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Abstract

In this paper we determine the smallest equivalence relation on a multialgebra for which the factor
multialgebra is a universal algebra satisfying a given identity. We also establish an important property
for the factor multialgebra (of a multialgebra) modulo this relation.
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1. Introduction

The starting point of this paper can be found in [7] where Freni presents the small-
est equivalence on a (semi)hypergroup for which the factor (semi)hypergroup is a
commutative (semi)group.

Multialgebras (also called hyperstructures) are particular cases of relational systems
which are generalizations of universal algebras. They have been studied for more than
60 years and have been used in different areas of mathematics (algebra, geometry,
graph theory) as well as in applied sciences (see [5]).

It follows from [7] (and also from [6] and [13]) that, among the equivalence relations
of a multialgebra, of great importance are those equivalence relations for which the
factor multialgebra is a universal algebra. For a multialgebra 2, the class of these
relations is an algebraic closure system. It follows that we can always obtain a smaller
such equivalence, which contains a relation R on A. Using this, some of the results
of [7] can be established in the general case of multialgebras. More precisely, we
determine the smallest equivalence relation «y, on a multialgebra that has the property
that the factor multialgebra is a universal algebra satisfying a given identity q = r.
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In [8), Gritzer proved that any multialgebra 2l is obtained as a factor of a universal
algebra B by an appropriate equivalence relation p € B x B. For a multialgebra
B/ p, we consider the universal algebra (B/p) /g, and we prove, in Theorem 5.3, that
this algebra is isomorphic to the factor algebra of 8 modulo the smallest congruence
relation 6 of B which has the property that p C 6 and q = r is satisfied on B/6.
In the last section we give an application to hypergroups, which are factor of a group
modulo an equivalence relation determined by a subgroup.

While studying some properties of the factor multialgebra of a multialgebra we
have found an answer to the first part of Problem 4 from [8]: What are the factor
multialgebras of a group, abelian group, lattice, ring and so on? Characterize these
with a suitable axiom system. In the third section of this paper, we prove that an n-ary
identity q = r on an algebra ‘B gives the weak identity q Nr # @ on the multialgebra
B/p. Yet, as mentioned at the end of [8], there exist multialgebras with one binary
associative multioperation, which are not factor multialgebras of a semigroup. So, a
multialgebra that satisfies a set of given weak (or strong) identities does not have to
be a factor multialgebra of a universal algebra satisfying the corresponding identities.
This means that our answer does not cover the second part of this problem.

2. Preliminaries

Let N be the set of the nonnegative integers, let T = (n,), .,r) be a sequence over
N, where o(7) is an ordinal, let f, be a symbol of an n,-ary (multi)operation for any
y < o(1), and let P (1) = P™ (1), (f,),<om)) be the algebra of n-ary terms (of
type t).

Let A be a set and P*(A) the family of nonempty subsets of A. Let A =
(A, (f,)y<om) be a multialgebra, where for any y < o(1), f, : A = P*(A)is
the multioperation of arity n, that corresponds to the symbol f,. If the multialgebra 2
has no nullary multioperations, then we allow the support set A to be empty. Of
course, any universal algebra is a multialgebra (we identify a one element set with its
element).

If for any y < o(7) and for any Ao, ..., A, _; € P*(A), we define

iAo Ay =@ ... an ) lai € A i €40, ... n, — 1)),

then we obtain a universal algebra on P*(A) (see {12]). We denote this algebra
by P*() and consider the algebra P (P*(A)) of the n-ary term functions on
P*(A) (n € N). Clearly, any term from p € P™(t) induces a term function from
PO EB*(A)) ([9, Corollary 8.1]). We denote this term function by p (or by (p)g-c@)
when necessary).
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Denote by P4, (B*(A)) the algebra of the n-ary polynomial functions of the
universal algebra P* () (see [3]) and by B4 (P*(2A)) its subalgebra generated by

{chlae AfU{el |ie{0,...,n~—1}},
where ¢/, e : P*(A)" — P*(A) are defined by
c(Ag, ..., Ays) =1{a} and e€'(Ag, ..., A1) = A
REMARK 1. For a multialgebra 2, P (3*(2)) is a subalgebra of P (P*(XA)).

REMARK 2. Let 2 be a universal algebra and let P{”(2l) be the set of the n-ary
polynomial functions of 2. For any polynomial function p € P{”(*(2)), the map

A" — Av (a()....,a,,,;)b—) p(a()v--'»an—l)

defines a polynomial function from P.” (). Moreover, any polynomial function from
P."(2) can be obtained in this way from a polynomial function from P (B*(21)).

REMARK 3. It is known that if y < o(tr) and Aq, ..., A, _j, By, ..., B, _, are
nonempty subsets of A such that Ao C By, ..., A, _; € B, _, then

f}/(AOﬁ D An.v,fl) g fy(BOs LR Bn;,—l)'

It easily follows that if n € N, p € P,(a'l)(A)(‘B*(Ql)), and the nonempty subsets

Ao, .. A,_1, By,...,B,_; of A aresuch that Ay € By, ..., A,_1 € B,_;, then
p(Ag,.... A1) € p(By, ..., B,_)).

Amaph : A — B between the multialgebras 2l and B of the same type 7 is called
a homomorphism if for any y < o(r) and for all ay, ..., a,, -, € A, we have

(]) h(fy(a0~ ey an,—l)) g fy(h(aO)’ ey h(anyvl))~

A bijective map h is a multialgebra isomorphism if both h and A~' are multialgebra
homomorphisms. It follows from [12] that the multialgebra isomorphisms can be
characterized as being the bijective homomorphisms # for which the inclusion (1) is
an equality.

REMARK 4. By the construction of a polynomial (symbol) it follows that for a
homomorphism 4 : A — B,ifn e N, p € P"(zr),and ay, ..., a,_, € A, then

(2) h(p(a01 ey a,,,[)) g p(h(aO)a ey h(an—l))'
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Let p be an equivalence relation on A and A/p = {p{x) | x € A} (where p{x)
denotes the class of x modulo p). Fora y < o(t), the equalities

fy(plao), ..., plas, 1))
={ob) | b€ f,(bo, ... ,bs_1), aipbi, i €{0,...,n, —1}}
define a multioperation f, on A/p (see [8]). One obtains a multialgebra2/p on A/p
called the factor multialgebra of A modulo p.
The definition of the multioperations from (/o allows us to see the canonical

map 7, from A onto A/p as an multialgebra homomorphism for any equivalence
relation p on A (see [12]). Applying (2) for 7, we have

(3) {P(a> la e (P)‘p'(m)(ao, cees an—l)} C P)p-aymlplan), ..., pla._1))
foranyn € N, p € P®(1),and aq, ..., a,_, € A.

REMARK 5. The inclusion (3) holds if we replace the n-ary term functions (p) -,
and (p)q- /) bY the n-ary polynomial functions

pe PP @) and p'e PyL(B A/ p)),

respectively, where the polynomial function p’ (which corresponds to p) is given as
follows

(i) if p=cy, then p’' =c} )3

(i) if p= e = (Xi)m*(m), then p’ = el = (X;)p-@/0)s

(ii) if p = f,(po, ..., Pr,—1) and the polynomial functions which correspond to
Pos - s Pr,—1 € PP @) are py, ..., p, _, € Py, (B (A/p)) respectively, then
P'= fy(pgs s Py 1)
Since the polynomial function p’ is obtained by using the same steps as in the con-
struction of p, if we take into account (i) from above, and write p instead of p’
then

3) p(a) 1a € plao, ..., au-)} € plplac), ..., pla,—1)).

Let q,r € P™(7) and let A be a multialgebra of type t. We say that the n-ary
(strong) identity q = r is satisfied in the multialgebra 2 if

qlag,...,a,\) =r(ag,...,a,_1)

for all ay, ..., a._, € A, where ¢ = (qQ)q+y and r = (r)p.). We also say that a
weak identity q N r # @ is satisfied in the multialgebra A if

q(aO’ -"5an—l) ﬂr(ao’ "'san—l) 7& 0

forall ay, ..., a,_; € A.
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REMARK 6. Many important particular multialgebras can be defined by using iden-
tities.

3. On the factor multialgebra of an algebra

THEOREM 3.1 ([8)). For any multialgebra A of type T, there exists a universal
algebra B of type 1 and an equivalence relation p on B such that % = B /p.

Since *B is a universal algebra we can rewrite the multioperations from B/p as
follows, for any y < o(t) and any by, ..., b, _; € B,

fy(p(b()), IR p(bny—]))
={plc) lc= fylco....,cn-1), bipci, i €10,...,n, — 1}}.

REMARK 7. If we consider p as in Remark 5 and if by, ..., b,_; € B, then we have

(4) p(p<b0>»ap<bn—l>)
D {p(c) ¢ = plco, ..., ca), bipci, i €{0,...,n— 1}}.

REMARK 8. It follows immediately that if n € N, q,r € P™ (1), and q = r is
satisfied on the universal algebra B8, then for any by, ..., b,_; € B the class of

qbo, ..., b)) =r(by, ..., b))

modulo p is ing(p{by), ..., p{b,_1)) Nr{p{be), ..., p{b,_y}), thus the weak identity
q Nr # @is satisfied on the multialgebra °B/p.

Next, we give an example which shows that, in general, the inclusion (4) is not an
equality. It also follows that the above weak identity on the multialgebra 8/ does
not need to be strong.

EXAMPLE 1. Let (Zs, +) be the cyclic group of order 5 and let us consider on Zs
the equivalence relation p = {0, 1} x {0, 1} U {2} x {2} U {3, 4} x {3, 4}. Then
p(0) = p(l) = {0, 1}, p{2) = {2}, and p(3) = p(4) = {3,4}. Using the above
considerations we obtain a multialgebra with one binary multioperation (that is, a
hypergroupoid) on Zs/p = {{0, 1}, {2}, {3, 4}} with the table

+ {0, 1} {2} {3, 4}
0.1y ] {01}, {2} {2}, (3,4} {0,1}, 3.4}
2} | {2} (3.4} 3.4 {0, 1)
3.4} {0, 1}, 3.4} (0.1} |{0,1}, {2}, (3.4}
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The inclusion (4) is not always an equality since

{p(c) 1 ¢ = (bo+by) + by, bo = by =2,b; € {3,4}} = {p(c) lce {2,3}}
={p(2), p(3)}
and
(0(2) + p(2)) + p(3) = p(3) + p(3) = {p(0), p(2), P(3)}.

We also have p(2) + (p{2) + p(3)) = p2) + p{0) = {p(2), p(3)}. Thus the
associativity holds only in a weak manner for the hypergroupoid (Zs/p, +).

REMARK 9. Some identities, such as those which characterize the commutativity
of an operation of a universal algebra, hold strongly on the factor multialgebra.

EXAMPLE 2. Let B be a universal algebra of type 7. Let y < o(r) and assume that
for a permutation o of the set {0, ..., n, — 1},

fy(XOa ey xny—l) = fy(xo(O)v ey xo(ny—l))

is satisfied on *B.
Consider by, ..., b, —; € B. If p{c) € f,(p(bo), ..., p{bs,—1)), then there exist co,
.+ Cn,—1 € Bwithbypcy, ..., b, _1pc, _ysuchthatc = f,(c, ..., c,,—1). However,

bo@PCo)s - - - bon,~1)PCatn,—1y AN [, (Cor ... Cuym1) = Sy (Co)s - -+ Cotn, 1)
thus p(c) € f,(p(bs©)> - .., P{bswm,-1))). Clearly, the identity

fy(xa“(O)’ ceey xo"(ny—l)) = fy(x07 Cey xny—l)
also holds on the universal algebra 28, hence

[y (0bo@)s - -+ s Plbon, 1)) S fr(0{bo), ..., p(bn, 1))

It means that for any by, ..., b, -1 € B, we have

fy(p(b0>’ ey p<bny—1)) = fy(p(bo(O))v ey p(bn(ny—l)>)!
hence the identity £, (xo, ..., X,, 1) =f,(X;0), - - - » Xo(n, 1)) 18 satisfied on the multi-
algebra B/p.

Now we describe the factor multialgebras of semigroups, groups, abelian groups,
rings and lattices.

3.1. The case of semigroups Consider a semigroup (S, ) and an equivalence
relation p on S. According to Remark 8, the hypergroupoid (S/p, -) satisfies the asso-
ciativity in a weak manner. Such a hyperstructure is called H,-semigroup (see [14]).
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3.2. The case of groups Consider a group (G, -) and let p be an equivalence relation
on G. The existence and uniqueness of solutions of the equations ya = bandax = b
allow us to define on G the operations / and \ by

bla={yveG|b=ya}l and a\b={x € G|b=ax}

So, the group G can be seen as a universal algebra (G, -, /, \) satisfying the following
identities

(Xo X)) - X2 =Xo (X; - X2), X, =Xp- (X\X1), Xy = (X;/Xp) " Xo,

X =x\(Xo X1}, X = (X; - Xo}/Xo.

We obtain the multialgebra (G /p, -, /, \), which satisfies the above identities in a
weak manner. It follows that (G /p, -} is an H,-semigroup satisfying

play G/p=G/p=G/p-pla), forany a e G,

that is, is an H,-group (see [14]). In general, an H, -group does not have an identity
element. In our case the class p(1) of the identity element of G satisfies the condition

pla) € pla) - p(1) N p{l)- p{a), foranya € G,

hence the weak identities xo - 1 N Xy # ¥ and 1 - x5 N Xy # ¥ are satisfied on the
H.-group G/p. Morcover, any class p{a) € G/p has an inverse since

p{l) € pla”'y - pla) N pla) - pla™")

(a~' denotes the inverse of a in G).
If the group G is abelian, then the H,-group G/p is commutative (see Example 2).

3.3. The case of rings In [14], a hyperstructure (R, +, -) is called H,-ring if (R, +)
isan H.-group, (R, -) is an H,-semigroup and for any a, b, c € R we have

ab+c)Nab+ac) 29 and (b+c)an (ba+ ca) #40.

It is easy to see that the factor mulitialgebra of a ring is an H,-ring (for which the first
multioperation is commutative).

REMARK 10. Since the absorption (which is required in the definition of a hyper-

lattice, see [1]) is not satisfied in a strong manner in the factor multialgebra, the factor
multialgebra of a lattice is not necessarily a hyperlattice.
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EXAMPLE 3. Consider the lattice (N, A, V), where N = {0, 1, 2, ...} is the set of
the nonnegative integers, a A b = gcd(a, b), and a vV b = Icm(a, b). Let us denote
by P the set {2, 3, 5, ...} of prime numbers and consider

p=PxPU{(a,a)|aeN\P}
Clearly, p is an equivalence relation on N and we have
p(2) € p(2) v (p{2) A p(6)) = p(2) Vv {p(1), p(2)}
={p2)}U{plpq) | p.q € P, p # q},

so the absorption holds only in a weak manner.

4. A class of equivalence relations on a multialgebra

Let p be an equivalence relation on the set A. We denote by 7 the relation defined
on P*(A) as follows. If X, Y € P*(A), then

XPY <> xpy, Vx € X, Vy e Y (<= X x Y C p).

It follows immediately that 7 is symmetric and transitive. In general, 7 is not reflexive.
Indeed, let us take, for example, the equality relation on A, denoted here by 84. The

relation &, is reflexive if and only if |[A| = 1.

PROPOSITION 4.1. Let A = (A, (f,)y <o) be a multialgebra of type t and let p be
an equivalence relation on A. The following conditions are equivalent:

(a) A/p is a universal algebra,
) Ify <o(r),a,b,x; € A i €{0,...,n, — 1}, withapb, then

f)’(x09 cees X, 4, xi+lv seey xny—l)ﬁfy(XOY ey Xio, bv Xitls v xn;,-—])v

foralli €{0,...,n, — 1}
(©) Ify <o(r)andx;, y; € Awith x;py; foranyi € {0, ..., n, — 1}, then

fy(x0v ] xn,—l)%fy(yo’ c yny—l);
(d IfneN,pe PX’)(‘.B*(QI)), and x;, y; € Awith x;py; foranyi € {0,...,n—1},
then p(xo, ..., X )PP(Yo, - - -y Yuo1)-

PROOF. (a) if and only if (b) was proved in [2, Remark 12.a}. From the proof of
(b) implies (a) it follows that (b) implies (c) and (c) implies (a). Since (d) implies
(c) is obvious, it is enough to show that (c) implies (d) to complete the proof. This
was proved in [2, Theorem 13] for the case when p € P™ (8*(2()). The reasoning is
almost the same, that is why we skip it here. O
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EXAMPLE 4. A hypergroupoid (H, -) is called semihypergroup if
(a-by-c=a-(b-c), forany a,b,c e H.

An equivalence relation p on a semihypergroup (H, -) is called strongly regular if for
any a. b, x € H with apb we have axpbx and xapxb. It is clear that the strongly
regular equivalences of a semihypergroup are those relations p for which (H/p, -) is
a groupoid. Note that (H/p, -) is a semigroup (see [4, Theorem 311).

REMARK 11. If the equivalence relation p satisfies one of the equivalent condi-
tions in Proposition 4.1, then the operations in the factor multialgebra (which is
a universal algebra) are defined as follows: if y < o(1), ay, ..., a,,_ € A, and
be f(ap. ..., a,, ), then

(5) fy(ﬂ(au%nuﬂ(an,—ﬂ)Z,O(b)-

LEMMA4.2. Let A = (A, (f,), <o) be a multialgebra of type t. The set E,,(A) of
the equivalence relations p on A for which 4/ p is a universal algebra is an algebraic
closure system on A x A.

PROOF. Consider a family (p; | i € I) of relations from E,, (), let y < o(7) and
Xy, € A(jel0,....,n, —1)}).

If we assume that (x;, y;) € (|, o forall j € (0,...,n, — 1}, it follows that
x;p;y; foranyi € I andany j € {0, ..., n, — 1}. Thus, for any i € I we have

fy(XOv e Xn;,-l)ﬁfy()’o, DR yny—l)-

Therefore, xp;y forany i € [, x € f,(xg,...,Xs,—1),and y € f,(vo, ..., Yo -1). It
means that (x, ¥) € (", p; forany x € f,(xo. ..., xo-)and y € f,(yo, ..., Ya 1)
or, equivalently,

(fy (Koo s X, o), FyGon s o) €[ ) i
iel
Thus, we have proved that (N, p; € E, ().

If (x;,¥;) € Ui, pi forall j €{0,...,n, — 1}, then foreach j € {0,...,n, — 1}
there exists i; € I such that (x;, y;) € p;, . Assuming the ordered set ({p; | i € I}, ©)
is directed and [ # ¢, we obtain an element m € [ such that p; C p,, forall j €
{0, ..., n,—1}. Consequently, we have f, (xq, - .., xny,.)ﬁfy (Yos - -+, ¥n,—1). Hence
(x.y) € pn S U, pi forany x € f,(xo, ..., Xp,—1) and y € f,(¥o, ..., yu,1)
which means that

(fyxos oo v X, 1) [y (Yor o v s Yo, —1)) € UP:‘-

iel

Thus |,; 0 € E..(2). .

https://doi.org/10.1017/51446788700014671 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700014671

130 Cosmin Pelea and loan Purdea {10}

COROLLARY 4.3. Let = (A, (f})y<ory) beamultialgebraof typet. If R € AxA,
then the relation a(R) = ({p € E,.(A) | R C p}isthe smallest equivalence relation
on A containing R for which the factor multialgebra is a universal algebra.

REMARK 12. If the multialgebra %A is not a universal algebra, then the smallest
element of E,, () is not 6.

For a multialgebra 2l the smallest equivalence from E,,(2l) will be denoted by «*
(or oty when necessary) and it will be called the fundamental relation of A. We recall
that the fundamental relation o* of the multialgebra 2 is the transitive closure of the
relation « defined by xay if and only if x,y € p(ap,...,a,-,) for soine n € N,
pe PP (PR, and ay, ..., a,_, € A (see [10]).

Letn € N and q,r € P™(7). In [11, Proposition 3] we proved that if the weak
identity qNr # @ is satisfied on the multialgebra 2, then the identity q = r is satisfied
in the factor multialgebra 2/c* (which is a universal algebra). This happens because
«* contains the relation

Rqr={(x,y)eA><A X €40 ....an1) y € r((lo""van—l)’}.

ag,...,0,1 € A

REMARK 13. Even if the weak identity g N r # @ is not satisfied on the mulitialge-
bra 2L, we can obtain a factor multiaigebra of 2 that is a universal algebra satisfying the
identity ¢ = r by taking the factor multialgebra determined by a relation from E,, (1)
which contains Rg,. Also, each relation from E,, (1) that gives a factor multialgebra
satisfying the identity q = r must contain the relation Ry,. It means that the smallest
relation from E,, (%) for which the factor multialgebra is a universal algebra satisfying
the identity q = r is the relation a(Rq). From now on, we will denote the relation
a(Rg) by og

REMARK 14. It follows immediately that o* = «(¥) = «(5,) = ay .. and it is
obvious that &* C ¢}, for any g, r € P® (7).

We give a characterization of the relation «y, in terms of unary polynomial functions
from P{" (5B*(2A)).

REMARK 15. By the construction of the polynomial functions from P " (*(2)) it
follows that the usual mapping composition of two elements from PL')(‘B* (2)) is an
element of P{" (P*(2A)).

Indeed, if f, p € P,i”(’B*(Ql)), then fo p: P*(A) — P*(A), and we have:

(i) ifae A, f=c)and X € P*(A) is arbitrary, then (f o p)(X) = c!(p(X)) =
a=cl(X). Thus fop=c e PP Q)
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(ii) if f = e} and X € P*(A) is arbitrary, then (f o p)(X) = ¢}(p(X)) = p(X).

Thus f o p=p;
(iii) if y < o(z)andfor £°,..., ' e P{"(P*(A)) was proved that

flop=poe PP ), ....f" " op=p,_ € PP A,

then for f = f,(f% ..., f") we have

(fop)X)= f(p(X) = f,(f°% ... " Np(X))
= £, (fSpX), ..., f (X))
= fy(Po(X), cee Pn,—l(X))
= f,(Poy -y Pn,-1)(X),

andthus f o p = f,(po...., pu _1) € PV (B ).

Now we can prove the main result of this section.

THEOREM 4.4. Letn € N, q,r € P (1), let A = (A, (f,),<o(r)) be a multialgebra
of type T, and let gy © A X A be the relation defined by

Xy ©3pe PP D)), Jag, ..., a,, € A such that
X € P(Q(a()» sy an—l))a )’ € p(r(a07 DRI an—l)) or
vep(gay,...,a,1)), x € p(r(ag, ..., a,-1)).

The relation o, is the transitive closure of the relation ay;.

PROOF. Let ay, be the transitive closure of the relation ag,. We will show that
g = o, by proving the following statements:
(A) The relation ay, is an equivalence relation on A containing Ry
B) If f € P,;”(‘I?*(Ql)), and for the elements a,b € A we have aa;rb, then
f@ay f®b).
(C) The factor multialgebra 2 /c, is a universal algebra satisfying the identity q = r.
(D) If p € E, () such that the identity q = r holds on the universal algebra A/ p,
then o, C p.

PROOF OF (A). It is obvious that aq, is symmetric. Taking p = c, for any a € A,
we obtain the reflexivity of g Thus oy, is the smallest equivalence relation on A
containing ag,. The inclusion Ry < o, follows by considering p = e

PROOF OF (B). From aa(’]rb it follows that there exist m € N* and zp,...,2,-1 € A
such that @ = 200qe21 Qe - - - CgrZm—) = b. Let us consider j € {0, ..., m — 2}. Since
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Zj0lqrZ;+1, there exist p € P,ﬁ”(‘B*(Q()) and aq, ..., a,_, € A such that
z; € p(qao, ..., ay-1))s Zj+1 € p(riao, ..., a,_1)) oOr
Zj+1 € plqlao, - - ., an1)), zj € p(r(ao, ..., a._1)).

However, p' = f o p € P\"(B*(2)) and we have
f@) S p@lao, ..., a,-1)), f(zjp) € p'(rlag, ..., a,_1)) or
fzim) € p'(qao, ..., a,1)), f@&) € p'(rap, ..., a.1).

However, for any u; € f(z;) and any u;,, € f(z;+1) we have u aqu;,, and,
consequently, uotg Um—1. Since ug € f(a) and u,,_; € f(b) are arbitrary, we obtain

f@a, fb).
PROOF OF (C). Consider y < o(t) and the arbitrary elements a, b, xo, ..., X, - € A
such that ac b. Applying (B) to the unary polynomial functions (from PV (B (1))
frlegieqyeoney, D frlelneocyneany v frley, ey ),

it follows that &, verifies (b) from Proposition 4.1, hence A/, is a universal algebra.
Remark 13 and (A) complete the proof of (C).
PROOF OF (D). Let p be a relation from E,,(2) such that the identity q = r is
satisfied on the universal algebra 2(/p, let p € POCR*(A)), ay, ..., a,; € A, and
x € p(glag, ..., a,_1)),y € p(ray, ..., a,_1)). We will show by induction over the
steps of the construction of a polynomial function from P" (*(2)) that xpy.

Ifae Aand p =cl,thenx =y = a and xpy.

If p=e}, thenx € g(ao, ...,a,-1), y € r(ao, ..., a,_;) and using Remark 13 we
have (x, y) € Ry C p.
Assume that the statement is true for pg, ..., po,—1 (¥ < o(r)) and consider

P = fy(pO’ sy pny—l)- If

x € p(gao, ..., an1)) = fy(Po, - .-, Pn,—1)(q(ao, ..., an_1))
== fy(p()(q(a()! crey an—l))s e Pn,-l(‘l(ao» ey an—l)))

and
yep(r(ag,...,a01)) = fr(po, ..., Pn,-1)(r(ao, ..., as-1))
= fy(po(r(@o, ..., an-1)); -, Pn,-1(r(@o, ..., as_1)))
then there exist x; € p;(g(aq, . .., a,—1)), yi € pi(r{ao, ..., a,_1)),i € {0, ..., n,—1},

such that x € f,(xo,...,x, 1) and y € f,(yo,..., yo,—1). Since x;py; forall i €
{0,...n, — 1}, using Proposition 4.1, it results xpy. Analogously, if we take x €
p(riay, ...,a,_1))and y € p(q{ag, ..., a,_1)), then xpy.

It follows that g, < p, thus a[lr Cp. O
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EXAMPLE 5. Let (H, -) be a semihypergroup. The smallest strongly regular equiv-
alence on H such that the factor semihypergroup is a commutative semigroup was
determined in [7]. This relation, denoted by y*, is the transitive closure of the relation
Y = U,ene ¥a» Where y; = 8y and, forany n > 1, y, is defined by

n n
XY,y © Nz, ..., 2,) € H", 30 € S, x € nZi, y € l_[Zg'(i)

i=1 i=1

(S, denotes the set of the permutations of the set {1, ..., n}). Since the set of cycles
(1,2),(2,3), ..., (n—1, n) generates the group S,,, it follows that y* is the transitive
closure of the relation y' =, ... ¥, where y{ = 8 and forn > 1,

xy,y ifand only if there exist (zi,...,z,) € H",andi € {l,...,n—1}such
thatx € z; -+ i (% Zis)Ziv2 T, and y € 21+ 2 (Zis12) Zig2  * * Zne

Clearly, ¥y’ = o with @ = XX, and r = x;X,.
From [7] it follows that if (H, ) is a hypergroup, then the relation y is transitive and
y* = y is the smallest equivalence relation on H such that H/y* is a commutative

group.

REMARK 16. If (H,-) is a hypergroup and p is a strongly regular equivalence
on H, then H/p is a group (see [4. Theorem 31]). If q, r are two n-ary terms, then the
smallest equivalence relation on H such that the factor hypergroupoid is a semigroup
satisfying the identity q = r is the transitive closure ¥* of the relation

I patan ey x pera, L a)
1//_L-J[ Up(r(al»”--an))Xp(q(ah"-»an))

p e Py (H, -)),}.

and a,,...,a, € H

Since this relation is strongly regular, the factor semihypergroup is a group. It means
that ¥* contains the smallest relation ag, of the hypergroup (H, -, /,\) with the
property that the factor hypergroup is a group satisfying the identity ¢ = r. Since

_ pgai,...,a,) x p(riay, ..., a))
Yar = U { Up(r(ay,...,a,) x p(g(a,,...,a,))

P € Pl}l(m*(Hv '9/v\))’]
and a;,...,a, € H

and P},(‘B"(H, ) € PLOB*(H, -, /,\)), it follows that Y C Qqr, thus ¥* C a;r and
we obtain ¥* = ag,.

So, the smallest strongly regular equivalence on H for which the factor hypergroup
satisfies the identity @ = r can be obtained by considering in Theorem 4.4 only those
polynomial functions p that are obtained with the multioperation - (in other words, it
is not necessary to use the multioperations / and \ in the construction of p).
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It is easy to observe that Theorem 4.4 and Remark 14 lead to the following charac-
terization of the fundamental relation of a multialgebra.

COROLLARY 4.5. The fundamental relation a* of a multialgebra 2 is the transitive
closure of the relation o' € A x A defined by xa'y if and only if there exist p €
PO(P*@Q)) and a € A such that x, y € p(a).

5. Identities and factor multialgebras

Letn € Nand q,r € P®™ (7). Let B be a universal algebra and p an equivalence
relation on B. We denote by pg the smallest equivalence relation on B containing p
and all the pairs (g (bg, ..., b,_1), r(bg, ..., b,_1)) With by, ..., b,_; € B. We denote
by 6(pqr) the smallest congruence relation on B containing pq,. Clearly 6(pq,) is the
smallest congruence relation on 8 containing

p ) {(q(b()» ey bn—l)a r(b01 ey bn—l)) | bOv ey bn—l € B}*

Theorem 10.4 from [9] presents a characterization for the smallest congruence
relation of a universal algebra, which contains a given relation. According to this,
x0(pgr)y if and only if there exist m € N*, a sequence x = 1, ¢, ..., 1, = y, and
pairs of elements

('xi’ y!) €p U {(q(b()’ seny bn—l)v r(bo’ CCIEN bn—l)) l bO’ ceny bn——l S B}
and unary algebraic functions p;, i € {1, ..., m}, such that
{pix), Py} = {ticy, 6}, i € {1,...,m}.

Clearly, if we take q = r = X, then 8(pg,) is the smallest congruence relation on B
which contains p. We denote it by 8(p).

LEMMA 5.1. Let p be an equivalence relation on a universal algebra B. Ifn € N,
p e Py (B (B/p), andx,y, 2, ..., 21 € B are such that

p{x), p(y) € p(p{zo)s ..., P(Zam1)),

then x6(p)y.

PROOF. We prove this lemma by induction over the steps of construction of the
polynomial functions from Py, (P*(3B/p)).
Step 1. If p = ¢}, for some b € B, then p{x) = p(y) = p(b) and hence x6(p)y.

https://doi.org/10.1017/51446788700014671 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700014671

{15] Multialgebras, universal algebras and identities 135

Step 2. If p =€ forsomei € {0,...,n — 1}, then p{x) = p{y) = p{z;) and hence

x6(p)y.
Step 3. We consider the statement proved for py, ..., p,, 1 (¥ < o(t)) and we take

p = f,(Po,..., Pn,—1). Since

p(p<Z0>s vy p<zn—~l>) = fy(p()s DRI Pn,—l)(/)(ZO)s eres p<zn-l>)
= £, (Po(p(20)s -« -y PAZact))s -+ s Pa, <1020}, -+ -5 P(Zaci))),

from p(x), p{y) € p(p(z). ..., p{z._1)), we deduce that there exist some elements
Xi, ¥; € B with p{x;}, p{vi) € pi(p(20), - .., P{zn-1}) such that

plx) € fyplxo), ..., plxa, 1))y P{Y) € fr(0{Yo)s . s P{Yn,—1))-
From the definition of the multioperation f, in‘B/p it follows that there existx/, y; € B
with x;px] and y;py; (i € {0,...,n, — t}) such that x = fy(x(’),...,x;y_,), and
y=f,(y .. y,’,y_,). Since the statement holds for pq, ..., p, 1, it follows that
x0(p)y; foralli € {0,...,n, — 1}. Hence x;px;, x;8(p)y;, y;py; which implies
x0(p)y foralli € {0,...,n, — 1}. However, 6(p) is a congruence on ‘B, thus

X = fy(-x(/)s ey X,’,y_l)e(ﬂ)fy(y(/), ceey Y,/,y_l) =Y,

which ends the proof of the lemma. O

LEMMA 5.2. Letn € N, q,r € P™(t) and let p be an equivalence relation on the
universal algebra‘B. If p € P,(;l/)p CB*CB/p)) andx, y, 2o, ..., 2._1 € B are such that

pix) € p(q(p(zo), .., P(zamr))) and  p{y) € p(r(p{z), ..., p(za-1))),
then x6(pqr)y.

PROOF. We prove this lemma by using the steps of construction of the polynomial
functions from P,(,l/)p(‘l?*(‘B /0)).
Stepl. If p= c,‘)“,> for some b € B, then p{x) = p{y) = p{b) and hence x0(pq)y.
Step 2. If p=eg, then p(x) €q(p(20), - - ., P(za—1)) and p{y) €r(p(20), . - -+ P(Z0-1))-
According to Remark 7 we also have p{q(zo, - - ., 2.-1)) € g{(p{Z0), ..., P(2s—1)) and
Pr(zo, ...\ 2a-1)) € r(p{z0), ..., p{z.-1)), 80O, using the previous lemma, it follows
that x0(0)q (2o, ..., 2.-1) and yO(p)r(zo, ..., z,—1). However, 8(p) € 6(p,) and
420, -5 Zu=1)0(Pgr)r (20, - -+ 5 Zy=1), thus x0(0ge) y.
Step 3. We consider the statement proved for pg, ..., p,,_1 (¥ < o(t)) and we take
p = fy(po,..., pn,-1). Since

p(q(p{zo)s - ..\ P{Zu-1)))
= f,(Pos s Pn,~1)(q(P(20), .- . P{Zn-1)))
= fr(Po(@(p(20)s - - P(Zaci)))s - - s Puy—1(g(0(20), - - s P(Z01))))
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and
plr(plzo)s - -\ P(Za=1)))

= f)’(p()v R pny—l)(r(p(20)7 ey p(Zn—])))
= [, (Po(r(p{zo)s ... s P{Za)))s oy Pu, 1 (r(P{20)s - - -5 P{20-1)))),

from p(x) € p(q(p{z0),...,p(zn-1))) and p{y) € p(r(p{z0), ..., P{za-1))), We
deduce that there exist x;, y; € B with p(x;) € p;(q(p{20), ..., P{z4_1))) and p{¥y;) €

pi(r(p<20>7 BRI p(Zn-l))) such that

px) € fy(p(xo), .., plxn, 1))y P{Y) € fr(0(Yo)s -\ 0V, 1))

From the definition of the multioperation f, in 8/ p it results that there exist x;, y/ € B
with x;pox! and y;py; (i € {0,...,n, — 1}) such that x = f, (x, ...,x;y_l), and
y = f, (¥ ...,y,’,y_,). Since the statement holds for po, ..., p, _; it follows that
x;0(pqr)y; foralli € {0,...,n, — 1}. Hence x/px;, x;0(pqr)yi,» yipy; which implies
x/0(pgr)y foralli € {0, ..., n, — 1}. However, 6(pq,) is a congruence on ‘B, thus

X = fy(x(,)’ sy x:,y_l)e(pqr)fy(y(l)v ceey y’,‘x_l) =Y
which ends the proof of the lemma. O

Now we can prove the main result of this paper.

THEOREM 5.3. Let n € N and q,r € P (). If p is an equivalence relation on a
universal algebra B, then (B /p)/az. = B/0(pqr).

PROOF. First we will prove that the correspondence a;r(p(a)) > B(pqr)(a) defines
a bijective map A : (B/p)/oz;;r — B/0(pqgr)-

For this, we will show thatif a, b € B, we have p (a)a;rp(b) ifand only if a8 (pg)b.

If pla)ag p(b), then there existm € N and zo, ..., 2, € B such that

pla) = p(20)otqrp(21)0gr - - - Cqr0{Zm) = p(b).

Thus foreach i € {1, ..., m} there exist p; € P,(,'/)!)(‘B*(‘B/p)) and g, ..., 2/, € B
such that

p{zi-1) € pi(q@(p(zh), ..., p{Z ), plz) € pi(r(plzy), ..., plz_y))) or
p{zi1) € pir(p(zy), -, PAZ_))), Pl € Pi(g(p(zy). - - .\ PIZh_ ).

According to Lemma 5.2 it follows that for any i € {1, ..., m} we have z;_ 10 (0gr)z;.
We deduce that zo6 (0q)2m- However, apzo, z,pb and p € 6(p4,), thus abd(pg)b.
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Conversely, if af(pq )b, there exist m € N, asequencea = 1, Iy, ..., I, = b, pairs
of elements (x;, y;) € p U {(g(bo,...,bo_1), r(bo,...,bs1)) | bo,...,b,_1 € B},
and unary algebraic functions p;, i € {1, ..., m}, such that

{tion ) ={pix), piyD}, i e€f{l,...,m}

We have {p(f;_1), p{t:)} = {o(p: (x)), p{(Pi (YN}
If (x;, y;) € p, then p{x;} = p{y;), and since

p{pi(x)) € pi(plxi)) = pi(p(yi)) > p(pi(¥:)),

we deduce that p{t,_;)a*p(t;), thus p(r,_l)a;rp(t,-).
If (x;, yi) = (q(bg, ..., by_1). r(by, ..., b,_1)) forsome by, ..., b,_; € B, from

p(pi(x)) = p(pi(q(bo, ..., b)) € pi(pig(bo, . ... bat)))
C pi(q(plbo), ..., pba_i))),

p(pi(y)) = p(pi(r(bo, ..., by1))) € pi(plr(bo, ..., b,-1)))
C pi(r(p{bo)s ..., p{ba_1))),

it follows that p(t,»_1>a;rp<t,~).

So, we have proved that p{a) = p{t)agp(tn) = pib).

We deduce that & is well defined and also that h is injective. Its surjectivity is
obvious.

Now, we can prove that the map 4 is an isomorphism between the universal algebras
(B/p)/a;, and B /6 (pgc).

Indeed, let us consider y < o(t) and by, ..., b, _; € B. Since
Frag{obo)). ..., aqe(p(bn, 1)) = ag (p(b))
forany p(b) € f,(p(bo), ..., p{b,, 1)) and since
p{fybo, ... by, 1)) € fy(plbo), ..., pbn, 1)),
we have f, (ag (p(bo)), . .., g (0{bn,-1))) = ag (0 (fy (bo, ..., bn,_1))), thus

h(fy(ag(p(bo)), ..., age(p(bn,-1)))) = 8 (Par) (fy (bo, . ... b, _1)).

We also have

Sy ey (pibo)), - . h(ee(p(bn,~10)) = £, (O (pge) (bo). - - -, 0(Pgr) b, 1))
= 9(,qu)<fy(b0» ceey bn,—l))v

hence 4 is a homomorphism. O
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Let a* be the fundamental relation of the multialgebra 21. The universal algebra
A/a* will be denoted by A and it will be called the fundamental algebra of the
multialgebra 2. Since a* = oy . and p,,, = p we have the following result.

COROLLARY 5.4. Let p be an equivalence relation on the universal algebra B
and let 8(p) be the smallest congruence relation on B which contains p. Then

B/p = B/0(p).

From Corollary 5.4, using the notations from the beginning of this section, we
obtain the following.

COROLLARY 5.5. Let n € N and q,r € P™(1). If p is an equivalence relation on
a universal algebra B, then B [ pge = B /0 (pqr).

From Theorem 5.3 and Corollary 5.5 we obtain the following consequence.

COROLLARY 5.6. If p is an equivalence relation on the universal algebra B, then
(B/0) /ety = B/ g

6. An application to hypergroups

A hypergroup is an H,-group satisfying the associativity in a strong manner. A
classical example of hypergroup is obtained in [8], by factorizing a group (G, -)
through an equivalence relation determined by a subgroup H. The definition of the
hyperproducton G/H = {xH | x € G} is

(xHYyH)={zH |z=x"y, x' e xH, y € yH).

Clearly, (G/H, -) is a group if and only if H is a normai subgroup of G.

Let y be the smallest strongly regular equivalence on G/H such that the factor
hypergroup is a commutative group. If G’ is the derived subgroup of G, then G'H is
the smallest normal subgroup N of G for which H € N and G/N is abelian. From
Theorem 5.3 we obtain the group isomorphism

h:(G/H)/y - G/(G'H), h(y{xH)) =x(GH).

The derived subhypergroup D(K) of a hypergroup (K, -) is characterized in [7,
Theorem 3.1] as being (p,}'(l,(/y) where ¢ : K — K/y is the canonical projecticn
and 1¢/, is the identity of the group (K/y, -).

Letmy : G — G/H and g5 : G/H — (G/H)/y be the canonical projections.
Using [7, Theorem 3.1], a connection between the derived subhypergroup of G/H
and the derived subgroup of G can be established as follows:

D(G/H) = (hope) " (G'H) = {(xH | x € G'H} = (G'H)/H = n4(G").
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Of course, if G' € H, then H is an normal subgroup of G and G/H is an abelian
group, so D(G/H) =(G/HY = H.It H € G', then D(G/H) = G'/H.
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