ON CONTINUOUS REGULAR RINGS AND
SEMISIMPLE SELF INJECTIVE RINGS

YUZO UTUMI

1. Introduction. Brainerd and Lambek (2, Corollary 4) have proved
recently that any complete Boolean ring is self-injective. It is easy to see that
every complete Boolean ring is a continuous regular ring, that is, a regular ring
of which the lattice of principal left ideals is continuous. This suggests thatin a
continuous regular ring it might be possible to prove the injectivity. However,
a simple example (Example 3) shows that the conjecture is not true in general.
Our main theorem is the following. Every continuous regular ring with no
ideals of index 1 is (both left and right) self-injective (Theorem 3).

It is known to Wolfson (13, Theorem 5.1) and Zelinsky (15) that the ring
S of all linear transformations of a vector space of dimension > 2 over a
division ring is generated by idempotents and also by non-singular elements.
We shall in the present paper prove this under the assumption that the ring
is a semisimple one-sided self-injective ring with no ideals of index 1 (Theorem
2). Since the above S satisfies this assumption (10, (5.1)), our theorem may
be regarded as a generalization of the result of Wolfson and Zelinsky.

The author wishes to express his appreciation to J. Lambek for his interest
and encouragement.

2. Preliminaries. Throughout this paper the word ideal without modifier
will always mean two-sided ideal.

A ring is said to be a semisimple I-ring if every non-zero left ideal contains
a non-zero idempotent.

For any left ideal 4 of a ring S the least upper bound of all integers » such
that A4 contains a direct sum of » mutually isomorphic non-zero left ideals
of S will be denoted by m(4).

We say that a ring S is of index m, if S contains nilpotent elements of
index m (that is, @™ ! £ 0, @™ = 0) but no elements of higher index. We shall
denote the index of S by i(S).

(S1) For any left ideal 4 of a semisimple I-ring S we have m(4) =
m(A4/N(4)) =i(4/N(4)) where N (4) denotes the radical of 4 (11, Theorem
3).

(S2) Every idempotent of a ring S is central if i(S) = 1.

(S3) An idempotent e of a ring .S with no nilpotent ideals is central if and
only if &S C Se.
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A ring is called regular if for any x there is an element y with xyx = «.
The lattice of principal left (right) ideals of a regular ring .S will be denoted
by Z(S) (Z(S)).

(R1) For any two idempotents e, f of a regular ring S if Sf &£ 0 then 0
%+ Se’ C Se, Sf' C Sf and Se’ ~ Sf’ for some ¢, f'.

In fact, let 0 = x € eSf. The right multiplication by x gives a non-zero
homomorphism 6:Se — Sf. Then kerf (= the kernel of 6) is a principal left
ideal. Let Se = kerf @ Se’ and 6(Se) = Sf’. It is then evident that Se’ ~ Sf’.

(R2) Let S be a regular ring and suppose that Z7(S) is complete. Then S
has a unit.

In fact, S = U,es Sx is generated by an idempotent e: Se = S. By (S3) e is
central and so e = 1.

A ring S is said to be a Boolean ring if S satisfies the identity x* = x. It is
easilv verified that the identity x? = x implies the identities xy = yx and
x 4+ x = 0. Every Boolean algebra may be regarded as a Boolean ring with
whit, and vice versa (1, p. 154).

(R3) The set of all central idempotents in a ring .S with unit forms a Boolean
algebra (see (6, p. 49)).

For any given module 4 and a sub-module B we say that /A is an essential
extension of B if every non-zero submodule of .1 has a non-zero intersection
with B. Notation: B C’" 4 (see 4).

A module Q will be referred to as an injective module if Q is a direct summand
of every extension module.

[f an injective module Q is an essential extension of a module /1 we say that
Q is a minimal injective extension of A. Notation: Q = A.

(Q1) If 4 ~ B, the isomorphism is extended to that of 4 and B.

) HfAd=4,®... dythend =4, ®... ® A4,

A ring S is said to be left (right) self-injective if S has a unit and the left
(right) S-module Sis injective. A ring which is both left and right self-injective
is called a self-injective ring.

For any semisimple I-ring .S we can construct the maximal left guotient ring
S of S (see (7), (10), (14), and also (5)).

(03) S is a left self-injective regular ring.

(Q4) Sisan extension ring of S. The left S-module S is an essential extension
of the left S-module S.

(Q5) If S has unit 1, then 1 is also unit of S.

A lattice L is called upper continuous if L is complete and satisfies the
following

Condition (C).

(1) (Ua) Nb =\ (a.Nb)

for every chain {a.} and every element &.
The following two conditions for continuity also may frequently be seen
in the literature:
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Condition (C’). (1) holds for every well-ordered ascending chain {a.}
and every b (9, I11,, p. 3).

Condition (C”). If a subset {a.} of L is directed, that is, for any a., as
there is a, with a4, a5 < a,, then (1) holds for every & (8, Definition 1.14, p. 10).

By virtue of (8, II, p. 237) Conditions (C’) and (C’) are equivalent.
Evidently Condition (C) implies Condition (C’), and also Condition (C’)
implies Condition (C). Therefore, these three conditions are all equivalent
for every complete lattice L.

(C1) A complete complemented modular lattice L is upper continuous if
and only if L satisfies the following

Condition (M). Let T be a subset of L. If (\J,za) M & = 0 for every finite
subset F of T, then (\Uyra) Mbd =0 (8, (a), p. 11).

In fact, by Hilfssatz 1.7 and Anmerkung 1.11 of (8, p. 11) Condition (M)
is equivalent to Condition (C’) for any complete relatively complemented
lattice L.

DEFINITION. A regular ring S is said to be left (right) continuous if L (S)
(Z(S)) is upper continuous.

A continuous regular ring (8, Definition 1.1, p. 156) is a ring which is both
left and right continuous. By (R2) every left (right) continuous regular ring
has a unit.

We have proved in the proof of Corollary 1 of (12) the {ollowing

THEOREM 1. Every semisimple left self-injective ring is a left continuous
regular ring.

COROLLARY. Fuvery semisimple self-injective ring is a continuous regular
ring.

3. Generators of self-injective rings. We shall denote the left (right)
annihilator of a subset T of a ring by I(T) (r(T)).

LemMA 1. Let S be a regular ring and suppose that L (S) is complete, then
every left annihilator ideal A is principal.

Proof. By (R2) S has a unit 1. Denote by Sf the meet of S(1 — ¢) forall
idempotents ¢ € r(4). For any x € r(4) there is an idempotent ¢’ such that
xS = ¢'S. Then, ¢ € r(4) and Sf C S(1 — ¢'), whence Sfx C S(1 — €)e'S =0
and Sf C I(r(4)) = 4. On the other hand, if ¢ € 4, ae = 0 for all idem-
potents ¢ € r(4), and so a € S(1 — ¢), hence a € Se C Sf: this implies that
A C Sf. Therefore, A = Sf is principal, as desired.

LeMMA 2. Let S be a left continuous regular ring. Then, for any left ideal A
there is a principal left ideal Se such that (1) A C’ Se and (2) Se C Sf whenever
AC Sf. In case S is a semisimple left self-injective ring, Se is a minimal injective
extension of A.
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Proof. We set Se = \U,.4Sx. Of course, 4 C Se. If 4 C §f, then Sx C Sf
for every x € 4, and Se C Sf. Suppose that A M Sg = 0. For any finite
subset F of 4 we have (\U,pSx) M Sg = (X erSx) N Sg C A NSg = 0.
Hence Se M Sg = 0 by (C1). This implies that 4 C’ Se.

Next, suppose that S is a semisimple left self-injective ring. Then, by
Theorem 1, .S is a left continuous regular ring, and hence A C’ Se for some
e € S. Since Se is a direct summand of S, Se is injective (as a left S-module)
(3, p. 8). Therefore, Se is the minimal injective extension of 4, completing
the proof.

LeMMmA 3. Let S be a semisimple left self-injective ring. Suppose that (i)
m(Sx) = 1, (ii) Se does not contain any left ideals isomorphic to Sx, and (iii)
e = e Then S(1 — &) contains a non-zero central idempotent.

Proof. By Zorn's lemma there exists a maximal isomorphism 8 of which
the domain D and the image E are contained in Sx and Se respectively. By
Lemma 2 D and E have minimal injective extensions D and E such that D C Sx,
E C Seand D, E € Z(S). By (Ql) 6 is extended to an isomorphism of D and
E. In view of the maximality of 6 this implies that D = D, E = E, and hence
also that D, E € Z(S). Let E = Se¢/, Se =Se’® Se/’ and Sx = D @ .5f, ¢, ¢’
and f being idempotents. Now, we shall show that fSe = 0. In fact, if fSe’ 0,
then by (RIl) there exist Sf; and Se,’ such that 0 &= Sf; C Sf, Ses’ C Se’
and Sf; =~ Se,’. It follows from this that Sx contains two mutually isomorphic
left ideals 6-1(Se;,’) and Sf;. Since (6~1(Se')) NSf C D N Sf = 0, this con-
tradicts the assumption (i). Hence fSe¢’ = 0. On the other hand, if fSe¢’’ 5= 0,
then by (R1) 0 %= Sf. C .Sf, Se)” C Se’’ and Sfs ~ Se,”’ for some fs, €’ € S.
This shows that 0 may be extended to an isomorphism of D @ Sf. onto
E @ Se;”, and we obtain a contradiction. Hence fSe’’ = 0. Therefore, we have
tSe = f(Se’ 4 Se¢’’) = 0. Now, it is evident from the assumption (ii) that,
Sf = 0. Thus, 0 &= f € 1(Se) and 0 == (Se). By Theorem 1 £ (S) is complete,
and hence [(Se) € Z(S) by Lemma 1. Since I(Se) is an ideal, I(Se) is generated
by a central idempotent ¢ by virtue of (S3). ce € (I(Se))(Se) = 0 and
¢ € S(1 — ¢). Therefore S(1 — ¢) contains a non-zero central idempotent
¢, as desired.

LEMMA 4. Let S be a semisimple left injective ring and A a principal left
ideal. Then, for any given positive integer n A has a decomposition A = B @ C
such that (1) B is a direct sum of n mutually isomorphic principal left ideals and
(i) C 1s a left ideal with m(C) < n.

Proof. By virtue of Zorn’s lemma it is not too hard to see that there exists
a maximal left ideal B of .S such that (i) B C 4 and (ii) B is a direct sum of n
mutually isomorphic left ideals B; of S. By Lemma 2 there is a minimal injec-
tive extension B of B such that B € Z(S) and B C 4. By (Q2) B = B,
@®... @® B, and B, 231 by (Q1). In view of the maximality of B we have
B=Band B¢ Z(S).Let A = B @ C. If m(C) > n, there is a left ideal B’
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such that (i) B" CC, (ii) B = B/ ®... @ B, for some left ideals B, and
(iii) By >~ B/ forevery i, j. Then, B@®B = (B1®B/) ®... ® (B, + B,)
C 4 and B; @B’ ~ B, ® B;/. This contradicts the maximality of B.
Therefore m(C) < n, as desired.

LeEMMA 5. Let S be a ring and 0 an endomorphism of the left S-module S.
Suppose that there are mutually isomorphic left ideals A1, Ay such that S = A,
@ ker 8 and A, is a direct summand of ker 6. Then 0 can be represented as a
sum of products of idempotent endomorphisms of the left S-module S.

Proof. Let ker = 4, @ A;. Denote by e and ey the projections of
S = A4, @ ker 8 on 4, and ker 0 respectively, and by w the given isomorphism
of 4, onto 4,. Then we have the following decompositions of .S:

) S=A4) @ A4, ® 4; where 4/ = {x + w(x);x € 4.};
2) S=4, @4,y @ A; where 4, = {e, 0w 1(y) + ;v € 4s};
3) S =4, + ker§ where 4, = {x — €0 (x);x € 4,}.

We shall use the following notations:

€3 = the projection of .S on 4, with respect to (1);
es = the projection of S on 4, with respect to (2);

€5 = the projection of S on ker 8 with respect to (3).

Let x € A4;. Since x = (x + w(x)) — w(x), e(x) = —w(x). From
x = (x — ef(x)) + e20(x) we have es5(x) = ef(x). Next, let y € A, Then,
since y = —efw1(y) + (e 1(y) + ¥), we see that es(y) = — e~ 1(y).
Thus, foranyx € A, ese3 e1(x) = es e3(x) = es(—w(x)) = —efo (—w(x))=

610<x) and 6561(96) = 65(30) = egﬂ(x), whence (646361 + 6561) (x) = (61 + Ez)a(x)
= f(x). Evidently (esese; + ese;) (ker 6) = 0 = 6(ker ). Therefore we obtain
0 = eqe3€e; + eseq, as desired.

LeEMMA 6. Under the assumption of Lemma b if 0 itself is an idempotent
endomorphism of the left S-module S, then 0 is a sum of two non-singular endomor-
phisms of the module.

Proof. Assume that 4; and » have still the same meaning as in the proof
of Lemma 5, and also that 4; = §(S) without loss in generality. We consider
the following mappings:

sx+y+z)=(+o"01) — ok + 2,
dx+y+sz) = -1 + (@) + 3+ 3
plx +y+2) = —0'(y) +o(x) -3,
p'le+y+2) =) —w(x) -z
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forx € A1,y € dsand z € 15 Evidently these mappings are endomorphisms
of the module S. It is easy to verify that ¢¢’ = ¢’c = 1 and pp’ = p'p = 1.
Since (¢ +p)x+y+32z =x=0x+y+2), we have 0 =0+ p, as
desired.

LeMMA 7. Under the assumption of Lemma 5, 6 can be represented as a
sum of non-singular endomorphisms of the left S-module S.

Proof. From Lemma 5 it follows that 6 = eseze; + ese1. Now we note that
each of the idempotents e;, €3, €4, and 1 — e5 satisfies the assumption for § in
Lemma 5. Therefore these idempotents are represented as sums of non-
singular endomorphisms. This implies that 6 also can be represented asa sum
of non-singular endomorphisms, completing the proof.

THEOREM 2. Let S be a semisimple left self-injective ring with no ideals of
index 1. Then S is generated by idempotents, and is also generated by non-
singular elements.

Proof. Letx € S. Then I(x) € Z(S) by Lemma 1, and hence l(x) = Se;
and S = Se; @ Sey’ for some e, e;' € S. Applying Lemma 4 we obtain a
decomposition Se,’ = Sex @ Ses @ Ses such that Se: >~ Se; and m(Ses) < 2.
Thus, S = Se; @ Sex @ Se; @ Ses. With no loss of generality we assume that
e1, €2, e3 and ey are orthogonal idempotents and 1 = e; + e2 + €3 + e
Evidently, I(ex) O Se; @ Ses ®Ses. However, if y € [(esx), then ye.x =0
and yes € 1(x) = Se;, hence ye, = yese; = 0, whence

y =y(er+ e2 + €3 + es) = yer + yes + yes € Sex + Ses + Sea.

Thus,

I(esx) = Ser @ Ses @ Seu.
Similarly,

I(ezx) = Se; @ Sex @ Sey,
and

I(esx) = Se; @ Sex @ Ses.

Denote by 7" the subring of S which is generated by all idempotents (non-
singular elements) of S. Since /(esx) contains a direct summand Se; isomorphic
to Se;, Lemma 5 (Lemma 7) assures that esxx € 7. Also, we have esx € T in
an analogous way. Next, we shall show that

Sey + Seq + Ses (= S(er + ex + ¢3))

contains a left ideal isomorphic to Ses. In fact, if not, es = 0 and m(Ses) = 1.
Then, by virtue of Lemma 3, S(1 — (e; + e2 + e3)) (= Ses) contains a non-
zero central idempotent ¢. Of course, m(Sc) = 1 since 0 &= Sc¢ C Ses. Hence
by (S1) Sc is an ideal of index 1, which contradicts our assumption. This
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implies that Se; 4 Ses + Se; (= I(esx)) contains a left ideal A isomorphic to
Ses. Since 4 € Z(S) it follows from Lemma 5 (Lemma 7) that ewx € 7.
Therefore,

x = xe; + xes + xes + xes € T
and S = T, which completes the proof.

The following examples will illustrate that Theorem 2 does not hold for
semisimple self-injective rings of index 1.

Example 1. Every division ring D is, of course, semisimple self-injective.
However, if D &= GF (p) for every prime p, D is not generated by idempotents.

Example 2. Let M be a set containing at least two elements. Then it is
well known that the set of all subsets of M forms a complete Boolean algebra
S. By virtue of (2, Corollary 4) the Boolean ring S is self-injective. However,
if x is non-singular, then x = x(xx™!) = x> ! = xx~! = 1. Since 1 + 1 = 0,
the subring 7" generated by all non-singular elements consists of 1 and 0.
Thus, SF T.

4. Injectivity of continuous regular rings.

LeMMA 8. Let S be a left continuous regular ring, and S the maximal left
quotient ring of S. Then every idempotent of S is contained in S.

Proof. Let e be an idempotent of §, and let .4 be the set of all idempotents
in Se NS. By (Q3), 8 is a regular ring with unit 1 and Z(§) is complete.
Hence there exists the join U ;4Sf. Clearly Se D \U,,Sf, and Se = (\U,..Sf) @
Sg for some g € 8. If Sg £ 0, then SgMN\ S+ 0 by (Q4), whence Sg .S
contains an idempotent f’ == 0. Since f' € Sg NS C Se N S, we have f' € 4,
and so f' € (UzaSf) NSg = 0, a contradiction. Thus, Sg = 0 and Se =
\U,esSf. On the other hand, by Lemma 2 there is an idempotent ¢’ € S such
that 3 ;eaSf C’ Se’. Evidently Se’ D \U,uSf = Se. Let S¢’ = Se @ Sh. Then,

S =8/ NSDW®eNnS)® (8N S)D (;A Sf) ® (Sk N S).
Since Y 4Sf C’ Se, it follows that Sh NS = 0. Hence Sk = 0 by (Q4), and
we see that Se = Se’. This shows that every principal left ideal of S is generated
by an idempotent in S. In particular, S(1 — ¢) = Se”” for some idempotent
¢’ € S. Let S¢’ @ Se’’ = Su, u being an idempotent. By (Q5) the unit 1 of §
is contained in S, and so 8S = §. Hence we have

Su =8¢ ®8e’ =8 ®S(1 —e) =K.
This implies by (S3) that « is central and hence that « = 1. Thus, Se’ @ Se’ =
S.Letx+vy=1,x € S/, y € Se’’. Since x € S¢’ CSe’ = Seand y € S¢’’ C

Se’’ = 8(1 — ¢), we know that x = xe and ye = 0. Hence, ¢ = (x + y)e =
xe = x € S¢’ C S. Therefore every idempotent e of S belongs to S, as desired.
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THEOREM 3. Let S be a left continuous regular ring with no ideals of index 1.
Then S is left self-injective.

Proof. Denote the maximal left quotient ring of .S by S. If § has an ideal
A of index 1, then 4 NS == 0 by (Q4). Hence i(4 MNS) = 1 and we have a
contradiction to the assumption. Thus, § has no ideals of index 1. Since S
is semisimple left self-injective by (Q3) it follows from Theorem 2 that S is
generated by idempotents. Now, Lemma 8 assures that every idempotent of
S is contained in S. Therefore, S = S and S also is left self-injective.

CoROLLARY. Every continuous regular ring with no ideals of index 1 1s
self-injective.

The following example will illustrate the existence of continuous regular
rings which are not left (right) self-injective.

Example 3. Let {D,} be an infinite family of division rings D,, and let
F. be a proper division subring of D, for each . We denote by S the subring
of the complete direct sum of D, consisting of all elements x such that all but
a finite number of a-components of x belong to F,. Then S is a continuous
regular ring. However, the minimal left self-injective (right self-injective,
self-injective) extension ring of .S is the complete direct sum of D,.

5. Ideals of index 1. In connection with the assumption of Theorems 2
and 3 it may be of interest to see that every left continuous regular ring .S
has the decomposition S = S; @ S’ such that S; is, if non-zero, an ideal of
index 1 and S{’ is an ideal not containing any ideals of index 1. This is an
immediate consequence of the following

THEOREM 4. Let S be a semisimple I-ring. Then S has a maximal ideal S,
of index < n. 1(r(S,)) = S,.

Proof. Let S, be the sum of all ideals of index < n, and let ¢ be a nilpotent
element of [(r(S,)). If the index of @ is m, I(r(S,)) contains a system {e;;} of
total matrix units of degree m by virtue of (6, Theorem 1, p. 237). Assume
that Se;y M 4 = 0foreveryideal 4 of index < n. Then 4Se;; C Se;; M 4 =0,
and ASe;; = 0, whence S,Se;; = 0 and Seyy C r(S,). Thus, (Sen)? C I(r(S,))r
(S,) = 0 and so ey = 0, a contradiction. Therefore, Se;; M 4 == 0 for some
ideal 4 of index < n. By assumption Sey;; M /1 contains a nonzero idempotent
fu'. Set fi; = eafu’er; Then it is easy to verify that {f;;} forms a system
of total matrix units of degree m. Hence > f;;11 is a nilpotent element of index
m. Since fii’ € 4, we have f;; € A4 and > f;;11 € A. Thus, m < n and so
i(l(r(S,)) < n. Therefore, I(r(S,)) = S, and i(S,) < n.

COROLLARY. Let S be a regular ring and suppose that L (S) is complete. Then,
for every positive integer n there s the decomposition S =S, ® S,
such that S, is an ideal of index < n and S,’ is an ideal not containing any ideals
of index < n.
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Proof. By Theorem 4 the maximal ideal S, of index < n is a left annihilator
ideal. Hence, by Lemma 1, S, is a principal left ideal. Moreover, since .S,
is an ideal, (S3) assures that .S, is generated by a central idempotent. Thus,
S =38, @S, for some ideal S,’. If S,’ contains an ideal 4 of index < n, then
A4 is also an ideal of S and hence is contained in S,. This implies that 4 C S, N
S,’ = 0, completing the proof.

THEOREM 5. Let S be a regular ring with unit, and let 1(S) = 1. Then the
following properties are equivalent:
(1) S is continuous.
(ii) The Boolean algebra B of idempotents of S is complete.
(iii) The Boolean ring B of idempotents of S is self-injective.

Proof. Every idempotent of S is central by (S2). Hence the set B of all
idempotents of S forms a Boolean algebra by (R3). Moreover, every principal
(left) ideal A4 is generated by a central idempotent e4. Thus, it is easy to see
that the correspondence 4 — e4 gives an isomorphism of Z(S) (=Z (S)) and
B. If S is continuous, then £ (S) is complete and so is B. Conversely, if B is
a complete Boolean algebra, B satisfies the infinite distributivity (1, p. 165),
and hence B is upper continuous. Therefore, £ (S) (= (S)) is upper con-
tinuous, and .S is continuous.

(ii) — (iii) follows directly from (2, Corollary 4). If we assume (iii), then
B is the maximal quotient ring of B itself by (Q4). Hence B is complete by
(2, Theorem 5), as desired.
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