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MEAN CONVERGENCE OF HERMITE-FEJER
INTERPOLATION BASED ON THE ZEROS OF
LASCENOV POLYNOMIALS

YING GUANG SHI

ABSTRACT.  Weighted L mean convergence of Hermite-Fejér interpolation based
on the zeros of orthogonal polynomials with respect to the weight |x[2**1(1 — x2)f
(a, B > —1) is investigated. A necessary and sufficient condition for such convergence
for all continuous functions is given. Meanwhile divergence of Hermite-Fejér interpo-
lation in L? with p > 2 is obtained. This gives a possible answer to Problem 17 of P.
Turan [J. Approx. Theory, 29(1980), p. 40].

1. Introduction. Letv(x) > 0 be a weight function and {P,(v,x)} the orthonormal
polynomials with respect to v. The zeros of P,(v, x) are denoted by xy, := x,(v) satisfying

(1.1 1>x1,>x0m > > X > —1.
The Hermite-Fejér interpolation of f € C[—1, 1] at the zeros (1. 1) is defined by
(1.2) Hay(v.f) == Hy(v,f,%) := 3 fOn)Ain(v, %)
k=1
where
(1.3)
P:,’(v,x,m) 7 2
Am,x) == |1 — m)—(x x| (W x) = vi(v, 0, (v, %), k=1,2,...,n,
Pn(v,
(1.4) lin(v, %) = ,x) k=1,2,...,n.

P (v, X)X — Xin)

Assume that o, 3,a,b > —1. Let us consider the orthogonal polynomials with respect
to the weight |x[>**!(1 — x?)?, usually called Lascenov polynomials. The uniform con-
vergence of the corresponding Hermite-Fejér interpolation was investigated by several
authors [1, 6, 7]. But L? convergence for such interpolation has never been dealt with in
the literature. In this paper we present several results about weighted L” convergence for
such interpolation. The main result is the following, in which

(1.5) wx) = [x[?**(1 =X,
u(x) =[x (1 -,

1) Wiz = { [ Voopuwa)’,  o<p<oo
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THEOREM. Let0 < p < co. Then
1.7 Jim [[Hn(w, /) =Sl = 0

holds for all f € C[—1,1] if and only if

pa—a—1<0,
(1.8) pB—b—1<0, a> -1,
pB—b—1<pla+y}), a<-—3

It is worth considering the important special case when a = —% and b = 0. In this
case for each p > 2 if a and (3 satisfy

1 1 1
1.9 —= < — —+ -
(1.9) a<—z B0 foa>s+o
ie.,

1 1 1 1
. —_—— +—+ = <
(1.10) a < X a > 2<[3_0,

then (1.8) is not valid. Hence by this theorem there must exist an /' € C[—1, 1] such that
(1.7) does not hold. Meanwhile it is easy to see that w(x) > 1,x € [—1, 1]. Thus we have

COROLLARY. For every p > 2 there exists a weight
(1.11) v(ix) > 1

and a function f € C[—1, 1] such that

timsup [ H S0 — [ dx > 0.

n—oo

To explain the importance of this result let us state Problem 17 of P. Turan in [5, p. 40].

PROBLEM 17. Is condition (1.11) sufficient to assure

tim [ (Haf, 0 — fPdr = 07

Although this problem is still open, we can now say that if the power 2 is replaced
by p > 2 then the condition (1.11) is not sufficient to assure LP convergence for every
continuous function.
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2. Preliminary Results. We need the following notations. Here and later the sym-
bols const, ¢, ¢, etc. denote some positive constants, not necessarily the same in different
formulas.

m:=[5],5 :=n—2m,
@1 W(x) == (1 —x)*(1 +xp,
) Wa(x) = (1 — xy’ W(x),
Ux) = (1 —x)*(1 +x),

Xim = Xpm(Wh) := c08 Oy,

Xom := cosbo, =1,

Xm+lm = cosemﬂ,m = -1,

|x — x| = ming<y<me |x — x|, 0<j<m+1.

2.2)

The following results are taken from [1, 6-9].

2.3) Po(W,X) = cpX® Pu(Wy, 1 — 22°).
For convenience of use, the zeros of P,(w, x) are denoted by
1
1—x 2
2.4) yk,.=—y_k,n={(—z’“) o k=12..m,
0, k=0, n=2m+1,
P (Wpl-222) _
2.5) L (W, x) = Y5 P (W Xy )0 in)? k=+1,42,....4m,
el 2 k=0, n=2m+1,

a—fHatf+2)xy m 1 _
(2.6) Viu(w,x) = { I+ [4y"" = ;;] X —Yim), k==£1,£2,...,+m,

1, k=0, n=2m+1,
Vim(Wax) =
+s—B+(a+s+B+2
Q.7 1—[“ s—f*a - B )ka}(x—ka), k=1,2,...,m,
1 —xp,
1
(2.8) 01(4.1,,,,—0]0,,'\';, k=0,l,...,m,

|k — j| min{k +j,2m +2 — k — j}

@2.9) =g ~ -

. 1<k<m, k#j,

(2.10) Pl oW, Xim) ~ mW (i) 21— x2,) 74,

A =272, x| <1 —m2,
(2.11) |Pn(W,x)| <constd m'/2W(1 —m2)"1/2, 1-m2<x<l],
mP2W(—1+m 2712, —1<x<-1+m?

https://doi.org/10.4153/CMB-1996-016-3 Published online by Cambridge University Press


file:///-rrr2
https://doi.org/10.4153/CMB-1996-016-3

120 YING GUANG SHI

uniformly for m > 2, and

mlx—xj,,,|[W(x)(l __x2)3/2]~l/'2’ 1+ Xm < 2x < 1+ X1,
(2.12) |Pu(W, )| ~ ¢ m'2W(1 —m~2)~'/2, 1+x1, <2x <2,
m!2W(=1+m=2)"1/2, 2 <20 < =1+ Xpm

uniformly for m > 2.

REMARK. Neither the formula given in [8, (3.4)]

Ix_xk| ~ (K+‘])i21(_']‘

, K = min{k,m+1 -k}, J=min{j,m+1—j}
m

nor the formula given in [4, (4.4)] |x — x;| ~ |k* — j?| /m? is true, the right one should
be of the form (2.9).
In their nice paper [3], Nevai and Vértesi presented several theorems about weighted

mean convergence of H,,(W,f). To apply their results and ideas, we first discuss rela-
tionship between H,(w,f) and H,(W,,f).

LEMMA 1. We have

X0+ ye)gm(Wa, 1 — 26%)
2] ;

(2.13) ln(W,x) = k==%£1,%2,...,+m.

PROOF. By (2.5) we get

X+ Y)Pr(Wa, 1 —26%) X+ y)ly(Wa, | — 227)

lk(W,X) = ~4ﬁ+1P1m(Wn,x|kl)(x2 _yi) - 2}’;:1

Puty := (5%)3, Fi(x) == f(»)/¥, i = 0,1,2,3. Then we have

LEMMA 2. Iff € C[—1, 1] is an even function then

V00,0 =Pl = 1™ (Hn B Ficy ) = Fac)}

Pm(mex)2

2.14) +Sf(0)——Pm(Wm 17
.y Fas (im0 — Xiom)lion(Wa, X)
+sl;1 7 "
Iff € C[—1, 1] is an odd function then
Hy(w,/) = fllz = 2 “)’LH {Hm(WnaFZsH,x) — Fas1(x)
(2.15) + i (25 + 1> Fogrt (0m)X — Xpm)iom (W, X) }
=l 4y;, 7
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PROOF. 'We give the proof of (2.15) only, the one of (2.14) being similar. Using the

transformation z = (1"‘ )% and noting that the weights w(x) and u(x) are even, by (2.13)
we obtain (ZI K=1 stands for

”Hn(W,f) _f”L’,:
1, m
=2 /0 ’ Z_ FORVW, Dl (w,2)* — f(z)’pu(z) dz

=—m k-T‘O)

(W, %)
o [ ||3 e AL a0 0" = voa0n )0 )

— Fo(x)’pU(x) dx

/ ‘ f(yk)y:‘yl;;(JZV,.,x)Z [4)’kyvk(W,,,x)+

2s+ y(x —xk)] —Fo(x)ruU(x)dx

r;

+ / ns
- Cz“ym Ho (W, Fassr,) — Faus1 (1) + Z (2s+ I)FZs' 1(in§;€2( X (Wy, x)? }

Next we give some estimates.
LEMMA 3. If (1.8) is valid then

Pm(erx)z

2.16 lim
(2.16) PP, 12,

m—0Q

PROOF. By Theorem 6.3.14 in [2, p. 113] for every 0 < p < oo and Jacobi weight

U there exists a constant 0 = o(p, U) > 0 such that for every polynomial P of degree at
most 2m

(2.17) / |PG)P Uy dx < 2 [ |P(x)|” U(x) dx.
Thus by (2.17) and (2.11)

Pu(1, 0|7 _ 1| Pu1,2)°
17, = L |pog g V0%

U
l—am_z Pm(W],x)z
<2 ", ————(Wl, | Uwds

< constm P / [W;(x)(l — )21 Ux) dx

< const [m —P2a+3) +m_2”’2 + mAPB—pa—p—b- 1)] = o(1).

LEMMA 4. Let0 <o < 1. Then

iybﬂlx - kallkm(Wnax)Z
= Y

(2.18) < const [

Inm
+
m22 - mWx)(1 — x2)'/2

] (t=0,1)
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holds uniformly form > 2 and |x| < 1 — om™2,

ﬁ”: V1% = Xiom | Lo (W, X)?
=1 VE2(1 + Xiom)

holds uniformly for m > 2 and |x| < 1 — om™2, and

(2.19)

< const [1 + Inm ]

mW(x)(1 — x)}/2

Z yzmqlkm(Wnax)2
2.20 —_—
( ) kgl yﬁ.}.l

holds uniformly form > 2 and |x| < 1 — om™2.

1
gconst[l+ nm }

mW(x)(1 — x2)!/2

PROOF. We use a modification of the proof of Lemma 3.1 in [9]. We give the proofs
of (2.18) and (2.20) only, the one of (2.19) being similar.

Let us show (2.18) and let S denote the left side of (2.18). Assume that 0 < x <
1 — om™2. Thenj < %, where is defined in (2.2).

First by (2.8)+(2.12) we have

V¥ = x| (Wa,x)? Wa(x)(1 — x)+72(1 — xf)3/2
vy < const

yfj mW,(x)(1 — x2)(1 — x; /2

(1+x)'/?

1
< const < const —.
m

Next using (2.8)+2.11) yields

+ly 2 _ +t/2 _ 3/2
Zyb x xklf’:(Wn,x) < COnStZ W (x )1 — x)™ (1 xi)
k#j ykbﬂ ki mzlx -—xk|Wn(x)(1 _xz)l/z(l _ xk)s+(t+l)/2

1— a+l—t1/2 1+ +3/2
< const}, — (1 —x) +(H /);k)ﬂ _

i Mo — x| (1 — x)*1=0/2(1 + x)P+1/

1 k2a—r+2(m +1— k)25+3
m2ﬂ+4j2a—t+l g |k __]' mm{k Y. 2m+2— k——_]}

< const

< t[ 1 k2a—t+2 mZa—t ]

cons E + s

- - - +1 |°
m]'Za t+1 o |k2 ’2| JZa t+1

ki

here we use the obvious relation min{k +j,2m +2 — k — j} > 1(k +j) forj < 2. Put

K, Zz{kikS%i} K2:={k:%<k§%i,k7£j}

3 3
= : —7 < —
Ky:={k:Zj<k< 4m},
k2a—t+2

S; = —, i=1,2,3.
kl:'l:(,- |k2 — /2|
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Then
a—t+2
S < const ), ——— < const ot
kekK,
2a—t+1
S, <const ) — < const/** 1 Inj.
kek Ik —J|
Since £ > %j implies k —j > %, one has
constj a<-—%
Sy <constj ' ¥ K%< ’ 2
3= J ,g,‘; = | constj'm***' Inm, a>—1.

Thus for @ < —1 we have S < constm™'j=2*~! < constm™2*~2 and for o > —1

2a+1
In
§< const@ (r_n_) < const————’f————.
m \j mW(x)(1 — x2)!/2

For —1+ om™2 < x < 0 the proof runs similarly. This proves (2.18).
Now we turn to showing (2.20). Similarly, if 0 < x < 1 — om™2, then a simple
computation shows y**! [;(W,, x)* /y?*! < const. Meanwhile

2 + 1 — kP93

Z yh+]lk(Wn>x)2 <

————— < const - — - -
! m253 2 :L;, (Ik — jlmin{k +j,2m +2 — k — j}}
1 k2(x+2 m2(x—l
< const[,— ———— +const —]
J2a ké (k2 — jQ)Z JZa
k#j
Put
k2a+2
S = — . i=1,2,3.
! kth; (kz _ JQ)Z
Again we have
a+2 2a
Sy <const ), —— < const?*~!, S, < const > —— < const %%,
ek, J* xek, (k—J)
< J const % Thek, K2 < constj2, a<—1,
= | constj ! Tex, K%' < constj ' +m**Inm), o> —1.

Hence

m +1 W, 2 1 2a+1

Z XZJ_M S const |1+ ﬂ (.m.._) S const [1 + —h}m—ﬂ—z]

=R m \j mW (1 — 221/

and (2.20) follows.
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LEMMA 5. If (1.8) is valid then (|| - || stands for the uniform norm)

(2.21) a0z = ﬁlp 1 Hn(w, )l < const.
=1

PROOF. Since every function f may be written as a sum of an even function and an
odd one, it suffices to show

sup  ||Hn(w,/)||z < const

Ifl=1
SX)=f(=x)
and
(2.22) sup  ||H,(W,f)||z < const.
lIr1l=1
S@=-f(-x)
Let us show the latter, the former is similar. Let N denote the left part in (2.22). Then by
(2.15)
1| m 2
NP < const sup > [f(yk)vk(Wm?,lk(me)
=1 == i
S@)=—f(-x)
2s+1 x — xi ) (W, x
+ )f(yk)iyhﬂ 1)k ) ”pUl (x) dx,
- where U;(x) := (1 — xP**V/DU(x). According to (2.17) with 0 = o(p, U;) > 0, we
obtain

1—om™?

NP < const sup
=1 /'””'""2

J®)=f(-x)

25+1

o [f(yk)"k( Wn,x)lk(Wn’x)z
Vi

k=1

L @+ 10 — x)le(Wa, x):
s )f()’k)“;m;fk (W, x ”pUl(x)dx
<con5t/] om- { “ [yzsﬂlvk(Wn,X)llk(Wn,xy
k=1

251
Y

1+om~2

y25+l|x xkllk(Wn’x)
2 ” U(x)dx.

It follows from (2.7) that

ylﬁllvk(Wn,x)‘lk(Wnax)z < co J’lﬁrllk(Wnax)2 )’bﬂ‘vk(Wn,x)Ilk(Wn,x)Z
! v YEB(1 +xy) '
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Meanwhile
V¥ x = x|l (W, x)? yl‘l(y YOO — Xl (Wr, x)? YZ‘PC Xl (W, x)?
yEB(1 +xp) - YEB(1 +x) VE2(1 +xy)

)’b(x X2 (W, x)? yzle Xk (W, x)?
- yly+3(l+xk)ly+}’k| V(1 +x;)

Thus using the inequality

(2.23) (14| + By <274 +|B)
yields
1—om 2 ( m 2|5 — x| (W, )2 \P
NP < const/1 o {k 1 y,%‘”(l 1) } U(x)dx
om™ m + 2
+c0nst/l - {k 1yl;z(f?”—x)—}pU(X)dx
3
1=om2 (25 (x — g ) (W, X)* \ P
+const/ B {k{:l A+ * il } Ulx) dx

=N, +N, +N;.
By (2.19) and (1.8)

N, < const / {1 + () [mW)(1 =)' 2]! },, U) dx
< const {1 + (l,,m)‘”mz(”"'“_l) + mz(”ﬂ‘b_l)} < const.

Similarly N, < const.

Since x < 0 means y > 271/2

, we have
Y20 — 2 [ (W, x)2 \P
N < COl’lSt/O tom-2 kz:l yl%v+3(] +xk) } U(X)dx
l—om™2 ( m yz‘(x —.761()2lk(me-’c)2 p
+const/0 {k2=:1 0 + 50l * ] } Ux)dx

=L+
A simple computation using (1.8)~2.11) gives

m 1 p
< % b
<const[m™2*72 5" K2+ m~'P[1 + m¥P*P~5-2] < const.
K<n
Ifa> —% then
m 1 p pl—om™?

L< t[ ] Pu(Wp, )P (1 — )P
2 S eons3. o) b e ds

< const{m 227" 37 K227+ mT1P[1 + mP*P24-2] < const.
k<2

https://doi.org/10.4153/CMB-1996-016-3 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1996-016-3

126 YING GUANG SHI

If o < —1 then

1 P pl-om? 1
L < const[ ———————————] Pou(Wo, )| (1 — x)*PE~2) dx
2 kSZ% VEBPL (Wa,xi j" [P |

+const[z :
i (1+x)P, (W, x0)?

p[lom™ 2p a+ps
[ [ P01 — 5 d

< constm™ D[] + g2 P=a=D] + constm P[1 + mP**P~2972] < const.

This proves (2.22). n

3. Proof of Theorem. Assume that (1.8) is true. Put f; := x,i = 0,1,2.
Let p > 1. This formula (1.7) obviously holds for fy. By the same argument used in
Lemma 2 it follows from (2.19) that

I s =il = | 3 =27

L

m e 2
< constnz i ;i)jgm (W, ) o= o(1).
= k U
Similarly
w5 = il = [2 32 ute =yt 2],
k=1 #
Y5 — Xl (War )
< =
< const"; VP " o(1).

By Theorem S in [4] for every polynomial P of degree at most 2n — 1

1
1En(w, P) = Pllzz < (IPI|+ 1P DN,/ = Aillzg * SIP I Haw.12) = foll g, = o(1).
By means of the well known Banach theorem, (1.7) holds for all f € C[—1, 1].
For 0 < p < 1 applying Holder’s inequality
llgh, = HlelPullr < 1l lglully, ully,?

we can also get (1.7).
Conversely, assume that (1.7) holds. First, it is clear that each polynomial of x may
be written as

1—x

r r k r
Fo)=Y al —xf = 3 a2t ( 5 ) = 3 a2 = (),
k=0 k=0 k=0

which is an even polynomial of y. Hence by (1.7) and (2.14)

(. ) = Fly, < const||Han(w.f) ~/

)24 = 0(][)
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By Theorem 4 in [3], this implies W~' € L?,, which is equivalent to the first two inequal-
ities in (1.8).

Next, in order to prove the last inequality in (1.8) suppose to the contrary that
pB—b—1>pla+ %), a< —%. It follows from (2.23) that

|4 — BP >277|4p — |BP.
Applying this inequality, (2.6), and (2.7) by the same argument as in Lemma 2 we have
IIHZM(W)”LOO_,LP

2 ] 55 mmsomon o 7w i

oM [y —xdh(Wx)E | B 2a+1 ylk(W x)?
”c‘L'Z{ I [2(1—y2)' 4?2 ] }rU( ydx

_ m2a + 1 p(x — x)(W, x)? IP
>27P dx
>27¢ ]_ ) e U

(W, x

—a [ [Zy"( i vy ax

=01 -0
By (2.8)2.11) we get
Pu(W,—1¢  1p [t \
+

[k_.f(nxk) PO, p) L e

[ 21 2 m + S m 2g+1 (m — k+ 1) m? ]” 262

k<m 2a+5 k3 k>’" m2ﬁ+5 (m - k + 1)2

~ [mZ,B—Za—l SR m Y (m—k+ l)zﬂﬂ]l’m_zb_z
K<z >z

~ pP2B—20-1)-2b-2

Meanwhile we have shown by (2.20) in Lemma 5 that O, < constN, < const fors = 0.
Thus as m — oo
||H2m(w)||‘;im_i5 — 00.

This contradiction proves the last inequality in (1.8).
This completes the proof.
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