ON THE INVERSION OF THE GAUSS
TRANSFORMATION

P. G. ROONEY

1. Introduction. The inversion theory of the Gauss transformation has
been the subject of recent work by several authors. If the transformation is
defined by

1.1 flx) = F(o(x)) = “")_;J et g,
then operational methods indicate that
exp (— D?) f(x) = ¢(x),
under a suitable definition of the differential operator. Hirschmann and

Widder (5; chap. 8) have shown that this is indeed the case if the operator
is defined by use of the formula

5 1 vat o
¢! = limz— J K (s,t)e™ds
11— 27”‘ a—iomn ’ ’
where
K(s,t) = (/1) exp (s3/4¢).

Also Widder (8; § 1) makes use of the formula

el = r_’J e " cos ytdt
0
to define exp (— D?).
A more straightforward approach seems to be to use the power series for
2
e—i/

This we shall do here, defining

0

1.2 e (x) = 2 (= DY) /n!

o
This approach seems to have been originally suggested by Eddington (2).
Eddington did not study the convergence of this series other than to note
that for some very simple Gauss transforms, the series diverges. Widder (8;
§ 1) remarks that for some very simple transforms the series is not even
summable in the Abel sense. Pollard (6; § 8) showed that if ¢ € L. (— o, »),
the series converges in the L.-sense to ¢, that is
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$(x) = Lim. Z (— D™ (%) /n!,

00 n==(

but nothing seems to be known of the pointwise convergence of the series.

Here we propose to give sufficient conditions for the series to converge and
to be Abel summable to ¢(x). This occupies §§ two and three respectively.
In § four we make some applications of our results to the study of Hermite
polynomials.

2. Convergence of the series. Theorem 1 gives sufficient conditions
for the series II to converge at a point to the mean value of ¢ there.

TuroreM 1. [If

(i) ¢ € L(—46,8) 6>0,and [t]'e” ™" ¢(t) € L(— w,®),

Jor some X > 3,
(1) ¢ is of bounded variation in a neighbourhood of xo, then 4 (¢(x)) exists
for all x, and the series 1.2 converges at x = xy to 3{¢p(xo +) + ¢ (xo —)}.

Proof. The existence of @ (¢(x)) is clear. Now by (3; 10.13(7) and 10.13(2)),
DY = 2_2’3_“2112,(%30 = e_izzr!(— 1) L7 (3.

But since f(x) is a bilateral Laplace transform, it follows from (1; chap. 3
§ 2) that we may differentiate the integral for f under the integral sign as
often as we choose. Thus

f(?f)(x) A S’/ J_ - —ia-0* L— (4(% - t) )‘b(t)dt

Hence if s,(x) denotes the nth partial sum of the series 1.2, we have, using

(3; 10.12(38)),
= i (_ 1 r‘(‘m(xo)/fl
= (-hr J— oo —Izo—0)* Z L:l(k(v‘w _ 5)2)¢(t)(ﬂ

r=0
Xo— N 172 Xo + n' , ® A
= ( . + Jxo — g + o + nl/%)@%(%(xo — )" p(t)dt
=1L+ 1.+ I
Consider I;. By (3; 10.18(14)),
L) < T(a+ 1+ n)/a T+ 1), a>0

Hence

I'(n +3/2) e

—(xp—1)*/8 \
Ll < 5@ Dt Jeo + 0t |#(®)ldt
< A n‘l—;o(c’l’t__i:%ég%_ Jxo + Lo t)\e——(ro n? /38 l¢(t>]dt
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1
= 0(n?) as n — o, and thus

But from Stirling’s formula, I'(z 4+ 3/2)/n!
I'(n 4+ 3/2)/n!(x0 + #™)* = 0(1) as n— o,
so that I3 = 0(1) as # — «. Similarly I, = o(1) as # — .
Now by (3; 10.15(2)) and using Stirling’s formula, since A > 3,
LAGa®)~ (2/7)% sin ((n + 3/4)k) /x

as # — o, uniformly in — nV/? < x < n'/®, Hence

X0 + nlﬂ)\ 1 :
o otys sin (0 4+ 3/4) w0 = 1) o

1
Iy ~ = 1722 €
T xo—n/ Xg — ¢
[ee]

1/2\
WXo — N oo}

=f__oo— o *Jx0+n1/2x=14+15+[6.

For Is we have if n > 0,
[e o]
2
1< [y o)/~ ot

so that Is = 0(1) as n — «, and similarly 75 = 0(1) as # — «.
But by the Fourier integral theorem,

Li— 5o (xo +) + ¢(x0 =)},

so that
lim s,(x0) = {0 +) + ¢(xo — )},

N300

and the theorem is proved.

3. Abel summability of the series.

THEOREM 2. If

1.
2. o¢(xo+) and ¢(xp —)

then G (¢(x)) exists for all x, and the series 11 is Abel summable for x = x, to

oo +) + ¢(x0 —)}.

Proof. The existence of % (¢(x)) is clear. If
ulwt) =22 (= 07 @) /7,
=0

we must show that #(xo, 1 —) = 3{¢(x0 +) + ¢(x9 —)}. But as in the proof

@m0 (h) € L(— @, @),
exist,

0<t <,

of Theorem 1,
@n (=D (" _te-n?r-i 2
() = ) L7 (3 — 9)) o (y)dy.

so that using (3; 10.12(17)), if 0 < ¢ < 1,
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w(xol) = (dm)” Z v fm @ L (3 (v — 3)D) d(y)dy

1 —i(zo—y r
I Z FL G (w0 — )" ¢(3)dy
(4m)"J

1 ® om0
= e oo L e

provided we justify the interchange of summation and integration.
For this it suffices to show that

K(ot) = m)7 % ¢ f LA G = )9 () dy
is finite. But from (3; 10.18(15)) it follows that
L7 (x)| < 26¥,
so that
K(xo,l) < -1;??1—:-25 _me-(ro—y)'/slqs(y)ldy < ®

for 0 < t < 1, and the interchange is justified.
Hence if 0 <t < 1,86 >0,

u(xot) = “(;“(-1“:*;553‘] S 00 g (y)dy

v r0—0 vz0+48 o
=J +) +) =nh+ L+l
—c ro—

z0+6
Consider I;. Since ¢~®o=¥)"t40-0 decreases for y > x,, we have
1 te

L e R Lol

040

________ o /401 ~k(zo—1)?
T A = 0)Y Jers e |6 (y)ldy
6—622/4(1 )

S Urd =5y J‘ I g ) Ay — 0 ast—1 -

Similarly I;, > 0 ast—1 —.

Finally from (7; chap. VII, Theorem 2b and corollaries 2b.2 and 2b.3),
Iy = 3{o(xo +) + ¢(x0 —)}.

COROLLARY. [f
(1) € L(~ », @)

and x, is in the Lebesgue set of ¢, then G (¢(x)) exists for all x, and the series 11
is Abel summable for x = xy to ¢(xo).

The proof is identical with the proof of the theorem except that we do
not use (7; Chap. VII, Corollary 2b.3).
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It may be mentioned that

provides, with x, = 0, an example of a function satisfying the hypotheses
of Theorem 2, but not those of Theorem 1.

4. Applications. Theorem 1 yields various results about Hermite poly-
nomials. For example, it follows from (3; 10.13(30)) that

G (Hy(ax)) = (1 — 4a*)"H, (ax/(1 — 4a?)}), —l<a<i.
Now from (3; 101.3(13)),
D'H, (bx) = {ézb)r cnn—1)...(n—r+ 1)H,_(bx), r<n

, Y > n.

Hence from Theorem 1 we have, if — } <a < 3,
[in] _ _
H,(ax) = (1 — 4" nn—1)...(n—2r+1)

r=0 7’!
(= 4a’/(1 — 4a») Hyz,(ax/(1 — 4a*)}),

or changing ax/(1 — 4a®? to x, and letting A = (1 — 4a?)?,

=0 7!

-1 )T)\nhﬁ,Hn._Q,(x),

the result being clearly valid now for all \.

Another interesting application comes about as follows. An easy calculation
shows that for all real v,

1

, o _1 2,2 2 9 o
G+ 407)7e ) = " = f(x),
and it follows easily from differentiating this formula that
2 —_ 022 2 )2 2
-/(’ ((1 + 42}2) 3/2xe1. z” /(1441 )) - xe" E g(x)‘

Theorem 1 can be applied to these functions if — 1 < » < 1. Hence since,
from (3; (10.13(7))

O (%) = DY = (— l)rvzrev%zHg,(ivx),
and using (3; 10.13(10)) and Leibnitz's rule,
g(27)(x) = D"xe”" = xD¥e"" + 2D
= (= 1)9¥ %" (QivaHy, (ivx) — 4rHa,_y (ivx)) /21
= (= 1)o7 Hy, 1 (i) /2.

Thus from Theorem 1, if — 3 <o < 4,

https://doi.org/10.4153/CJM-1957-054-x Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1957-054-x

464 P. G. ROONEY

®
(] +4v2>—'}~ ev-z-’/(1+4v-) = "% Z v2r I, (iﬂx)/?’!,
r=0
and
0
(1+42}2)—3/2x 61)322/(1+41)-) — (27:7)2>_1 o Z v‘.’H—l H‘.’r+l (ivx) /7!'
r=0

whence on dividing we obtain

[}
(1440 ~H#0#AH4 — S™ 02 1T (o) /!
r=0
and
(14407772 2i’x /Y = 3 o U, (ivx) /7
r=0

Now foreveryv, — 3 < v < %, each series of the last pair converges uniformly
with respect to x for x in any closed bounded region of the complex x-plane.
This follows for the first series, for example from the M—test on making use
of the inequality

|Ho,p(x)] < 227+ p! obe?

given in (3; 10.18(16)), and for the second series similarly. Hence by the
principal of analytic continuation, the series converge to the indicated sums
for all complex x, and another appeal to analytic continuation with respect
to v shows that the formulae hold for all complex v with || < . Finally,
changing ivx to x, and adding, we obtain, in agreement with (4; 19.7(11)),

1 2 4 : 222 v2 - n
Lk 2 b0 etsted) 2 3% o, () [
(1 + 4v ) =

valid for all complex x, and all complex v with |v| < 3.
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