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TWISTED GROUP RINGS 
WHOSE UNITS FORM AN FC-GROUP 

VICTOR BOVDI 

ABSTRACT. Let U(KxG) be the group of units of the infinite twisted group algebra 
K\G over a field K. We describe the FC-centre AU of U(KXG) and give a character
ization of the groups G and fields K for which U(K\G) = AU. In the case of group 
algebras we obtain the Cliff-Sehgal-Zassenhaus theorem. 

1. Introduction. Let G be a group, K a field and À: G x G \—> U(K) a 2-cocycle of 
G with respect to the trivial action of G. Then the twisted group algebra K\ G of G over 
the field K is an associative AT-algebra with basis {ug \ g G G} and with multiplication 
defined for all g, h G G by 

and using distributivity. 

Let U(K\G) be the group of units of K\G and let À(7 be its subgroup consisting of 
all elements with finitely many conjugates in U(K\G). This subgroup AU is called the 
FC-centre of U(KXG). Clearly, if AU = U(KXG\ then C/(JrAG) is an FC-group (group 
with finite conjugacy classes). 

The problem to study the group of units of group rings with FC property was posed 
by S. K. Sehgal and H. J. Zassenhaus [1]. For a field K of characteristic 0 they described 
all groups G without subgroups of type p°° for which the group of units of the group 
algebra of G over K is an FC-group. This was spelling for arbitrary groups by H. Cliff 
and S. K. Sehgal [2]. 

In this paper we describe the subgroup ÀU when KXG is infinite. Let t(AU) be the 
group of all elements of finite order of AU. Then AU is a solvable group of length at 
most 3 and the subgroup t(AU) is nilpotent of class at most 2. This is new even for group 
algebras. We use this result for the characterization of those cases when U{K\G) has FC 
property, and obtain a generalization of the Cliff-Sehgal-Zassenhaus theorem for twisted 
group algebras. 
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TWISTED GROUP RINGS 275 

2. The FC-centre of U{K\G). By a theorem of B. H. Neumann [3] the elements of 

finite order in AU form a normal subgroup which we denote by t(AU), and the factorgroup 

AU/t(AU) is a torsion free abelian group. Evidently, G = {nua \ K G U(K),a G G} is a 

subgroup in U(K\G), while U(K) is a normal subgroup in G, with factorgroup G/U(K) 

isomorphic to G. 

If x is a nilpotent element of the ring K\G then the element^ = 1 + x is a unit in AT\G 

and is referred to as a unipotent element of U(K\G). 

Let ((G) be the centre of the group G and [g, /z] = g~lh~lgh (g, h G G). 

LEMMA 1. Let K\ G be an infinite twisted group algebra. Then all unipotent elements 

of the subgroup AU are central in AU. 

PROOF. Let^ = 1 +x be a unipotent element of AU and v £ AU. Then for a positive 

integer k we have xk = 0 and by induction on k we will prove vx = xv. 

The subgroup G = {nua \ K G U(K),a G G} is infinite and by Poincaré's theorem 

the centralizer S of the subset {v, y} of G is a subgroup of finite index in G. Since G is 

infinite, S is infinite and Jy = yf for a l l / G S. Then x / is nilpotent and 1 + xf is a unit in 

A^G. We can see easily that the set {(1 + x/)_ 1v(l + x/) | / G 5} is finite. Let v i , . . . , vt 

be the elements of this set and Wt= {f G S | (1 +X/T 1 v(l + x/) = v,-}. Then S = U ^ 

and there exists an indexy such that Wj is infinite. Fix an element/ G Wj. Any element 

q £ Wj,q 7^/satisfies 

(1 + x / T 1 v ( l +x / ) = (1 +x<?r1v(l +xq) 

and 

v(l + x/)(l +X?)-1 = (1 + x/)(l +x<7)-1v. 

Then 

v{(l + *?) + ( * / - * ? ) } ( l + x ^ r ! = {(1 +x^) + ( x / - x ^ ) } ( l + x ^ r 1 v , 

v(l +x(f-q){\ + xq)~l) = (1 +x(f-q)(\ + xqYx)v 

and 

(1) v x ^ - ^ X l + x ^ ) " 1 =x(f-q)(\+xqyxv. 

Now we use the induction mentioned above. For k = 1 the statement is trivial; so we 

suppose it is true for all 1 < n < k, where k > 2 is any given integer. 

If m > 2, then by induction hypothesis xmv = vxm for all v G AU. Clearly, if / > 1 

then 

x(f-q)xlqlv = (f-q)xl+]qlv = (f-q)vx*Xql = vx(f-q)xlql. 

From ( 1 ) we have 

vx(f-q){\ -xq+x2q2 + • • • + {-\)k^ xk^ qk^) 

= x(f-q)(l -xq+x2q2 + • • •+(-\f-xxk-xqk^)v. 
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276 VICTOR BOVDI 

So if - q)(vx - xv) = 0. 
Now suppose xv ^ vx. The element q~xf G G can be written as \uh (À G U(K),h G 

G). By vx — xv = Y,si=\ ociugi ^ O w e have 

s s 

Y] ^OCiUhUgi — Y &iUgi — 0. 
/=1 ' i=\ 

If h £ G satisfies this equation, thengi = hgj for somey, and the number of such elements 
h is finite. Since Wj = {Aw/, | A G U(K)} is an infinite set, there exist h and different 
elements Ai,À2 G K such that A\uh,X2uh G 0y. Then(A;W/, — l)(vx — xv) = 0, (i = 1,2) 
and we obtain (Ai Uh — A2^)(vx — xv) = 0. This condition is satisfied only if vx = xv but 
does not hold. • 

LEMMA 2. Let K\ G be an infinite twisted group algebra, H a finite subgroup of AU 
and Lu the subalgebra of K\G generated by H. Then the group of units U{LH) of the 
algebra LH is contained in AU, and the factorgroup U(LH)/(\ + J(LH)) IS abelian. 

PROOF. If H is a finite subgroup of A U and LH is the subalgebra of K\G generated 
by H, then LH is an algebra of finite rank over K and its radical J(LH) is nilpotent. Then 
U{LH) is a subgroup of AU and by Lemma 1 all unipotent elements of U(LH) are central 
in AU. Therefore 1 + J(LH) is a central subgroup of At/and J(LH) C £(£//), where C,(LH) 
is the centre of LH. Then by Theorem 48.3 in [4] (p. 209) 

(2) LH = LHe\ 0 • • • 0 LHen 0 N, 

where Lnei is a semiprime algebra (i.e. Lnei/JCLnei) is a division ring), TV is a com
mutative artinian radical algebra, e[,...,en are pairwise orthogonal idempotents. By 
Lemma 13.2 in [4] (p. 57) any idempotent e,- is central in LH and U(LHei) is isomorphic 
to the subgroup (I — et +zet | z G U(LH)) of U(LH). 

Since U(Lne^) is a subgroup of the FC-group A U it is an FC-group, too. As J(LHe{) is 
nilpotent (see [5]), 

(3) U(LHei)l ( 1 + J(L„ei)) <* U(L„ei/'J(L„ei)). 

By Scott's theorem [7], in the skewfield £//£//./(/,//£/) every nonzero element is either 
central or its conjugacy class is infinite. Thus the FC-group U(LHei)/(l + J(Z,//e/)) is 
abelian. 

Decomposition (2) implies 

LH/J(LH) = LHe\ /J(LHe{) 0 • • • 0 LHen/J(LHen) 

and 

£/(L//)/(l +J(LHj) ^ U(LH/J(LH)) = U(LHexlJ(LHex)) x • • • x U(LHen/J(LHen)). 

Therefore t/(L//)/(l + J(LHJ) is abelian. • 
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THEOREM 1. Let K\ G be an infin ite twisted group algebra and t(A U)the subgroup of 
AU consisting of all elements of finite order in AU. Then all elements of the commutator 
subgroup oft(AU) are unipotent and central in AU. 

PROOF. Let //be a finite subgroup of t(AU) andLH the subalgebra of K\G, generated 
by H. Then the elements of the subgroup H\ = H D ( 1 + J(LH)) are unipotent and (by 
Lemma 1) central in AU. The subgroup / / ( l + </(£//)) is contained in U(LH) and 

H/Hx = / / / ( / / H (l +J{LH))) = (//(l + J(LH)))I{\ +J(LH)). 

By Lemma 2 the factorgroup U(Ln)/(l +J(LH)\ is abelian. So H/H\ is abelian and the 
commutator subgroup of// is contained in H\ and consists of unipotent elements. 

Since the commutator subgroup of t(AU) is the union of the commutator subgroups 
of the finite subgroups of t(AU), all elements of the commutator subgroup of t(AU) are 
unipotent and central in AU. m 

THEOREM 2. Let K\G be an infinite twisted group algebra where char(AT) does not 
divide the order of any element of the subgroup AG. Then t(AU) is abelian. 

PROOF. Let H be a finite subgroup of the commutator subgroup of t(AU). Then (by 
Theorem 1) //is contained in the centre of AU. The set {ug

lHug \ g G AG} contains only 
a finite number of subgroups H\, H2,..., Ht. The subgroup L = //1//2 • • • Ht is finite and 
is invariant under inner automorphism^^) = u~lxug of the ring K\AG, where g G AG. 
Let x\,... ,Xy be all elements of L. Then j>, = x/•• — 1 is a nilpotent element, and in the 
commutative ring L the elements^,.. . ,ys commute. Therefore 

J= lYl(xiyi\ai€K9xi=yi + l G L) 

is a nilpotent subring. Let 

F= (E<W*i I ai€K,Xi=yi+l G L9z{ G KXAG). 

Let us prove that F is a nilpotent right ideal of K\AG. If z = Ey /3jUg G K\AG then 
j//z = Ey (3jUgjug

lyiUgJ, and u~xyiugj equals one of the elements j i , . . . ,ys. This and the 
nilpotency of the ring J imply that F is a nilpotent ring. By Passman's theorem [6], if 
char(AT) does not divide the order of any element of AG then K\AG does not contain 
nilideals. Therefore F — 0, L — 1 and the commutator subgroup t(AU) is trivial so t(AU) 
is abelian. • 

COROLLARY. Let K\AG be an infinite twisted group algebra. Then AU is a solvable 
group of length at most 3, and the subgroup t(AU) is nilpotent of class at most 2. 
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3. The FC property of U(KX G). 

LEMMA 3. Let Lbea subfield of the twisted group algebra Kx G, where K is a subfield 
ofL, g G G an element of order n and 

\ = ul= ^g,g\,g2 ' • • -W"1 • 
Ifan ^ Xg for some a G L and aug = uga then ug — a is a unit in KXG. Furthermore, if 
L is an infinite field then the number of such units is infinite. 

PROOF. Let a E L , a " ^ A g and uga — aug. Then Ag — an is a nonzero element of 
L and 

(an~l + a
n~2ug + • • • + aiÇ2 + iÇx)(\g - a")"1 

is the inverse of ug—a. We know that the number of solutions of the equation xn — \g = 0 
in L does not exceed n. Thus in an infinite field L there are infinitely many elements not 
satisfying the equation*" — Ag = 0. • 

LEMMA 4. Let G be an infinite locally finite group where char(AT) does not divide 
the order of any element ofG. IfU(KxG) is an VC-group then G is abelian and K\G is 
commutative. 

PROOF. Let W be a finite subgroup of G. Then the subalgebra K\ W is a semiprime 
artinian ring and by the Wedderburn-Artin theorem 

KXW = MinuDO ® • • ® M(nhDt\ 

where each D^ is a skewfield and M(«£, At) is a full matrix algebra. Let e^ e^ be matrix 
units in M(nk,Dk) and / ^ j . Then the unipotent elements 1 + e/j7, 1 + ejj are central in 
K\ G (see Theorem 1 ) which is impossible if / ^ j . Thus nk — 1 and K\ W is a direct sum 
of skewfields, Kx W = Dx 0 D2 ® • • • 0 Dt and 

U(KX W) = U{Dx) x C/(D2) x •.. x (7(A). 

By Scott's theorem [7] any nonzero element of a skewfield is either central or has an 
infinite number of conjugates. Therefore Kx W is a direct sum of fields and W is abelian. 
Since G is a locally finite group, G is abelian and KXG is a commutative algebra. • 

LEMMA 5. Let Kx G be infinite and Q\\M{K) does not divide the order of any element 
of the normal torsion subgroup L ofG. IfU(KxG) is an FC-group then all idempotents 
ofKxL are central in KXG. 

PROOF. Let the idempotent e G KXL be noncentral in KXG. Then there exists g G G 
such that eug ^ uge. The subgroup H — (g"1 supp(e)gi | / G Z) is finite and for any a G G 
the subalgebra KXH of KXL is invariant under the inner automorphism </>(*) = ua

{xua. It 
is easy to see (by Lemma 4) that KXH is a commutative semisimple A^-algebra of finite 
rank and the idempotent e G KXH is a sum of primitive idempotents. Consequently, 
there exists a primitive idempotent/ of KXH which does not commute with ug. Then the 
idempotents/ and u~xfug are orthogonal and (ugf)2 = ujugf = u2(u~lfugY = 0. By 
Theorem 1 the unipotent element 1 + Ugf commutes with ug and ( 1 + Ugf)ug = ug(\+ Ugf) 
implies Ugf = fug, which is impossible. Thus, all idempotents of KXL are central in 
KXG. 
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LEMMA 6. Let U(KX G) be an FC-group and t{G) the set of all elements of finite order 
in G Then 

1. G is an FC-group; 
2. if there exists an infinite subfield L in the centre of K\G such that L D K then 

t(G) is central in G and Xg^ = Xh,g (h £ t(G)>g £ GJ. 

PROOF. If U(KXG) is an FC-group then G = {Xug \ X E U(K),g E G} is an 
FC-group. Clearly U(K) is normal in G and G = Gj U(K). We conclude that G is an 
FC-group as it is a homomorphic image of the FC-group G. 

Let L be an infinite field which satisfies condition 2 of the lemma. Then by Lemma 3 
for any h E t(G) there exists a countable set S = {or, E Z, | / E Z} such that u^ — a, is a 
unit for all / E Z. Suppose that ugUh ^ u^Ug for some g E G. Next we observe that the 
equality 

(uh — oci)ug(uh — a ,) - 1 = (uh — (Xj)ug(ug — aj)~] 

holds only in case a/ = a7. Since 

(MA - CCi)(uh - ay)" 1 = 1 + {(Xj - Oti){uh - a y ) - 1 , 

we obtain (a, — aj)(ugUh — UhUg) = 0 and at — aj. It follows that the set 

{{uh - aj)ug(uh - aj)~l | / E Z} 

is infinite which contradicts the condition that U(K\ G) is an FC-group. Then ugUh = 
w/jWg, therefore [g, A] = 1, /(G) Ç ((G) and AgjA = AAjg (/r E t(G),g e G). m 

LEMMA 7. Let G be an abelian torsion group, K\G a commutative semis impie alge
bra and v an idempotent ofK\G. IfK\Gv contains a finite number of idempotents then 
K\Gv is a direct sum of finitely many fields. 

PROOF. If e\,..., es are all the idempotents of K\Gv, then 

L= (supp(ei ) , . . . , supp(^)) 

is a finite subgroup in G and K\Lv is a direct sum of finitely many fields, 

KxLv = {KxLvYx 0 • • • 0 (KxLvyt, 

where f , . . . ,ft are orthogonal primitive idempotents of KxLv. The corresponding direct 
sum in Kx Gv is 

KxGv - {KxGvYx 0 • • • 0 (KxGvyt. 

We show that the element 0 / x G (KxGv)fi is a unit. R — (L, supp(x)) is a finite 
subgroup and KxRv is a direct sum of finitely many fields, 

KxRv = (KxRv)h © • • • 0 (*A*V)/„ 

and each idempotent^ is either equal to an idempotent lj or is a sum of these idempotents. 
Iff = lj then xft E (KxRv)lj and x is a unit in (KxLvYi. Iff = //, + //2 (/,-,, //2 E A:ALv) 
then (KxLvYi = (KxLv)lh 0 (KxLv)lh, but this does not hold. • 
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THEOREM 3. Let K\G be an infinite twisted group algebra ofchar(K\G) = p, such 
that t{G) contains a p-element and either the field K is perfect or for any element g G G 
of order pk, the element u^ is algebraic over the prime subfieldofK. Then U(K\G) is an 
FC-group if and only if G is an YC-group and satisfies the following conditions: 

1. p — 2 and \Gf\ — 2; 
2. t(G) is central in G and t(G) = G' x H, where H is abelian, and has no 2-elements; 
3. K\H is a direct sum of a finite number of fields;x 

4. {A^-iA/j-i^A/j-i^/j | h G H} is a finite set for all g G G. 

PROOF (NECESSITY). By Lemma 6 G is an FC-group. Let g be an element of order 
pk. Then ifg = Xg G U(K) and in the perfect field K we can take a pk-th root of Xg 

which we denote by p. If Ko is the prime subfield of K and Xg is algebraic over Âo then 
Ko(Xg) is a finite field and so it is perfect. Thus ug — p is nilpotent and 1 + p — ug and 
(by Theorem 1) 1 — (ug — p)ua is central in U(K\G). Then for any b G G by 

ub{\ - (ug - ji)ua) = (l - (ug - p)ua)uh 

implies 

( 4 ) UbUgUa — jlUbUa — UgUaUb + [iUaUb — 0 . 

Each ug can be written in the form ii + (ug — p) and so p~lug — \+p~x (ug — /i). Thus 
{i~~xug is an unipotent element and it commutes with Ub and ua. Then (4) can be written 
as 

(5) UgUbUa — UgUaUb — [iUbUa + \iUaUb = 0. 

If [a, b] = 1 then, by (5), we have (Xa,b ~ ^b,a)(Ug — p) — 0- From this equation we 
get that the coefficient of ug must be zero and A^ = A^. Thus, UbUa = uaUb. 

Let [a, b] ^ 1. Then by (5), ugUbUa — —[iuaUb and uguaUb — —\iUbUa. So 

(6) j « g = - / i[« a-1 ,«î1]-1 , 
\ug = -li[u-\uïx]. 

Consequently u2
g = fi2 and (ugfi~

x)2 = 1. Note that in (6) g may be any /?-element, 
further a and b may be any noncommuting elements of G. This is possible only ifp = 2. 
Then the commutator subgroup G' of group G = {KU0 \ « G /̂(AT), a G G} is of order 2 
and coincides with the Sylow 2-subgroup of G. Thus G' Ç ((G) and G is a nilpotent 
group of class at most 2. Let 

L= (nuh | /i G U(K),h et(G)}. 

Then L/U(K) is nilpotent torsion group and its 2-Sylow subgroup is of order 2. Here L 
is abelian because G' is of order 2 and it is a subgroup in L. Therefore t(G) is abelian and 

If K\H is a group ring then H is a finite abelian group. 
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/(G) = S x // , where S = (g | g2 = 1) is the Sylow 2-subgroup of/(G) and all elements 

of H are of odd order. 

We show that K\H is central in K\G. Let h £ H,a e G and [ua,uh] ^ 1. Then 

[^,i//7] = /i«g and 

(7) ^ua~\h-\ah = /i«g. 

It is clear that [a, h] E H and the order of [<z, //] is odd because / / is normal in G. Since g 

is a 2-element, (7) does not hold. Thus KXH is central in K\G and /(G) Ç ((G). 

Let us prove that K\H contains only a finite number of idempotents. Suppose K\H 

contains an infinité number of idempotents <?i, <?2, If d,b E G and [b, d] = g ^ 1 

then g2 — 1 and (by Lemma 5) 1 — et + udei is a unit. Clearly, 

(1 - et + udei)~xUb(\ - e,- + «</£/) = w*,(l — e,- + //%£/), 

where// = A ^ A ^ A ^ - i ^ À ^ - i ^ À ^ - i ^ - i . 

If / T̂  7 then 1 — et+ \iugei =£ \—ej + fiugej. Indeed, if 1 — et + [iugei — \—ej + fiugej, 

then (a — ej)(iiug — 1) = 0. Since et — e, G K\H and wg ^ A^A//, the last equality is true 

only in case / =j. Therefore if/ ^j then 1 — etr + /xwge/ ^ 1 — e, + /iwgey and ŵ , has an 

infinite number of conjugates, which does not hold. Thus K\H contains a finite number 

of idempotents e\,e2,...,et9 and (by Lemma 7) ATA// is a direct sum of a finite number 

of fields. 

Since {u~xuhug \ g G G} is a finite set, we obtain condition 4 of the theorem. 

SUFFICIENCY. Let the conditions of the theorem be satisfied. We prove that U(KX G) 

is an FC-group. 

Let G' — {a \ a2 — 1) be the commutator subgroup of G and fi2 = \a^a. Thus the 

ideal ,3 = K\ G(ua — /i) is nilpotent. 

In K\Gwe choose a new basis {wg | g G G}, 

wg, ifg£G\(a), 
[i~xug, if g G (a). 

Let G = Ubj(a) be the decomposition of the group G by the cosets of (a). Any element 

x + 3 G K\G/% can be written as 

x + 3 = J ] a/Mfy + 1 ] jS/Wj,,. wfl + 3 

= E "iWb, + E PiWb(wa - 1) + E &w*, + 3 = £(<*, + 0,)wbl + 3 . 

We showthatArAG/3 is commutative. Indeed 

(wg + 3)(w/z + 3 ) = WgW/j + 3 = WhWg[wg, Wh\ + 3 , 

and the commutator [vvg, w/,] is either 1 orwfl. If [wg, vv/J = wa then 

WgWh + 3 = WhWgWa + 3 = W/,Wg(wa — 1) + VV/jWg + 3 = WfrWg + 3 . 
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We will construct the twisted group algebra KflH of the group H = G /(a) over the 
field K with the system of factors \i. 

Let R[(G/(a)) be a fixed set of representatives of all left cosets of the subgroup (a) in 
G and H = (ht = bt(a) | bt G /?/(G/(a))). Let th. denote element w^ + 3 . If hfy = hk, 
then bibj = bka

s (s = {0,1}), and 

thfyj = ^ ^ + -3 = A^.^.vv^ + S = A ^ . À ^ , W ^ M V + 3 

= ^bjKl^bk + A^,^A^^w^(w^ - 1) + 3 = A / ^ . A ^ w ^ + .3. 

Let fih.ih = \bj,bj^bl
ai and M = {/M> I fl,è G / / } . Let {th \ h G H} be a basis of the 

twisted group algebra KfiH with the system of factors \i. Clearly t^fa. — [ib^b^ • 
Let t(H) be the set of elements of finite order of//and H = Uc//(//) the decomposition 

of the group / /by the cosets of the subgroup t(H). Thenx,x_1 G U(KflH) can be written 
as 

t s 

x = J2 vite, and x - 1 = J ] f5ttdn 
i= 1 / = 1 

where ai9/3j are nonzero elements ofKfj(H). The subgroup 

L = (supp(a}),..., supp(a,), supp(/3i ) , . . . , supp(ft)) 

is finite and K^L is a direct sum of fields 

(8) K^L = exK^L 0 • • • 0 e ^ Z , . 

Letxe^ = EJLi 7/fC/ a n d x - 1 ^ = T!JL\ <$,4/;, where 7/,<5/ are nonzero elements of the field 

We know [8], that a torsion free abelian group is orderable. Therefore we can assume 
that 

cht(H) < cl2t{H) < • • • < cint(H) 

and 
dht(H) < dj2t(H) <••< djJ(H). 

Then cix dj{ t{H) is called the least and cindjm t(H) is called the greatest among the elements 
of the form cisdjqt(H). It is easy to see that Ci^dj^H) < cindjj(H) if n > 1 or m > 1. 
Therefore lb\tCi tj. ^ ln^mtCintdm • Sincex^e^xe^ = e*, we have n — m ~ \,xek — ltCr 

and JC~ ! e* = 7~* /~!. Thus x and x~x can be written as 

t t 

x = Y/litCi and x - 1 = E % r V > 
i=\ i=\ 

where 7 i , . . . , l t are orthogonal elements. 
Let (f):K\G/% \—> KflH be an isomorphism of these algebras. If x G U(K\G) then 

</>(x + ,3) = £ j = 1 7^ . where 7/ G K^Let. It is easy to see that there exists an abelian 
subgroup L of G such that L — L/(a). The algebra K\L is commutative and its radical is 
a nilpotent ideal equal to 3 Pi K\L. Since K^L/fà D K\L) = A^L, the classical method 
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of lifting idempotents yields idempotents/i,... ,ft in K^L such that/j + • • • +ft = 1 and 
ft + .3 = et. Then JC = xfi + • • • + xfi and </>(*// + 3) = 7/fC/5 where A/ = bt(a), bt G G. 
There exists an element v, G A^Z/Ï such that </>(v/ + 3) — 7/ and </>(v/wg, + 3) = 7 A,.. We 
can find an element r G 3 such that x// = (v/ + J#)wg/. 

Clearly 5/ = v/+A# is a unit in K^Lfi and is central in K\ G. So s i , . . . , st are orthogonal 
andx = T!i=xsiwgnx~x = E^ i^ r 1 ^" 1 . Since st G Ç(KxG),x~lwgx = £{=1 wft'wgw&. 
for any g G G. By condition 4 our theorem wg has a finite number of conjugates, because 
G is an FC-group. Thus U(K\G) is an FC-group. • 

LEMMA 8. Let K be afield such that char(AT) does not divide the order of any element 
oft(G), K\t(G) a commutative algebra that does not contain a minimal idempotent. Then 
for any idempotent e G K\t(G) there exists an infinite set of idempotents e\ = e, e2,... 
such that 

(9) ekek+l = ek+l (k G N). 

PROOF. SupposeK\t{G) does not contain a minimal idempotent. First we prove that 
for any idempotent there exists an infinite set of idempotents e\, e2,... in K\t{G) satis
fying condition (9). 

Let ei be an idempotent of K\t(G) and H\ = (supp(ei)). Then the ideal K\t{G)e\ 
is not minimal and so contains a proper ideal 3i of K\t{G). Let 0 ^ JCI G 3i and 
H2 — (H\, supp(xi )). Then 31 = 31 D K\H2 is an ideal of K\H2 and 31 is generated by 
the idempotent e2 because H2 is a finite subgroup of t{G) and the commutative algebra 
K\H2 is semiprime. It is easy to see that e\ = e2 +f,f ^ 0 and e\ e2 = e2. Indeed, iff — 0, 
then e\ — e2 and K\t(G)e\ = K\t{G)e2 C 3 i , which does not hold. The ideal K\t(G)e2 

contains a proper ideal 3 2 of Kxt(G). We choose a nonzero element 0 ^ x2 G 3 2 and 
consider the subgroup 7/3 = (7/2,supp(x2)). The ideal 3 2 = 3 2 HKxH^ is generated by 
the idempotent £3 and e2^3 = £3 7̂  £2- This method enables us to construct an infinite 
number of idempotents e\, e 2 , . . . , satisfying condition (9), which completes the proof. • 

LEMMA 9. Let K be afield such that char(AT) does not divide the order of any element 
oft(G), and U(K\ G) an YC-group. If the commutative algebra K\t(G) contains an infinite 
number of central idempotents f,f2,... and g = [a, b] (a, b G G) is an element of order n 
then the commutators [ua, Ub] and [a, b] have the same order and 

(10) (fi-Ml-[»a9ub]) = 0 

for some i ^ j . 

PROOF. Let g = [a,b] ^ 1 where a,b G G. By B. H. Neumann's theorem G/t(G) 
is abelian, thus g G t{G) and 1 — f + ujfi is a unit in K\ G. The element wa has a finite 
number of conjugates in U(K\ G) and 

(1 -ft + ub
lf)ua(\ -ft + utfi) = wa(l - J Î + [ua,ubYi). 
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Consequently there exist / andy (/ <y), such that 

1 -fi + [Ua, UbYi =\-fj + [ua, Ub\fj 

and 

( i l ) (/î-jÇXi-[« f l .«6]) = o. 

If n is the order of g = [a, b] then 

[ua,Ub] — ^a-i^b-l,b^a-l,b-lK-lb-l,aK-lb-la,bug 

and [ua,ub]
n = 7 G U(K). Then by (11) we have 7(£ - fj) = f -fi- So 7 - 1 and 

[ua,ubT = 1. • 

THEOREM 4. Le/ /T\G be an infinite twisted group algebra, and char(A )̂ does not 
divide the order of any element oft(G). IfKxt(G) contains only a finite number ofidem-
potents then U(K\G) is an YC-group if and only if G is an FC-group and the following 
conditions are satisfied: 

1. all idempotents ofKxt(G) are central in KXG; 

2- {^h^h~l,g^hlg,h I n £ H} is a finite set for every g G G; 
3. K\t{G) is a direct sum of a finite number of fields; 
4. ifK\t(G) is infinite then it is central in K\G. 

PROOF (NECESSITY). By Lemmas 4, 6 and 7 Kxt(G) is commutative, G is an FC-

group and all idempotents of K\t{G) are central in K\G. Since {ug
 lu^ug | g G G} is a 

finite set, condition 2 of the theorem is satisfied. 
Since K\t{G) contains only a finite number of idempotents (by Lemma 7) K\t{G) is 

a direct sum of a finite number of fields. Let K\t{G) be infinite and K\t(G)et a, field in 
this direct decomposition of K\t(G). Lemma 5 implies that K\t{G)ei is invariant under 
the inner automorphism \fj(x) = u~xxug for any g G G. Since (ug,K\t(G)ei \ {0}) is an 
FC-group there exists a infinite subfield Lg of K\t{G)ei such i\\diiyug = Ugy for every 
y G L. Let H = (g, t(G)}. Then KXHis subalgebra of KXG and (by Lemma 6) Kxt{G) is 
central in KXH. 

SUFFICIENCY. Let Kxt{G) be a direct sum of fields, 

Kxt(G) = F] 0 F 2 e - - - e F , . 

Then F, = Kxt(G)ei, where e/ is a central idempotent in KXG. It is easy to see that KXG 
is a direct sum of ideals 

(12) KXG = KxGe{ (B " - (B KxGet. 

Let us prove that KxGeq is isomorphic to a crossed product Fq * H of the group / / = 
G/t(G) and the field Fq. 
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Let Ri(G/t(G)) be a fixed set of representatives of all left cosets of the subgroup t(G) 
in G. Any element x G K\ Geq can be written as 

X — CqUCl Ji "t" • • • T CqUCs ]s, 

where lk G Kxt(G),ck G Ri(G/t(G)). If c(cj = ckh (h G t(G)) then 

We will construct the crossed product Fq * //, where 

H={hi = cit(G)\ci£Rl(G/tiG))}. 

Let a G Fq and a be a map from H to the group of automorphism Aut(F^) of the field Fq 

such that (i(hi)(a) = u~lauCi and let /x/^. = UhX~\XCijCj. 
Clearly, the set /i = {/ia^ G f/(F^) | #,6 G H} of nonzero elements of the field Fq 

satisfies 

and 

_ a(c) 
^a,bcf^b,c — f^ab,c^a jj 

a(a)a(b) _ -1 a(ab) 

where a G Fq and a,b,c G H. 
Then Fq*H— {T,heH w/,cty I a/? G Fq} is a crossed product of the group H and the 

field Fq and we have wd.wd. = w^f^d^d a n d ocwd. = w</.aaW). 
Clearly, Fq*H and K\ Geq are isomorphic because 

ucauCj = uCiuCj(u~l auCj) = uCkfiChCja
a(Cj\ 

We know [5] that the group of units of the crossed product K * H of the torsion free 
abelian group H and the field K consists of the elements vt^a, where a G U(K), h G H. 

By (12), for every y G £/(tfAG), 

J> = wc,7i +--- + Wc/Y/ 

and 

where 7i, . . . ,7? are orthogonal elements. 
Letx — 6\Udl + • • • + btUdt G U(K\G). Then 

j ; * / " 1 = uCxl\8\udxu~^x +--'+uCtl\btudtu-Xr)~x. 

lfKxt(G) is infinite then Kxt(G) Ç CO^AG) and 
t t 

y*y~x = YthuciUdiU"1 = YlsiKlc-iXcitdixCidhC-\uCjdiCi-i. 
i=\ i=\ 

Since G is an FC-group, by condition 2 of the theorem, x has a finite number of conju
gates, so U(K\ G) is an FC-group. 

If K\t(G) is finite then Fq is a finite field and 

— 1 \~^ — 1 — 1 c ~ \ " ^ A — 1 \ A —1 r f f (c~ ' ) (j(c~ld7lCj) 

y > = £%̂  uc, ^^ucHi^T.K^Kr^d^d^i ^i ' ̂ i ' \^cr 
Since G is an FC-group and Fq is a finite field, x has a finite number of conjugates, so 
U(K\G) is an FC-group. • 
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TH EOREM 5. Let K\ G be infinite and char(A )̂ does not divide the order of any element 
oft(G). IfK\t(G) contains an infinite number of idempotents then U(K\ G) is an FC-group 
if and only if G is an FC-group and the following conditions are satisfied: 

1. K\t{G) is central in K\G and contains a minimal idempotent; 
2. {̂ /7J~i V' , gV'g, / ; \ heH} is afinitesetforanyg G G; 
3. the commutator subgroups of G and of G = {^ua \ K G U(K),a G G} are 

isomorphic and G1 is either a finite group or isomorphic to the group Z(q°°) (q ^ 
p), and there exists an n G N, such that the field K does not contain the primitive 
qn-th root of \; 

4. for every finite subgroup H of the commutator subgroup of G the element eu = 
ÏTTl E/ÎG// h is a idempotent of K\t(G), and K\t(G)(\ — en) is a direct sum of a 

finite number of fields;1 

PROOF (NECESSITY). By Lemmas 4, 6 and 7 Kxt(G) is commutative, G is an FC-

group and all idempotents of K\t(G) are central in K\G. 
Let us prove that K\t(G) contains a minimal idempotent. Suppose the contrary. Let 

a,b G G and 1 ^ [a, b] = g. Since g is an element of finite order n, by Lemma 9, 
[ua,Ub]n = 1 and 

1 
/ = -(1 +[ua,uh] + [ua,ub] + -- + [ua,ubY ) 

n 
is an idempotent. By Lemma 11, for 1 — / one can construct an infinite sequence of 
idempotents e\ = 1 —/, e2, • • •, satisfying (9). By Lemma 9, 

(1 - [ua,uh])(ei -ej) = 0, 

where / <j. Consequently ([ua, Ub])k(ei — ej) = (et — ej) for all k and/(e, — ej) — e-t — ej. 
This implies (1 —f)(ei — ej) — 0. Since e\ = 1 —/, e\{ei — ej) = 0. If we multiply this 
equality from the right by the elements ei,..., ey-i, by (9) we obtain ey-_i — ej = 0. Now 
we arrived at a contradiction, which proves that K\t(G) contains a minimal idempotent. 

It is easy to see that /(G) is infinite, otherwise K\t(G) would contain a finite number 
of idempotents. K\t(G) contains a minimal idempotent e, and so there exist only a finite 
number of elements g G t(G), such that eug = e. Consequently K\t(G)e is an infinite 
field and contains AT as a subfield. Then as in the proof of Theorem 4, K\t(G) is central 
in^AG. 

Since {ug
lUhUg | g G G} is a finite set, we obtain condition 2 of the theorem. 

Suppose c G G' and 
c = [a\,b\][a2,b2]'- [an,bn]. 

Since K\t(G) is central in K\G and 1 — ex+ e[Ubk G U(K\t(G)\ we have 
n n 

n ( 1 - et+ e-^ll)"«*(1 — /̂ + eit*bk) = H {uak( 1 - *?/ + et[uak, ubk])) 
k=\ k=\ 

n , n x 

= U(uak) I K 1 -ei + ei[uak,uhk])\ 
k=\ yk=\ J 

If KXG is a group ring, then 1 and 3 imply 4 (see [6] p. 690, Lemma 4.3, also [10]). 
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for all i E N. Since each uai,ua2,...9 uQk has a finite number of conjugates, there are 
only a finite number of different elements of the form Il/UiO ~ ei + e/[w^, ubk]). These 
elements will be denoted by w\,..., wt. Let 

n ( l - et + ei[uak,ubk\) = w, 
*=1 

»;(c)= / E 

It is easy to see that the set of natural numbers N is the union of the subsets Wi(c) (i 
1,. . . , t\ of which at least one is infinite. If W\{c) is infinite and ij G W\(c) then 

(13) (ei-ej)(l-fl[uak,ubk])=0. 
v k=\ J 

This implies that if 

f[[uak,ubk]=ieU(K) 

then! = 1. 
Now we prove that the commutator subgroups of G and of G = {nua | « G U(K),a G 

G} are isomorphic. It is easy to see that the map r(\ug) = g (\ G U(K),g G G) is a 
homomorphism from G to G. Every element A G G' can be written as 

A = [uai,Ub{][ua2,Ub2]'-' [Uan,Ubn]. 

As we have shown above, if A = À G £/(AT) then À = 1. Thus, r is an isomorphism from 
G' to G'. 

Let H be a finite subgroup of G'. Then en — uj\ HheH h is an idempotent of K\t{G). 
Suppose that A^(G)(1 — en) contains an infinite number of idempotents ^1,^2, If 
H = {/21, /z2,..., A5}, then, as it is shown above, for every A7 G //, 

N=^,(Ay)U- . -U^(Ay) , 

where y = 1,2,... ,s, and for every k ^ /, W^Qij) and FF/(A7) have empty intersection. 
It is clear that there exists an infinite subset M — Wix (h\) n • • • Pi Wis(hs). I f / j G M, 

then by (13), we have (e\ — ey)(l — Ar) = 0 for any r. Then 

1 y 

(14) et -ej= —-J2 (hr(ei ~ ej)) = etfiei - ej). 

Since et - ej G Kxt(G)(\ - eH\ by (14), 

et -ej = (l- eH)(ei - ej) = {et - ej) - eH(ei - ej) = 0. 

Thus, K\t(G)(\ — eH) contains a finite number of idempotents, and by Lemma 7, it 
can be given as a direct sum of a finite number of fields. 

Let us prove that there exists only finitely many elements of prime order in G. 
Suppose the contrary. If a, b G G then 1 ^ [a, b] = g G t{G). As we have seen above, 

if A G G, then there exists \i G U(K) such that the order of the element jiUh equals the 
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order of h. Then there exists a countably infinite subgroup S, generated by elements of 
prime order, such that (g) DS = 1. By Prufer's theorem [9] S is a direct product of cyclic 
subgroups S = Y\j{cij). If g7 is the order of the element a}, then 

ej = - ( l + \iuai + (/in*,)2 + • • • + Oz^ . f - 1 ) 
?/ 

is a central idempotent and x, = \—ei+ejUa G U(K\G). By Lemma 9, (e/ — ey)(l —fiug) = 
0. Since g ^ S, we have /' = y, which does not hold. Consequently G7 contains only a finite 
number of elements of prime order and satisfies the minimum condition for subgroups 
(see [8]). Then 

G' = P{ x P2 x • - - x Pt x H, 

where Pt = T(q°°) and \H\ < oo. Let us prove that either G7 = Z(q°°) or \Gf\ is finite. 
Let a9b G G and 1 ^ [a, b] — g G /(G). Suppose there exists / such that g ^ P\ — 

(a\,ci2,. ..\a\= l,flj+1 = «/). Then 

^ = -7(1 + /iwfljfc + 0 ^ ) 2 + • • • + ( / x ^ f _ 1) 

is an idempotent, and (e,- — ey)(l — /xwg) = 0. This is true only for / =j\ if g ^ Ph which 
is impossible. Thus, G' = Z(q°°) or G' is a finite subgroup. 

Let K be a field which contains a primitive gw-th root en of 1 for all n and 

Pi = (ai,a2>... I a\ = \,aq
j+x = ay). 

Put 

£?y = — ( l + ejiiUaj + (ejfiUa.)2 + • • • + {tj^Ua^~X). 

If/ ^ 7 then the element (e/ — e/)(l — /iwg) 7̂  0 and by Lemma 9 this is impossible. Thus 
there exists n G N such that K does not contain a primitive qn-th root ew of 1. 

SUFFICIENCY. Let us prove that any element ug(g G G) has a finite number of con
jugates in U(K\G). 

Let G = {nua I « G U(K),a G G}.We prove that// = ([ug, G]) is a finite subgroup 
in G7. If G7 is finite, it is obvious. If G7 is infinite then it is isomorphic to a subgroup of 
the group T{q°°). Any element of G is of the form fiiih (/1 G U(K), h G G) and 

Since G is an FC-group, and for a fixed element g the set {A^_, A^-i^A/,-1^ | /z G //} 
is finite, the number of commutators [wg, /iw/J is finite. These commutators generate a 
finite cyclic subgroup H of T{q°°). The element e// = r̂ r E/JG// // is a idempotent in 
K\t(G) and by condition 4 of the theorem, AV(G)(1 — en) is a direct sum of a finite 
number of fields K\t(G)(\ — eHYi (i = 1,. . . ,s). 

In K\t(G) we have the decomposition 

tfA*(G) = ^A/(G)e// ® /CA^G/I ® • • • ® ^A^(G)/,. 
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Then 
KXG = KxGeH(BKxGfx 0 • • -®KxGft. 

If* G U(KXG) then 
x = xen + xf\ + - - +xft 

and 
x_1 = x~l en + x~lf\ + • • • + x~xft. 

Consequently 

x~x ugx — x~x enUgXen + x~ xf\ ugxf\ + • • • + x~ xftugxft. 

We show that the elementxen is central in U{KXG). If x = a\U/1{ + • • • + atUht, then 

ugxeH = a\ uguhl eH + --- + atuguhteH = a\ uh[ ug[ug, uhl ]eH + • • • + atuhtug[ug, uht]eH 

and [ug, Uh\ G //. Clearly, [wg, u^Jen — en and 

ugxeH — (^\Ukx ugeu + • • • + octUhteu — xenug. 

KxGft is a crossed product F * / / of the group / / = G//(G) and the field F = Kxt{GYt. 
We know (see [5]) that the group of units of the crossed product F * H of a torsion free 
abelian group H and a field F consists of the elements au^ (a G U(F)9 h G H). The unit 
xfi can be given as ar/w .̂ (/z; G G), where at is central in U{KxGfi). Thus 

x~xfiUgxfi = u^xa^xugaiUhi = u^uguh. = K^h^hj^gh-'g^hr'ghr 

Therefore 

X l/gX = Wg + 2_j \-\h^h7*g^h-7xg,hiUh7{ghr 
i=\ ' 

Since G is an FC-group, by condition 2 of the theorem, ug has a finite number of conju
gates in U(KX G). • 
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