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SOME SCHWARZ TYPE INEQUALITIES FOR SEQUENCES OF
OPERATORS IN HILBERT SPACES

SEVER S. DRAGOMIR

We give some inequalities of Cauchy-Bunyakovsky-Schwarz type for sequences of
bounded linear operators in Hilbert spaces with applications.

1. INTRODUCTION

Let (H;(-,-)) be a real or complex Hilbert space and B(H) the Banach algebra of
all bounded linear operators that map H into H.

We recall that a self-adjoint operator A € B(H) is positive in B(H) if and only if
(Az,z) > 0 for any z € H. The binary relation A > B if and only if A — B is a positive
self-adjoint operator, is an order relation on B(H). We remark that for any A € B(H)
the operators U := AA* and V := A*A are positive self adjoint operators on H and
Uil = vl = A

In (1], the author has proved the following inequality of Cauchy-Bunyakovsky-
Schwarz type in the order of B(H).

THEOREM 1. Let A,,...,A, € B(H) and 2,,...,2, € K (R,C). Then the fol-
lowing inequality holds:

(1.1) glzdzg;A,-A; > <z;: z,-A,-) (; zA;) > 0.

PROOF: For the sake of completeness, we give here a simple proof of this inequality.
For any i,j € {1,...,n} one has in the order of B(H):

(B4; — GA)(7d; ~ HA) 20,

that is,
(z:4; - A (z4] - 2;47) 2 0,
where
(1.2) lz:f® A;A; + 51" AiA] > Tz AjA] + T AA;
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for any ¢,j € {1,...,n}.
If we sum (1.2) over i from 1 to n we deduce

(1.3) (2:; ;z,.ﬁ) AA + |z (g A,-A:) > 2;A; (Z:;TA) + (é ziAg)z_jA;,

for any j € {1,...,n}.
If we sum (1.3) over j from 1 to n, we deduce

(14) dolu?Y A4+ |5l (Z A,-A;)
i=1 i=1 i=1 i=1
2 i ZJ'A]' ZH:Z—,A; + (i Z,'Ai) (Xn: .Z—;A;) N
i=1 j=1

i=1 i=1
that is,
n n n n n n *
15) D lald Adr > 2 mAL = (Z zkA,,) (Z zkAk) 20,
k=1 k=1 k=1 k=1 k=1 k=1
and the theorem is proved. O

The following version of the Cauchy—Bunyakovsky-Schwarz inequality for norms also
holds [1].

COROLLARY 1. With the assumptions in Theorem 1, one has

n n
Z AkA; Z zkAk
k=1 k=1

n

(1.6) >l

k=1

2
2

Proor: The operators:

n n n n .
A=Y 1ald A4A;, B:= (Z zkAk) (ZE;A;)
k=1 k=1 k=1 k=1

are obviously self-adjoint, positive and by (1.1), A > B > 0. Thus || 4| > || B|| and since,

> A
k=1

n

IAl =" Jal)®

k=1

and )

1Bl =

n
E ZkAk
k=1

the corollary is proved. : 1|

For other related results, see [2].
The main aim of this paper is to point out other inequalities similar to (1.6).

https://doi.org/10.1017/50004972700038582 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700038582

3] Cauchy-Bunyakovsky-Schwarz type Inequalities 19

2. NORM INEQUALITIES

The following result holds.

THEOREM 2. Let ay,...,a, € K and A,,...,A, € B(H). Then one has the
inequalities: : :

2 2

max |a;|” 3 || Al

i=1,n i=1
n 1/p n i/q

<3 (Ste) " (Enad) it o>,
1= i=1

n
3~ los|® max || Al
i=1 i=ln

[ max {laillosl} X |4
1<i#jEn

2

1
(21) +==1
g

1
p

i Cl,'A,'
i=1

1<ii<n
n 2 n 2 r 1/s
ML
N Eer) -Lee] (2 i)
i=1 i=1 1SiZi<n
if r>1, —+-=1;
T S

n 2 n
Y 12 As
‘ [(‘:EI |a;|) .=Z; |l ] max | 4: Az,
where (2.1) should be seen as all the 9 possible configurations.
Proor: We have

(2.2) 0< (g a;A.-) (i "*A") = (z": a‘A‘) (J"; %4 )

i=1 i=1

= i zn: a{a—jA,-A; = zn: |a,-|2 A,A: + Z Q‘Q—JA,A;

i=1 j=1 i=1 1i#j<n

Taking the norm in (2.2) and observing that [[UU"]| = ||U||* for any U € B (H), one has
the inequality

n 2 n
(2.3) Yol =Yl A+ Y amgA4g
i=1 i=1 1€i#i<n
n
<l lAasll+ D Jallog) | Asds )
i=1 1€i#j<n
n
=Y (el AP+ Y leslloyl[lA:d;]] -
i=1 1Ci#ign
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Using Holder’s inequality, we may write that:

[ maxosf? 3. 1Al
max |a; i
=tn &

= AN < > ,2pl/p" ,qu/q-
24 D lal AP < | Xl L4 if p>1

i=1 i=1

1
+ - =1
q

n
> loul” max | Aq*.
\ =1 i=ln
Also, Hélder’s inequality for double sums produces

[z llodllegl} 3% [|4d

l/f 1/’
> |a.-|'_|a-r) ( > Ja))
@25 D laillel || A4 < 4 (IS"#S" ’ 1<iFign

1€i#i<n if r>1, l + l =1;
A.
\ 1<#Z;<n|a,||a_,|l<m¢aj.)é ”A “
g {lelogl} 3 [l
n 2 1/r 1/s
s
[(E1er) - £ ] (.= llas)
= i=1 1 11= 1<i#£jisn
if r>1, ; =1;

\ [(':zn:l Iail) Z o ] 1<.¢,<,.“A iAj

Using (2.3) and (2.4), (2.5) one deduces the desired inequality (2.1).

The following corollaries are natural consequences.

COROLLARY 2. With the assumptions of Theorem 2, one has the inequality

A,~“ max|o (Z“A A ) /2.

i,j=1
PRrOOF: Follows by the first line in (2.1) on taking into account that

(2.6)

12
Jazx {lollogl} < maxesf”,

and

ZIIAA' =D 4P+ > 4]

ij=1 i=1 1<i#jign
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COROLLARY 3. With the assumptions in Theorem 2, one has the inequality:
n
ZaiAi
i=1
n i/p n 1/q 1/q
< (o) [(Srai) "+ - F fassle) |
=1 1<i#ign

2
@2.7)

i=1
wherep > 1,1/p+1/g=1.
ProoF: Using the Cauchy-Bunyakovsky-Schwarz inequality for positive numbers
n 2 Tn ‘
(Za) <y
i=1 i=1

we may write that

n

(Slaet) -l <n 3ol = 3l

=1 i=1 i=1

=(n-1)Y |aul®.
=1

Now, using the second line in (2.1) for = p, s = g, we deduce the desired result (2.7). O

COROLLARY 4. With the assumptions in Theorem 2, one has the inequality

i o A; ]-

i=1
PRroOF: Follows by the third line of (2.1) on taking into account that
n 2 n n
(Sted) - laP <r-D Tl
i=1 i=1 i=1

Another interesting particular case is embodied in the following corollary as well.

(2.8)

Si#ign

2 n
< el [max I +(n—1) max [l 4:4;
i=1 =0

0

COROLLARY 5. With the assumptions in Theorem 2, one has the inequality
n 2 n 1/2
Y wAl <Yl [I_ng Al + ( > A 2) }
i=1 i=1 i=ln 1<i#i<n
PRroor: It is obvious that

n 2 n 1/2 n

[(Z Iaslz) - Z lail4] < Z ol
i=1 i=1 =1

Thus, combining the third line in the first bracket in (2.1) with the second line for
r = s = 2 in the second bracket, the inequality (2.9) is obtained. 0

(2.9)
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n
REMARK 1. If one is interested in obtaining bounds in terms of 3_ |o|?, there are other
i=1
possibilities as shown below. Obviously, since

1<1¢J<n{

n
) a.x . < a;| .
la] as|} < m #a > lail?
i=1

then, by (2.1), in choosing the third line in the ﬁrst bracket with the first line in the
second bracket, one would obtain

2 n
iaiA. < Z Jo;|? [miQ”AiHZ + Z || 4: A;
i=1 i=1 =hn

1<i#j<n ]
Also, it is evident that

(Srer) -] < ()™

i=1 =1 i=1

(2.10)

n 1/m
By the monotonicity of the power mean ( (E / n) a}") as a function of m € R, we
i=1

n T\ T n 12\ 1/2
(———E‘ﬂlia" ) < (————'F;l'a'l ) , 1<r<2,

n 2/r n
(Z la.-l') <y ol
i=1 =1

Thus, using the third line in the first bracket of (2.1) combined with the second line in
the second bracket for 1 <r < 2, 1/s+1/r = 1, we deduce

i a,—A,
i=1

Note that for r = s = 2, we recapture (2.9).

have

giving

n

2 1/s
< lesf? [g_xgllA.-||2+n‘”"“‘( > 4 ) ]
- 1<i#j<n

i=1

(2.11)

The following particular result also holds.

PROPOSITION 1. Letoy,...,0n€ KandA,,..., A, € B(H) with the property
that A;A} = 0 for any i # j, i,j € {1,...,n}. Then one has the inequality;

( < 2\’

maxa| (£ 147)
n n 1/(2p) 1/(2q) 1 1
e <d (L) (S1ar) " irpm1 telay
i=1 i=1 Y4 q

n 2\ 2

(L) maxa.

(2.12)
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If by M(a, A) we denote any of the bounds provided by (2.1), (2.6), (2

(2.9), (2.10) or (2.11), then we may state the following proposition as well.
PROPOSITION 2. Under the assumptions of Theorem 2, we have:
(i) Foranyze H

(2.13) ia.-Aiz ’ < |lzi? M(e, A).
=1
(if) Foranyz,y€H,
n 2
(214) [;am- )| < Il il MG, A).
PROOF:

(i) Obviously,

Ea,Aa: “(Za, .)(z Za' i |33“
| < M(a, A) 2.
(i) We have
= Kg oAz, y> ’ iz:l:aiAiI 2 lylf?,

which, by (i), gives the desired resuit (2.14).

3. INEQUALITIES FOR VECTORS IN HILBERT SPACES

We consider the non zero vectors y,...,y, € H. Define the operators

AcHoH Az=S3% 0 icqn,.. n).

vl
Since
(3.1) Al = sup (|Aizll = sup |(z,3:)| = lwill, i€{1,...,n}
flzfl=1 H=ll=1
then A; are bounded linear operators in H. Also, since
( 1y:)yi '(zayi)lz .
3.2 Aiz,z) = = 20, z€eH, ie{l,...,n
6 (e = (Spte) = T2 {h-omd
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and
v (mwy (=) (W, 2)
(4a,2) = (S 8) = =
(. Ewwy _ @y (@) s2)
@) = (= 5) = S = e
giving
(3.3) (Aiz, 2) = (z,Aiz), z,z€H, i€{l,...,n},

we may conclude that A; (i = 1,...,n) are positive self-adjoint operators on H.
Since, for any z € H, one has

(@l = larcan = |a( &)

lly;ll
- '(IayJ)l“ A; ” - I(xiyj)l . |(yj»yi)|”yj”
Tusll Iyl llw;ll
z,y Vs Yi ..
= [z yi)l (w5, w9)| J|)|l/|1(||1 y)l’ i,j€{1,...,n},
we deduce that
| (.’L‘,y') (y,?/:) ..

If (yi)i=17 is an orthogonal family on H, then ||4;|]| = 1 and A;4; = 0fori,j € {1,...,n},
i1# 7.

The following inequality for vectors holds.

THEOREM 3. Let z,4;,...,Yn € H and ay,,...,an, € K. Then one has the in-
equalities:

09 [Saditl

2 & 2
mglail > llwll
i=1ln i=1
n 1/p s n 1/q
<lalft 8 (1) " (Ehwir) it p>1,

n

| 3 ol mae
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( {Ia-ll%l} Z l(yhyJ)I

l<t;ﬁ j<n 1€iZjgn

r /' n n 1/r
(L) - L] (£ Jowr)
L \i=1 =1 1<i#jgn

1

T

if r>1, +l=1;
s

1/s

+ ||z][? x {

(,é:, Iai|)2 _;"':llad ] max | (i, ¥5)]-

1<i#i<n

Proor: Follows by Theorem 2 and Proposition 2, (i) on choosing A; = (-, u:)/!|v:ll) v

and taking into account that || Ai| = l|vill,
”AtA; = |(ylvy1)l1 7‘:.76 {lv’n}
We omit the details. g
Using Corollaries 2-5 and Remark 1, we may state the following particular inequal-
ities:
1/2
-"7, Yi
(36) a5k, || < el max]o (Z w)l)
Yi ig=1
(1' y, 2 2p 2q e
(3.7) i I 2 ) [ (3
¢ i=1

+(n—1)"”( > |(y.',yj)|q)1/q”,

1<i#jgn

where p>1,1/p+ l/q =1

(x y,) 2 2 2
(38) 2 crp | < el Z|a.n [ma 3l + (n ~ 1) max |(si,3)]]:
1/2
I,y 2
(39) Z 2B ot 3 o [l + (3 Tl |
Ui i=1 Lr=hn 1i#ign
z, ys . [
(3.10) Z ‘” ") < ol D ol Jmax il + 32 |<y.-,y,~)|];
b i=1 L=1n 1<i#ign
n n r 1/s
T, Yi ry—
01 [ el < ol S et [max b + o0 (3 Jananl’) ]
||yl pe [i=Tn 1<iZign

where 1 <7< 2,1/s+1/r=1.
REMARK 2. The choice o; = [|yi]| (i = 1,...,n) will produce some interesting bounds

for
n

Z(z, Yi)yi

i=1

2

We omit the details.
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