tate sheaf with a single Hodge—Tate weight.
Then there exists a finite étale cover f : Y — X such that (f*L)y is semistable at every classical
point y of Y.

This is the simplest case of the relative p-adic monodromy conjecture. In [Col08], Colmez
gave a proof of the p-adic monodromy theorem for de Rham Galois representations using Sen’s
theorem mentioned above. It is an interesting question whether one can adapt Colmez’s strategy
to the relative setting using Theorem 1.6.

The organization of the paper is as follows: § 2 presents Sen—Fontaine’s decompletion theory
in the relative setting. In § 3, we review the p-adic Simpson correspondence by Liu and Zhu, and
define the arithmetic Sen endomorphism ¢y . Section 4 discusses a Fontaine-type decompletion
for the geometric p-adic Riemann—Hilbert correspondence by Liu and Zhu, and develops a theory
of formal connections. Combining them together we prove Theorem 1.1. Section 5 presents
applications of the study of the arithmetic Sen endomorphism including basic properties of
Hodge—Tate sheaves, a rigidity of Hodge—Tate sheaves, and the relative p-adic monodromy
conjecture.

Conventions. We will use Huber’s adic spaces as our language for non-Archimedean analytic
geometry. In particular, a rigid analytic variety over QQ, will refer to a quasi-separated adic space
that is locally of finite type over Spa(Qy,Zy). See [Hub94, § 4], [Hub96, 1.11.1].

We will use Scholze’s theory of perfectoid spaces and pro-étale site. For the pro-étale site,
we will use the one introduced in [Sch13, Sch16].

2. Sen—Fontaine’s decompletion theory for an arithmetic family

2.1 Set-up

Let k£ be a complete discrete valuation field of characteristic 0 with perfect residue field of
characteristic p. We set kp, := k(upm) and ko 1= h_r)nmk:m Let K denote the p-adic completion
of keo. We set I'y := Gal(k/k). Then 'y is identified with an open subgroup of Z; via the
cyclotomic character x : I'y, — Z, and it acts continuously on K.

Let L}, (respectively Lqr) denote the de Rham period ring B, (K) (respectively Byr(K))
introduced by Fontaine. We fix a compatible sequence of p-power roots of unity ({») and set
t := log[e] where € = (1,(p, (p2,...) € Ogs. Then I'y acts on ¢ via the cyclotomic character and
the Z,-submodule Z,t C LCTR does not depend on the choice of ({,»). Note that Lgg is a discrete
valuation ring with residue field K, fraction field Lgg, and uniformizer ¢, and that k.o[[t]] is
embedded into L:{R.

We now recall the Sen-Fontaine’s decompletion theory [Sen81, Theorem 3|, [Fon04,
Théoreme 3.6).

THEOREM 2.1. (i) (Sen) Let V be a K-representation of I'y,. Denote by Vg, the union of finite-
dimensional k-vector subspaces of V' that are stable under the action of I'y,. Then the natural
map

Vin @po £ =V

is an isomorphism.
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(ii) (Fontaine) Let V be an L ,-representation of I', and set

Vin = l(iLn(V/th)ﬁn,

where (V/t"V )gy, is defined to be the union of finite-dimensional k-vector subspaces of V/t"V
that are stable under the action of I'y,. Then the natural map

Viin @k 1)) Lir

is an isomorphism.

Using this theorem, Sen defined the so-called Sen endomorphism ¢y on V for a K-
representation V' of I'y (cf. [Sen81, Theorem 4]), and Fontaine defined a formal connection on
Viin for an L, -representation V of I'y (cf. [Fon04, Proposition 3.7]).

We now turn to the relative setting. Let A be a Tate k-algebra that is reduced and
topologically of finite type over k. It is equipped with the supremum norm and we use this
norm when we regard A as a Banach k-algebra. We further assume that (A, A°) is smooth over
(k,Ok). We set

Akm = A®k km, Aoo = ll_I)nmAkm and AK = A®k K.

Here we use a slightly heavy notation A, to reserve A,, for a different ring in a later
section. Since A, k,,, and K are all complete Tate k-algebras, the completed tensor product is
well-defined (or one can use Banach k-algebra structures). Note that Ay (respectively Ag) is a
complete Tate kp,-algebra (respectively K-algebra), that A, is a Tate koo-algebra and that Ag
is the completion of A.

We introduce the relative versions of koo |[[t]], Liz, and Lqr over A. We set

A [[t] = tim A1)/ ("),

and equip A [[t]] with the inverse limit topology of Tate koo-algebras Ao [t]/(t™). We also set

AQ LI = l(i£1A®kL§R (t"),

and equip A ® L:{R with the inverse limit topology. We finally set
A®Lgr = (A® L:{R) [t

and equip A ® Lqr with the inductive limit topology. Note that I'j, acts continuously on these
rings (cf. [Bell5, Appendix]).

DEFINITION 2.2. In this paper, an A® LXR—representation of T is an A® L:{R—module V that is
isomorphic to either (A& LJR)" or (A® L1 /(t"))" for some r and n, equipped with a continuous
A®LIR—semilinear action of I'y,. We denote the category of A®L§R—representations of I'y by
Repr, (A® LY;). An A® L};-representation of 'y, that is annihilated by ¢ is also called an
Ag-representation of T'y.
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If V is isomorphic to either (A® L1;)" or (A® L /(t"))" then V admits a topology by
taking a basis and the topology is independent of the choice of the basis. Thus the continuity
condition of the action of I';, makes sense. Note that if V is an A®LIR—representation of T'g,
then so are t"V and V/t"V.

We are going to discuss the relative version of Sen—Fontaine’s theory. Namely, we will work
on Ag-representations of I'y, and A®L3R—representations of I'y. Note that Sen’s theory in the
relative setting is established by Sen himself [Sen88, Sen93] and that Fontaine’s decompletion
theory in the relative setting is established by Berger—Colmez and Bellovin for representations
which come from A-representations of Gal(k/k) via the theory of (¢, T')-modules [BC08, Bell5].
Since we need a Fontaine-type decompletion theory for arbitrary A & LérR-representations of T'g,
we give detailed arguments; we will discuss the decompletion theory in the next subsection, and
define Sen’s endomorphism and Fontaine’s connection in § 2.3.

We end this subsection with establishing basic properties of the rings we have introduced.

PROPOSITION 2.3.
i ) Ak 00 ).
(i) For eachn > 1, A®y L1 /(t") is Noetherian and faithfully flat over Aso[t]/(t")
(il) A® LY, is a t-adically complete flat L};-algebra with (A® L1)/(t") = A&k Lig /(7).

Proof. For (i), the first assertion is proved in [BMS18, Lemma 13.4]. We prove that A @y L1y /(t")
is faithfully flat over As[t]/(t").

First we deal with the case n = 1, i.e. faithful flatness of Ax over A,,. The proof is similar to
that of [AB10, Lemme 5.9]. Recall Ay = lim Ay, . Since kp, and K are both complete valuation

fields, Ax = Ay, ®,, K is faithfully flat over Ay (e.g. use [BGR84, Proposition 2.1.7/8 and
Theorem 2.8.2/2]).

We prove that Ag is flat over A,. For this it suffices to show that for any finitely generated
ideal I C As, the map I ®4_ Ax — Ak is injective. Take such an ideal I. As [ is finitely
generated, there exist a positive integer m and a finitely generated ideal I,,, C A, such that
I =Tm(l;, ®a, Ac — Ax). Since Ak is flat over Ay, ,, the map I,,®4, Ak — Ak is injective.
On the other hand, this map factors as I;, ®4,, Ax — [ ®a,, Ax — Ak and the first map is
surjective by the choice of I,,,. Hence the second map I ® 4 Ax — Ag is injective.

For faithful flatness, it remains to prove that the map Spec Ax — Spec A, is surjective.
Assume the contrary and take a prime ideal 8 € Spec A, that is not in the image of the map.
Set p =P N A € Spec A. Note that the prime ideals of Ay, above p are conjugate to each other
by the action of I'y. From this we see that no prime ideal of A, above p is in the image of
Spec A — Spec As,. Hence p does not lie in the image of Spec Ax — Spec A, which contradicts
that Ak is faithfully flat over A.

Next we deal with the general n. By the local flatness criterion [Mat89, Theorem 22.3] applied
to the nilpotent ideal () C A[t]/(t"), the flatness follows from the case n = 1. Moreover,
since Spec Ax — Spec Ao, is surjective, so is Spec A®y L1;/(t") — Spec Axo[t]/(t"). Hence
A®y, LIz /(™) is faithfully flat over A [t]/(t™).

Assertion (ii) is proved in [BMS18, Lemma 13.4]. Note that the proof of [BMS18, Lemma 13.4]
works in our setting since we assume the smoothness of A. O

2.2 Sen—Fontaine’s decompletion theory in the relative setting
DEFINITION 2.4. For an A ® L(J{R—representation V of I'y, we define the subspace Vg, as follows.

— If V is annihilated by t" for some n > 1, then Vj, is defined to be the union of finitely
generated A-submodules of V' that are stable under the action of I'y.

2611

https://doi.org/10.1112/50010437X1800742X Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X1800742X

K. SHiMIZU

— In general, define
Vin = Im(V/t"V )gy.

<—
n

If V is killed by ", then Vi, is an A [t]/(t")-module. In general, Vg, is an A[[t]]-module
equipped with a semilinear action of I'.
The following theorem is the main goal of this subsection.

THEOREM 2.5. For an A® LIR—representation V of '), that is finite free of rank r over A ® L:{R,
the Ao[[t]]-module Vg, is finite free of rank r. Moreover, the natural map

Vin @4 ) (AR LjR) =V
is an isomorphism, and Vg, /t"Vgy, is isomorphic to (V/t"V )g, for each n > 1.

The key tool in the proof is the Sen method, which is axiomatized in [BCO08, § 3]. We review
parts of the Tate—Sen conditions that are used in our proofs. For a thorough treatment, we refer
the reader to [BCO8, § 3].

Consider Tate’s normalized trace map

Rim =Ryt K — k.
On kpyqny C K, this map is defined as

-1
(Emams : km) trk7n+m//km tkpamt = km,

and it extends continuously to Ry, ., : K — ky,. We denote the kernel Ker Ry, ,,, by X,,,. The map
Ry, ., extends A-linearly to the map Ra,, : Ax — Ag,,. Fix a real number c3 > 1. By work of
Tate and Sen [BCO8, Propositions 3.1.4 and 4.1.1], Gg = Tk, A = Ak, R, and the valuation val
on A satisfy the Tate-Sen axioms in [BCO8, § 3] for any fixed positive numbers ¢; and cs.

In particular, X4 ,, = A&y X is the kernel of R4 m, and we have topological splitting
Ag = Ay, ® Xam. For v € I'y, let m(vy) € Z be the valuation of x(v) — 1 € Z,. Then there
exists a positive integer m(k) such that for each m > m(k) and v € I'y with m(vy) < m, v —11s
invertible on X 4 ,, and

val((y — 1) "'a) = val(a) — c3

for each a € Ag.
Finally, for each matrix U = (a;j) € M,(Ak), we set valU := min, j val a;;.

PROPOSITION 2.6. Each finitely generated A-submodule of Ak that is stable under the action
of an open subgroup of I'y, is contained in A.

Proof. We follow the proof of [Sen81, Proposition 3]. By [BCO08, Corollaire 2.1.4], there exist
complete discrete valuation fields Ei, ..., Es and an isometric embedding A < []7_; E;. Then
extending the scalar yields an isometric embedding

S S
A = Ap,, & Xagm = [[ Bi&n K = [[(Bi @ b © Ei &g Xom)
i1 i=1

preserving the topological splittings.
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Let I') be an open subgroup of I'y and W a finitely generated A-submodule of Ak that is
stable under the action of F;C. Let W; be the finite-dimensional Ej;-vector subspace of E; @ K
generated by the image of W under the map Ax — [[;_; E; ®x K — E; ®; K. To prove that W
is contained in A = ,,, Ak, it suffices to prove that for each 4, there exists a large integer m
such that W; is contained in E; ®p k.

Replacing I') by a smaller open subgroup if necessary, we may assume that there exists a
topological generator « of I',. Replacing Ej; by a finite field extension, we may also assume that
all the eigenvalues of the E;-endomorphism ~ on W; lie in E;.

Let w € W; be an eigenvector for v and let \; € E be its eigenvalue. Note that I'} acts
continuously on W;. When j goes to infinity, 47 approaches 1 and thus AP’ approaches 1. This
implies that A is a principal unit, i.e. |\ —1|g, < 1.

LEMMA 2.7. The eigenvalue X is a p-power root of unity.

Proof. We follow the proof of [Tat67, Proposition 7(c)]. Assume the contrary. We will prove
that v — A : B; @, K — E; @, K is bijective, which would contradict that the non-zero element
w € W; C E; @y, K satisfies (y — A)w = 0.

Let m be the integer such that k,, is the fixed subfield of ko, by 7. Consider the map v —1:
E; 9, K — E; @, K. This map preserves the decomposition E; @ K = E; Qp, km @ E; O Xon.
Moreover, it is zero on E; ®y, k,, and bijective on E; @ X,, with continuous inverse. Denote the
inverse by p. Then p is a bounded E; @y, kp-linear operator with operator norm at most p©.
Since A € E; and )\ # 1, the map v — ) is bijective on E; @, kp,. So it suffices to prove that v — A
is bijective on E; @ Xm.

As operators on E; @, X,,, we have

(Y=Np=((r—1)-A=-1)p=1-(A=1)p.

Thus if |A — 1|g,p® < 1, then 1 — (A — 1)p has an inverse on E; @) X,,, given by a geometric
series, and hence v — A\ admits a continuous inverse on E; ®p X,. If A — 1] Ep? > 1, first take a
large integer j with [AP — 1| g, p® < 1. Then we can prove that AP" — X’ has a bounded inverse
on E; @i X,,. Hence so does v — A O

We continue the proof of the proposition. Since each eigenvalue of v on W; is a p-power root
of unity, we replace v by a higher p-power and may assume that + acts on W; unipotently. Thus
v — 1 acts on W; nilpotently.

Let m be the integer such that k,, is the fixed subfield of k., by . Then the map v —
1: B0 K — E; &, K is zero on E; @y ky, and bijective on E; ®p, X,,. This implies that the
nilpotent endomorphism v — 1 on W; is actually zero and thus W is contained in E; @, k. O

Ezxample 2.8. For the trivial Ag-representation V. = A of I'y, we have Vi, = As by
Proposition 2.6.

The following theorem describes Vg, for a general Ag-representation V of I'y, and it was
first proved by Sen [Sen88, Sen93].

THEOREM 2.9. For an Ag-representation V of I'y, the Aso-module Vg, is finite free. Moreover,
the natural map
Vin ®4 o Ag -V

is an isomorphism.
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Proof. First we prove the following lemma.

LEMMA 2.10. There exist an Ax-basis v1,...,v, € V and a large positive integer m such that
the transformation matrix of vy with respect to this basis has entries in Ay, for each v € I'y.

Proof. This follows from the Tate—Sen method for I'y-representations in the relative setting.
By [Che09, Lemme 3.18], V has a I'j-stable Aj-lattice. Note that [Che09, Lemme 3.18] only
concerns reduced affinoid algebras over a finite extension of @, but the same proof works for A
since one can apply Raynaud’s theory to Ag.

By [BCO08, Corollaire 3.2.4], there exist an Ag-basis v1,...,v, € V, a large positive integer
m, and an open subgroup I'), of T'y, such that the transformation matrix of v with respect to this
basis has entries in Ay, for each v € I'}.. By shrinking I"} if necessary, we may also assume that
I, acts trivially on Ay, ,.

For each v € T', we denote by U, € GL,(Ak) the transformation matrix of v with respect
to v1,...,v,. Note that U, = U,y(Uy) for v, € T.

Take a set {v1,...,7s} of coset representatives of I'y /') and let W be the finitely generated
Ay,,-submodule of A generated by the entries of Uy,,...,U,,. Since U,,,» = U,,7;(U,) and
7i(Uy) has entries in Ay, , for 4/ € I, by our construction, it follows that W is independent of
the choice of the representatives 71, ...,7s. Moreover, we have v'(U,,) = U ;1Uy% for o € T
From this we see that W is stable under the action of I'.

Proposition 2.6 implies that W C A, namely, U,,,...,U,, € GL,(A). Thus if we increase
m so that Uy,,...,U,, € GL.(Ay,,), then U, € GL,(Ay,,) for any v € I';. O

We keep the notation in the proof of the lemma. From the lemma, we see that _; Asv; C
Viin. So it suffices to prove that this is an equality.

Take any v € Vay,. Let W, be the Ay, -submodule of Ag generated by the coordinates of yv
with respect to the basis vy, ..., v, where v runs over all elements of I'y. Since v € Vg, this is a
finitely generated Ay, -module.

Write v = Z;Zl a;v; with a; € Ax and denote the column vector of the a; by @. Then it is
easy to see that W, is generated by the entries of U,y(a@) (v € I'y). Since Uy, = U,~'(U,) for
v,v € I'g, we compute

Y (U(@) = U Uy (7/7)(@).
From this we see that W, is stable under the action of I'j.
By Proposition 2.6, we have W, C As. In particular, ai,...,a, € Ay and thus v €

@::1 Asov;. O

PROPOSITION 2.11. Let V be an A® LjR—representation of I'y. If V is finite free of rank r over
A® LI, /(t"), then Vg, is finite free of rank r over A[t]/(t"). Moreover, the natural map

Vin @ (1) (A@ Lg) = V
is an isomorphism.

Proof. We prove this proposition by induction on n. When n = 1, this is Theorem 2.9. So we
assume n > 1.

Set V' :=t""'V and V" := V/V'. They are A® L}-representations of I'y and V" is finite
free of rank r over A® L1, /(t"~1). By induction hypothesis, V{/ is finite free of rank r over
Aco[t]/(t"1) and Vi @ 4 jyn-1) AQ L3R /(") = V"
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Take lifts vq,...,v, of a basis of V{ to V. Then v1,...,v, form an Ay[t]/(t")-basis of V.
We will prove that after a suitable modification of v1,..., v, the transformation matrix of v on
V' with respect to the new basis has entries in A [t]/(t") for every v € I'.

Suppose that we are given an element y of I'y. For each 1 < j < r, write yv; = >/, ai;jv;
with a;; € A® L1, /(t"). Then the r x r matrix T := (a;;) is invertible since it is invertible

—1 .
modulo ¢"~'. By the property of V{/ , we can write
ag = ay +t" laj;,  af; € A[t]/(t"), ai; € Ak = A® LI /().
Set U := (a; mod t) € M,(As). This is invertible. In fact, U is the transformation matrix of

ij
acting on V/tV with respect to the basis (v; mod t).

Since T’y acts continuously on V/tV, val(U — 1) > ¢3 and m(y) > max{cs, m(k)} for some
~v # 1 close to 1. From now on, we fix such ~.

CLAIM 2.12. There exists an element in GL,(A® L1 /(t")) of the form 1+ ¢"~'M with M €
M, (Ag) such that the r X r matrix

(1+t" M)~ Ty 4t M)
lies in GL, (Ao [t]/(t™)).
Proof. Noting that every element in A ® L(J{R (t") is annihilated by ¢", we compute

(L™ M) Ty (L + " M) = (1 — " M)T (1 + x ()" 1"y (M)
=T — " (MT — x(7)" "' T(M))
— 20X ()" MTY(M)
=T —t" (MU = x(7)"'U~x(M)).

S}ilnce T = (a}) + t""(al;) with (a;) € GL,(Ax[t]/(t")), it suffices to find M € M,(Ak) such
that
(al)) — (MU = x()""'U~(M)) € My(As).

We will apply Lemma 2.13 below to U, U’ = U~} and s = n — 1. Take m > m(y) large
enough so that U and U~ ! lie in GL,(Ay,,). Recall the normalized trace map R Am Ak = Ag,,
with kernel X4 ,,. Since R4, is A, -linear, we see that ((1 — RAym)(a}j))U_l € My (Xam).
Therefore, by Lemma 2.13, there exists My € M, (X4 ) such that

(1= Ram)(al))U ™t = My — x(7)" ' Uy(Mo)U .
From this we have
(af;) = (MU = x(7)" "' U~(Mp)) = Ram(al;) € My(Ar,,),

and the matrix 1 + t" 1M, satisfies the condition of the lemma. O

We continue the proof of the proposition. We replace the basis vy,...,v,. by the one
corresponding to the matrix 1 + ¢"~!M in the lemma. Then the transformation matrix of our
fixed v with respect to the new vy, ..., v, has entries in Ay, [t]/(t"). Thus for each 1 < i < r,

the yZ»-orbit of v; is contained in a finitely generated Ay, [t]/(t")-submodule of V that is stable
under v%r. Since ¥% is of finite index in I'y, the T'y-orbit of v; is also contained in a finitely
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generated Ay, [t]/(t")-submodule of V' that is stable under I'y. This means that vy,...,v, € Viy,.
Hence @;_; Axo[t]/(t")vi C Vin.

It remains to prove that @] ; Aso[t]/(t")v; = Vin. Since Ax[t]/(t") — A& LI /(t") is
faithfully flat and V = @]_; A® LCTR (t")v;, it is enough to show that the natural map
Vﬁn®Aoo[t]/(tn)A ® LcTR (t"™) — V is injective. Note that Vﬁn®Aoo[t}/(tn)A ® L(JirR (t") = Vﬁn@Aoo[[t]]
A& L{g.

Recall the exact sequence 0 — V' — V — V” — 0. From this we have an exact sequence
0— V§, = Van — V{, and it yields the following commutative diagram with exact rows

0—= VL, ®(AQLR) — Vin ® (AQ L) —= VI, ® (A® L}R)

| i |

0 Vv’ |4 %44 0

where the tensor products in the first row are taken over Ay [[t]]. By induction hypothesis, the
first and the third vertical maps are isomorphisms. Hence the second vertical map is injective
and this completes the proof. O

The following lemma is used in the proof of Proposition 2.11.

LEMMA 2.13. Let s be a positive integer. Let U, U’ be elements in M, (Aw) satisfying val(U — 1)
> c¢3 and val(U’' — 1) > c3. Take a positive integer m such that m > max{m(k),cs} and U,
U' € M,(Ag,,). Then for any v € T'y, with cs < m(vy) < m, the map

f : MT(AK) - MT(AK)7 M= M- X(’Y)SUPY(M>U/

is bijective on the subset M,(Xa,) consisting of the r x r matrices with entries in the kernel
XA,m OfRA,m : AK — Akm-

Proof. The proof of [BC09, Lemma 15.3.9] works in our setting. For the convenience of the
reader, we reproduce their proof here.

We first check that f restricts to an endomorphism on M, (X 4 ). This follows from the fact
that the map R4, is A, -linear and I'y-equivariant and thus X4 ,, is an Ay, -module stable

under the action of I'.
We define a map h : M, (Ax) - M,(Ak) by

h(N):= N — x(v)°UNU’
= (N =x()'N) +x(7)*(N =UN) + UN(1 = U")).

Then the same argument as above shows that h restricts to an endomorphism on M, (X 4 ). We
also have f(M) = (1 —~)M + h(yM).

Recall that the map 1—v: M, (X 4 m) = M(X ) admits a continuous inverse with operator
norm at most p®. We denote this inverse by p. Since (f o p —id)M = h(vyp(M)), it suffices to
prove that the operator norm of h is less than p~; this will imply that the operator norm of
ho~opisless than 1. Thus f o p admits a continuous inverse given by a geometric series and
hence f is bijective on M, (X4 m).

By the second expression of h, we have

val(h(N)) = min{val((1 — x(7)*)N),val((U — 1)N),val(UN(1 - U"))}
> min{val((1 — x(7))N),val((U — 1)N),val(N (1 — U"))}.
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From this we have
val(h(N)) = val(N) + 0,

where § := min{m(y), val(U — 1), val(U’ —1)}. Thus the operator norm of & is at most p—°. Since
d > c3 by assumption, this completes the proof. O

Proof of Theorem 2.5. For each n > 1, put V,, := V/t"V. This is an A®L§R—representation of
I';, that is finite free of rank r over A& L;R (t™). Thus by Proposition 2.11, (V,,)ay, is finite free
of rank r over Ago[t]/(t"), and (V;)ain ®a_ () (A® L}z) — V, is an isomorphism.

By definition, we have Vg, = l(iLnn(Vn)ﬁn. Since the natural map V, 11 — V,, is surjective,
so is the map (Vi41)fin — (Vi )n by the faithfully flatness of Ax[t]/(t"T!) — A& L /(t").
Thus lifting a basis of (V},)a, gives a basis of Vg, and we see that Vg, is finite free of rank r over
Ax[[t]]. The remaining assertions also follow from this. O

PRrROPOSITION 2.14. For an A®L3‘R-representat1’on V' of 'y that is finite free of rank r over
A® L, the Ax[[t]]-module Vg, is the union of finitely generated As[[t]]-submodules of V' that
are stable under the action of I',. In particular, the natural inclusion

(Vﬁn)rk s Y&
is an isomorphism.

Proof. Let V4 denote the union of finitely generated A [[t]]-submodules of V' that are stable
under the action of I'y. Then Vi, C V4, by Theorem 2.5. So it remains to prove the opposite
inclusion. For this it suffices to prove V{ /t"V{ C Vin/t"Van for each n > 1. Since Vi, /t"Vin =
(V/t"V)gyn by Theorem 2.5, the desired inclusion follows from the definition of (V/t"V )g, noting
As[t]/(t") = U, Ak, [t]/(t"). The second assertion follows from the first. O

Ezample 2.15. For the trivial A @ L1;-representation V = A® L} of I'y, we have Vg, = Ao [[t]]-
Finally, we discuss topologies on Vi, and the continuity of the action of I'.

LEMMA 2.16. Let W be a finite free Ax|[[t]]/(t")-module equipped with an action of T'y. Then
I'y-action is continuous with respect to the topology on W induced from the product topology
on Ax[[t]]/(t") = AL if and only if it is continuous with respect to the topology on W induced
from the subspace topology on Au|[[t]]/(t") C A& Lis /(™).

Proof. For each of the two topologies on W, the continuity of 'y implies that there exist
an Ax[[t]]/(t")-basis wi,...,w, of W and a large positive integer m such that W,, :=
@D, Ak, [[t]]/(t")w; is stable under I'; and its action on W, is continuous with respect
to the induced topology W,, C W. Conversely, if the I'y-action on Wy, is continuous with
respect to the induced topology W, C W for such I'y-stable Ay, [[t]]/(t")-submodule W, with
Wi @4y, 101/ Asc[[t]]/(t") = W, the T'y-action on W is continuous.

The subspace topology on Ay, [[t]]/(t") from A& L1;/(t") coincides with the product
topology on Ay, [[t]]/(t") = A} . From this we find that the continuity conditions on the action
of I'y, on W,,, with respect to the two topologies coincide. Hence the two continuity properties of
the action of I'y, on W are equivalent. O
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DEFINITION 2.17. Let V be an A® L(TR—representation of I'g.

— If V is finite free over A & L(‘;R (t"™) for some n > 1, we equip Vg, with the topology acquired
from topologizing A[[t]]/(t") with the product topology of the p-adic topology on A.
Then I'y acts continuously on Vg, by Lemma 2.16.

— If V is finite free over A®L(}LR, we equip Vg, with the inverse limit topology via Vg, =
1(1_111n(V/ t"V)gin. Then Ty acts continuously on Vgy,.

DEFINITION 2.18. An A[[t]]-representation of T'y is an A [[t]]-module W that is isomorphic
to either (Aso[[t]])” or (Axo[[t]]/(t"))" for some r and n, equipped with a continuous A |[[t]]-
semilinear action of 'y, (here the topology on W is acquired from the p-adic topology on A
by considering the product topology and the inverse limit topology as before). We denote the
category of Au[[t]]-representations of I'y by Repr, (Aso[[t]]). An Auo[[t]]-representation of I'y that
is annihilated by ¢ is also called an A..-representation of I'.

THEOREM 2.19. The decompletion functor
Reka (A ® L(—fli—R) g Repfk (AOOHtH)7 Vi~ Vﬁn
is an equivalence of categories. A quasi-inverse is given by W i— W @4 __ 1] (A® L(J{R).

Proof. By Theorem 2.5, Proposition 2.11, and Lemma 2.16, the functor is well-defined and
essentially surjective. The full faithfulness follows from Proposition 2.14. |

2.3 Sen’s endomorphism and Fontaine’s connection in the relative setting
PROPOSITION 2.20. Let W be an Aso-representation of I'y.. Then there exists a unique Aso-linear
map ¢w : W — W satisfying the following property: for any w € W, there exists an open
subgroup I'y,, of I'y, such that

yw = exp(log(x(7))ow)(w)

for v € I'y,. Here log (respectively exp) is the p-adic logarithm (respectively exponential).
Moreover, ¢y is I'p-equivariant and functorial with respect to W.
Remark 2.21. The proposition says that the endomorphism ¢y is computed as
LYW —w
ow (w) = lim L2

y—1log x(7)
for w e W.

Proof. This is standard; arguments in [Sen81, Theorem 4] also work in our setting. See also
[Sen93, §2], [Sen88, Proposition 4], [Fon04, Proposition 2.5, and [BC09, §15.1]. |

The following lemma is also proved by standard arguments.

LEMMA 2.22. Let Wy and Wy be As-representations of I'y. Then we have the following
equalities:

- ¢W1€BW2 = ¢W1 S ¢W2 on W1 @ Wa;
- ¢W1®W2 = ¢W1 ® isz + idW1 ® ¢W2 on W1 ® W2;
~ PHomwi, W) (f) = dwy o f — f o ow, for f € Hom(Wy, Wa).
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DEFINITION 2.23. Let V be an Ag-representation of I'y. We denote by ¢y the Ag-linear
endomorphism ¢y, ®ida, on V = Vi, ®a Ax.

PROPOSITION 2.24. Let W be an Ax|[[t]]-representation of T'y. Then there exists a unique Aso-
linear map ¢ar,w : W — W satisfying the following property: for each n € N and w € W, there
exists an open subgroup I'y, , ., of I'y, such that

yw = exp(log(x(7))dar,w)(w)  (mod t"W)

for v € T'y -

Proof. Note that Ax|[[t]]/(t") is a finite free An-module of rank n and thus W/t"W can be
regarded an As.-representation of I'y,. So the proposition follows from Proposition 2.20. O

DEFINITION 2.25. Set Ao ((t)) := Axo[[t]][t}]. We denote by d; the A-linear endomorphism

Ascl(0) = Al(B): Ty a8 = Yo dati.

The restriction of 9; to Ax|[[t]] is also denoted by 0.

PROPOSITION 2.26. For an A|[[t]]-representation W of 'y, the endomorphism ¢qrw : W — W
satisfies

Gar,w (aw) = t0(a)w + apar,w (w)

for every o € Ax|[[t]] and w € W.

Proof. By the characterizing property of ¢qr,w, we may assume that W is annihilated by some
power of t. In this case, it is enough to check the equality for a = t/ by A..-linearity of PR, W -
By induction on j, we may further assume that o = t.

So we need to show ¢qr w(tw) = tw + tpar,w (w). This follows from

. y(tw) — tw
tw) = lim —————
Garaw (f0) = 0 50 )

_x(y) -1 _y(w) —w
= lim >——~——ty(w) + t im ————
v=1 log x(7) w) 7=1 log x(7)
= tw + togar,w (w). 0

LEMMA-DEFINITION 2.27. Let W be a finite free A |[t]]-representation of T'y,. Then W[t™1] :=
W @41 Ax((t)) is a finite free Ax((t))-module equipped with I'j-action and T'j-stable

decreasing filtration defined by Fil! W[t~ 1= t/W. Moreover, the As-linear endomorphism
bar,wi-1) - W[t — W[t~ sending w € FiV W[t~1] to

Par,wp-1)(w) = jw + t! dar,w (£ w)

is well-defined and satisfies dqg yi—1]lw = Par,w -

Proof. This follows from Proposition 2.26. O
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DEFINITION 2.28. Let V be a finite free A ® Lgr-module equipped with I';-action and I'-stable
decreasing filtration FilY V such that Fil’V is a finite free A®L:{R—representation of I'y, and
Fil V =t/ Fil°V for all j € Z. Define

Vin := (Fil° Vg [t

By Lemma-Definition 2.27, Vg, is a finite free A ((t))-module equipped with I'y-action, I'y-stable
decreasing filtration Fil’ Vi,, and PdR, Vi, - Since @qr,vy, preserves the filtration, it defines an
Aso-linear endomorphism on gr® Vg, which we denote by Respypo Vi, PdR, Vg, - 1t follows from the
definition that

Respypo Viin QAR Vi, = ¢gr0 \%

as endomorphisms on the finite free As.-module gr'(Va,) = (2r° V)gn.

3. The arithmetic Sen endomorphism of a p-adic local system

From this section, we study relative p-adic Hodge theory in geometric families. Let k be a finite
field extension of Q, and let X be an n-dimensional smooth rigid analytic variety over Spa(k, Oy).
Let K be the p-adic completion of koo := |, k(ptpn) and let Xg denote the base change of X to
Spa(K, Ok). We denote by I'y, the Galois group Gal(keo/k).

Based on the recent progresses on relative p-adic Hodge theory [KL15, KL16, Schl2,
Sch13], Liu and Zhu attached to an étale Q,-local system L a nilpotent Higgs bundle (L)
on Xg equipped with I'y-action [LZ17]. Our goal is to define an endomorphism ¢, on H (L)
by decompleting the I'i-action. The endomorphism ¢p, which we will call the arithmetic
Sen endomorphism, is a natural generalization of the Sen endomorphism of a p-adic Galois
representation of k.

3.1 Review of the p-adic Simpson correspondence a la Liu and Zhu
First let us briefly recall the sites and sheaves that we use. Let X|,04; be the pro-étale site on
X in the sense of [Sch13, Sch16]. The pro-étale site is equipped with a natural projection to the
étale site on X
v Xprost = Xet-

Let v/ @ Xprost/ XK — (XK )er be the restriction of v and we identify Xppoet/Xx with (Xx)prost
(see a discussion before [Sch13, Proposition 6.10]).

We denote by Zp (respectively Qp) the constant sheaf on X ;04 associated to Z, (respectively
Qp). For a Z,-local system L (respectively Q,-local system) on Xgt, let L denote the Zp—module

(respectively Q,-module) on Xproet associated to L (see [Sch13, §8.2]).
We define sheaves on X4 as follows. We set

OF = I/*O;—(ét, Ox :=v*Ox, and Ox := (1(1_1110}/])”) [p1].

We also set Qf = V*Qkét and we denote its ith exterior power by Q%. Moreover, Scholze

introduced the de Rham period sheaves ]BIR, Byg, OIB%(TR and OBgr on Xpro¢t in [Schl3, §6]
and [Sch16]. The structural de Rham sheaf OB4g has the following properties: it is a sheaf of
Ox-algebras equipped with a decreasing filtration Fil®* OBgr and an integrable connection

V : OBgr — OBgr Rox Qﬁ(
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satisfying the Griffiths transversality. Since X is assumed to be smooth of dimension n, this gives
rise to the following exact sequence of sheaves on Xpo4t:

0— BdR —> OBdR l) OBdR ®OX Q}( l) l) OBdR ®OX Q& —> 0.

Finally, we set OC := gr® OBgr. Taking the associated graded connection of V on OBgr
equips OC with a Higgs field

g’V :OC - OC ®p, Q%(-1),

where (—1) stands for the (—1)st Tate twist.
We review the formulation of the p-adic Simpson correspondence by Liu and Zhu. Let L. be
a Qp-local system on Xg; of rank 7. We define

J— I (T N
H(L) = v, (L ®g, 0C).
Then Liu and Zhu proved the following theorem.

THEOREM 3.1 (Rough form of [LZ17, Theorem 2.1]). H(L) is a vector bundle on Xy of rank r
equipped with a nilpotent Higgs field ¥, and a semilinear action of I'y,. The functor H is a tensor
functor from the category of Q,-local systems on Xg; to the category of nilpotent Higgs bundles
on X . Moreover, H is compatible with pullback and smooth proper pushforward.!

Remark 3.2. For our purpose, we use the p-adic Simpson correspondence formulated by Liu and
Zhu as their output is a Higgs bundle over X with a I'y-action. See [Fal05] and [AGT16] for
the p-adic Simpson correspondence by Faltings and Abbes—Gros—Tsuji in a more general setting,
and see [AB08, AB10] for the one over a pro-étale cover of Xx by Andreatta and Brinon.

To define the arithmetic Sen endomorphism on H (L) and discuss its properties, let us recall
Liu and Zhu’s arguments in the proof of Theorem 3.1.

We follow the notation on base changes of adic spaces and rings in [LZ17]. We denote by T™
the n-dimensional rigid analytic torus

Spa(k(T=, ..., TE), Ou(TE, ..., TE)).
For m > 0, we set
T = Spa(kn (TP, TEVP™y O (TEYP" . TEPTY),

We denote by TQO the affinoid perfectoid Lglm'lf”m in Xprost-

To study properties of H (L), we introduce the following base B for (X )e: objects of B are
the étale maps to X that are the base changes of standard étale morphisms Y — X}/ defined
over some finite extension &’ of k in K where Y is affinoid admitting a toric chart after some finite
extension of &’. Recall that an étale morphism between adic spaces is called standard étale if it
is a composite of rational localizations and finite étale morphisms and that a toric chart means
a standard étale morphism to T™. Morphisms of B are the base changes of étale morphisms over
some finite extension of k in K. We equip B with the induced topology from (X g )¢ . Then the
associated topoi (X )7 and B~ are equivalent [LZ17, Lemma 2.5].

!Tn the smooth proper pushforward case, we need to assume that I admits a global Z,-lattice. See [LZ17,
Theorem 2.1(v)] and [SW18, Theorem 10.5.1].
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When Y = Spa(B, B") admits a toric chart over k, we use the following notation: we set
Y = Spa(Bpm, B)L) ==Y xqn TP

Then 1700 =Y X7n ’]Tgo is the affinoid perfectoid in Y}, represented by the relative toric tower
(Y,). We denote by (Bu, BE) the perfectoid affinoid completed direct limit of the affinoid rings
(B, B),) and set Voo i= Spa(f?oo, Bjo), the affinoid perfectoid space associated to Yo,. We also
set By, = B ® kn, as in §2.1. When Y admits a toric chart over a finite extension of k in K,
we similarly define these objects using the rigid analytic torus over the field.

Let Yg m = Spa(BKm,B};m) be the base change of Y,, from k,, to K and let Y’KOO be
the affinoid perfectoid represented by the toric tower (Y ,,). We denote the associated affinoid
perfectoid space by YK,OO = Spa(B Koms B}m) The cover Yi o0/ is Galois. We denote its Galois
group by I'. Then I fits into a splitting exact sequence

11— T'geom > T =Ty — 1.
To prove Theorem 3.1, Liu and Zhu gave a simple description of
H(L)(Yie) = H(Xprost/ Yic, L ® OC)
for (Y = Spa(B, Bt) - Xj/) € B, which we recall now.

PROPOSITION 3.3 [LZ17, Proposition 2.8]. Put M =L ®g, Ox. Then there exists a unique finite
projective By-submodule M (Y) of M(Yk o), which is stable under T', such that
(i) Mk(Y) @5, Broo = M(Vi,x0), and
(ii) the Bg-linear representation of I'geom on My (Y') is unipotent.
In addition, the module My (Y') has the following properties.

(P1) There exist some positive integer jo and some finite projective By, -submodule M(Y) of
Mg (Y) stable under I" such that M(Y) ®p,, Br = Mg (Y'). Moreover, the construction of
0

M(Y') is compatible with base change along standard étale morphisms.

(P2) The natural map 3
MK(Y)Fgeom — M(YKOO)FgeOm

is an isomorphism.
Once this proposition is proved, we can describe H(L)(Yx) in terms of Mg (Y') as follows: the
vanishing theorem on affinoid perfectoid spaces [Sch12, Proposition 7.13] implies the degeneration

of the Cartan—Leray spectral sequence to the Galois cover {SN/K,OO — Yk} with Galois group I'geom,
and thus we have

Hi(rgeomaM(?K,oo)) i Hi(Xproét/YKaM)a
H' (T goom, (M ® OC)(Yi,00)) —> H'(Xproet/ Y, M @ OC).
Moreover, we know that OC[y = (@X]me)[Vl,...,Vn], where V; = t~!log([T?]/T;) for a

fixed compatible sequence of p-power roots of the coordinate Ti|7 = (T3, Til/ P ). It follows from
these results and a simple argument on the direct limit of sheaves on X that the natural
I'x-equivariant map

(Mg (Y)[Va,..., Vo))l eeom — H(L)(Yk)
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is an isomorphism. A simple computation shows that the map Mg (Y)[Vi,...,V,] = Mg(Y)
sending V; to 0 induces a I'g-equivariant isomorphism

(Mg (Y)W, ..., Va])leom =5 My (Y).
Thus we have a I'p-equivariant isomorphism
H(L)(Yi) = Mg(Y).

The above discussion is summarized in the following commutative diagram.

MK(Y) QB BK,ooC—> (MK(Y) ®Bk BK,OO)[Vlv SRR Vn]

J I

Mg (Y)C Mg(Y)[Vi,..., V4]

Mg (Y)

Mg (Y)

My (V) eeomC o~ (M (Y)[V4,.. ., Vp]) ecom
Finally, we recall the Higgs field ¥Jy,. This is defined to be
V=1 (grV:LeOC - Lo OCe0k(-1))
under the identification v} (L ® OC ® Q}(~1)) = H(L) © Q% (~1). Here H(L) © Q% , (~1)
denotes the Ox,-module H(L) ®o, Qﬁ(/k(—l) = H(L) ®ox, Q%{;(/K(_l) equipped with a
natural I'j-action.
We have another description under the isomorphism H(L)(Yx) = Mk (Y'), which proves that
Y1, is nilpotent. Namely, let pgeom denote the action of I'geom on Mg (Y) and let x; : geom =
Zp(1)" — Zp(1) denote the composite of the natural identification and projection to the ith

component. We can take the logarithm of pgeom on M (Y') C Mg (Y') since the action is unipotent.
Suppose the logarithm is written as

n
log Pgeom = Z 791 & Xi X tily
i=1

where ¥; € End(M(Y)). Then ¢; can be regarded as an endomorphism on Mg (Y) by extension
of scalars and we define

Dty (v) = Z;m @dlogT; @t = ;m ® I ®t '€ End(Mk (V) @p Qp(=1).  (3.1)
We can check 97, vy A Yar(v) = 0 and this defines a Higgs field on Mgk (Y). It turns out that
IL(YEK) = Uare(v) under the I'y-equivariant isomorphism H(L)(Yk) = Mg(Y). See [LZ17, §2]
for the detail.

3.2 Definition and properties of the arithmetic Sen endomorphism
We will define the arithmetic Sen endomorphism ¢r, € End H(LL). Let By, be the refinement of the
base B for (X ) whose objects consist of (Y = Spa(B, Bt) - Xj/) € B such that H(L)(Yk)
is a finite free Bg-module.

For (Y = Spa(B, B") - Xy/) € B, H(L)(Yk) is a Bg-representation of 'y := Gal(K/k')
in the sense of Definition 2.2. Thus Proposition 2.20 and Definition 2.23 equip H(L)(Yx) with
the Bg-linear endomorphism

druw)vi) : HIL)(Yi) = H(L)(Yi).
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LEMMA-DEFINITION 3.4. The assignment of endomorphisms
B 3 (Y =Spa(B,B") - Xj) —> ¢dyw)(vi) € Endp, H(L)(Yk)

defines an endomorphism ¢y, of the vector bundle Hy, on (X )e. We call ¢y, the arithmetic Sen
endomorphism of L.

Proof. We need to check the compatibility of ¢r,y, via the pullback Y}, — Y for
(Y = Spa(B’ B+) d Xk’)7 (Y// = Spa(B//v B/H_) - Xk”) € BL.
For this it suffices to prove that
H(L) (Y )fin @B BS = H(L)(YE)fin

as B! -representation of Gal(ks/k"), where By, and BY are defined as in §2.1.
Since H(LL) is a vector bundle on X, we have the natural isomorphisms

(H(L)(YK)fin ©B.. Bo) @Bz, B = (H(L)(Yi)fin ®B.. Br) ®5y Bl
= H(L)(Yk) @y Bg = H(L)(YR).

On the other hand, we see from definition H(L)(Yx )fin ® B, By, C H(L)(Y/)fn. Hence the lemma
follows from the faithful flatness of BY, — BY.. O

ProOPOSITION 3.5. The following diagram commutes.

I

H(L) —=H(L )®QX/I<:( 1)
d)Ll i@,@idid@id
H(L) 2> H(L) ® 2, (—1)

In particular, the endomorphisms ¢1, ® id —i(id®@id) on H(L) ® Q' /k(—z’) give rise to an
endomorphism on the complex of Ox, -modules on X

H(L)E’H( )®QX/k( )ﬂ’%( )®QX/k( 2) — -

induced by the Higgs field.

Proof. 1t is enough to check the commutativity of the diagram evaluated at Yy for each (Y =
Spa(B, BT) — Xjs) € BL. In this setting, we can use the identification

(H(L)(Yk ), I(Yi), oL(Yi)) = (MK (Y), Ve (v)s arie(v))-
So it suffices to show the commutativity of the following diagram.

i (v)

Mg(Y)——=Mg(Y)®p Qé/k,(—l)

¢MK<Y)J(
7L9MK(Y)

Mg (Y) —— Mg(Y) ®p Qp ), (~1)

iQi)MK(y) ®id —id ® id

Moreover, since M (Y) ®By, By = Mgk (Y'), we only need to check the commutativity on M (Y') C
0
M (Y).
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We use the notation in (3.1). Then we have

n

T
It (v) © Pt (v) = (05 0 bare(v) © — @t !
i=1 i
and
. . . - dTi -1
(¢MK(Y) ®id—id®id) o ﬁMK(y) = Z(¢MK(Y) o — ;) ® T Rt L.

=1

Thus we need to show that [QSMK(y),z?i] = 1J; for each i. To see this, take a topological
generator y; of the ith component of I'geom = Zp(1)". Let pgeom denote the action of I'geom On
1 x(

Mg (Y) and write log pgeom = Y iy Ui @ xi ® t~ 1 as before. Since yv;7~ " for v €'y, we

have
Y(10g pgeom (7i))7 ™t = 10g peeom (777 1) = X (7) 108 pgeom (Vi )-

Hence v9; = x(v)¥;y for v € T'y.
For m € M(Y), we compute

1 AP 9m — 0
OareryVim = lim T v T vim

j—o0 log x(7) P | .
=l (xX()P'" = 1) m + 9;(v%'m — m)
oo log x(7) P
Hence [¢nr, (v), ¥i] = ¥ O

Remark 3.6. Brinon generalized Sen’s theory to the case of p-adic fields with imperfect residue
fields in [Bri03]. Analogues of ¢y, and 1J; have already appeared in his work.

We discuss properties of the arithmetic Sen endomorphism along the lines of Theorem 3.1
(i.e. [LZ17, Theorem 2.1]).

THEOREM 3.7. (i) There are canonical isomorphisms

(7‘[(]141 ®L2)719]L1®]L2a ¢L1®]L2) = (H(Ll) ®H(L2),19L1 (%9 id+id®19L2,¢L1 & id+id®¢L2)

and
(H(LY), 9wvy, duvy) = (HIL)Y, (90)", (1))

(ii) Let f : Y — X be a morphism between smooth rigid analytic varieties over k and L be
a Qp-local system on Xg;. Then there is a canonical isomorphism

JAH(L), O, é1) = (F*H(L), D per, per)-

Proof. Part (i) follows from [LZ17, Theorem 2.1(iv)] and Lemma 2.22. Part (ii) follows from
[LZ17, Theorem 2.1(iii)] and Proposition 2.20 (functoriality of ¢w ). O

By construction, we also have the following in the case of points.

ProrosiTION 3.8. If X is a point, then ¢, coincides with the Sen endomorphism attached to
the Galois representation L.
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For pushforwards, we have the following theorem (the notation is explained after the
statement).

THEOREM 3.9. Let f : X — Y be a smooth proper morphism between smooth rigid analytic
varieties over k and let I. be a Zy-local system on X¢;. Then we have

(H(R'fuL),Opif1) = R’ friiggs «(H(L) ® Q% /vy (—e),00).
Moreover, under this isomorphism, we have
OrifL = R [rceo(dn ©id — o (id @id)).
Let us explain the notation in the theorem. Recall the complex of Ox, -modules

¥ ¥
H(L) —> H(L) © Qi (—1) — HL) © Qi (=2) — -+
This has an Ox-linear endomorphism ¢y, ® id — e (id ®id) by Proposition 3.5. The complex
yields a complex of Ox,.-modules

HL) 25 HL) @ Oy (—1) 2 H(L) @ 0%y (~2) —> -

by composing with the projection QfX e Q’X Iy The new complex has an induced Ox . -linear
endomorphism, which we still denote by ¢, ® id — e (id ® id).

We denote by fx : Xg — Yi the base change of f. Then R’ leggs* is the ith derived
pushforward of the complex with the Higgs field. In particular, R’ friges « (H (L) ® 25 % /Y( e),9L)

is the Ox, ¢r-module R’ f ¢t «(H(L) ® QX/Y( o)) together with a Higgs field.

Proof. The first part is [LZ17, Theorem 2.1(v)] (see Theorem 3.1). Note that [LZ17, Theorem
2.1(v)] has an additional assumption that R’f,LL is a Z,-local system on Yz for every 4, but
this is always the case; to see this, it suffices to check that (R f*L)\y?ét is a Zy-local system,
which follows from [SW18, Theorem 10.5.1]. So we will prove the statement on arithmetic Sen
endomorphisms.

Since the statement is local on Y, we may assume that Y is an affinoid Spa(4,A") and
that H(R'f.L) is a globally free vector bundle on Y. So H(Rf,LL) is associated to a finite free
Afg-module (say V). Then V is an Ag-representation of I';, and the endomorphism ¢piy g, is
associated to ¢y .

Since X is quasi-compact, there exists a finite affinoid open cover X = J;c; U () with U® =

Spa(B®, B@:+) such that H(L )|U(z
(i)

gives rise to a B, i -representation of I'; and the latter is defined over B
m (cf. the proof of Theorem 2.9). Since the same holds for H(L)]

integer m such that the complex of Ox,-modules

) is a globally finite free vector bundle for each i. So H(L)| ;)
( K

) for a sufficiently large

U(,hU(J), there exists a large

H(L) > H(L) @ Oy (—1) 5 H(L) © 0y (-2) — -+

with the I'y-action and the endomorphism ¢, ® id — e (id ® id) descends to a complex of O X ™
modules

) 5
H(L)k, > H(L)k, © Uy (1) 25 HL), © By (—2) — -
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on Xy, equipped with I'-action and an endomorphism ¢, ® id —e (id ® id) such that H(L)g,, |U(z)
is a globally finite free vector bundle for each 7. We denote by F* the complex on X} and by
¢* the descended endomorphism.
Let fy,, : X, — Yk, denote the base change of f. Set

Hy g = R fio 6t F*

Since f,, is proper, this is a coherent Oy, -module by Kiehl’s finiteness theorem.? We have
Hy tonlvie = (B iyt F)vie = B frae(Folx) = B frea(H(L) @ Q% /v (—e)),

and this is isomorphic to H(R'f.LL) by the first assertion. Thus (after increasing m) Hyy,, is
globally finite free and associated to a finite free Ay, -module (say Vj,,) with I';-action satisfying
Vi ®4,, Ak = V. By construction, Vi, is contained in Vi, and the Ag-linear endomorphism
¢y on V is uniquely characterized by the following property: for each v € Vj, , there exists an
open subgroup I'j C T’ such that

exp(log x(v)¢pv)v = yv

for all v € I'}..

We will show that R’ Jr st (¢ ®id — e (id®1id)) defines an Ag-linear endomorphism on V'
with the same property. To see this, we compute Vi, via the Cech-to-derived functor spectral
sequence. Note that '

Ve =TV et Hypy) = BT (X, 60, F*)
by definition.

Let us briefly recall the Cech-to-derived functor spectral sequence. Set U := {U }zEI For
10, - - -, 1q € I, we denote by U,E: ) the affinoid open U,g:) n-- -ﬂU,E:). Consider the Cech double
complex C*(U, F*) associated to the complex F*; this is defined by

Cou,Fy= [ P ).

10ye-yla €1

Let H® be the bth right derived functor of the forgetful functor from the category of abelian
sheaves on X}, ¢ to the category of abelian presheaves on X, ¢; for an abelian sheaf G, H' b(g)
associates to (U — X}, ) the abelian group H*(U, G). Then the Cech-to-derived functor spectral
sequence is a spectral sequence with

B3 = H*(Tot(C*(U, H'(F*))))

converging to R*TT(X kem,ét, F ). Moreover, this is functorial in F°.

(i0°+ia)

In our case, F* consists of coherent O, -modules and Uy, are all affinoid. So

Hb(]:c)(U(l0 Z“)) = 0 for each b > 0 and any a and ¢ by Kiehl’s theorem. Thus the spectral
sequence ylelds an isomorphism

Hi(Tot(C*(U, F*))) —> RT(Xy,, e, F*) = Vi,

Moreover, this isomorphism is ['g-equivariant as the construction is functorial in F*.

2 For a coherent Oy, -module F, we have (R’ fr,

m m

F for the sheaf Fy; on Xy, st

Fet = R fr,, «tFer [Schl3, Proposition 9.2]. So we simply write

2627

https://doi.org/10.1112/50010437X1800742X Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X1800742X

K. SHimizu
Let us unwind the definition of C*(U, F?):

Crw, Py =[] @l HLr, @ D)y (D).

10,-sta €1

Set
Wi = DU, H(L) © Oy (D))

and o o
Wi = DU (L), © Ok )y ().
Goia)b s contained in (W(io"'ia)’b)ﬁn. In particular, the

restriction of ¢y (ig-ia)p tO Wé:"’i”)’b satisfies the following property: for each w € W,gismi”)’b,

there exists an open subgroup I'j, C I, such that

They have a natural I'y-action, and W.

m

exp(log X (7) Gy ig-ia) b )W = YW

for all v € I'}.. )
It follows from our construction that under the isomorphism H*(Tot(C*(U,F*))) =
RiF(kaét,]-“‘) = V,,, the endomorphism RifK’ét’*(d)L ® id— e (id®id))|y, = Rifkm’ét,*(p'

corresponds to
Hd<Tbt< II ¢wmowwﬁ>>-

10, sta €1

Since differentials in the complex Tot(C*(U,F*)) are all T'j-equivariant, we see that
H* (Tot([ ;... i.er Pwiioia)b)) satisfies the above-mentioned characterizing property of ¢y . This
completes the proof. O

4. Constancy of generalized Hodge—Tate weights

In this section, we prove the multiset of eigenvalues of ¢, is constant on X (Theorem 4.8). For
this we give a description of ¢r, as the residue of a formal connection in §4.1. Then the constancy
is proved by the theory of formal connections developed in §4.2.

4.1 The decompletion of the geometric Riemann—Hilbert correspondence
We review the geometric Riemann-Hilbert correspondence by Liu and Zhu and discuss its
decompletion.
Keep the notation in § 3. Let L be a Qp-local system on Xg; of rank r. Following [LZ17], we
define )
RH(L) = vi(L ®g, OBdar).

In order to state their theorem, let us recall a ringed space X introduced in [LZ17, §3.1]. Let
L}, denote the de Rham period ring BIR(K, Ok) as before ([LZ17] uses Bj; but we prefer to
use L1;). Define a sheaf Ox @ (L1 /t) on Xf ¢ by assigning

(Y = Spa(B,B"') —> Xk’) & B [ — B®k" (L;{R/tl)
This defines a sheaf by the Tate acyclicity theorem. We also set

Ox @ Lig = lim Ox ® (Lip/t")

7
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and
. - 1
Ox ® Lar = (Ox & L{R)[t™'].

We denote the ringed space (X, Ox ® Lqr) by X. We have a natural base change functor
&+ £® Lgr from the category of vector bundles on X to the category of vector bundles on X.
We set

1 1 e
THEOREM 4.1 [LZ17, Theorem 3.8].
(i) RH(L) is a filtered vector bundle on X of rank r equipped with an integrable connection
V]L : RH(]L) — RH(]L) ®OX QX/LdR

that satisfies the Griffiths transversality. Moreover, Gal(K/k) acts on RH(L) semilinearly, and
the action preserves the filtration and commutes with V..

(ii) There is a canonical isomorphism
(gI,O RH(L)v gI,O (VIL)) = (H(L)7 19]L)

We want to consider a decompletion of RH(L). Here we only develop an ad hoc local theory
that is sufficient for our purpose.

Take (Y = Spa(B, Bt) — X}s) € By, and consider Fil® RH(LL)(Yx). Since gr® RH(LL)(Yx) is
a finite free Bx-module by the definition of By, the B &y Li;-module Fil" RH(L)(Yx) is also
finite free. Thus Fil® RH(L)(Yk) is a B &y Li;-representation of Gal(K/k'), and RH(L)(Yk) =
(Fil0 RA(L) (Vi) [t

Definition 2.28 yields the By ((t))-module RH(L)(Yk )an and the Bo-linear endomorphism

AR RHU(L) (Vi )gn © RH(L) (Y )fin = RH(L)(Yi )fin-
For simplicity, we denote ¢ar RH(L)(Yi)an PY PdR,L,Yx - It satisfies
Par.L, vy (am) = td(a)m + adar Ly, (M)

for every a € By((t)) and m € RH(L)(Yk)sn. Note that Vi, is Gal(K/k)-equivariant. Hence
under the identification

RH(L) ®0,, Q;/LdR ~ RH(L) ®oy Q}(/k,
we have
VL (RH(L) (Yi)sin) © (RH(L)(Yie) @ Qp jp)in = RH(L) (YK )in @ Qg -
PROPOSITION 4.2. The following diagram commutes.

VL,vg

RH(L)(Yi)fin — RH(L) (Y )an @B Q}B/k,
AR, L, Y l l@st,L,YK@ id
VL, vk

RH(L) (Vi )in — RH(L) (Vi )tin @5

Moreover, we have
Respiio ag(L)(vVic)gn PdR,LYie = OLYic -
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Proof. The commutativity of the diagram follows from the fact that V, is Gal(K/k)-equivariant.
The second assertion is a consequence of Theorem 4.1(ii) (cf. Definition 2.28). O

Remark 4.3. In [AB10], Andreatta and Brinon developed a Fontaine-type decompletion theory
in the relative setting. Roughly speaking, they associated to a local system on X a formal
connection over the pro-étale cover X o, over X when X is an affine scheme admitting a toric
chart.

4.2 Theory of formal connections

To study ¢qr,1,v, in the previous subsection, we develop a theory of formal connections. We work
on the following general setting: let R be an integral domain of characteristic 0 (e.g. R = By in
the previous subsection) and fix an algebraic closure of the fraction field of R. Consider the ring
of Laurent series R((t)) and define the R-linear derivation dy : R((t)) — R((t)) by

do <Z ajtj> = Zjajtjil.

JEZ. JEZ

Let M be a finite free R((t))-module of rank r and let Dy : M — M be an R-linear map which
satisfies the Leibniz rule

Do(am) = aDo(m) + do(a)ym  (a € R((t)),m € M).
DEFINITION 4.4. A tDy-stable lattice of M is a finite free R[[t]]-submodule A of M that satisfies
A S R[[t]] R((t)) =M and tDy(A) C A.

For a tDy-stable lattice A of M, we have tDo(tA) C tA by the Leibniz rule. Thus tDy: A — A
induces an R-linear endomorphism on A/tA. We denote this endomorphism by RespDy. Since
A/tA is a finite free R-module of rank 7, the endomorphism Resy Dy has r eigenvalues (counted
with multiplicity) in the algebraic closure of the fraction field of R.

The following is known for tDy-stable lattices.

THEOREM 4.5. Assume that R is an algebraically closed field.
(i) There exists a finite subset A of R such that the submodule

Aa = @D Ker(tDy — )" @r R[[t]]
acA

is a tDg-stable lattice of M. In particular, the eigenvalues of Resy , Dg lie in A.
(ii) For any tDy-stable lattices A and A’ of M, the eigenvalues of ResyDy and those of

Resps Dy differ by integers. Namely, for each eigenvalue o of Resp Dy, there exists an eigenvalue
o' of Resp'Dg such that a — o' € Z.

See [DGS94, II1.8 and V. Lemma 2.4] and [ABO1, ch. 1, Proposition 3.2.2] for details.

We now turn to the following multivariable situation: Let R be an integral domain of
characteristic 0 as before. Suppose that R is equipped with pairwise commuting derivations
di,...,dy; this means that for each ¢ =1,...,n, the map d; : R — R is additive and satisfies the

Leibniz rule
di(ab) = di(a)b+ ad;(b) (a,b € R),
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and d; o d; = dj o d; for each i and j. Since R is an integral domain of characteristic 0, the
derivations dy, . .., d, extend uniquely over the algebraic closure of the fraction field of R.
For each i =1,...,n, we extend d; : R — R to an additive map d; : R((t)) — R((t)) by

d; (Z ajtf'> = di(aj)t’.

JEZ JEZ

Then endomorphisms dy,dy,...,d, on R((t)) commute with each other. Moreover, di,...,d,
commute with tdy.

Let M be a finite free R((t))-module of rank r together with pairwise commuting additive
endomorphisms Dg, D1,...,D, : M — M satisfying the Leibniz rule

D;(am) = aD;(m) + di(a)m (a € R((t)),m € M,0 < i< n).

Note that Dy is R-linear and D+, ..., D, commute with tDy.
The following proposition is the key to the constancy of generalized Hodge—Tate weights.

PROPOSITION 4.6. With the notation as above, let A be a tDg-stable lattice of M. Then each
eigenvalue v of Resp Dy in the algebraic closure of the fraction field of R satisfies

Proof. By extending scalars from R to the algebraic closure of its fraction field, we may assume
that R is an algebraically closed field. By Theorem 4.5(i), there exists a finite subset A of R such
that the submodule

Aa = P Ker(tDy — a)” @r R([t]]
acA

is a tDg-stable lattice of M.
By Theorem 4.5(ii), the eigenvalues of Resy Dy and those of Resy , Dy differ by integers. Since
every integer a satisfies dy(a) = --- = d,(a) = 0, it suffices to treat the case where A = A 4.

LEMMA 4.7. The finite free R|[[t]]-submodule A 4 is stable under Dy, ..., D,.

Note that Lemma 4.7 says that the connection (Ay, Dy, ..., D,) is regular singular along
t = 0. In this case, Proposition 4.6 is easy to prove. In fact, this is an algebraic analogue of the
following fact: let X be the complex affine space A%H and D the divisor {0} x Ag. Consider
a vector bundle A on X and an integrable connection V on A|x\p that admits logarithmic
poles along D. Let T be the monodromy transformation of (A|x\ p)V=0 defined by the positive

generator of 1 (X\D) = Z. Then T extends to an automorphism T of A and satisfies
T|p = exp(—27miRespV).
See [Del70, Proposition 3.11].

Proof of Lemma 4.7. This is [ABO1, Lemma 3.3.2]. For the convenience of the reader, we
reproduce the proof here. Fix 1 <i < n and a € A. It is enough to show that for each 0 < j < r,

DiKer(tDo — a) € Ker(tDg — a )i+,
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We prove this inclusion by induction on j. The assertion is trivial when j = 0. Assume j > 0
and take m € Ker(tDy — a)’. Then (tDy — a)m € Ker(tDy — a)’~!, and thus D;(tDy — a)m €
Ker(tDg — a)’ by the induction hypothesis. We need to show (tDy — a)?*1D;m = 0. Since D;
commutes with tDg and satisfies D;(am) = aD;(m) + d;(a)m, we have

(tDg — a)Dym = D;(tDy — a)m + d;(a)m.
Therefore
(tDQ — oz)j'HDim = (tDo — a)j (tDo — OZ)DZTI“L
= (tDy — @)’ D;(tDg — a)m + (tDg — o)’ d;(a)m
= (tDy — @)’ Di(tDy — a)m + di(a)(tDy — a)m.

For the third equality, note that d;(«) € R and Dy is R-linear. Since D;(tDo—a)m € Ker(tDy—a)?
and m € Ker(tDy — )7, the last sum is zero. O

We continue the proof of Proposition 4.6. Fix an R|[[t]]-basis of A4 and identify A4 with
R][t]]". Note that R[[t]]" has natural differentials do,d1,...,d, : R[[t]]” — R][[t]]". Consider the
map

t(Do — do) : R[[t]]" — RJ[[t]]".

This is R|[[t]]-linear. We denote the corresponding r x r matrix by Cy € M, (R[[t]]).

Fix 1 < i < n. By Lemma 4.7, the map D; gives an endomorphism on R[[t]]" that satisfies
the Leibniz rule, and thus D; — d; is an R|[[t]]-linear endomorphism on R[[t]]". We denote the
corresponding r X r matrix by C; € M,.(R[[t]]).

We have [tDy, D;] = 0 and [tdo,d;] = 0 in End(R[[t]]"). Plugging tDy = tdy + Cy and D; =
d; + C; into [tDg, D;] = 0 yields

[Co, Ci] = diCo — tdoC, (4.1)

where dy and d; are derivatives acting on the matrices entrywise.

Consider the surjection R[[t]] — R evaluating ¢ by 0. We denote the image of Cj
(respectively C;) in M,(R) by Cy (respectively C;). By construction Cp is the matrix
corresponding to Resy , Dp. Thus it suffices to show that each eigenvalue of Cy is killed by d;.
This is standard. Namely, by (4.1), we have

[Co, Ci] = d;Co.
This implies that
di(ég) = Cyd;(Co) + d;(Co)Co = Cy[Co, C;] + [Co, Ci]Co = [6(2),52']-

Similarly, for each j € N,
d;(Cy) = [Cy, Cil.
In particular, we get
d; (tr(C})) = 0.

This implies that each eigenvalue of C is killed by d;. O
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4.3 Constancy of generalized Hodge—Tate weights
Here is the key theorem of this paper.

THEOREM 4.8. Let k be a finite extension of Q,. Let X be a smooth rigid analytic variety over
k and L a Q,-local system on X¢;. Consider the arithmetic Sen endomorphism ¢y, € End(H(L)).
Then eigenvalues of ¢y, , € End(H(L),) for x € X are algebraic over k and constant on each
connected component of X .

We call these eigenvalues generalized Hodge—Tate weights of L.

Proof. Since ¢y, is an endomorphism on the vector bundle (L) on X, it suffices to prove the
statement étale locally on X. Thus we may assume that X is an affinoid Spa(B, B™) which
admits a toric chart X, — T}, over some finite extension k' of kin K.

Take (Y = Spa(B,B%) - Xj/) € BL. We may assume that B, is connected, hence an
integral domain. Note that ¥ admits a toric chart

Yir — T = Spa(k(TE, ... TE), O (TE, ..., TE))

after base change to a finite extension k¥” of k' in K. Then the derivations 9/9T1,...,0/9T,, on
E"(TE, ..., T;F) extends over By,. We also denote the extensions by 8/9T1, . . .,0/dT,.
We set 9

R:Bkoov d():at and di:ﬁ (lézén)

Consider the R((t))-module
M = RH(L)(Yk )fin

equipped with endomorphisms
Do=t""¢arLyic and Di=(Viyi)osor, (1<i<n).

By Proposition 4.2, they satisfy the assumptions in the previous subsection.
Consider the R[[t]]-submodule of M

A = (Fil’ RH(L)(YK))fin-

Then A is t Dg-stable, and Resy Dy is ¢y, . Thus by Proposition 4.6, each eigenvalue a of Resp Dy
in an algebraic closure L of Frac R satisfies

di(a) = =dy(a) =0.
On the other hand, we can check that
Lh=r=0=0 = (Frac k(T . Tif))?/0T==0/0Ta=0 — .
Therefore the eigenvalues of ¢y, are algebraic over k and constant on Y. O

COROLLARY 4.9. Let k be a finite extension of Q,. Let X be a geometrically connected smooth
rigid analytic variety over k and IL a Qp-local system on X. Then the multiset of generalized
Hodge-Tate weights of the p-adic representations Lz of Gal(k(z)/k(z)) does not depend on the
choice of a classical point x of X.

In particular, if Lz is presque Hodge-Tate for one classical point x of X (i.e. generalized

Hodge-Tate weights are all integers), Ly is presque Hodge—Tate for every classical point y of X.
Proof. This follows from Theorem 4.8. O
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5. Applications and related topics

We study properties of Hodge—Tate sheaves using the arithmetic Sen endomorphism. We keep
the notation in § 3.
Consider the Hodge-Tate period sheaf on Xo4t:

OBpr = gr* OBqr = EP OC(j)
JEZ

For a Qp-local system L on Xg;, we define a sheaf Dyr(LL) on X¢; by

Dur(L) := v, (L ®g, OBur)-

PROPOSITION 5.1. The sheaf Dyt (L) is a coherent Ox,,-module. Moreover, for every affinoid

Y € Xét,
(Y, Dur(L)) = @) H(Tk, H(L)(Y) (7).
JEZL
Proof. This follows from the proof of [LZ17, Theorem 3.9(i)]. O

Remark 5.2. In [KL16, Theorem 8.6.2(a)], Kedlaya and Liu proved this statement for
pseudocoherent modules over a pro-coherent analytic field.

We are going to study the relation between Dyt (L) and ¢, € End H(LL). For each j € Z, we
set

H(L)?L=T .= Ker(¢p, — jid : H(L) — H(L)).

This is a coherent Oy, ,-module. We denote by Dpr(L)|x, the coherent Ox, ¢-module
associated to the pullback of Dy (L) on X to Xk as coherent sheaves.

PROPOSITION 5.3. Let L. be a Qp-local system of rank r on X¢;. Assume that 1L satisfies one of
the following conditions:

(i) H(L)?=7 is a vector bundle on X ¢ for each j € Z;
(ii) Dyt (L) is a vector bundle of rank r on Xg.

Then we have

DHT |XK ét @H ¢L(]) =
JEZ

Moreover, this is isqmorphic to D ez H(L)?-=7. In particular, Dyr(L) is a vector bundle on X
and ®jeZ H(L)?v=J is a vector bundle on XK ét-

Proof. The statement is local. So it suffices to prove that for each affinoid Y = Spa(B, BT) € Xg
such that H(L)|y, is associated to a finite free Bx-module (say V'), we have

I'(Y, Dur(L)) ©p B = @ V(j)Pro=0.
jez

Note I'(Y, Dur(L)) = @jez(V(j))Fk. Moreover, it follows from the Tate-Sen method [LZ17,
Lemma 3.10] that

(Vi ()" = (Vi)™
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LEMMA 5.4.
(i) (V2= @p, Bx = Vov=0,

n

(ii) The natural map

n

is injective.

Proof. Part (i) follows from the flatness of Bo, — Bk and Vg, ®p, Bg = V.
We prove part (ii). By the definition of ¢y, the natural map

(Vﬁzk) ®B Boo = Vin

factors through Vﬁi‘/zo. So we show that the above map is injective.
We denote the total fraction ring of B (respectively Bs,) by Frac B (respectively Frac Boo).
We first claim that the natural map

Vﬁl;’“ — Vﬁl;’“ ®p Frac B
is injective. To see this, note that Vg, is a finite free By-module. Hence the composite
Viin = Van ®p Frac B = Vg, ®p.. (B ®p Frac B) — Vg, ®p_ Frac By
is injective, and thus so is the first map. Since the composite
Vﬁl;k — Vﬁl;k ®p Frac B — Vi, ® g Frac B

coincides with the composite of injective maps Vﬁl;’“ — Vin and Vin — Van ® g Frac B, the map
Vﬁrn’“ — Vﬁrn’“ ®p Frac B is also injective.
By the above claim, it suffices to show the injectivity of the natural map

(VaF @p Frac B) ®frac  Frac Boo — Vi ®p., Frac Bao.

Now that Frac B and Frac B, are products of fields, this follows from standard arguments;
we may assume that Frac B is a field. Replacing k£ by an algebraic closure in Frac B, we may
further assume that Frac B is also a field. Note that Frac By, = (Frac B) ® koo and thus
(Frac Boo)'* = Frac B.

Assume the contrary. Let a > 0 be the minimal positive integer such that there exist vy, ...,
Vg € Vﬁl;’“ ®p Frac B that are linearly independent over Frac B and non-zero by, ..., b, € Frac B
satisfying bjvi + - - - + bavg = 0. By replacing b; by bl_lbz-, we may further assume b; = 1. Take
any v € I'y. Asvy,...,v4 € Vﬁl;’“ ®p Frac B, we have v + y(b2)vy + - - - + 7(ba)ve = 0 and thus
(v(b2) —b2)va+- -+ (7(ba) — ba)ve = 0. By the minimality, we have v(b;) = b; for each 2 <i < a
and v € I'y. Therefore we have b; € Frac B for all 4, which contradicts the linear independence
of v1,...,v, over Frac B. O

We continue the proof of Proposition 5.3. By Lemma 5.4 and discussions above, it is enough
to show VﬁI;l’“ ®p Boo = Vﬁi‘/zo assuming either condition (i) or (ii). In fact, the Tate twist of this
isomorphism implies (V ()™ &p B = (V(5))?V»=°, and a choice of a generator of Oxye(d)
yields H(IL(5)) =0 = H(L)P=—7,

We show that condition (ii) implies condition (i). For each j € Z, let Vﬁ(r{) denote the
()

generalized eigenspace of ¢y on Vg, with eigenvalue j. By the constancy of ¢y, Vi’ is a direct
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summand of Vg, and thus a finite projective Bo-module. By Lemma 5.4(ii), we have injective
Byo-linear maps

(V(j)ﬁn)rk ®B Boo — (V(]) )¢V(J) =0 ~ V¢v— PN V( 7)
for each j € Z. From this we obtain

rank Dyr(L) = Zrankg(vﬁn( NEe < ZrankBoo Vﬁ(n 7 < <rankH(L) =
JEZ JEZ

Hence it follows from condition (ii) that (Vg (j ))F * ®p Bso and Vﬁ( ) are ﬁmte projective By
modules of the same rank. This implies Vﬁd;v = V( D 8o ViV~ is a finite projective
Bs-module for every j € Z and thus H(L) satisfies condmon (1).

From now on, we assume that H (L) satisfies condition (i). By condition (i) and Lemma 5. 4( )s
Vﬁi"zo is finite projective over By,. So shrinking Y if necessary, we may assume that Vﬁqilv is
finite free over B,,. Note that we only concern the B,,-representation Vg, of I'y and we have
(V¢V O)Fk = Vﬁl;’“. Thus replacing Vg, by the subrepresentation Vﬁ(z;lV:O, we may further assume
¢y = 0 on Vg,. Under this assumption, it remains to prove Vﬁl;’“ ®pB Boo & Vi,

Fix a Bgo-basis v1,...,v, of V.. Then there exists a large positive integer m such that for
each v € I'y, the matrix of v with respect to (v;) has entries in GL,(By,,). Since ¢y = 0, by
increasing m if necessary, we may further assume that yv; = v; for each 1 <i < r and vy € T} :=
Gal(koo /km) C T'y. Set Vi, := @ <<, Bk, vi- Thisis a By,  -representation of I'y /T, = Gal(k,,/k)
and satisfies Vi, = Vi, ®p,, Boo-

It follows from [BCO8, Proposition 2.2.1] that (Vj, )'#/T is a finite projective B-module and
that (Vi )"*/Tk ®p By, = Vi, . As V}irn’“ = (Vi,,)"%/Tk, this yields

Vﬁk®BBoo—Vﬁn O

THEOREM 5.5. Let . be a Q,-local system of rank r on X4. Then the following conditions are
equivalent:

(i) Dur(L) is a vector bundle of rank r on Xet;
(if) v*Dur(L) @0, OBur = 1L ®g, OBur;
(iii) L Is a semisimple endomorphism on ‘H(IL) with integer eigenvalues;
(iv) there exist integers j1 < --- < jq such that if we set F'(s) := [[1<;<,(s — Jji) € Z[s], then
F(¢rL) =0

as an endomorphism of H(L).

DEFINITION 5.6. A Q,-local system on Xg; is a Hodge—Tate sheaf if it satisfies the equivalent
conditions in Theorem 5.5.

Remark 5.7. Tsuji obtained Theorem 5.5 in the case of semistable schemes [Tsull, Theorem 9.1].
He also gave a characterization of Hodge—Tate local systems in terms of restrictions to divisors.
See [Tsull, Theorem 9.1] for the detail.
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Proof of Theorem 5.5. The equivalence of (iii) and (iv) is clear, and (iii) implies (i) by
Proposition 5.3. Conversely, assume condition (i). Thus Dyt (L)|x, is a vector bundle of rank r
on Xk ¢. By Proposition 5.3, it is also isomorphic to 9,y H(L)?t=J. Thus D,z H(L)P =T =
H(L), and there exist integers ji < --+ < jq such that @, ;, H(L)?= = H(L). So F(s) :=
[T1<ica(s — Ji) satisfies F(¢1,) = 0, which is condition (iv).

Next we show that condition (iv) implies (ii). Obviously, there is a natural morphism

v* D (L) @0y OBy — L ®g, OBut (5.1)

on Xpro¢t and we will prove that this is an isomorphism. It is enough to check this on Xppo¢t/ X i =
XK pro¢t- Recall a canonical isomorphism in [LZ17, Theorem 2.1(ii)]:

V/*H(]L) ®OXK OC|XK,proét = (]L ®Qp OC)‘XK,proét'
Then the restriction of the morphism (5.1) to X g pro¢t is obtained as

(V*DHT(L) ®OX OBHT)‘XK,proét = V*DHT(L)‘XK ,proét ®OXK OBHT’XK ,proét

= " (Dur(L)|xx) ®ox, (EBOC )

JEL

XK,proét

= VI* <DHT ‘XK ® @ OXK > ®OX OC‘XK ,proét

JEZ
— (@ 7‘[ ) ®OX OC‘XK ,proét
JEZ
= (@L ®p, OC(j)) = (L ®g, OBHT)| X proet
jEZ XK,proét

This can be checked by considering affinoid perfectoids represented by the toric tower, and the
verification is left to the reader. It follows from condition (iii) and Proposition 5.3 that

P Dur(L)]x, (5) = P HIL) ()

JEZL JEZ

Hence ( *DHT(L) ®0X O]BHT)’XK ,proét = (IEA ®© O]BHT)’XK,proét'
Finally we show that (ii) implies (i). By condition (ii), we have

Vi((V*DHT(L) ®(QX O]BHT)LXK,proét) = V;((L ®Qp OBHT)‘XK,prOét)'
On the other hand, it is easy to check

Vo((v* D (L) @0y OBHT) X proee) = ED i (L) x4 (5)-
JEZ

Since Vi((]id ®©p O]BHT)|XK,proét) = @jez H(L(]))7 we ha’ve

@DHT ) xx (J EBH

JEZ JEL

In particular, Dyr(LL)|x, is a vector bundle on X 4, and thus Dyr(L) is a vector bundle on
Xgt. Moreover, condition (ii) implies rank Dyr(L) = r. O
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Ezxample 5.8. Suppose that there exists a Zariski dense subset T' C X consisting of classical rigid
points with residue field finite over k such that the restriction of I to each x € T defines a
Hodge—Tate representation. Then L is a Hodge-Tate sheaf by Theorems 4.8 and 5.5(iii). See
[KL16, Theorem 8.6.6] for a generalization of this remark.

COROLLARY 5.9.

(i) Hodge—Tate sheaves are stable under taking dual, tensor product, and subquotients.

(ii) Let f : Y — X be a morphism between smooth rigid analytic varieties over k. If L is a
Hodge—Tate sheaf on Xg, then f*IL is a Hodge—Tate sheaf on Y.

Proof. This follows from Proposition 2.20, Lemma 2.22, and Theorem 5.5(iii). |
We next turn to the pushforward of Hodge-Tate sheaves.
THEOREM 5.10. Let f : X — Y be a smooth proper morphism between smooth rigid analytic

varieties over k of relative dimension m and let I be a Z,-local system on Xg.

(i) Ifa €k is a generalized Hodge—Tate for R’ f,IL, then « is of the form 3—j with a generalized
Hodge—Tate weight § of L and an integer j € [0, m).
(ii) IfL is a Hodge-Tate sheaf on X, then R'f,LL is a Hodge-Tate sheaf on Yy .3

Remark 5.11. Theorem 5.10(ii) is proved by Hyodo [Hyo86, § 3, Corollary] when f: X — Y and
L are analytifications of corresponding algebraic objects.

Proof. Let fx : X — Yg denote the base change of f over K.
Part (i) easily follows from Theorem 3.9. In fact, we have the isomorphism

HIR L) = R fieor,n(H(L) © Oy (=),

and under this identification @pi .1, corresponds to R’ fx ¢+ (¢r @ id — e (id ®id)). Consider the
spectral sequence with

B’ = R fre e H(L) @ Q% (—a)

converging to H(R**?f,I). Then the endomorphism R’ f Ketx((¢r —a) ®id) on EY )b converges
t0 PRa+vp,1,, and this implies part (i).
For part (ii), we need arguments similar to the proof of Theorem 3.9. We may assume that

Y is affinoid. Take a finite affinoid covering U = {U [(?} of Xg. Let F* denote the complex of
Ox-modules

H(L) 25 H(L) © QY jy(—1) 5 H(L) © 0%y (-2) —> -

on Xx equipped with the natural I'y-action and the endomorphism ¢re = ¢, ® id — o (id ® id).
Recall also the Cech-to-derived functor spectral sequence with

By = H(Tot(C* (U, H"(F*)))
converging to R*TT'(X K.t F*). This spectral sequence degenerates at Fy and yields

Hi(Tot(C*(U, F*))) — RT (X, F*) = T(Vic, H(R' £,L)). (5.2)

3 A Zp-local system L is called Hodge-Tate if the Q,-local system L ®z, Qp is Hodge-Tate.

2638

https://doi.org/10.1112/50010437X1800742X Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X1800742X

CONSTANCY OF GENERALIZED HODGE—TATE WEIGHTS OF A LOCAL SYSTEM

Note that both source and target in (5.2) have arithmetic Sen endomorphisms and they are
compatible under the isomorphism.

Since L is a Hodge—Tate sheaf, there exist integers j; < --- < j, such that F(¢1) = 0 with
F(s) == [l1cica(s = Ji)- Set J :={j1 —m,j1 —m+1,...,ja — 1, jo}. This is a finite subset of Z.
We set G(s) := [[;c;(s — j) € Z[s]. For each 0 < j < m, the endomorphism ¢p, ® id —j(id ®id)
on H(L)® QJ)'{/Y(—]') satisfies

G(¢L ®id —j(id ®id)) = 0.
This implies G(¢z+) = 0, and thus G(Tot(C*(U, ¢z+))) = 0. Therefore (5.2) yields

G(égis1) =0.
Hence R!f,L is a Hodge Tate sheaf on Y. O

We now turn to a rigidity of Hodge—Tate representations. Let us first recall Liu and Zhu’s
rigidity result for de Rham representations [LZ17, Theorem 1.3]: let X be a geometrically
connected smooth rigid analytic variety over k£ and let I be a Qp,-local system on Xg. If Lz
is a de Rham representation at a classical point x € X, then L is a de Rham sheaf. In particular,
Ly is a de Rham representation at every classical point y € X.

The same result holds for Hodge—Tate local systems of rank at most two. We do not know
whether this is true for Hodge—Tate local systems of higher rank.

THEOREM 5.12. Let k be a finite extension of Q,. Let X be a geometrically connected smooth
rigid analytic variety over k and let . be a Qp,-local system on X¢;. Assume that rank IL. is at most
two. If Lz is a Hodge—Tate representation at a classical point © € X, then L is a Hodge—Tate
sheaf. In particular, Ly is a Hodge—Tate representation at every classical point y € X.

Before the proof, let us recall a remarkable theorem by Sen on Hodge—Tate representations
of weight 0.

THEOREM 5.13 [Sen81, § Corollary|. Let k be a finite extension of Q, and let p : G, - GL,(Q))
be a continuous representation of the absolute Galois group Gy of k. Then p is a Hodge—Tate
representation with all the Hodge—Tate weights zero if and only if p is potentially unramified,
i.e. the image of the inertia subgroup of k is finite.

Note that p being a Hodge—Tate representation with all the Hodge—Tate weights zero is
equivalent to the Sen endomorphism of p being zero. Since potentially unramified representations
are de Rham and de Rham representations are stable under Tate twists, Theorem 5.13 implies
that a Hodge—Tate representation with a single weight is necessarily de Rham.

Proof of Theorem 5.12. We check condition (iii) in Theorem 5.5. By Theorem 4.8 and
assumption, all the eigenvalues of ¢, are integers. So the statement is obvious either when
rankIL = 1 or when rankIL = 2 and two eigenvalues are distinct integers.

Assume that rankIL = 2 and two eigenvalues are the same integer. Then Lz is de Rham by
Theorem 5.13, and thus L is de Rham by the above-mentioned rigidity theorem for de Rham
representations by Liu and Zhu [LZ17, Theorem 1.3]. In particular, L is a Hodge—Tate sheaf. O

Remark 5.14. The proof shows that Theorem 5.12 holds for L. of an arbitrary rank if one of the
following conditions holds.
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(i) Lz is a Hodge—Tate representation with a single weight at a classical point x € X.

(ii) Lz is a Hodge—Tate representation with rank I distinct weights at a classical point z € X.
We end with another application of Sen’s theorem in the relative setting.

THEOREM 5.15. Let k be a finite extension of Q,. Let X be a smooth rigid analytic variety
over k and let . be a Zjy-local system on Xg. Assume that L is a Hodge-Tate sheaf with a
single Hodge—Tate weight. Then there exists a finite étale cover f : Y — X such that (f*L)y is
semistable at every classical point y of Y.

Proof. Since semistable representations are stable under Tate twists, we may assume that L is a
HodgeTate sheaf with all the weights zero. Let L denote the Z/p?-local system LL/p*L on Xg.
Then there exists a finite étale cover f : Y — X such that f*L is trivial on Y. We will prove
that this Y works.

Let y be a classical point of Y. We denote by k' the residue field of y. Let p : G — GL(V)
be the Galois representation of k' corresponding to the stalk V := (f*L)z at a geometric point
y above y. By assumption, p is a Hodge—Tate representation with all the weights zero, and thus
it is potentially unramified by Theorem 5.13. Hence if we denote the inertia group of k¥’ by I/,
p(Iyr) is finite.

By construction, the mod p? representation

Gr 2> GL(V) — GL(V/p?*V)

is trivial. On the other hand, Ker(GL(V) — GL(V/p?V)) does not contain elements of finite order
except the identity. Thus we see that p(Iy/) is trivial and hence p is an unramified representation.
In particular, p is semistable. O

Remark 5.16. As mentioned in the introduction, it is an interesting question whether one can
extend Colmez’s strategy [Col08] to prove the relative p-adic monodromy conjecture using
Theorem 5.15.
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